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ABSTRACT

For several years,contrast-basedBlind SourceSeparation
(BSS)hasbeensuccessfullyusedin severalareas,including
radiocommunications.Herea functionalapproachrelying
on differential calculus theory is proposed, aiming
at analyzing asymptotic performancesof BBS contrast
criteria: the varianceof the estimatedseparatingmatrix is
expressedasa functionof thatof estimatedcumulants.As
anexample,this paperfocuseson threewidely usedfourth
order (FO) contrastcriteria. This allows to quantify the
behavior of thesethreeseparatorsfor largesamples.

1. INTRODUCTION

For more than a decade,SecondOrder (SO) and Higher
Order (HO) blind sourceseparation(BSS) methods[3],
alsoreferredto asIndependentComponentAnalysis(ICA)
methods [2], have been developed to separateseveral
statisticallyindependentsourcesfrom measurements.The
purpose of this paper is to examine the asymptotic
performances(e.g. covarianceof estimate)of contrast-
basedalgorithms. Although the subject of asymptotic
analysishasalreadybeenaddressedin thesignalprocessing
literature, for instance,performanceof SO [6] and ML
[9] estimatorsin antennaarray processing,or behavior
of SO and HO BSS algorithmsin the presenceof zero-
mean cyclostationary sources [7], this paper proposes
a functional approachallowing to compareasymptotic
performancesof BSS contrastcriteria. As an illustration,
3 fourth order (FO) contrastcriteria alreadycomparedin
[5] by computerexperiments,are mainly focusedon, for
subsequentasymptoticperformanceanalysis.

2. ASSUMPTIONS AND NOTATION

Assumethatfor any fixed � ,
�

complex outputs���
	��� of a
noisymixtureof � statisticallysources����	��� areavailable,
where

� � � . The vector ��	��� of the measuredarray
outputsis givenby��	����������	����! �	��� (1)

where� , ��	��� ,  �	��� arethe
�#" � constantmixing matrix,

thesourcevectorandthenoiserandomvector, respectively.
Notethatfor any fixed � , ��	��� and  �	��� areindependent.

For thesakeof convenienceweneedto define,for any � ,
theentriesof the4thordercumulanttensor$�% of a random
vector, &'	��� , stationaryandergodicup to order4:(*) �+-,/. % �10'2436587 + 	����9�7 ) 	���;:<9=7>�?	���/:<9�7 , 	���A@ (2)

Moreover, we furtherassumethefollowing hypotheses:

A1. For any fixed � , sources����	��� arestationary, ergodic
anduncorrelatedatorder4, with valuesapriori in the
complex field;

A2. For any fixed � , noisevalues BC�
	��� are stationary,
ergodic,with valuesa priori in thecomplex field too;

A3. At mostonefourth-ordermarginal sourcecumulant,( � . D*EGFIH� ( �/��A� . D , is null;

A4. Themixing matrix � is squareandunitary.

3. CONTRAST-BASED BSS METHODS

The goal of BSS consistsof determining a separating
matrix, J , calledseparator, suchthatK 	��� EGFIH�LJM��	��� (3)

yields an estimateof the vector �=	��� . On the otherhand,
ICA aimsat identifying themixing matrix � .

Note that assumption(A4) is not restrictive if a spatial
prewhitening has beenperformed[3]. But we limit our
study for the time being to the effect of fourth-order
estimationerrorson theseparatorJ .

Variousapproacheshave beendevisedfor BSSor ICA
[1]. We shall focus exclusively on thosemaximizing a
contrastmeasureof K . Recall that contrastsare criteriaN 	OJQP/$�R�� satisfyingthepropertiesbelow [2] [10]:

P1. Invariance: The contrastshouldnot changewithin
theset S of trivial matrices,which meansthat TU�1VWYXGZ

, TJ[V\S ,
N 	OJ]PA$�R���� N 	�^_P/$�R�� .
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P2. Domination: If sourcesare alreadyseparated,any
matrix shoulddecreasethe contrast.In otherwords,TJ[V W , TU�`V Z ,

N 	OJ]PA$ R �ba N 	c^dP/$ R � .
P3. Discrimination: The maximum contrastshould be

reachedonly for matriceslinked to eachother via
trivial matrices:TU�eV Z ,

N 	IJ]P/$ R �f� N 	�^dP/$ R ��gJhV\S .

where
W

,
WiX�Z

, ^ areasetof matrices,thesetof processes
obtainedby matrix mappings

W
on processesof

Z
, andthe

identity matrix, respectively. Notethata trivial matrix is of
theform j6k where j is aninvertiblediagonalmatrix andk a permutation.

The goal of this paper is to evaluatethe asymptotic
statistical properties(e.g. covariance)of the matrix J
deliveredby contrast-basedalgorithms.

4. ASYMPTOTIC PROPERTIES: A FUNCTIONAL
APPROACH

¿Fromnow on, it is assumedthat
N 	 X 9/$l� is of class m�n ,

and
N 	OJ]9 X � is of classm�o . Thiswill besatisfiedfor criteria

givenin section5. Theoptimalsolution Jfp is definedasthe
absolutemaximumof acontrast

N 	OJQP/$�R�� :J p ��qfr8s�tvu>wx N 	OJyP/$ R � (4)

where$ R is theexactcumulanttensorof theobservation.In
practice,$�R is estimatedby a quantity z${R , which involves
estimationerrorson J ; thisyieldsa solution zJ :zJ|�}q*r8sbt~u<wx N 	IJ]P z$ R � (5)

Both Jfp and zJ are maxima of
N

, and thus satisfy the
stationarypoint equations:� 	IJfp>9A$�R����1��9 � 	�zJ]9�z$�RU����� (6)

where
� 	 X 9/$\� denotesthe gradient of

N 	IJ]9/$\� with
respectto J , in a sensesubsequentlydefined.

Now,
�

is awell definedfunctionin a ��n<� dimensional
linear spaceon the real field IR . In fact,

N
is twice

continuously differentiable with respect to J , and the
tangentspaceto thevarietyof unitarymatricesis thelinear

spaceof skew-hermitianmatrices( �������*� ), which is
indeedof dimension ��n and admitsas a basisthe set of
matrices 5>�~	c�?9�r<�A@ , null everywhereexcept in rows and
columns 	c�?9�r<� , 	�r>9/�<� , suchthat� J�� ��� . �/� o ��� � � �v	��?9�r<�/J (7)

where �~	��?9;r<� ��� EGFIH�[� � �>� � �l�v� � �'� � � if ����r , �~	c�?9�r<� ��� E�FIH�� � � � � � � if ���}r , �~	��?9;r<� ��� EGFIH� � 	c� � � � � � �!� � � � � � � if ��� r ,
and ¡Gn EGFIH�¢��£ .

Next,
� 	 X 9 X � is continuously differentiable, which

allows to resort to the implicit functions theoremin the
neighborhoodof 	IJ*p<9/${R�� . Thisyields,from (6):¤� x 	OJ*p>9A$�R�� � JY� ¤��¥ 	OJ¦p>9/${RU� � $��e§
	 � J`9 � $�� (8)

Thus,in theneighborhoodof 	OJ p 9A$ R � , zJ|�1J p � � J can
beexpressedasa functionof z${R¨�#${R©� � $ . This canbe
rewritten in block form as[5]:ª oU«�¬?�® � J�¯°� ª n°«�¬?�® � $±¯ (9)

where
ª o and

ª n arematricesof dimension� n " � n and��n "e² , respectively, built from the secondderivatives
of
N

, ³Un N�´ ³�µ�³�µ and ³Un N�´ ³�µ�³ ( , storedin the proper
manner. Here,

²
denotesthe numberof free parameters

in $ R , and, for any � �·¶
, is equal to

² �¸�¹	c�i�£8�G	�� n ���M�º£8� ´<» in the complex case,which deflatesto² �e�¹	c�¼�e£8�G	��}��½���	c�¼� ¾�� ´ ½ ¶ in therealcase.

Thevarianceof
� J ��� andtherefore,theoneof zJ ��� can

thustheoreticallybeaccessedby theformula:¿6À r=Á «�¬4�Â zJ�Ã�Ä�� ª]Å oo ª n ¿�À r�Á «�¬?{Â z$�R=Ã=Ä ª �n ª]Æ �o
(10)

Nevertheless,matrix
ª o is in generalnot full rank,because

the set of
�C� � � doesnot form a free family. Its rank is�¹	����Y£8� , so that the inverseabove shouldbe replaced

by a pseudo-inverse. Nevertheless,this covariancecanbe
consequentlystill computedoncewe know the covariance
of samplecumulants. Using McCullaghbracket notation,
andnoting ®ÈÇ½É¯ËÊ���Ì=r��eÊ8�CÌ�r4��Ê8��Ì=r : , thiscovarianceis given
in [5] in the generalcase. In the symetricallydistributed
casein which we are interested,the covariancetakes the
form:Í ¿6À r45Îz(*) �+-, 9�z(�ÏAÐÑ<Ò @¦� (*) � Ñ<Ò+È, ÏAÐ� ® Ç½8¯ ® ¶ ¯ (*) � ÑCÒ+ Ï ( , Ð � ® Ç½É¯ ® ¶ ¯ (*) � Ñ+ ÏAÐ ( Ò,� ® Ç½8¯ ® ¶ ¯ ( Ñ<Ò+ Ð (*) �Ï , � ® Ç½É¯ ® ¶ ¯ ( Ò+ Ï/Ð (*) � Ñ, � ( +È, ÏAÐ ( ) � Ñ<Ò� ( Ñ<Ò+-, (*) �ÏAÐ¹� ® » ¯ (*) Ñ+ Ï ( � Ò, Ð � ® Ç½É¯ ® ¶ ¯ ( Ñ+È, Ï (*) � ÒÐ� ® £�Ó>¯ (*) Ñ+ Ï ( � Ò ( , Ð � ® £�Ó<¯ (*) Ñ+ Ï ( �Ð ( Ò,� ® Ç½>¯ ® » ¯ (*) Ñ<Ò+ ( �Ï ( , Ð � ® Ç½É¯ ® » ¯ ( Ñ+È, Ï ( ) Ò ( �Ð� ® Ç½>¯ ® ½É¯ ( +-, ÏAÐ ( ) Ñ ( � Ò � ® Ç½>¯ ® ½É¯ ( Ñ<Ò+-, (*)Ï ( �Ð� ® £�Ó>¯ ( + Ï ( ) Ñ ( �Ð ( Ò, � ® ¶ ¯ ( Ñ+ (*)Ï ( �Ð ( Ò,� ® ¶ ¯ ( + Ï ( ) Ñ ( � Ò ( , Ð (11)

where

Í
denotesthenumberof snapshots.
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5. EXAMPLES AND ASYMPTOTIC ANALYSIS OF
PARTICULAR CONTRASTS

Definethethreefourth ordercontrastcriteriabelow:N o 	OJ]PA$�R����1Ô ��� � o ( � . Õ 9 N n 	OJ]PA$�R���� ��� � o 	 ( � . Õ � nNUÖ 	IJ]P/$�RU��� ��� . � . ,×� o ØØØ ( ���� ,;. Õ ØØØ n (12)

where Ô is a fixedsign. Note[5] that
N o is a contrastif, for

any £¹a¼Ì!aº� ,
( � . D have thesamesign Ô , andthat

N Ö
is

thecontrastlinkedwith theJADE algorithm[1].

5.1. Asymptotic results

After a first differential calculuswith respectto J , we
obtain:� N o . x � ¶ Ô�Ù � �AÚ � ��� � �ÉÛ�Ü ( �;�� � . Õ � ( �;�� �;. Õ_Ý� � �AÞ � ��� � �>ß Ü ( �/�� ��. Õ � ( ���� � . Õ Ý>à (13)

� N n . x � » Ù ��AÚ � �C� � �=á ( � . Õ�Û�Ü ( ���� � . Õ_Ý � ( �;. Õ�Û�Ü ( �/�� ��. ÕdÝ4â� � ��Þ � �C� � � á ( �;. Õ�ß Ü ( �/�� ��. Õ Ý � ( � . Õ�ß Ü ( ���� � . Õ Ý�â�à (14)

� N°Ö . x � »�ãä ���Ú � � � . , �C� � ��Û Á ( � �� ,/. Õ ( � ,� � . Õ � ( � ��å,/. Õ ( ��,� � . Õ Ä� ���Þ � � � . , ��� � � ß Á ( � ���,/. Õ ( �å,� � . Õ � ( � �� ,;. Õ ( � ,� � . Õ Ä�æç (15)

where Û 587�@ and ß 5É7�@ are respectively the real and
imaginarypartsof thecomplex number7 .

So for eachcontrast,we caneasilydeducefrom (13),
(14) and (15) the function

�'è
definedin section(4). In

particular, accordingto (4), (5), (6) and (13) the function� o associatedwith
� N o . x is describedbyé o 	OJ]9A$�� � � �ëêì í Û�Ü ( ���� � . Õ � ( �/�� �;. Õ Ý if �î��r� ß�Ü ( �/�� ��. Õ � ( ���� � . Õ Ý if �î��rï

if �6�}r (16)

Theimplicit relation(9) rewrites:� ® �4� è ¯ x 	IJ*p<9/${R��ð�º� � ® �4� è ¯ ¥ 	OJ¦p>9A${R��� §
	 � JQ9 � $l�
(17)
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Fig. 1. Varianceof estimatedseparatingmatrix J obtained
by maximizationof

N o 	OJ~� .
where,for

N o andfor any £�a��?9;r�a�� :� ® é o 	IJ]9/$\� � � ¯ x � ��+�. ) � o�ñ �åò � ò� � �C� � ò � ò (18)� ® é o 	OJQ9/$l� � � ¯ ¥ � ��+�. ) . � . óÈ� o ñ + ) � ó� � � ( ) �+-,/. R (19)

where ñ �åò � ò� � and ñ + ) � ó� � aregiven in appendix.Similar (but
morecomplicated)relations,derivedfor

N n and
N Ö

, arenot
reportedherefor reasonsof space.

5.2. Simulations

Empirical variance estimates. Simulationshavebeenrun
for �h�|½ independentQPSKsources,in the presenceof
Gaussiancomplex circularnoise.Themixing matrixwasof
theform ô õ�ö4÷
ø ÷�ùûú�ø ÊGüIý� ÷;ùþúbø Ê Å ü×ý õGö�÷
ø ÿ
with

ø ��� ´�� and �`��� ´�� . Theseparatingmatrixhasbeen
computedusingalgorithmsreportedin [2], [1], and[4]. In
orderto obtainreliablevarianceestimates,100independent
trials have beenrun, andthe variancesof eachof the four
entries zµ + ) hasbeenestimated.In figures1 to 3, we have
plottedthe sumof variances� n+û� o � u	��5bzµ +û+ @ asa function
of thesamplesize.
Theoretical asymptotic variance. In orderto computethe
theoreticalvariance,it wasnecessaryto first calculateall the
cumulantsof even orderup to eight. For this purpose,the
multilinearitypropertyof cumulantshasbeenused,yielding
thecumulantsof the two outputsof a linear transformasa
functionof thoseof its inputs.For QPSKsources,we have
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thefollowing (omitting subscript� in

(�

):( o;o � ï P ( oo � £( o/o;o/o � £CP ( oo/o/o � ï P ( o/oo;o �#��£( o/o;o/o;o/o � ï P ( oo/o;o/o/o �º� ¶ P ( o/oo;o/o/o � ï P ( o/o;oo/o;o � ¶( o;o/o;o/o/o;o/o � �f¾ ¶ P ( oo/o;o/o/o;o/o � ï P ( o/oo;o/o/o;o/o ��¾ ¶ P( o;o/oo;o/o;o/o � ï P ( o/o/o;oo/o;o/o �º�f¾C¾

Generalformulas are given in appendix. Since � � ½
is a simplecase,first andsecondorderderivativescanbe
computeddirectly in termsof

� ø
and

� � , and the ½ " ½
matrix � obtainedis invertible. Thus,expressionssuchas
(13) to (18) did not needto be used. On the other hand,
expression(11) is central in this calculation. Resultsare
reportedin thefigures1 to 3, andshow a goodaccordance
with empiricalresultsfor largesamples.

6. CONCLUDING REMARKS

The whole analytical calculus allows to write, for each
contrastin (12), the link betweenthe covarianceof the
unbiasedestimatedseparator zJ and the covariance of
the unbiasedestimatedcumulant z$ R . Using also (11),
the asymptoticperformancesof

N o , N n and
N Ö

can be
comparedto eachother, andto thoseobtainedby averaging
independenttrials. Two conclusionscan be drawn: first,
empirical performancestend to reachtheoreticallimits as
samplesizestendto infinity, which justifiesour approach.
Second,thecontrastleadingto thesmallestvarianceis

N o .
7. APPENDIX

7.1. Multivariate high-order complex cumulants

Cumulantsaregivenasa functionof momentsin statistics
text books, but only in the real case[8]. Therefore, it
seemsusefulto reportheretheirexpressionsin thecomplex
case.Again,weconsideronly zero-meancomplex variables
thataredistributedsymmetricallywith respectto theorigin.
However, they do not need to be circularly distributed.
Below, cumulantsare denotedwith  and momentswith�

. As before,superscriptscorrespondto variablesthatare
complex conjugated.We havefor orders4 and6:

 + ) � , � � + ) � , � ® ¾>¯ � + ) � � , , + ) � � � , + ) � � ® ¾<¯ � + ) � , � � ,+ ) � � � ,+ ) � ® ½É¯ � �+ � ,) � � + ) � � ,
 + ) � , è�� � � + ) � , è�� � ® £��>¯ � + ) � , � è�� ��½ ® £��>¯ � + ) � � , � è��
�+ ) � , è � � �+ ) � , è � ® �É¯ � + ) � , � �è � ® £ ï ¯ � �+ ) � � , è��½ ® £��>¯ � + ) � � , � �è è��+ ) � , � � è��+ ) � , � � + ) � , � è�� � ® » ¯ � è+ ) � � �, � ® Ó<¯ � è��+ ) � � ,� ® Ó<¯ � + ) � � , � è�� ��½ ® £8½>¯ � + ) � è � � �, , è��+ ) � � � , è��+ ) � � ® ¾>¯ � , + ) � � è�� � ® � ¯ � , è+ ) � � � � ® ¾<¯ � + ) � , è�����½ ® � ¯ � + ) � , � � è�� ��½ ® Ó>¯ � , + � è) � � �

andeventuallyfor order8:

 + ) � , è�� � � � � + ) � , è�� � � � ® ½ » ¯ � + ) � , è�� � � � � ® ¾��É¯ � + ) � , � è�� � ���½ ® ½
£ ï ¯ � + ) � , � è�� � � � �]Ó ® £ ï �>¯ � + ) � � , � è�� � � � �+ ) � , è�� � � � �+ ) � , è�� � � ® � ¯ � + ) � , è�� � �� � ® ½
£G¯ � �+ ) � , è � � �� ® ¾��É¯ � + ) � , � �è�� � � ½ ® £ ï �>¯ � �+ ) � � , è � � ���½ ® £ ï �É¯ � + ) � , ��è��?� �� �QÓ ® £ ï �É¯ � + ) � � , ��è���� �� � �+ ) � , è�� � � � �+ ) � , è�� � � + ) � , è���� � � � ® £É½É¯ � � + ) � , è � ��� ® £��É¯ � � �+ ) � , � è�� � ® £��É¯ � + ) � , � � �è�� � ® ½ ï ¯ � � + ) � � �, è����½ ® £��>¯ � + ) � , � è�� � � � ��½ ® ¾ ï ¯ � + ) � , � � è � ����½ ® £8½ ï ¯ � � + ) � � , è � �� ��½ ® ¶ �>¯ � � �+ ) � � , � è���fÓ ® £��>¯ � + ) � � , � è�� � � � �QÓ ® � ï ¯ � + ) � � , � � è � ��

247




� � �+ ) � , è � � � � �+ ) � , è � ® ¾>¯ � �+ ) � , è � � � � ® £��É¯ � � �+ ) � , � �è� ® £ ï ¯ � � � �+ ) � � , è � ® �>¯ � + ) � , � � � �è � ® ¾ ï ¯ � �+ ) � � � �, è��½ ® £��>¯ � + ) � , � �è � � � ��½ ® ¾ ï ¯ � �+ ) � � , è*� � ���½ ® Ó ï ¯ � �+ ) � � � , � �è ��½ ® � ï ¯ � � �+ ) � � , � �è��½ ® £��>¯ � � � �+ � ) � � , è�fÓ ® ¶ �>¯ � + ) � � , � �è � � � �QÓ ® Ó ï ¯ � + ) � � � � � , � �è
è�� � �+ ) � , � � è�� � �+ ) � , � ® Ó>¯ � è��+ ) � , � � � � ® Ó>¯ � è�� � �+ ) � � , � ® £�Ó<¯ � è�� �+ ) � � �,� ® £�Ó>¯ � è+ ) � � � � �, � ® £ » ¯ � è��+ ) � � �� , � � + ) � , � è�� � ���½ ® Ç½8¯×	 ® ¾>¯ � + ) � , � è�� � � � � ® ¶ » ¯ � è+ ) � � �, � � � ���½ ® ¾CÓ<¯ � è��+ ) � � , � � � � ½ ® � ½É¯ � è��+ ) � � � � �,�fÓ ® � ½>¯ � + ) � è � � �, � � � �QÓ ® ½ ¶ ¯ � è+ � �) � � � � �,�fÓ ® � ¯ � + ) � � , � è�� � � �

7.2. Expression of second order differentials

For contrast
N o , we give below the expressionsof the

coefficientsof the secondorderdifferentialwith respecttoJ (omitting subscriptK in
(*) �+-,/. Õ ):

� ö �'����rfu ú�� ���°��r��c9 ñ ��ò � ò� � �Û 58� � ò � 	 ( �;�� ò � �`½ ( � ò �� � � ( �;�� ò � �� � � ò � 	 ( ���� ò � � ½ ( � òû�� � � ( �/�� ò � ��Î� � ò � 	 ( �;�� ò � � ½ (��åò �� � � ( �;�� ò � ��!� � ò � 	 ( �/�� ò � �`½ (���òû�� � � (����� � �A@� ö �'����rfu ú�� ���°��r��c9 ñ ��ò � ò� � �� ß 58� � ò � 	 ( �;�� ò � ��½ ( ��ò �� � � ( �;�� ò � �� � � ò � 	 ( ���� ò � � ½ ( � ò �� � � ( �/�� ò � ��Î� � ò � 	 ( ���� ò � �Q½ (��åò �� � � ( �/�� ò � ��!� � ò � 	 ( �;�� ò � �`½ ( � òþ�� � � ( �/�� ò � ��@� ö �'����rfu ú�� � � �er � 9ñ ��ò � ò� � � � ß 54	c� � ò � �`� � ò � �G	 (��;�� � � ( �;�� � ��@� ö �'����rfu ú�� ���°��r��c9 ñ ��ò � ò� � �� ß 58� � ò � 	 ( �/�� ò � ��½ ( � òÈ�� � � ( ���� ò � �d�Q� � ò � 	 ( �;�� ò � � ½ (��åò �� � � ( �;�� ò � ��Î� � ò � 	 ( ���� ò � � ½ ( � ò �� � � ( �/�� � ò �'�]� �;� ò 	 ( ���� ò � ��½ ( ��ò �� � � ( �/���� ò ��@� ö �'����rfu ú�� ���°��r��c9 ñ ��ò � ò� � �� Û 58� � ò � 	 ( �/�� ò � �!½ (���òþ�� � � ( ���� ò � �� � � ò � 	 ( �;�� ò � �Q½ ( � òû�� � � ( �;�� ò � ��Î� � ò � 	 ( ���� ò � �Q½ ( �åò �� � � ( �/�� ò � ��!� � ò � 	 ( �;�� ò � �`½ ( � ò �� � � ( �/�� ò � ��@� ö �'����rfu ú�� � � �er � 9ñ ��ò � ò� � � Û 54	c� � ò � �Q� � ò � ��	 ( �;�� � � ( �;�� � �A@� ö �'���er>9 ñ �åò � ò� � � ï
and thoseof the secondorder differential with respectto$�R :

� ö �'����r>9 ñ + ) � ó� � ��µ �/+ µ6:� ) µ6:� � µ � ó ��µ � + µ�:� ) µ6:� � µ � ó�¦µ � + µ6:� ) µ�:� � µ �;ó �!µ �/+ µ6:� ) µ6:� � µ �;ó� ö �'����r>9 ñ + ) � ó� � ��µ � + µ :� ) µ :� � µ �;ó �`µ �;+ µ :� ) µ :� � µ ��ó��µ �/+ µ :� ) µ :� � µ � ó �!µ � + µ :� ) µ :� � µ � ó� ö �'���er>9 ñ + ) � ó� � � ï
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