NONLINEAR STABILITY OF TWO-DIMENSIONAL PERIODIC WAVES IN
PARABOLIC SYSTEMS WITH CONSERVATION LAWS

L. MIGUEL RODRIGUES AND ARIC WHEELER

ABSTRACT. We develop a stability theory for two-dimensional periodic traveling waves of general
parabolic systems, possibly including conservation laws. In particular, we identify a diffusive spec-
tral stability assumption and prove that it implies nonlinear stability for variously-(non)localized
perturbations, including critically nonlocalized perturbations. Thus we extend the stability parts of
[JNRZ14] to two-dimensional patterns and of [MR24] to systems with conservation laws. In doing
so we need to bypass two kinds of low spectral regularity, explicitly conic-like singularities due to
multidimensionality and Jordan-block like singularities due to conservation laws.
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1. INTRODUCTION

We continue here the general programme, initiated in [MR24], aiming at a complete stability
theory for genuinely multi-dimensional periodic traveling waves of parabolic systems, extending to
the multidimensional context the comprehensive theory available for plane periodic waves [JNRZ14].

We carry out most of our present analysis in the two-dimensional context but discuss higher-
dimensional extensions in Appendix [A] Namely we consider essentially

(1.1) W; = AW + VI GOW) + f(W),

for the R™-valued unknown W, W(t,x) € R" (with n € N*), ¢ denoting the time variable and
x € R? the spatial variables. In , we identify elements of R™ with column vectors, the operator
VT acts row-wise and A is the scalar Laplacian. The flux function G : R"® — Ma,(R) and
the reaction rate f : R® — R” are assumed to be smooth. Finally, we assume that the first r
components of f vanish identically, so that the first r» equations of are conservation laws.
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Our goal is to study the dynamics of ([I.1)) near one of its (uniformly) traveling solutions, that is
near a solution of the form

W(t,x) =U(x—tc),

where ¢ € R? is the wavespeed vector and U is the wave profile of the wave under consideration.
We restrict to two-dimensional periodic traveling waves, meaning that there exists a fixed basis
(X1,X2) of R? such that the wave profile U is left invariant by translations in both the X; and
Xy directions. Alternatively, letting (K, K2) denote the dual basis of (X1, Xz2), one may express
such traveling waves in the form

(1.2) W(t,x) = UK"(x —tc)) = UK 'x +tQ),

where K = (K; Kj) € My2(R) is the matrix of wave vectors, = —K'c is the time frequency
vector and the scaled wave profile U is left invariant by translations by the canonical basis of R2.
Throughout we identify waves by their mathematical structure but, to ease comparison with the
rest of the literature, we stress that they commonly receive more vivid names, planar periodic
waves being often designed as stripes or rolls whereas two-dimensional periodic waves include
cases designed as square, hexagon, herringbone, etc. patterns, depending on the geometric shape
of (Xi,X3). For a more thorough discussion on the existence of waves we simply refer to the
introductions of [MR24] RR].

Bloch symbols. The fact that waves are not isolated but form a smoothly parameterized family
plays a deep role in the organization of the dynamics. When we pick a single specific wave we shall
materialize it by underlining the various features of the specific wave, U, ¢, 2, etc. To study its
stability it is expedient to move to an adapted co-moving frame

(1.3) VV@X):\N<uKT@—¢Q>
so that is turned into
(1.4) W, = (KV) (KV)W + (KV) 'G(W) + (K'c- V)W + £(W).

admitting U as a stationary Z2-periodic solution. Linearizing (1.4) about U yields the periodic-
coefficient equation (d; — L)V = 0 with L given by

LV := (KV)" (KV)V + (KV)TdG(U)(V) + (K'c- V)V + df(U)(V).

The operator L is seen as acting on L?(R?; C") with domain H?(R?;C"). The spectral stability
of U is then expressed in terms of the spectrum of L.

As classical for periodic-coefficient operators the spectrum of L is more conveniently handled by
introducing a suitable integrable transform — the Floquet-Bloch transform — so as to study L
through its Bloch symbols Lg, parametrized by Floquet exponents £ € [—, 7]%. Each L¢ acts on
L?([0,1]%; C") = L*(R?/Z?; C™) with domain HZ ([0,1]%* C") =~ H*(R?/Z? C") through

LeV = (K(V+i€)K(V+i€)V+ (K(V+i€)TdGU)(V) + (K'e- (V +i€))V +df(U)(V),

thus has compact resolvents hence discrete spectrum, reduced to eigenvalues of finite multiplicity.
In particular, the following spectral decomposition holds

o(L) = |J o(Le).
ge[—m,m]?

We recall the associated minimal background in Subsection and refer to [MR24, Appendix A]
for a more detailed treatment.
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Jordan block structure. The presence of conservation laws in deeply affects the nature of
the spectrum of Lg compared to the situation dealt with in [MR24], essentially as the situation in
[JNRZ14] differs from the one in [JNRZI13al [INRZ13b]. The generalized kernel of Lg is directly
related to the properties of periodic traveling waves near U that share the same lattice of periods.
In the absence of conservation laws, as in systems of [MR24], generically the set of nearby co-
periodic waves is reduced to U and its spatial translates and, accordingly, the generalized kernel of
Ly is reduced to its kernel and spanned by spatial derivatives of U, thus here two-dimensional and
spanned by 01U, doU. In turn, the fact that the first r equations of are conservation laws
directly implies that the kernel of the adjoint of Lg contains the functions constant equal to e;,
j=1,---,r (where (e1,--- ,e,) denotes the canonical basis of R™). Since those are independent
and orthogonal to 01U and 02U, the generalized kernel of Lg must be of dimension at least r + 2.
The following assumptions thus encode generic criticality (in the stable case).

(D1) The spectrum of Lg intersects i R only at A = 0, A = 0 being an eigenvalue of Lg of algebraic
multiplicity 7 + 2.
(D2) For any £ # 0, o(Lg) < {A; R(X) <0}
Under Condition (D1), one derives that, near U, periodic traveling waves of wavevector matrix
K take the form (U, c) = (UKM(. 4 ), cEM) where ¢ € R? and M € R" with M; = 5[071]2 e;-U.
In particular, (61U, 02U, 0y, U, - - -, 05, U) span the generalized kernel of Lo with

Lo(0r,U) = —(K'op,c- V)U

Therefore, unless dy ¢ vanishes, the generalized kernel of Ly contains nontrivial Jordan blocks (as
in [JNRZ14]). Before stating our main results we still need to explain how those Jordan blocks
affect the dynamics.

Space-modulated stability. In [JNRZI4] the main dynamical effect was the necessity of proving
stability in a space-modulated sense. Translated into our current multi-D framework this consists
in measuring in the classical definition of stability the proximity to U of both initial data and
solutions at later times by

inf_ [Wo®—Ulx + V(@ —1d)|y

& invertible
where (X,Y) are some functional spaces (possibly different for initial data and the solution). This
is crucial when ® — Id is not decaying with time but V(® — Id) is. For more informal insights we
refer to [Rod13], [Rod15]. For comparison, note that naive stability requires control on |W — Ul|x
whereas orbital stability requires control on
inf [Wo® —U|x.

® uniform translation
Note that it is possible to choose Y as a space of curl-free vector-fields, on which it is natural to
choose || - [lv as |[V]y = | VT(V)HS? for some functional space Y.

The notion encodes that one should introduce a local phase shift to capture the main effect
of perturbations and that replacing this local phase shift with its derivative tames the growth
induced by Jordan blocks. It is intuitively clear that when dp ¢ is nonzero, local perturbations in
shape will result in modifications in local speeds which in turn will accumulate over time into local
modification of phase shifts. Formal geometrical optics expansions in the spirit of [NR13| give more
quantitative educated guesses.

The upshot of such a formal analysis is that the large-time dynamics is expected to be described
at leading order by modulation in parameters

W(t,x) ~ UFMEX (w(1, x)), K=vVy,
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with (IC, M) remaining close to (K, M) (in the stable case) and solving

(.M)
(1.5) O <J’\C4) = (gg—%‘(’cMD + A[V](K, M), IC curl-free

where QUEM) — _icT (KM) p(M) ¢ Mo, Fg?’M) = 8[071]2 G0 UCM) and A[V] is a
(less explicit) second-order operator compatible with the propagation of the curl-free condition.
Diffusive spectral stability. We shall make only a loose use of the foregoing expected modulation
behavior. The main insight we want to extract is how the spectral singularity resulting from Jordan
blocks should be blown up. For this purpose we may safely replace the curl-free wavevector variable
I = V¥ with (—A)Y2® and drop the curl-free constraint, since —(—A)"Y2VT and V(—A)~1/2
may be used as L? isometric inverses.

To give more details about the connection let us first introduce, for £ sufficiently small, a basis
(Qf, cee Qf 4o) of the sum of generalized eigenspaces of L¢ associated with its 7 +2 eigenvalues near
0, starting from (0;U, 02U, 0y, U, - -+, 07, U) at & = 0, and a dual basis (Qf, e 7Q§+2) playing
the same role for the adjoint of L¢, starting frorrﬂ (#,%,e1, -+ ,e.) at & = 0. In particular for &
small the spectrum of L¢ near 0 coincides with the spectrum of the matrix

Dg := ((Q%; LeQE) 120,112 1< 12 -

_wWT
Dy = (32,2 KO dm C) .
r,2 r,r

By design, in the chosen basis the first two coordinates play the role of (the Fourier transform
of) local phases. To mimick the change ¥ — (—A)Y2®, we introduce for £ # 0 small

-1
_ (I€l 12 02, |€]l T2 02,
As o ( 01",2 I'r Dg 07’,2 L,.

extended as Ag = 0,42,42. We prove in Subsection that despite the apparent singularity the
map & — Ag is indeed smooth in polar coordinates.

The following assumption encodes that System is diffusive near (K, M) (at least at low-
frequency).

(D3) There exist positive §, C' and & such that when [£| < &, the matrix A defined above
(using Condition (D1)) satisfies for any ¢ = 0

Note that

|et@e| < C e tOlEl”

The control afforded by Conditions (D1)-(D2)-(D3) is weaker than the ones provided by dif-
fusive stability in both [JNRZ14] and [MR24] with many respects. In all cases diffusive stability
implies that there exists a # > 0 such that for any &

o(Le) = { As ROV < —0'¢]* } -

In [MR24] the absence of conservation laws thus of Jordan blocks at the critical part of the spectrum
allowed the latter spectral assumption to be reinforced into: for some positive C’, ¢’, for any &,

HetL&‘|L2([0,1]2)HL2([0,1]2) <C' e—t9’H€\|27

where et’¢ denotes the semigroup generated by the Bloch symbol L¢. A similar bound holds for
the one-dimensional conservationless case [JNRZ13a] but it comes as a consequence of the spectral
bound alone, whereas in the multi-dimensional case the bound contains extra information; see the

lwe identify here constant functions with their values.
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detailed discussion in [MR24, Appendix A] and [RR]. In contrast, here, as in [JNRZI14], diffusive
stability only yields: for some positive C’, #’, for any &,
e~ t0' €]
le™ ¢ L2po,112)— 12(j0,172) < €' e

In the one-dimensional case one may benefit from the fact that one-parameter families of opera-
tors have much better spectral regularity properties. In particular, in [JNRZ14], beyond the desin-
gularization of phase/wavenumber type turning D¢ into Ag, one may also enforce that & — Ag
is smoothﬂ and not only smooth in polar coordinates, and that it is smoothly diagonalized. The
distinction here is similar to the one for first-order hyperbolic systems: whereas in one dimension
the strict hyperbolicity may be thought as generic, there is a much larger variety in higher dimen-
sions. In particular the acoustic system — that is, the system form of the wave equation — share
almost no common feature with a system of uncoupled transport equations in dimension at least
two. The formulation of Condition (DD3) is precisely designed to not dive into this complexity and
encompass all the reasonable cases without distinction.

Part of this multiD system complexity is also present in [MR24]. However the modulation
system there, replacing , has only two equations. The most refined analysis in [MR24] uses the
special structure of systems of two equations. Note for instance that hyperbolic constant-coefficient
systems of two first-order equations are either strictly hyperbolic or consist of two uncoupled scalar
equations. In contrast we have here r + 2 equations to deal with and the situation with three
equations in 2D is expected to be close to generic. To give a hint in this direction, we point out
that with three equations in dimension two one may already design a system that is hyperbolic in
each direction but not hyperbolic ; see Petrowski’s example in [BGS07].

The main technical question our current analysis answers positively is whether with both diffi-
culties jointly occurring one may still conclude to nonlinear stability.

Main results. Before stating our main results the last thing remaining to discuss is which class
of perturbations we are considering. The level of localization of the initial perturbation is directly
connected to the rate of time decay one may expect. On general grounds, with this is mind, there
are two natural choices. On one hand one may pick the maximal level of localization that may
be converted into time decay, thus obtaining the maximal time decay (for generaﬂ data). On the
other hand one may pick the localization resulting in the minimal time decay rate compatible with
a proof of nonlinear stability by the Duhamel formula, encoding the variation of constant strategy.
The latter situation is said to be critical and it is characterized by the fact that in the Duhamel
formula the linear and nonlinear part decay at the same rate, whereas in subcritical situations the
nonlinear part decays faster.

Here the multidimensionality actually helps since the decay mechanism is spreading (by diffusion)
and is thus stronger in higher dimensions. In the one-dimensional case with conservation laws of
[INRZ14] there is no choice: maximal decay and critical decay are at the same level. It corresponds
to taking an initial phase shift ¢y such that V¢, is integrable. The presence of a Jordan block
at the spectral origin prevents further localization to be of any use. The critical conservationless
one-dimensional case is analyzed in [JNRZI13a]. Yet for the same class of equations the maximal
decay case was analyzed decades before in the pioneering [Sch96]. The approach of Schneider
sets a renormalization procedure, thus relies heavily on the self-similar character of the Burgers
equation (playing the role of ) and is therefore by design restricted to the conservationless

2This requires us to use at the modulation level V¥ and not (—A)Y2®, and at spectral level to replace ||| with
£ in the definition of Ag, which is only possible in dimension 1.
3Comm0nly one may beat this decay rate on a subset of positive codimension, being defined by some exceptional
vanishing. For instance mean-free solutions to the heat equation decay faster than the heat decay rate.
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one-dimensional case. It was subsequently extended to the critical decay case in [SSSU12]. Proofs
of [JNRZI13al [INRZ14] rather build from the revisiting of the maximal decay rate in [JZ11]. As
an interesting recent piece of work we point out [dR24] revisiting the crictical conservationless one-
dimensional case, that combines arguments similar to those of [JNRZ13a] with special properties
of the Burgers equation so as to replace the integrability assumption on V¢, with a boundedness
assumption on ¢, both being, in dimensional one, essentlallyﬁ at the same level of localization but
the latter is slightly more general than the former.

In the two-dimensional conservationless framework treated in [MR24] the maximal decay thresh-
old is at the integrable ¢ level and the critical threshold is at the integrable Ag, level. In the
present framework the presence of a Jordan block at the spectral origin reduces the range of pos-
sibilities from integrable V¢, to integrable Agy.

Theorem 1.1 (Critical decay). Assume (D1)-(D2)-(D3). There exist g > 0 and C > 0 such
that if for some sublinemﬂ o)
= [Wo(- = @) — Ul (m2awzaym2irn) + [Ado| (1 ~wra)®m2Rr2) < €0

then, there exist a unique global solution to (L.4)) with initial datum Wy and a phase shift ¢ with
¢(0,-) = ¢, such that, for any t = 0,
C Ey
IW(t, - —&(t, ) — Ulweamzrn) + VO, )wzamzmam)) + 1010, ) [weamer2) < W
4
Furthermore, with constants independent of (Wy, @) and no further restriction on Ey,
(1) for any t =0,
In(2 +t)
IW(t,- = (t,) = Ul pemz;rn) + VO, ) 1o m2mo®)) + 10:D(E )| 10 (m2;R2) < C Eo vt
2
(2) for any 2 < pg < qo < o0, there exists a constant Cp, 4, > 0, such that for any p € [po, qo],
and any t = 0

)

C E
IW(t,- = ¢(t,-) — Ul rmerr) + IVOE, )l memom)) + 1060 )| o r2ir2) < %101-

(1+¢t)z »
Theorem 1.2 (Maximal decay). Assume (D1)-(D2)-(D3). There exist eg > 0 and C > 0 such
that if for some ¢

&0 = [Wol- — ¢g) — Ul (1 nm2awzaymerr) + Vol (11 ~m2am2a®2MeR) < €0

then, there exist a unique global solution to (L.4)) with initial datum Wy and a phase shift ¢ with
¢(0,-) = ¢ such that, for any t =0, for any 2 <p < 4

Cé&
IW(t,- — &(t, ) — Ulwermrzrn) + VO, )llwzrmemom)) + 000, ) w2 mer2) < 7(1 t)lfl -
—+ P
Furthermore, with no further restriction
(1) for any 2 < p < o and any t =0
Cé&
W(t,-— &) — Ul remzrn) + VO, ) r®2 o m)) + 100, )l r(r2ir2) < 7(1 t)l’l ,
—+ P

4We use the homogeneity of seminorms under the action of homotethies as a measure of how much regular-
ity /localization the seminorm controls. In dimension d, s derivatives in L? is associated with the index s — d/p, the
lower it is the more localization and the less regularity we control.

By this, we mean as in [MR24] that ¢, may differ from A™'(Ag¢,) by a constant function but not by a non-
constant affine function. This is for instance the case if one enforces V¢, € Span (U1<p<oo LP (R M2(R)))
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(2) there exists a constant ¢, depending only on ¢y such that for any t =0
C&
T 2<p<+4w.

IW(t, ) = Ul pr2;rn) + 9t ) = bllirmeme) € ———+
(1+t)2»

Having System in mind, the foregoing decay rates should be compared with the decay rates
of the two-dimensional heat equation in the variable V¢. Note however that we only state and
prove such rates in LP-based spaces with 2 < p < c0. As may also be guessed from this is not
a purely technical restriction. The first-order part of the modulation system if it contains parts of
wave-type induces dispersive effects that deteriorate decay rates in L?, p < 2. We refer the reader
to the detailed analysis of the two-dimensional barotropic compressible Navier-Stokes system in
[HZ95| [Rod09] for a sharp related discussion.

Those dispersive effects are precisely the spatial counterparts to the low regularity on the spectral
side, due to multidimensionality. In particular our main challenge is to check that the analysis of
[JNRZ14] may be extended to the present case without suffering from LP, p < 2, deterioration.
To stress that the outcome is not completely obvious, we point out that [HZ95, Rod09] deals with
the maximal decay case whereas the critical decay case for small solutions of the two-dimensional
barotropic compressible Navier-Stokes system is widely open; see the discussion in [Rod07].

Even when dealing with the critical decay case we benefit from the fact that non critical linear
estimates do hold in order to deal with nonlinear contributions. Note that this does not hold for
[INRZ14] but the dispersive obstruction is absent in dimension one. The benefit is similar (but
smaller) than the one one uses to close convective nonlinear stability with no decay at all, as for
instance in [GR25].

We postpone to Subsection a thorough technical discussion of the scheme of the proof of
Theorem [I.1] Yet we would like to stress that its proof differs significantly from proofs in both
[INRZ14] and [MR24]. When examining the contribution of nonlinear terms in a Duhamel formula
only terms with a good conservative structure may be treated as in [MR24]. Unfortunately the
introduction of the phase does bring new non-conservative terms. To deal with those one must
use and prove that higher derivatives of the phase decay faster. This is expected from the linear
analysis but a proof at the nonlinear level requires the propagation of those higher decay rates in a
critical decay regime. The foregoing is inherently difficult. A similar difficulty occurs in [JNRZ14]
but it is bypassed there by resorting to estimates on the linear propagator that are precluded here
by the possible dispersive effects. Instead, we show that for a suitable Bloch multiplier operator 7,
JV also decays faster at the linear level and prove the nonlinear propagation of those decay rates
jointly with those of the higher derivatives of the phase. This requires a (soft) multilinear analysis
adapted to J.

Perspectives. In [INRZ13bl [TNRZ14, MR24] is also provided a detailed description of the large-
time asymptotic behavior including the validation of a system such as . We expect that some
form of validation could also be obtained here but a rough computation, in the critical case, only
shows that refinement in modulation (in all parameters) yield an improvement of the decay rates of
the remainders in L? from (1 + )~(1/2=1/P) to (1 +¢)~1/2. Tt is far from obvious that the later rate
is optimal and we have decided to save some technicalities and leave this for further investigation.
As in the current stability analysis the technical issue is that in general, unlike in [MR24], one faces
dispersion in some of the components but not in all of them so that one may have to pay the price
of worst rates in LP, p < 2 without benefiting from extra decay in LP, p > 2.

In order to apply the present results and those in [MR24] it is important to provide stability
diagrams in all relevant bifurcation scenarios, multiplying the type of analysis carried out in [RRI].
The analysis there untangles for conservationless equations the situation where plane waves become
unstable by a transverse instability at nonzero frequencies. The stable two-dimensional patterns
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then appear as secondary instablities and the arising modulation system is indeed fully dispersive.
We stress that even the case when small-amplitude two-dimensional patterns arise from primary
instability of constant solutions needs further investigation. Indeed whereas the corresponding
existence part has been thoroughly developed for a long time — as far ago as [Sat79] —, the
accompanying stability is currently restricted at bestﬁ to co-periodic perturbations, corresponding
to Floquet € = 0. We see the development of a complete bifurcation analysis incorporating diffusive
spectral stability as the primary remaining target to reach.

We expect that as in [RR] the elucidation of bifurcations will also shed some light on the struc-
ture of modulation systems near bifurcation and provide sufficient elements to clarify the analysis
of asymptotic behavior. To be somewhat more concrete, in scenariosﬂ when the modulation sys-
tem would exhibit a clear separation between a dispersive part and a scalar-type part one could
prove that at leading order only the dispersiveless part matter in large-time. This would echo the
fact that solutions to the barotropic compressible Navier-Stokes equations become asymptotically
incompressible in large-time [HZ95, Rod09].

Outline. After the present introduction the rest of the paper is organized as follows. In the next
section we gather some preliminary results (elements of Bloch-wave spectral analysis, geometric
structure of profile equations, desingularization by phase modulation). Then in the two sections
after that, we provide first linear estimates then nonlinear estimates for the critical case, thus in the
end proving Theorem In the final section before the appendix, we prove Theorem Finally,
in the appendix we discuss extensions to higher dimensions, covering the critical three-dimensional
case.

Acknowledgment. A.W. thanks the University of Rennes for its hospitality when the project was
initiated. Both authors are grateful to Kevin Zumbrun for his continued interest in this project.

2. PRELIMINARIES

2.1. Basic facts about the Floquet-Bloch analysis. We gather here a minimal set of useful
facts about the Floquet-Bloch transform. As a preliminary we make explicit our convention for the
Fourier transform. When g € L'(R?), its Fourier transform is defined by

Flg)(€) = (&) = (er) fm ¢ 1€% (x) dx.

Then when g € S(R?) its Floquet-Bloch transform is defined by

Bg)(€:x) = §(€:x) == Y, *'™XG(& +27p) = <271T>2
peZ?

D e it g(x 4 q),
qeZ?

the equivalence of both formula being a special case of the Poisson summation formula. Note that
B(g)(&,") is (e1, eq)-periodic for any [—, 7]?.
Proposition 2.1. Let g € S(R?). The following properties hold.

(1) Floquet-Bloch inversion. For any x € R?

s = | dgiexac.

(2) Differentiation. For any (€,x) € [—m, m]? x R?

(Vxg)(€:x) = (Vx +1€)(9)(&,x) .

6For patterns with extra symmetry, such as hexagonal pattern, the class of studied perturbations is further
restricted by the extra symmetries.
"We expect the latter for instance when r = 1.



(3) Periodic multiplication. When h is (e1, ea)-periodic, for any (€,x) € [-m, 7]* x R?

(9h)(&,%) = h(x)(€,%).
(4) Low-frequency functions. If supp g < [, 7]?, for any (§,%) € [-7,7]* x R?

9(&x) = g(§) -
(5) Parseval identity.

lgllzerey = oG] L2 ((=mm12:22(0,112)) -

(6) Hausdorff-Young inequalities. For any 2 < p < o0 and p’ its Lebesgue conjugate,
that is, %4—1%:1

2 .o
Hg”LP(R2) < (2m)» HQHLP’([777,7r]2;LP([0,1]2))’

_2
191 Lo (12,20 ([0,172)) < ) 7 9] Lot 2y -

Properties (2) and (3) imply the announced B(Lg)(§,x) = Le(B(g)(€,-))(x). Properties (3) and
(4) explain how by taking a Floquet-Bloch transform and averaging one may extract the evolution
of parameters, such as phase shifts, out of linear slow modulations. Properties (5) and (6) are key
to extend the Floquet-Bloch transform by duality and continuity.

Let us denote with an index -per the closure of (restrictions of) C® functions that are (e, ez)-
periodic.

Proposition 2.2. (1) (27)B is a one-to-one isometry from L*(R?) to LQ([ 7, 7% L2([0,1]%)).
(2) For any s € R, B is one-to-one between H*(R?) and L?([—m, )% H3,.([0,1]?)).
t

p
(3) For any s€ Ry, 2 < p < w0, B is continuous from L¥ ([—m ] Wik ([0,1]2)) to W5P(R?)
and B~ is continuous from W*¥ (R?) to LP([—,7]?; I/Vper ([0,1]12)).

Finally we introduce the Bloch multiplier operator J defined by
B(Jg)(&,x) := &£ B(g)(£,%).

The convention is that it acts component-wise on vector-valued functions. Note that 7 commutes
with any operator defined by Bloch symbols, such as L, or in other words with any operator
diagonalized by the Floquet-Bloch transform in the sense that it acts Floquet exponent by Floquet
exponent. We shall use J to track that in the dynamical situation we consider a higher cancellation
at low-Floquet exponents is associated with a faster time decay.

The following lemma proves a Leibniz’ rule for multilinear expressions of sufficiently low-Floquet
functions, particularly convenient to deal with nonlinear terms.

Lemma 2.3. Let m € N, m > 2. If the Floquet-Bloch transforms of g1, -+, gm are supported
where |&| < w/m, then for any o € N?
e
F@ean) = D (g ey T @) T ),
(Q1ys 0 (m) JE(NZ)™ @ »THm)

o)t tom)=a

Proof. This follows by combining that from any (i1, ,{m)) € (R Zym

a « o A,
(Cay + o+ Gm)* = ) Sy
04(1) Oé( )
(1), Q) JE(NZ)™ ’ '
oyt taemy=a
9



and that from the low-Floquet assumption stems

B(gi---gm)(&%x) = (B(g1)(-,x) * -+ * B(gm) (-, %)) (£) -
O
2.2. Profile variations. We now untangle the structure of nearby waves under assumption (D1).

In doing so we mostly follow [MR24, Appendix B1].
Let M € R" be defined by M ; = S[O 172 -U and observe that the profile equation for waves of

wavematrix K and speed c is

(2.1) 0=(KV)(KV)U + (KV)'G(U) + (K'¢c- V)U + f(U).

Proposition 2.4. Assume (D1). Then there exist eg > 0 and a smooth map
B((K,M), =) — Hpy. ([0, 1% R") x R*, (K, M) — (UM(), ¢(K, M))

per

such that, for any (K,M) e B(K, ), (K,UXM(.) c(K,M)) solves (2.1)) with

(22) M]—J ej-UI<’1\/I7 ]:17...77«7
0,1
and for any (U, c) € ngr([ 1% R") x R? such that (U, ¢) solves (2.1)-(2.2) and
lc—c¢| <eo, Lplfelf IU = U( + o)l mz,,(0,112:R") < €0,

one has ¢ = c(K, M) and there exists ¢ € R? such that U = URM(. 1 ). Moreover the map
(K, M) — UKM s yalued in He,. ([0, 1]%,R"™) and, for any s € N, there exists 0 < €, < eo such

that it is smooth as a map from B((K, M), eq) to Hp.. ([0, 11%,R™).
Proof. The proof follows the Lyapunov-Schmidt reduction. Let IIp denote the spectral pro jector as-

sociated with the eigenvalue 0 of Lo and complete first (,*,eq,--- ,e,) into a basis (Q?,-- -, Qr+2)
of the kernel of II§j such that

<Q?;aéQ>L2([O,1]2;R") = 0j, 1<5,0<2,
then (01U, U, *,- -+, *) into a basis (QF,---, QY. ,) of the kernel of IIy dual to ( TRRE ,QT+2)
To enforce uniqueness we shall reduce to seekmg an unknown V lying in the kernel of IIp, that is,
orthogonal to (QY,- - 7Qr+2)

We first show that we can factor out translational invariance and enforce orthogonality to
(QY,QY9). To do so, we may apply the Implicit Function Theorem to the map

Hg([()? 1]2; Rn) x R* - R? ) (Uv 90) - (<Q?a U( - ¢)>L2([0,1]2;Rn))j:1,2 .

Indeed the map is C' and, at (U,O0), its differential map with respect to ¢ is —1. By using
translational invariance, this implies that there exist ¢ > 0 and C' > 0 such that if (U, ¢,) is such
that

U -10( + SOO)HHZer( [0,1]2R") S €
then there exists ¢ such that U = U(- — ) satifies
|U — Uy

Ber
(2.3) (QY; (U = U)r2(o,12") = 0, I<y<2.

It is thus sufficient to prove genuine uniqueness under the assumption that U — U is small and
satisfies (2.3)). Let us denote by LI) the inverse of Lg restricted to the range of (I —IIp). With the
extra constraint , Equations — are equivalent to

U-U- (@ - Q)M+V
10

(0,112:r") < CU =U( + o)l a2, (

per

[0,1]%;R™) »



with
V = —Lj[(1-To) R]
c = -1 TC . _1\T <(§(1)’ ‘>L2([O,1]2;R")>
(KTK) c—(K™) (<Qg; Seao. ey R
where
R = <(KV)T(KV) - (KV)T(KV)> U+ (K'e—K'c)-V)(U - U)

+(KV)'G(U) ~ (KV)' (G(U) +dGU)(U - 1))

+f(U) - £(U) - df(U)(U - 1U)).
Note that in the foregoing reformulation we are usingwthat from the conservative structure of the
original system stems that IIgR = 0 is equivalent to <Q?; Ror2(o12rn) = 0, 1 < j < 2. The proof

is then achieved by another application of the Implicit Function Theorem solving for (V,c¢) such
that (I-IIg) V = 0. O

Let us stress that the above construction also yields (da, U, -+ ,0a,U) = (Q9, -+, Q%,5).

2.3. Side-band structure. We turn to discuss the desingularization of the Jordan block struc-
ture at 0 when & = 0. By standard spectral perturbation theory, for which we refer to [MR24,
Appendix A2|, we obtain, for £ sufficiently small,

e a spectral projector Ilg, smoothly dependent on &, associated with the spectrum of L¢ near
the origin

e a basis (Q§, e ,Q§+2) of the range of II¢ smoothly dependent on & and extending the
above (Q7,---,QY,,)

~

e a dual basis (Qf, Sy Qf +o) of the range of HZ smoothly dependent on £ and extending the
above (Qf, -+, Q).

In particular with
Dg := (<Q§7 LeQ)12)1<je<rs2
there holds for £ sufficiently small
(Qf; e
etleTly = (Qf o Q$+2) et De :
<Q$~+2§ DL
To prepare further analysis of D¢, we expand
LeV = LoV + (LOV)'i(Ke) — [Kg[*V
where
LWV = 2KVV +dG(U)(V) +cV'.
In order to blow up the Jordan block, we introduce for & # 0 small
-1
_ (€l 12 02, |€l L2 02,
Ag o < 07",2 Ir Ds 0r,2 Ir

11



extended as Ag = 0,12,42. Note that by setting
¢ ¢ \._ (of ¢ I 0y
(af - afio) = (Qf - sz)<oﬂz|s|n)

~& ~e ) L (€ ~¢ €] Io 02,
(e (af o as) (58 %

one obtains for £ sufficiently small

) CHDIE

e'telly = o <<ﬁ T Qf+2) ot B¢ :
1€l ¢

<qr+2; ‘>L2

The following proposition is the main result of the present subsection.

Proposition 2.5. Under (D1), the map § — A¢ is indeed smooth in polar coordinates.

Proof. Note that since QY, QY lie in the kernel of Ly and Qg, R Q? o lie in the kernel of Lg, we
already know that
022 > (0(|€|) O(1) )
Dy = ’ , D, = y
° (07:2 07, ¢ o(lgl) o)
so that there only remains to show that for any &
(d¢ Do(&))je =0, (Dg)je = O(€]1%) 3<j<r+2,1<<2.

For the same structural reason, for such a (j,¢),

(de Do(€));0 = (Q% (LVQY) i(KE)) 2 = (ej o5 (LV,U) i(KE)),2

At last, from the conservative structure of the system and the explicit formula of L) stem the
claimed cancellation. O

)T

Though we have decided to prove Proposition [2.5)in a more elementary way, we’d like to stress
that it follows in a more robust way by differentiating along the family of periodic traveling waves.
See [BGNR14, [KR16l [AR22] for similar results in more elaborate situations.

From the definition of A¢ one also derives readily the following proposition.

Proposition 2.6. Under assumptions (D1)-(D2)-(D3), there exist positive &, 0’ and C" such
that the following hold.
(1) For any €] = &
letre o 2 < C et

(2) For any (€] < &
letle (1-T0¢)| f2msre < K e,

Cl
[P graz gz < o oI

Hi ’

C" g2
le e el 22 < Tel ¢ e

Proof. The last two estimates follow from the definition of Ag whereas the two first ones are derived
from the fact that Lg when [|€] > & and the restriction of Lg to the kernel of Il when [|€] > &
O

generate analytic semigroups and possess uniform spectral gaps.
12



When analyzing the phase contributions the following lemma will also turn out to be useful. It
plays a role similar to [MR24, Lemma 3.1] and a similar normalization is also hidden in the proof
of [JNRZ14l, Proposition 1.7].

Lemma 2.7. Under assumption (D1), one may also enforce that for 3<j<r+2,1<{<2,

(Q%:QY)r2 = O(Jg)?) Q% Q52 = O(€)?) -

Proof. Both terms are smooth and vanish at € = 0 so that we only need to check that their linear
expansions vanish identically. Since for such (j,¢), <(§§, Q§>L2 = 0, the linear expansion of the
first term is equal to the opposite of the linear expansion of the second term thus they vanish
simultaneously.

To conclude the proof, we only need to prove that by replacing ((Qf, e Q§+2))€, ((Qf, cee QfH))E
with some ((Pf7 - ,P§+2))£, ((f’f, e ,f’f+2))£ satisfying the same spectral conditions one may
also achieve the extra normalization condition: for any &, and (j,¢) as above

(PP;de¢ PY(€))p2 = 0.
This may be achieved, for & sufficiently small, through
r+2 N
Pé = Q5 — > Q% de Q€)= QS 1<l<2,
j=3
P{ = Q;, 3<l<r+2,
and
pé._ Of
Pj._ij 1<j5j<2,
2
PS = Qf + > (Q:de Q¥(€))12 QF 3<j<r+2.
=1

From now on we shall enforce the normalization from Lemma

3. LINEAR ESTIMATES

We begin the stability analysis with linear estimates, that is, estimates on (S(t));>0 the semigroup
generated by L, in particular proving linear space-modulated stability in the sense made explicit
in [Rod18].

3.1. Linear phase separation. With notation from the previous section, we may decompose S(t)
according to

St)le]l = (s()[g]l - V)U + Si(t)[g] + S2(t)[g]

(afsa(e. )

with

L2

(s(D)g])(x) = j[ X&) ixe (1, 0,,) ot ae.

T <a§+2;é<s, ),

13



:f[ K e CONOEES | x@exeetaa-ng e e ae

[_7'(771—]2

(Sa(t)[g]) (x) (af:ge)

2
ix- £(x)— QY (x ¢ (x)—Q9(x A
=] g (Rt Sikale) gfg .. Qf,,0)

; ag
(&.28E)

where x is a smooth function valued in [0, 1], compactly supported in a sufficiently small neighbor-
hood of 0 and equal to 1 in a (smaller) neighborhood of 0.

3.2. Localized perturbations.

Proposition 3.1. Assume (D1)-(D2)-(D3).

(1) There exists ' > 0, such that, for any (s,s') € (R+)? such that s' < s, there exists Cy g
such that for any t > 0

Cy g Y
11 (1)l e < S g
(min({1,1})) ="

(2) For any s € Ry, any B € N? and any v € N2, there exists Cs.3,y such that for any
1<g<2<p<+00,andanyt=0

Cs,3,
|S2()[02 T gl|wew < —sz_L_l lgllza ,
q P

(1+1)2

and if || > 0 or g vanishes identically in its first v components

Cs,3,
1S2(6)[02 T gllwer < o gl
(L+t) 2 "a»p

(3) For any a € N2, any € N2, any v € N? and any ¢ € N, there exists Ca,e,8,~ such that for
any1<g¢g<2<p<+4w, and anyt =0
(a) provided that |o| +|y|+£ =1 o0or1l/q—1/p>1/2

C

e ’Z7ﬁ7

H ag at S(t)[a)ﬁc J7 g]HLT’ < \a\i\'vl-*-;{—l 11 HgHLq 5
(1+t) 2  Ta»

(b) if |B] > 0 or g vanishes identically in its first r components

(0% Ca7£7 3
| oz of s()[02 T gl < gL

(14 0) 03
We recall that J commutes with 0x, 0, s(t), S1(t), Sa(t), etc.
Compared to [MR24] Proposition 2.2] algebraic decay estimates for a general g are deteriorated
by a (1 + t)~1/2 factor. Compared to [INRZI4, Proposition 3.3], there are two main differences:

e the slope of 1/¢ — 1/p depends on the dimension, being equal to d/2 in dimension d
e the restriction 1 < ¢ < 2 < p < 4+ is not a pure feature of the chosen proof, but a hard
restriction that cannot be relaxed at need without deteriorating the heat-type decay rates.
14



Proof. To prove the first point, it is sufficient to combine an H s — H* bound for 0 < ¢ < 1 with an
H?® — H? bound for t = 0. Moreover the former follows from the parabolicity of L (combined with
bounds on s(t) and Sa(t) proved below). In turn, the latter may be derived, through Parseval’s
identity and exponential bounds from Proposition

All the algebraic decay rates arise from the fact when 1 < r < o0 and (n > —2/r or n = 0)

&~ lele "),

(SIS

_ +1)(

For instance, to prove the first part of the second point, by integration by parts in scalar products,
from (D3), Hausdorff-Young and Hélder inequalities one derives

I12(6)[0 T gllwes < € 147 (e, )l

p/
Le

Il 5 —(4+1)
s e tei e I8l 5y < (141) lelzo

with p’, ¢’ Lebesgue conjugate respectively to p and ¢, and 1/r = 1/p'—1/¢' = 1/qg—1/p. Hence the
second bound. The second part of the second point follows from a similar bound benefiting from
an extra | &| factor due to the cancellation arising from the extra g structure and (9, ,q%,,) =
(0,0,e1,- - ,e,). The third point is proved similarly starting from

(6% 25000 T g)) ()
(o +18)%8(6.)) |
=f[ﬂ2>j|(§) XE(6)€" (I o) (Ag) e : dg.
| (&0 (= +18)%8(E)
O

3.3. Perturbation by phase modulation. We restrict here to estimates useful to analyze the
critical-decay case.

Throughout we implicitly assume that ¢ has no affine component at oo, in the sense that ¢ =
A~1Ag. Consistently, the phases built with s(t) also satisfy the latter condition.

Proposition 3.2. Assume (D1)-(D2)-(D3).

(1) There exists 0 > 0, such that, for any (s,s’) € Ry such that s'+1 < s and any (po,p1) such
that 2 < pg < p1 < 0, there exists Cy p, s & such that for any t >0, and any po < p < p1,

C / —9

[S1(5)[( - V)U] e < — {1”°t;)if<gm> e |AG] g

(2) For any o € N?, any s € Ry and any 2 < p < +00 such that |af + 1 — % > 0, there exists
Cp,a,s such that for any t = 0

C «,S
|7¢S2(t)[(¢ - V)Ullwsr < —055— 1AL -

(L+t) 2 »

(3) For any o€ N%, any B e N2, any e N and any 2 < p < +00 such that |a| +|f| +E—% >0,
there exists Cp o ¢ such that for any t >0

Cp,a
|3 0f 7% s(t)(é - V)U] |1 < . >|i1+12+“ |AG] 11 -
+t 2 p

15




To ease comparisons with bounds of Proposition we point out that |A¢|pi~ps should be
thought as a relaxed version of |V || ys+1. Note moreover that the condition || + |5] + £ — % >0
may be written more explicitly as |« + || + £ > 2 or (|a| + |B| +¢ =1 and p > 2).

Proof. To establish various bounds it is convenient to single out the low-frequency part of ¢,
according to

¢ = ¢drr+ Pur, (Prr) =xP.
The contribution of ¢ 5 to the first bound may be deduced from the corresponding estimate in
Proposition Indeed, since 2 < p < o0,

1510 [(Drr - V)Ullwsr < [S1(0)[(@np - V)U]|5rs+1 s
W(@ur - V)Ullgese S |QmFlgee S [AQ] g -
The analysis of the contribution of ¢ requires more care. To begin with, we recall that

(3.1) (prr-V)U)(Ex) = ($rp)(€) - V)U(x)

and observe that this may be used to gain an extra [|€|-factor in the second part of the definition
of Sj through

I-He)((drp - VIU)(E, ) = I-Ig)Ilo — ) (P - VIU)(E, )
(which holds since 01U and 0> U lie in the range of IIy and (I —Il¢) is a projector). Moreover, an
extra |€|-factor in the first part of S; is readily obtained from the trivial (1 — x(§)) < ||€]. With

this in hands, from Hausdorff-Young inequalities and the embedding H5&! — Wi, one derives

151®[(¢rr - VU e < ™ [Adpplpr €~ \|$||_1||L§/ <t AL

since p > 2, thus p’ < 2. This achieves the proof of the first bound.
The contribution of ¢ to the second bound may also be deduced from the corresponding
estimate in Proposition Indeed

(3.2) [(Prr- VUl S |bnrl < [Ad]Lr -

By using the cancellations brought by the analysis in terms of ||[A¢| 1 of the contribution of
¢ to the second bound becomes similar to the one in terms of | J%g||;1 of the contribution of a
general g to s(t)[J“g] in Proposition

The third bound is proved similarly with an extra |&[#I7¢=1 factor. O

3.4. Short-time phase estimate. The final linear estimate we need is a short-time bound on
s(t). Let us anticipate on the nonlinear scheme and mention that we only need it insofar as to
enforce ¢(0,-) = ¢¢ in the Duhamel formulation.

Lemma 3.3. Assume (D1)-(D2)-(D3). For any a € N2, any £ € N and any 2 < p < +00 such
that p > 2 if |a| = 0 and p < w0 if |a| = 2, there exists Cp o such that for any t =0

L-(a-2)),
162 (s)[(¢- VU] = @) |10 < Cpa [AD] 1 yytei-2rew { LT iflaf =3 #1
In(2 +t) otherwise

Proof. We first take a detour and show that it suffices to bound s(0)[(¢ - V)U] — ¢. To do so, we
integrate the bounds on 00, s from Proposition and are led to
o ¢ dr
|25 (5() = sO)[(&- VUer < 1Al | Ty

1
0 (147) 2 "»

Y

which predicts the growth time rates.
16



To bound s(0)[(¢- V)U] — ¢, we split the phase ¢ into low and high frequency components as in
the proof of Proposition [3.2] For the high-frequency contribution, we rely on the triangle inequality
and observe that the proof of Proposition [3.2] yields

A 1
125 s (@ne - VUl < — UL < g
(1 +1) 2 P

whilst the conditions on p ensure

HQSHFHWW LN ’|A¢”lew(|a\ 2) 4P

For the low-frequency contribution of ¢, we observe that

(061 9U) = 1) 0= | Peiﬁ'ﬂx(&)—l)(d»m)(s)d£

< —a?s ( ¢LF U>
j_mr
[ , ]2

< q2a ¢LF > i

Thus
165 (sO)[(&- VUL - ) |10 < |Al 11 x €~ ]!

Hence the result (since p’ < 2 when |a| = 0). O

p/
Le

4. NONLINEAR STABILITY

4.1. Nonlinear separation of the phase. Our nonlinear analysis begins by reformulating Equa-
tion (1.4) in terms of ¢ and V such that W(t,- — ¢(t,-)) = U + V(t,-).

At the beginning the algebraic manipulations are identical to the ones of [MR24, Section 2.2].
Namely, we introduce

AIW] = AW, VW, VW) := VT (KK VW) + VT (KT (G(W) + ¢ WT)) + £(W)
and consider its image under a change of variable ®
(4.1) A[W, 8] = AW, VW, V’W,V®,V2®) := (A Wod ') o @
= [ve| VT (Ive| (K [Ve] ) (K [Ve] VW)

T

+ Ve[V ([Ve| (K [VR] ) (G(W) + e W) + (W),

At the linear level, the key observation is that
—LsA[U, 1d](¢) = LwA[U]((¢-V)U) — (¢ V)(A[U])
thus, since A[U] = 0,
(42)  LygAlUId(V,~¢) = LwA[UI(V + (¢- V)U) = L(V + (¢ V)U),
where Lg, Lw and L(W ®) stand for linearization operators. With this in hands, we may rephrase
).

Lemma 4.1. Let W and (¢, V) be smooth functions such that

(4.3) W(t,x — ¢(t,x)) = Ux)+ V(t,x),
and for any t, [V @(t,-)| romey < 1. Then W satisfies if and only if (¢, V) satisfies
(4.4) (0 = L) (V+(¢-V)U) = N[V, ¢],

17



or equivalently
(4.5) AV —LyV = —(¢, - [I.—V¢] 'V)(U + V) + A[U,1d —¢] — A[U,1d] + No[V, ¢],
with
LgV := LgA[U,1d —¢](V),
No[V, @] = No(Vep, V2, V,VV) := A[U + V,1d —¢] — A[U,1d —¢] — L A[U,1d —¢](V),
N[V, ¢] = N(¢,, Vo, V20, V,VV,V?V)
= (LgA[U,1d —¢] - LgA[U,1d]) (V) + N[V, ¢] = (¢, - V@ [I Vo] 'V)U

— (¢ - [l =V¢]'V)V + A[U,1d —¢] — A[U,1d] — L A[U, 1d](—¢) .
Proof. To begin with, note that if ¥ is defined by ¥(t,-) := ®(¢,-)~1, then
V¥(t,x) = [V®(, ¥(tx))] ", ¥ (t,x) = —[(V®(t, \Il(t,x)))-r]_1 or®(t, ¥ (t,x)).

Define W by W(t, ®(t,x)) = VNV(t,X) or equivalently W(t,x) = W(t,¥(t,x)). Then W solves
(1.4) if and only if (®, W) satisfies

W, — (&, [V®]'V)W = A[W,®].

Inserting W = U + V and & = Id —¢, we readily deduce (4.5) and derive (4.4) by combining it

with ([€.2). 0

The form (4.4]) is adapted to the large-time analysis whereas the form (4.5) is used in nonlinear
regularity estimates. A key consequence of Lemma is that, as long as |[V¢|ro < 1, (1.4) is
equivalently written as V(0,-) = Vo, ¢(0,-) = ¢, and

V(t, ) + (¢(t,) - VYU = SB[ Vo + (- V jSt—T V(r, ), é(r, )] dr.

At this stage, we would like to simply use the semigroup splitting of the linear analysis so as to
split the foregoing nonlinear equation while enforcing V(0,-) = Vg, ¢(0,-) = ¢,. To do so, we pick
X a smooth function on R} valued in [0, 1], compactly supported in [0, 1] and equal to 1 on [0, %]

Then, we consider
t

(@6) 9l = s(OVo + (69 VIUI+ [ st = DNV, @(r. )] dr

0

+X(t) (9o — s(H)[Vo + (- V)U])

t

(4.7) Vi(t,:) = (S1+ S2)(t) [Vo + (¢ - V)U] + . (S1+ S2)(t — T)N[V(T,),(r,-)]dT

= x(0) (60— s()[Vo + (¢ V)U]) - V)U
and observe that, as long as |[Vé|r» < 1, (4.6)-(4.7) imply that W defined by
W(t,) == (U+V(t)) o (Id—a(t,-)) "

satisfies with W(0,-) := (U + Vg) o (Id —¢py) ~*

Now we would like to use . ) to derive a nonlinear high-frequency damping estimate and insert
the linear estimates of the previous section in - Yet, to make the most of the latter, we
must add to the computations of [MR24] a further study of the conservative structure of N[V, @],

18



reminiscent of arguments from [JNRZI14]. To do so we begin by splitting A into flux, source and
commutator terms

A[W, 8] = VT (Af[W, @]) + AW + AW, 8]
where
Af[W, 8] = AW, YW, V®) := (K[Ve] ) (K[VS] HVW + (K[Ve] ) (G(W) + c W)
AW, ®] = A(W, VW, V&, V2P)
= [Ive| V7| (Ve K [vel )" (K[Ve] ) VW + G(W) +cWT))

~

and A, [W] := f(W).

The following lemma provides the required structure. Note that by design flux-type terms are
conservative, source-type terms vanish identically in their first » components and commutator terms
contain second-order derivatives of phase shifts as linear factors.

Lemma 4.2. With assumptions and notation from Lemma 4.1,
NIV, 8] = VI (NG[V, ) + N[V] + N[V, 4]
with
NV, é] = Ni(d, Vb, V,VV)
= (LyAs[U,1d~¢] - Ly As[U.1d]) (V) ~ U(¢y)" Vo[ ~Vo] !

— V() [l —Ve] ! + Af[U,Id —¢] — Af[U,1d] — LeA;[U,1d|(—¢)
+ Af[U+V,1d—¢] — Ay[U,1d —¢] — Ly As[U, 1d —9](V),
Ni[V] = Ni(V) := A,[U + V] - A,[U] — Ly A,[U](V),
NV, ¢] = N(¢,. Vb, Ve, V2, V,VV)
= (LygAdlU.1d—¢] - L A[U,1d]) (V) + UV () Vol ~Ve] )

+V VT <(¢t)T[12 —V(ﬁ]il) + AC[QJ Id _¢] - Ac[ga Id] - L‘I’AC[Hﬂ Id](_¢)

+ AU+ V,Id—¢] — A [U,Id —¢] — Lz A [U,1d -¢](V).

For later use note that when |[V¢| is small and bounded away from 1 and V varies in a compact,
one has the pointwise bounds

INFIV. 011 < el IV + 1V )) + [V VIV + (V] + [Vl
NSV, ]l < [V,
N[V, @1l < IVl (IVI+ VD) + [V (VI + [V VI + [Vl + 4] -

4.2. Dissipation of nonlinear high-frequency damping estimates. To close estimates in
regularity we shall perform energy estimates on . Note however that as in [MR24] but unlike
[JNRZ14], the localization we may use to do so is limited. Indeed as apparent in Proposition
from A¢ € L' one may only obtain V¢ € LP when p > 2. This limitation is transferred to V and
its derivatives.

Thus we must perform the energy estimates in LP, p > 2. Since energy estimates are cleaner
for integer powers of 2, the choice we have made in Theorem is to rely on L* estimates, as in
[MR24].
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Since 0;(|V[)* = 4| V|2V -V, the key ingredient in deriving nonlinear high-frequency damping
estimates is provided by the following lemma.

Lemma 4.3. (1) For any 0 < ny <1 and any £ € N, there exist 6 > 0 and C = 0 such that for
any ¢ such that [V | o2y m)) < M0 and any V € WEH(R2;R™) such that Dy(V) < 40
and LgV € WH(R%ERY)

3| IVEeV e LeV) < 0D (V) + CIVI (14 V202 )
|a|=¢

+ CHV¢HW£ 4 “VHWI w

1
1
DV | 3| Jevizveve
|or|=£
(2) For any { € N, there exists C such that for any V.e W*L4R2R™) and any je N, j < ¢,
J
l+

Lemma is identical to [MR24, Lemma 2.8] and the proof provided there also applies to our
present case. We omit to repeat it here.
The content of the lemma is that up to lower order terms W%%-estimates provide a dissipa-

VIV < CIVIE De(V)?, with o=

1
2

tion similar, from the point of view of Sobolev embeddings, to a Wit damping. Combined
with (4.5) and the low-frequency nature it implies that |V (¢,-)|y24 decays at least as fast as

H (V¢7 ¢t7 V) (t’ ) HL4 does.

4.3. Proof of Theorem To keep the discussion focused on the large-time analysis we shall
take the local existence of solutions to — for granted and prove Theorem by a continuity
argument. We stress however that one may readily extract from [MR24, Subsection 3.2] the needed
local existence result with blow-up criterion expressed in terms of ||(V, Ve, @,)|ly1.0. Since W24
embeds continuously in W1, proving a W?#* control is sufficient to guarantee global existence.

Before digging into the proof, we briefly discuss its spirit. Our strategy is to close W% bounds
alone by a continuity argument then to use those to prove the remaining LP bounds. When doing
so, the propagation of algebraic decay rates relies on the basic

t/2
J ! ! dr < ! 0< 0<B8<1

7N77 \OZ, ~= 9
o +t—7)*(1+7)8 (1 +¢t)ath-1

¢
1 1 1
d7 < —v——, 0<a<l, 0<p.
LQ 1+t—7)*(1+71)8 ’ (1 + t)ath-1 P

When estimating critical terms any other estimate would fail to close in decay and thus one must
be able to distribute decay so as to enforce the respective constraints § < 1 and o < 1. For flux-
type and source-type nonlinear terms the final count is similar to the nonlinear analysis of [MR24],
Subsection 3.2] and follows from an L? — L* bound resulting in the special case

t 1 1 1
3 1d7 S T
0(l+t—7)s(1+7)2 (1+1¢)a
However the case of commutator-type terms is significantly different. Since they do not have the
good conservative structure we must benefit from the sharp decay rates of (V¢,, V2¢) to close the

estimates. Yet when doing so one cannot rely on an L? — L* bound that would involve a (1 +7)~!
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factor. Instead we leave the purely L*-based analysis and estimate the quadratic N.[V, @] in L4
for some ¢ < 2.

Let us stress that the current issue differs dramatically from the situation in [MR24] where those
commutator terms turn out to be subcritical thus asymptotically irrelevant so that they may be
estimated in a non sharp way. A similar issue does occur in [JNRZ14] but since, there, one does
not need to cope with severe restriction in localization it does not require much attention. To be
more explicit on the latter we recall that on one hand V¢ does not belong to L? and that on the
other hand in the present multidimensional case involving L? estimates of (V,V¢), or of any of
their derivatives, with p < 2 could result in supercritical decay rates and thus must be avoided
in any case. Incidentally we point out that the difficulty to overcome so as to analyze the critical
decay dynamics for small solutions of the two-dimensional barotropic compressible Navier-Stokes
system is precisely of this kind; see the discussion in [Rod07].

Here the fix is that in the closing of W24 bounds we need to also involve a sharp control on
(Vo,, V2¢) in LP for some 2 < p < 4 enabling a control of N.[V, @] in LY with 1/¢ = 1/4 + 1/p

leading to a bound
¢
1 1 1
J T Y dr <
4 p

-
0(1+t—7)p (14 71)% (1+1¢)s

With this mind we chose p = 2 in the above discussion and introduce for any 7' > 0 such that

(V, @) is defined on [0, T7],

(T = max (1405 |(V, Vb ) (1 M + max (1402 [(TV, V2, )1, )2

0<t<T

Before moving on, we would like to comment further on the introduction of V. Let us first observe
that from it follows that when t > 1, ¢(t,) is low-frequency so that |[(V2¢, V,)(t, )|z =
(TIV P, Tp,)(t,")| 2. Moreover, when estimating the contribution to (J ¢, JV@)(t,-) of conser-
vative terms in integrals over [¢/2,t], one cannot leave all the decay on the semigroup part since
this would violate the a < 1 constraint. Instead we distribute the J operator on (N¢[V, @], Ns[V])
which is only useful if further decay on JV is proved simultaneously.

To begin with, note that a W% energy estimate based on and Lemma yields for some
positive constant w and C, that if {(T') is defined and sufficiently small, for any 0 < ¢t < T,

IV(t, ) fy2a < CEj e
dr

1 4 !
L+ 0} (Vs + 17900 M) [ o0 S

This implies for some positive constant C, that if ((T) is defined and sufficiently small

+C<ma

X
0<t<T

max (1+ )7 [V(t,) w2 < C By + € max (1+ 07 (IV(t, )]s + [V, &) (1, ) ) -

0<t<T

Then proceeding as sketched above to estimate (4.6)-(4.7) with linear estimates of the previous
section one derives for some positive constant C, that if ((T') is defined and sufficiently small, for

any 0 <t < T,

IV s + 1V, &), ) w2

\C”E(]l+cg(T)2<f SR 1d¢+f SR 3d7->.
(1+1)s 0(l+t—7)1(1+7)2 0 (l+t—7)2(1+7)4

This implies for some positive constant C, that if {(7T') is defined and sufficiently small,
1
max (1+1)7 (|[V(t,)|ra + [(V, ) (¢, ) |lw24) < C Eg+ C{(T)?.

o<t<T

A
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Inserting this into the above W24 bound yields for some positive constant C, that if ¢(T') is defined
and sufficiently small,
1 2
: <
ax (1+ )1 [(V, Ve, d;)(t, ) lwza < CEo+ C((T)"

It remains to bound (JV,V2¢,Ve,). This is both by far the most technical part and the part
that differs the most from arguments of [JNRZ14, [MR24]. Let us begin by the elementary remark
that both the time-layer contributions arising from X and the s(0)N[V(t,-), ¢(t, )] contributions
to ¢,(t,-) are readily estimated.

At this stage it is convenient to split V as V = Vp + Vg according to

V() i= So(t) [Vo + (¢ - V)U] + fo So(t — PNV (7, ), (7, )] d 7.

Then benefiting from the exponential decay of S7 one derives for some positive constant C, that if
¢(T) is defined and sufficiently small,

max (1 + )2 |[Vyr(t,)|m < CEy + C¢(T)2.

o<t<T

This contains the needed bound on |JV gp| 2. It also implies through L3 — L2 bounds on S5 and
0¢s that the contribution of N[V, ] =N [Vr, @] to [(TVLr, V2, V,)(t, )| 2 may be estimated
when 0 < ¢ < T by a multiple of

¢ 212

B+ [ L B
0(l+t—71)s(1+7)2 (1+1)2
To apply Lemma to the bilinear part of N[V, ¢], let us observe that the contribution of
the higher-order — thus at least cubic — part of N[V p, ¢| may be estimated similarly through
L5 — L? bounds leading to bounds by a multiple of ¢ (T)3 (1 + t)fé. Likewise L3 — L? linear
bounds are also sufficient to deal with (the rest of) the contribution of N[V, ¢] and yield a
bound by a multiple of ¢(T)? (1 + t)f%.

There remains to estimate the contributions of the bilinear parts of Nt[Vp, ¢] and N[V, @]
to [(TV,V2¢,V,)|r2. Since, when doing so, we may involve | JV|z2 but not |TVV| 2, let
us observe that in (the bilinear part of) N¢[Vpp, @] we may factorize all derivatives on V up to
commutator terms that may be treated as N.[Vpr, @] was and thus use regularizing effects of
Sy and s. For the remainders contributions we estimate the [0,¢/2]-part of the integral through
L? — L? linear bounds resulting in a multiple of

((T)? Jm 1 L g SO

~

o (L+t=7)(1+7)2 (1+1)z
whereas in the [¢/2, t]-part of the integral we distribute the J operator on the bilinear low-Floquet
terms along Lemma with m = 2 and then use L3 — L2 linear bounds deriving an estimate by
a multiple of ¢(7)% (1 + t)_%.
This completes the proof that for some positive constant C, if ((T') is defined and sufficiently
small,

¢(T) < C (o +¢(T)%) (1 + Eo + ¢(T)?).
In turn this implies for the same C, that provided that Ej is sufficiently small, if the solution

exists on [0, 7] and satisfies ((T') < 3C Ejy then it also satisfies ((7') < 2C Ey. From a continuity
argument one deduces that the solution is defined on R and satisfies

sup (1+ 1) [(V, Ve, dy)(t, ) pras + sup (1+ )2 |(TV, V2, V) (t, )12 < 2C Ey.

=
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To complete the proof of Theorem there only remains to notice that this is sufficient to derive
the claimed L? bounds. Incidentally we point out that we have decided to keep the derivation of
those LP bounds simple but a finer analysis in the spirit of the above J-analysis would remove the
In(2 + t) factor of the L* bound.

5. MAXIMAL DECAY REGIME

We now focus on the proof of Theorem For the sake of comparison we point out that the
closest statement in [MR24] is [MR24, Theorem 1.2], which is a subcritical but not a maximal decay
regime there.

Linear estimates. Most of the elements of the proof of Theorem may be reused as they are
but we need to revisit the linear estimates for initial phase modulations provided by Proposition [3.2]
and Lemma Phases are here obtained from their gradient through ¢ = —(—=A)~! VT (V).
Slight variations on the original proofs provide the relevant replacements.

Proposition 5.1. Assume (D1)-(D2)-(D3).

(1) There exists 8' > 0, such that, for any (s,s’) € Ry such that s' < s and any (po,p1) such
that 2 < pg < p1 < o, there exists Cy p, s.¢ such that for any t >0, and any po < p < p1,

C. / ,
1S1(O)[(¢ - V)Ul|wew < -~ {1”“;’;5@/“» eIV gy -
min({1,¢ 2

(2) For any o € N? and any s € Ry, there exists Cp s such that for any 2 < p < +o0 and any

t=0
COéS
|7S2(8)[(¢0 - VU]l < QroiaT IV 11 -
+t) 2 p

(3) For any o € N2, any € N2, any £ € N and any 2 < p < +00 such that |a| +|B| +£ > 1
or p > 2, there exists Cp, o g ¢ such that for anyt =0

Cpat
lal+[8]+€ | 1
T2 T3

| oz oy 77 s(t)(¢- V)U]|» < IVolL:

_1
P

For the sake of comparison we have kept the J operator in the above statement but it is of no
use in the proof of Theorem [I.2]

Lemma 5.2. Assume (D1)-(D2)-(D3). For any a € N2, any £ € N and any 2 < p < +0 such
that p < oo if |a| = 1, there exists Cp o such that for anyt =0

5 (3-tel) : 2
12 (s(B)[(& - V)U] = &) 1o < Cpa [V 11 ppta-ns { L TH) © il =50
In(2 +t) otherwise

Nonlinear high-frequency damping estimate. To propagate the better localization we com-
plete the L*-dissipation estimates of Lemma with standard L?-based energy estimates that we
omit to state. Actually it would be possible here to obtain a statement similar to Theorem with
purely L?-based damping estimates.
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Proof of Theorem As in the proof of Theorem [I.1] we first close a first round of bounds by
a continuity argument and then prove the remaining bounds using the first ones. A convenient set
of norms in order to achieve the nonlinear closing part is

C(T) i= max (1+1)7 [(V, Ve, @) (¢, ) lwea + max (1+0)7 (T2, Vey) (¢, ).

t<T o<t<T

+ max (14+0)2 [(V. Vb, ) (6 )2 + mive (14 ) (V2 Vb ¢ )

0<t<T

The mixed L?/L* framework is designed to be able to place nonlinear terms both in L' and in
L?. Note that we do not need to involve the J operator mostly because there is less difficulty to
propagate even high decay rates in a subcritical regime.

Before giving some more concrete elements we point out that in subcritical regimes one make an
intensive use of

t/2 1 1 q 1 .
< — < ) 9
fo (I+t—7)*(1+71)8 7-N(l—f-t)f@’ O<e <A
t 1 1 1
dr<———, l<a, 0<§8,
£/2(1+t—7-)0‘(1+7-)5 TR A1 t)8 @ b
and
t/2
J L L dTSM, 0<a,
o I+t—7)2(1+7) (1+1t)e
t 1 1 In(2 +t)
dr<—2"7 0<
LQ(Ht—T)(HT)ﬁ TN )8 b

To evaluate the [0,¢/2]-part of the integrals we use L' — LP bounds, with p = 2,4, resulting in
bounds by multiples of the following quantities

(1) when estimating the contribution of flux and source terms to [(V, V@, ¢,)(t,")| r»
t/2 1 1 C(T)? In(2 +t ¢(T)?
cy? | e dr g R TS
0 (1+t—r)2t s (1+7) 1+ 1+
(2) when estimating the contribution of commutator terms to |(V, Ve, @,)(t, )| e

2 1 1 ¢(T)?
T ? 1 3 d S 1
‘1) Jo (1+t_7)1—5 (I4+71)2 ! (1+t)' >

and similarly with extra (1 +t—7’)7% and (1 —i—t)*% factors for contributions to |[(V2¢, V,)(t, )| Le.
In turn, to evaluate the [t/2,t]-part of the integrals we use L? — LP bounds, with p = 2,4,
resulting in bounds by multiples of the following quantities

(1) when estimating the contribution of flux and source terms to |(VZ¢, V,)(t,-)| L

t 1 1 ¢(T)? ¢(T)?
T)? dr <
o) £/2 (1+t—7)2 "5 (1+7): TS s

1

(1+1)2 (1+ t)%_i

(2) when estimating the contribution of commutator terms to |(V2¢, Vo,)(t, )| r»

! 1 1 ¢(T)?
T)? dr7 s ————7
< L2 (1+t— r)l‘i A+ s (1+1)27%

1

and similarly with extra (1+¢— 7')% and (1+t)2 factors for contributions to ||(V, Ve, ¢,)(t, )| Lr-

This is essentially sufficient to close the continuity argument and then prove the rest of the

bounds. Again we have decided not to put too much energy in removing spurious In(2 + t) factors
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but we’d like to point out that one way to discard those here is to prove and use estimates that
are deteriorated by dispersion, the subcriticality compensating for the dispersive loss. We refer to
[MR24] for related analyses.

In subcritical regimes one expects nonlinear contributions to be asymptotically irrelevant. Yet
our proof does not establish this claim in the present situation. Further work would be needed to
prove it and again we refer to [MR24] for related analyses.

APPENDIX A. EXTENSIONS TO MULTID

We now turn our attention to higher dimensional cases. When going to higher dimensions the
variety of scenarios to consider increases both in types of periodic waves and in range of possible
localizations between maximal and critical decay. We focus here on genuinely d-dimensional periodic
waves in dimension d and critically localized perturbations. We expect the treatment of more
localized perturbations to follow by an easier version of the argument and we refer the reader to
[JZ10] for an example of analysis near a 1D wave in dimension d > 3 under subcritical perturbations.

The translation of the problem in the multidimensional framework is immediate. In the set
of assumptions the only significant change is that in (D1), 0 is assumed to be an eigenvalue
of Lo of multiplicity d + r. From the point of view of time decay, any part of the decay due
to cancellation at low-Floquet exponents, arising for instance by taking derivatives on phases, is
insensitive to dimension whereas variations in Lebesgue indices do feel the dimension, 1/g and 1/p
being now preceded by a d/2 slope. We choose to encode the critical localization assumption as
(—A)gqf)o e L'(RY). Note that V¢, € L'(R?) or, when d is odd, (—A)%Vdm e L'(R?) would
also be reasonable nonequivalent choices.

3D. Despite immediate similarities in arbitrary dimension the only dimension where our analysis
transfers almost word by word is dimension d = 3, resulting in the following result.

Theorem A.1 (d=3). Setd = 3 and consider a d-D periodic wave in R satisfying the d-D version
of diffuse spectral stability (D1)-(D2)-(D3). There exist eg > 0 and C > 0 such that if for some
sublinemﬂ o

d
Eo = [Wo(- = @) — Ul (gmincziap ap24ymasre) T [(=A) 2P|l (1 nws-aaymara) < €0
then, there exist a unique global solution with initial datum W and a phase shift ¢ with ¢(0,-) = ¢,
such that, for any t = 0,
C Fy
IW(t,- = @(t,-) — Ullw2amarn) + VO, )llw2amanmyumy) + 1000, )llw2smaray <

Furthermore, with pgq defined by 1/pg := 1/2 — 1/d, constants independent of (Wo, ¢g) and no
further restriction on Ey,

(1) for anyt =0,

1 nitt

IW(t,- — @t ) — Ul pramasgny + VO, )l o maamumy) + 106@(E, )| o marey < C Eo ————F—5 73

(2) for any d < py < qo < pa, there exists a constant Cp, 4, > 0, such that for any p € [po, qo],
and any t = 0

IW(t,- —o(t,) = Ul pprerny + VO, ) oy my) + 1060 ) omepey < — 1 a1

d
2

((—A)%¢>O) only by a constant function.
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Despite the fact that the previous statement only holds in dimension d = 3 we have placed
the general letter d in most places to facilitate the later comparison with the general case. In LP
bounds, we stress that p > d is a hard constraint, the functions of interest do not belong to L¢,
whereas p < pg is a soft constraint, our method of proof does not give sharp decay rates when
p > pg because of the saturation of some time-integration constraints.

Since the proof of the foregoing theorem is essentially identical to the one of Theorem we
only discuss parts where in principle dimension could matter.

(1) To begin with we note that, in dimension 3, the two Sobolev embeddings used in the proof
still hold, namely H' embeds in L* and W?2* embeds in W,

(2) More importantly, in dimension 3, (—A)%qbo e L' n L* does imply both V¢ € W24 and
V2¢ e L2. This follows from & — ||€|~(4D e L* and ¢ — |¢]|~@2 e L?.

(3) All the time-integration constraints are satisfied. With this respect we point out that due
to the monotonicity in d of the involved time powers only the powers of (1 + ¢ — 7) in the
[t/2,t] parts of the integrals must be checked. To mention only the worst constraints, with
d = 3 one still has

d/1 1\ 1 d(3 1
(-2 )+z<1, “(2-2) <1,
2\2 4) " 2 2\4 1

(4) The L%-based estimates used to bound contributions associated with S; are better than the

aimed L* estimates. Indeed with d = 3, 1 — %% = % - %i.

General dimension. Let us now return to the discussion of the general multiD case and examine
whether one may modify some of the arbitrary choices made in the proof of Theorem S0 as to
relax the constraint d < 3. We need to pick r; and ry to place (V, V) € W5 (for some sufficiently
large s) and (JV,V2¢) € L™. The first hard constraint is that this should be compatible with
assumptions on (—A)%qbo, namely with &€ — [£]|=(¢=D e L™ and € — [£€]|=(¢=2) € L™. Those are
equivalent to r; > d and 3 > d/2. Yet this would place nonlinear terms only in L™/? with 7 /2 > 2
when d > 4. This is incompatible with the kind of linear bounds that we have proved here by
resorting mostly to Hausdorff-Young inequalities.

A possible way out would be to distribute powers of 7, this time not to balance time decay but
to enhance localization. Note in particular that for 0 < ¢ < d, one may derive V‘¢ € L™ when
Ty > d/ﬁ

Since the constraint d < 3 already covers most of cases of practical interest we restrain ourselves
from delving into this avenue and leave this for possible future work. In any case we recall that
we expect that with the techniques of the present contribution the maximal decay regime could be
covered in any dimension in a more elementary way.
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