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ABSTRACT

For several years,contrast-base@lind SourceSeparation
(BSS)hasbeensuccessfullysedn severalareasincluding
radiocommunicationsHere a functionalapproachrelying
on differential calculus theory is proposed, aiming
at analyzing asymptotic performancesof BBS contrast
criteria: the varianceof the estimatedseparatingnatrix is
expressedsa function of thatof estimateccumulants.As
anexample,this paperfocuseson threewidely usedfourth
order (FO) contrastcriteria. This allows to quantify the
behaior of thesethreeseparatorgor large samples.

1. INTRODUCTION

For more than a decade,SecondOrder (SO) and Higher
Order (HO) blind sourceseparation(BSS) methods[3],
alsoreferredto asindependen€omponeniAnalysis(ICA)
methods [2], have been developed to separateseveral
statisticallyindependensourcesrom measurementsThe
purpose of this paper is to examine the asymptotic
performanceqe.g. covarianceof estimate)of contrast-
basedalgorithms. Although the subject of asymptotic
analysishasalreadybeenaddresseth thesignalprocessing
literature, for instance,performanceof SO [6] and ML
[9] estimatorsin antennaarray processing,or behaior
of SO and HO BSS algorithmsin the presenceof zero-
mean cyclostationary sources[7], this paper proposes
a functional approachallowing to compare asymptotic
performance®f BSS contrastcriteria. As an illustration,
3 fourth order (FO) contrastcriteria alreadycomparedin
[5] by computerexperiments,are mainly focusedon, for
subsequerasymptotigperformancenalysis.

2. ASSUMPTIONSAND NOTATION

Assumethatfor ary fixedn, K comple< outputszy (n) of a
noisy mixtureof P statisticallysourcess,(n) areavailable,
where K > P. The vectorz(n) of the measuredarray
outputsis givenby

z(n) = H s(n) +v(n) (1)
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whereH, s(n), v(n) arethe K x P constantixing matrix,
the sourcevectorandthe noiserandomvector, respectiely.
Notethatfor ary fixedn, s(n) andv(n) areindependent.

Forthesale of corvenienceve needo define for any n,
theentriesof the 4th ordercumulanttensorC, of arandom
vector z(n), stationaryandergodicupto order4:

Clf. = Cum{zi(n), z(n)", z4(n)", 2e(m)}  (2)
Moreover, we furtherassumehefollowing hypotheses:

Al. Forary fixedn, sourcess,(n) arestationaryergodic
anduncorrelatedtorder4, with valuesa priori in the
comple field;

A2. For ary fixed n, noisevaluesvy(n) are stationary
ergodic,with valuesa priori in the comple field too;

A3. At mostonefourth-ordermarginal sourcecumulant,

def )
Cp,s = CP2 isnull;

pp,s’

A4. Themixing matrix H is squareandunitary.

3. CONTRAST-BASED BSSMETHODS

The goal of BSS consistsof determininga separating
matrix, U, calledseparatgrsuchthat

y(n) € U z(n) 3)

yields an estimateof the vector s(n). On the otherhand,
ICA aimsatidentifying the mixing matrix H.

Note that assumptior(A4) is not restrictive if a spatial
prewhitening has beenperformed[3]. But we limit our
study for the time being to the effect of fourth-order
estimatiorerrorson the separatolJ.

Variousapproachesave beendevisedfor BSSor ICA
[1]. We shall focus exclusively on those maximizing a
contrastmeasureof y. Recall that contrastsare criteria
T (U; C,) satisfyingthe propertiesbelow [2] [10]:

P1. Invariance: The contrastshould not changewithin
theset7T of trivial matriceswhich meangshatVvz €
H-S,VU e T,Y(U; Cy) = Y(I; Cy).
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P2. Domination: If sourcesare alreadyseparatedany
matrix shoulddecreasé¢he contrast.In otherwords,
YU € H,Vx € S, T(U; C,) < Y(I; Cy).

P3. Discrimination: The maximum contrastshould be
reachedonly for matriceslinked to eachother via
trivial matrices:vVe € S, Y(U;Cy) = Y(I;Cy) =
UeT.

where#H, H - S, I areasetof matricesthesetof processes
obtainedby matrix mappingsH on processesf S, andthe
identity matrix, respectiely. Notethatatrivial matrixis of
theform ATI whereA is aninvertible diagonalmatrix and
IT apermutation.

The goal of this paperis to evaluatethe asymptotic
statistical properties(e.g. covariance)of the matrix U
deliveredby contrast-basedlgorithms.

4. ASYMPTOTIC PROPERTIES: A FUNCTIONAL
APPROACH

¢Fromnow on, it is assumedhat Y (-, C) is of classC?,
andY (U, -) is of classC!. Thiswill besatisfiedfor criteria
givenin sections. TheoptimalsolutionU, is definedasthe
absolutemaximumof acontrastY (U; C):

U, = ArgMax T(U; Ce) (4)

whereC, istheexactcumuIanltensorof}heobsenation.In
practice,C, is estimatecby a quantity C;, whichinvolves
estimatiorerrorson U’; thisyieldsa solutionU':

U = Arg Max Y (U; ) (5)

Both U, and U are maximaof Y, and thus satisfy the
stationarypoint equations:

h(U,,C.) =0, h(U,C,)=0 (6)
where h(-,C) denotesthe gradient of Y(U,C) with
respecto U, in asensesubsequentlgefined.

Now, k is awell definedfunctionin a P2—dimensional
linear spaceon the real field IR. In fact, T is twice
continuously differentiable with respectto U, and the
tangentspaceo thevariety of unitary matricess thelinear
spaceof sI«aN—hermitianmatrices(AH = —A), whichis
indeedof dimensionP? and admitsas a basisthe set of
matrices{ A(g,r)}, null everywhereexceptin rows and
columns(q,r), (r, ), suchthat

P
dU = Y dpy, A(g,r)U 7)

q,r=1

whereA(q, ) def OqvOrw — Oqubry if ¢ <7, A(g, Thw def

j(squrw if q=r, A(Qar)vw déf J (6qv(5rw + 5qw6rv) if q>r,
andy? € 1.

Next, h(-,-) is continuously differentiable, which
allows to resortto the implicit functionstheoremin the
neighborhoodf (U,, C,). Thisyields,from (6):

hy(U,,Cy) dU + he(U,, Cy) dC = o(dU ,dC) (8)

Thus,in theneighborhooaf (U,, C,), U = U, + dU can
be expressedisa functionof €, = C, + dC. Thiscanbe
rewrittenin block form as[5]:

B; vec[dU] = Bj vec[dC] 9)

whereB; and B, arematricesof dimensionP? x P2 and
P2 x M, respectiely, built from the secondderivatives
of Y, 8>Y/0U8U and 82Y /dUAC, storedin the proper
manner Here, M denotesthe numberof free parameters
in C;, and,for ary P > 4, is equalto M = P(P +
1)(P? + P + 1)/8 in the complex case,which deflatesto
M =P(P+1)(P+2)(P+3)/24in therealcase.

Thevarianceof dU,,, andthereforetheoneof U,,, can
thustheoreticallybe accessethy the formula:

Var{vec [ff] } :Bl_lBZVar{vec [C’m] }B;B;H

(10)
Neverthelessatrix B; is in generahotfull rank,because
the set of dy,, doesnot form a free family. Its rank is
P(P — 1), so that the inverseabove should be replaced
by a pseudo-inerse. Neverthelessthis covariancecanbe
consequenthstill computedoncewe know the covariance
of samplecumulants. Using McCullagh braclket notation,
andnoting[2]ezpr = expr+expr*, thiscovariances given
in [5] in the generalcase. In the symetricallydistributed
casein which we are interested the covariancetakes the
form:

N Var{C},Cik} = Clfi*
H2MICIH ™ Cow, + 2)[4ICI CF
HAMIC; K Cly + 2IAICKLCIM + Ciun, CTFK
+Cy 1y + 18]C Cif + [2)[41C7, 01
H16]C¥ CHE ¢y + [16]CE ChOE
+RBICIE CfCur + [2)[8]C3, CTF CF
+21121Cierr, O CHE 1 2112107 K Cick
H16]C; 0 ch K + 40/ cick ok

+HA]Ci CH CRE Oy, (11)

whereN denoteghe numberof snapshots.
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5. EXAMPLESAND ASYMPTOTIC ANALY SIS OF
PARTICULAR CONTRASTS

Definethethreefourth ordercontrastriteriabelow:

P P
Y1 (U;C) =AY Coy, o (U; Co) = D (Cpy)
p=1 p=1
P
Y (U;Ce)= > |Ch, (12)
p,k, =1

where) is afixedsign. Note[5] thatY; is a contrasif, for
ary 1 < p < P, C, s, have thesamesign A, andthat Y is
the contrastinkedwith the JADE algorithm([1].

5.1. Asymptotic results

After a first differential calculuswith respectto U, we
obtain:

14

T4,y

Z dpgrR{

q<r

dNu = 4)\[ -crr

CT"I‘

ar,y

—Zd%T\s{

q>r

+ ng,y}] (13)

Z dfigr (Cq,y%{cqq y} c 7y§R{CMy})

ANy = 8[
q<r

Ca4q
e,y

- Z Ay (CT

q>r

7y‘f{CMy} + (4, y"{

] e

qk ql
Cqﬂ yCTk Yy

>3 dur R

a<r kb

dTg’U = 8 [ CT( ych y}

rk: M
rly qk ]

qk qf
quf yCTk Yy

=YY dus{c

qa>r k.t

1 s

where R {z} and &{z} are respectiely the real and
imaginarypartsof the comple« numberz.

So for eachcontrast,we caneasily deducefrom (13),
(14) and (15) the function h,,, definedin section(4). In
particular accordingto (4), (5), (6) and (13) the function
h, associateavith dY; ¢; is describedy

R{Ccu,-Crr } ifg<r
h(U,C)yr = —\S{Cgrry +Ci,y ifg>r  (16)
ifg=r
Theimplicit relation(9) rewrites:
d[dhp)y(Us, Cr) = —d[dh.y] o (Us, Cp) + o(dU ,dC)
17)

Mean-square error of the separating matrix estimate using Y,
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Fig. 1. Varianceof estimatedseparatingnatrix U obtained
by maximizationof Y, (U).

where,for T andforany 1 < ¢q,r < P:

d[h(U,C)erly Z 0L dpy (18)
,j=1

d[h(U,C)grle = Z ok aciy, (19)
i,7,k,l=1

where®?" and©¥* aregivenin appendix.Similar (but
morecompl|cated)elat|ons,derivedfor T, and Y3, arenot

reportedherefor reason®f space.

5.2. Simulations

Empirical variance estimates. Simulationshave beenrun
for P = 2 independenQPSK sourcesjn the presencef
Gaussiartomple circularnoise. Themixing matrix wasof

theform

with @ = 7/7 andy = 7 /7. Theseparatingnatrixhasbeen
computedusingalgorithmsreportedin [2], [1], and[4]. In
orderto obtainreliablevarianceestimates100independent
trials have beenrun, andthe variancesof eachof the four
entriesU;; hasbeenestimated.In figures1 to 3, we have
plottedthe sumof varianceszle Var{U;;} asa function
of thesamplesize.

Theoretical asymptotic variance. In orderto computethe
theoreticalariancejt wasnecessarto first calculateall the
cumulantsof even orderup to eight. For this purposethe
multilinearity propertyof cumulant$hasbeenusedyielding
the cumulantsof the two outputsof a linear transformasa
function of thoseof its inputs. For QPSKsourceswe have

sin 8 e7¥
cos 6

cos
—sinfe ¢

246



Mean-square error of the separating matrix estimate using Y,

O experimental results for Cov(dU)
+_analytical results for Cov(dU)

sk 1 1 1 1 J
0 500 1000 1500 2000 2500
Number of samples

Fig. 2. Varianceof estimatedseparatingnatrix U obtained
by maximizationof Y5 (U).
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Fig. 3. Varianceof estimatedseparatingnatrix U obtained
by maximizationof Y3(U).

thefollowing (omitting subscripts in Cs):

Cu =0 Cll =1
Cun=1 C; =0 Cff=
Crnr =0; Oy = -4 Cify, =0; 01111% =4

_ . 1
Ciiniiin = _34a 01111111 =0; 0111111 - 347

111 1111 _
011111 - Cllll =-33

Generalformulas are given in appendix. SinceP = 2
is a simple case first and secondorder derivatives can be
computeddirectly in termsof df and dy, andthe 2 x 2
matrix a obtainedis invertible. Thus, expressionsuchas
(13) to (18) did not needto be used. On the otherhand,
expression(11) is centralin this calculation. Resultsare
reportedin thefiguresl to 3, andshov a goodaccordance
with empiricalresultsfor large samples.

6. CONCLUDING REMARKS

The whole analytical calculus allows to write, for each
contrastin (12), the link betweenthe covarianceof the
unbiasedestimatedseparator and the covariance of

the unbiasedestimatedcumulant C,. Using also (11),
the asymptotic performancesof Y;, Y, and Y3 can be
comparedo eachother andto thoseobtainedby averaging
independentrials. Two conclusionscan be drawn: first,

empirical performancedendto reachtheoreticallimits as
samplesizestendto infinity, which justifiesour approach.
Secondthe contrastieadingto the smallestvarianceis T, .

7. APPENDIX

7.1. Multivariate high-order complex cumulants

Cumulantsaregiven asa function of momentsin statistics
text books, but only in the real case[8]. Therefore,it

seemasusefulto reportheretheir expressionsn thecomple

case.Again,we consideionly zero-meartomplex variables
thataredistributedsymmetricallywith respecto theorigin.

However, they do not needto be circularly distributed.
Below, cumulantsare denotedwith x and momentswith

u. As before,superscripteorrespondo variablesthat are
comple conjugatedWe have for orders4 and6:

Kijht Wijke = [3]pijbere
fjk = ijk — [3]pij ik
I R v TRy O

Kijktmn = Mijkemn — [15]fijreftmn + 2[15]fsj foke fmn

Kikem = Mijkem — [ Mijkettny, — (L0107 g toem
+2[15]pijporettm,
Kiike = Bishe — Hijre ™™ — [8luite g — [6]07) ™ e
[6]umuuu’”” + 2[12]%#?#?
K™ = T — [3]u”ku [9]u,, pp — [Blpij ™"
+2[9] puij ™™ + 2[6] i 7

andeventuallyfor order8:

Kijktmnpq= Hijkimnpq — [28]Nz]klmnﬂpq - [35]:“’5]"‘55“7”"1)‘1
+2[210] ke mnttpg — 6[105]pij ke fmnfipg
K‘?jkémnp = :u;'ljklmnp - [ﬂﬂijkémnﬂg - [Zl]p’gjkﬁmu”p
—[35]pijkersnp + 2[105]pjy em pnp
+2[105] pijkeprmn iy — 6[105] i pre phmm 15
K’quklmn = Mf]gkémn - ,Ll/zjkgmnﬂpq [12]ijk€mu%
—[15]Mf]qulflmn [15]N13klﬂpq - [QO]ijkuzmn

+2[15] pijre prrmn P + 2[30] pijre pi pif,
+2[120] 1 prem 1, + 2[45) 65 e trmn
—6[15] i ot emn P9 — 6[90] i poroe ph, 1,
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Bithem = Righem = Bl kem 1P — [15]07 5 o1l
—[10]pify pem — [Blpirern?? — [30]1fy i,
+2[15)ijre pp P + 2[30] 117 g prem 1P
+2[60]uyy 1y 1k, + 2[90 i f e ped,
+2[15]0; " i prem

_— —6[%L5n]gqijuuu?num - 6[60]/»;%%;1?% S

Kijke = Mijre —[G]N?}gzﬂpq —[6]Nz'j HKre _[lﬁ]p’ijk My
—[16]u ™" — L8]y iy — psjren™ P

+2[2]([3]pine ™" pP? + [48]uy 1y uP?)

+2(36] 73" e Pt + 27200 i

—6[72] i 7 g P9 — O[24] T g

—6[9] i oo™ uP

7.2. Expression of second order differentials

For contrastY;, we give belon the expressionsof the
coeficientsof the secondorder differentialwith respecto
U (omitting subscripty in C{Ly).
oL =
R{Sqr(CH, = 2C;," = CF) + 841(CH, +2C5,9 = C1)
+0,, (Ol + 2087 — CIL) + 8,0, (ClF, — 2027 — CI0)}
oI =
=S{0pr (C3f, + 2C3" = CF) + 641 (CHE +2C3,7 = CTT)
+6T'Q(Cg’qr - QCgrq - C(;’TT) + 6‘1"1(03’(11‘ - 20:11[1 - C:'TT‘)}
forg<randq =1/,

QU = —S{(8y — 6,14)(CI4 + CIT)}
forg>randq <7, @glfl =
—S{0yq(CIh, + 2CT 0 + CIL) = 8,0g(CIF, + 2027 + CIL)
+8yn (CI + 2007 + CI1) — 8,00 (CIL + 2087 + CI71 )}
forg > randq >, @ZI[I =
— {0 (CTh, — 2087 + CIL) + 8¢ (CIF, — 2017 + CEL)
+0,1,(CIL — 2087 + O ) + 6, (CLL — 2007 + CIn )}
forg>randq =1,

05" =R{(6rq — 6:)(CF] — Cy)}
oL =0

forg<randq <7,

forg<randq >,

forq=r,

and thoseof the secondorder differential with respectto
Ce:

forqg <, @ffr’“l =Uni U5 U, U + Ui U U Ug
—Upi U5 Gk Urt = Uri U5 U Uni
for g > r, @flj}kl =Usi G U Un = Uri Y Ui Un
+Uri U U U — Ui G Uy, Uyt

forg=r, @fljrkl =0
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