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A neu phase unbrdpping tlgorithm is proposed u)hich
combines no;se imnunity uith canputatianal et'ficieûcy.
It is bdsed on thè rcquirement that the uùwapped mtp
shnuld bp indeppndpnt  o l  th"  toùt"  bt  @h,ch ùnu.opptng

Autobatic tiinge anâlysis by digitel conpute. has been the
subject of considerable .esearch âctivity in .ecent yeÂrÊ.
One of the most ve.satile t€chniques involves calculaiing the
fringe phâse o(n,n) at eâch pixel, either by Êhifting the
finses th.oush knoM phaÊe increments,r or by Fôulie.
t.ùsformâtion of a siDgle pâlterD containing caDio f.inges.'�
In either case, the calculêted phase is the principal value,
lying in the rânge ftom -r to tr. Phse unw.appins must
therefore be câ..ied out to.estore the unknowD multiple of
2' to each pixel. This is nornâlly achieved' by workins
slons eâch row in turn: when the phaee difference between a
pixel dd its predecessor is eiêâiertbân tr,2' is either âdded
to or subtracted froh the remaining pixels in the .ow. The
process is then repeâted slong the columns. This app.oach
is computationally efficient bui has poor nojse immunity.
Mor€ robust methods have recently been preÊented.ia The
first of these, however, requires typically several hundred
iterations, with eâch iteration involving the whole image. In
i}Ie second hethod, tàe ihâse is subdivided into resions
contâining no phâse ambiguities; these regions are then
phase shift€d with .espect to one dother to minimize the
hubbei of ihconsisteni bouldâries. ThiÂ Letter p.oposes a
new phse unwrappibg algorithm, conbining both noise im-
munity ùd cohputâtional efficiency, based on the sjmple
requirement that the unEâpped nap should be indepen-
deri of the .out€ by which unmappins takes place. The
ideas presebt€d have lelevance to the relâted prcblen of
reconshucting phase mâps tuon beâsured phâse diffe.ences
(see, for exâhple, Ref. 5)-

The filsi two figurcs illustrate the problems ihatcan arise
with ihe conveniional technique. Figu.€ 1 is a c.ossed moire
fringe pâttern from a hish speed sequence, recorded at 1 as
frame r with â Hadlâbd Imacon ?90 imâse converter crme.a.
showins the impact of â steel ball on the edge oi a plâte of
polymetbyl methâc.ylate.6 The fringe visibility is quite low
in plâces, pârticularly at the cente. ofthe imase whe.ê ion
dùÈge tô the pbotocathode hæ .edùced the sènÊitivity of
the tube. The ftinge patt€rn wa6 disitized to â .esolution of
256 x 256 pix€ls ând Ènslyzed by â 2-D Fouder trânsfo.m
hethod sihilâr to that p.oposed by Bone et ol.t The ho!i-
zonial and vertical frjnses occupy different resjons ofthe 2-D

Fig.1. Cross€d noire frins€ pâtt€r. from hisb speed pholographic
sequence showins the impact of a steel ball on a plate of PMMA
(spaiiâlfrequencyof sp€cin€nsratins=150lineshn riinterframe

riùe = I as).

x/mn
Fig. 2. Phase nâp oftbê horizontal irinses fron Fis. 1anêr un_
sràppibg br th€ co.ve.tional alsorithn. Pbase vâlues hâve been

div id"d br  2 '  ;pa"1 .on o l r  - "pn,en| : .np f r inee

Fouder transform plane, so thât the phase djstribution of the
two patterne caD be ieparâted.o Figure 2 shows the un_
wrapped phâse Inap tuom the ho.izontal fringes. Unwrâp
pinswascârried outrowbyrow in the +a direction, ancl theD
colurnD by colunn in the +] di.ection. This Dethod of
unwrâpping hâs two undesirable cor,sequences. Fûst, â low
signâl to noise.atio at a given pointresults iD phase di6con_
ti;uities, and hence corrupted datâin resions well awav fton
this point. Second, ihe ubwrapped mâp is not ùn'qùe: if
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i€ equai Lo zero lf palh ,4 is reversed $^e d'�1rl aLl cbânse

"i-] "o Lt'ar S is ru'i th" tô|,al number of 2' disconr inuiljes

i'i,i'ï ii'à """Li"ia*rwte crosed roop c rbe probrem
iherelore. istoconsuuct the cur linessuch Lhol anv perb'8Êr'

ti" "iàiLâ ià,ii ii;. *" *t'ich does not c'oss a cur ) hass = 0
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Êvsiem€r icâl lv .  we consider  a c loscd'oop

-.*i"""t'.rtÉ" "."lt"st possible unitsoflhe phæe map:

î . * , i "â i+ol -a.  rhedi ; r r ibuLionotrçrLhedisconl inutv
source mâpl is cslculâled from O(n n) âs lolrowa'

s(m,n) = I({(m + 1'tr) - 4{n'tr1)/2rl

+ l(é(m+ l,n + 1) - o(m + 1'ài)/2'l

+[(ù(n,n + 1) - o(m + r'z + 1))/2'l

+ [(4(n,n) - o(m.n + t)]/2'l (3)

The vslue ot S for loJ8er loops can be easilv ohEined ftom

s{ ' l .n) .  Forexmple.  palh C in F ig 3(a)  ha!  s  = s lnô &r  +

liÏ"'i , ",1 l-"r;";J; I I bêcau;e the contriburions rrom
ir'" L,i','i o" t'" "i'*t lD seneral s 'ar be car'ulsled ror

s = t(-,"), (4)

a a o '
5=+'l {b)

Fie. J. (sr ,4 ând B ar rso allclnsrire p6lhs for unvrappi'e Ln"

"rfui rr a"r, p"i.r '.',",r.g'vFn rhe phse sr rao no) rdati poitrB

I*o*.". r"a Uv Ltt" "v-Uol . ' P'!hCi'sclosedlæpconsi6lins
"r.,'i' S. -O *il, a **t*d rbr E:abple of â cu I mâdr between

i"l Ju" ti""lt" ***. " = - l d daÉ poin rra: trz).ând r = 16r

ir",".,''ir'. *ir.***-"d bv tso ùrtls H ùd vr'r"n"d to in

th€ bxli nopêrovslues onl'

$ffi*ffi
::1r"t*i"iiil.lii': : i -TiJ,"ji ,i+iJ lt,t
i;;;;;;i#;ï;;i;;;l',"ïr,,J*"*iTi"S""l;ir::l
of2' djscontinuities. d,atrt n = r'4 r'at' '

d.( = l(oi(t) - o/(t - 1))/2tr1, (1)

*here l.. Idenoæs roundins ro Lhe nêaresr inL€ter' 2trda(i)

iiii.'i'sl"*i"JÈ; rt'e p-hase values€ions the FÈt or the
"ïr. ii.* r'"- +"tiL, i = ;, i + t. . Nrr' Tbe sequence
à,iir i",i"i."a ro unwâp tB is defined in a simiLai wav
-Uii" 

"""à"" .t tt'" '.*"pped phâse at I m r 'n I I leq uÛ$ t he

àJ "rnb* "r ai"-",i;uities âlons rhe two Fths ro be

eoual: ie., Lhat the pârâbeter 5 denned Dv

whele the sum is over sll pirels en'losed-bv ùe.toop'"'ôâL"Ul'i""-t 
"r" i"q";.";eni thot S = 0 çith Eq 14) shows

*:rrhi'; rjl'- *li.il",".fi: j,: j; ;f;i:"iii:l
iï"t ir,ni*: ;:t"xl.ïli f*ïfl '.; li"iliiii -Ti
i,rû, i i'Ë .tr'"i ""4 *t'*"d to s sou rce or opposil e sign or 10

[:l';*îv. *,"mr:: ï3; i"î,"Ëli: iËi]i,ii'":,iJ;
:.1'ln**.m;ru ;:*w'I:::Ti.'""# "':Ï iJili;
::;-*ill*,'."*,t"tiil"ff :Ëf,'".'i',-'"f Jj*il,Î
i;i"r"""""'"1ï:flisr",',ftriftilJi*;]":"lfi :"f fl1
Li:.Ëliiii" iit **",r aifrerent*tes wlr cenerâÙv c've

:Ï"tr'u: -J*Ï*.ïl,l:l'"i'"ili""Ï"'ài o***' *
'"r"J:ïtî,î'il'î.Ïrill:*i:Î:n'"tl;l:'i;xrur,Î

il* Ë*r;+*'*;,:il:i*i:jl Jjj'{"ff ï*!
;irffi?;i;;;. A;"t berw;enth' two poinls r/a/n')

-Ji,i',.'r i" a"'*"4 bv scrlins v{n?n) = I (n = nr +

i i J i;xl,' ; ̂  : ;:l;l : ;,1;iT:rï : :ll iï#-l
< n'r. A simple exeDple is shown in Fig 3(bl- 

ô:"iË il;.,v"i"ve been ser up the phase map is

r"r-..î -à phase urmapping cah be 'arried out in dv

fli';".:rif ii:*,;t*.iii:';1'îi),'ll*"\i.il;
:.âiffiË-Ë;i;;;;,h",;o poin-ts'. Normalrv this wodd

i"î"-" "i'el" ri"r, rhe nubbet or disconrinli'ies would be

;i\îfs"1i#;*-'#i l"i ;,.' fr ;Jy3l fl f,,ixilrï
i'iaii",r"ïà '"u*r *, berween the- rwo dato poiors' Ihe

n:**l*'^"1 ""':tl $ii:ii::;.Ïlil::llf l\H:ii:

i5 Augusl 1989 / Vol 28, No i5 / APPLIED oPltCS 3269

(m6,no)

cul



--:
, 5 - _ - ï

_i___-_;

F
F

E

5- K Freiichlad dd C. L. Koliopoulos, "WâvefrorrReconsiluciion

f.om Nohy Slope o. DiffereDce Datâ Using rhe Disoere Fôuie!
't aNforn," P!oc, Soc. Pboio-OpL Instrum. Ens. 551, ?4,80
{r985).

6. J. M, Hutl€y ùd J, E. Field, "Hign R*olution Mon€ Photo$a-
phy: Application to DJmâmic St.€ss Analysis," Opr, Ens. 28,
(1989), âccepi€d fo. publication.

?. D. J. BonÈ, H.'A- Bacho., ed R. J. Sùdeman, "Ffinee Pàriern
Analysis U6i!g a 2-D Fouier TraNform, Àppl. Opr. 25, 165f
1660 (1986).

x/mm
Fig. 4, Phæé nap of ih€ horizobtal fring* frôh Fig, 1 afie. un-
wrapping by ile new âlgo tbm. Phæe valu$ hare been divid€d by

2r; eÀch contoù r€presents one f.inge-

plovided fl(m,r) = 0. Eâch successive link is estâblished by
rot3tins the s€dch direction throush 90' clockwise com-
pùed with the p.evioG link. r this iÊ urÊûccessful (i.e.,
flass âre set in fi or y when Doving iD a vetical or horizontsl
direction, .esp€ctively), the search direction is rotated
throush succ€ssiv€ 90ô counter clockwtu€ incren€nts until
the link cù be nade. In this way, cuts are circumnavisâted
in a clockwise direction. Any oihèr path (e.s., couni€r clock-
wise cilcumnavisation) is of course also vslid. The nunber
of 2tr phase dilcontinuiti€s between successive elements
alons the path d(i) is calculated accordins t Eq. (1), and
zr:d(t) is subtracted froe o(n + 1,n).

Fi$re 4 shows the phase map f.on the friDses in Fis. 1
âfter unwrappins ',vith the new alsoritlm. The discontinui
ties produced by the oid rûeihod (I'is. 2) tro lonse. occù.
The Âbility to deal with .egions of an iûâse that contâin Do
frinse infomation is o.€ of i.h€ nâi! advantas$ of this
technique. The computation tiDe varies according to the
signâl-to-noile ralio, and on low noise phse msps is comps
râble t! that r€quir€d by the old âlso.ithn. The time in-
c.ea-sæ in line with the nùDber ofcuts,buteven inthecase of
moderately noisy phâsè maps is usually less than thât tâlen
by other stases of the frinse aalysis pro€edure, such as the
fo ard and inve$e 2'D Fourier trùsforns.

The author is smteful to J. E. Field for his encoùagement
wii}l thè p.oject and to the Science ând Engineerins Re-
sedch Council ard Gonville and Caius Collese, Canbridse,
for suppori iD lbe foro ofRescù.h Feuowships.
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A reconstruction setup for the shearagrdphtc camera É
dis.ussed that is simpler than a Fourier pracessor and Sires
btight rccoBttuctions uith uhite light.

Shearograhsl ùe gene.ally evâluated with a! optical cor-
rels'ôr. The st€ndârd serup is a Foûier processor u5ins
coh€rent lisht for filtering the spâtiâl frequency spectrum of
th€ speckle pÂtterns stored on the shea.ograms. In the cæe
of multiapertue speckle interferoûeters'� 3 the spectnm
consists of â! ù.ây of sepeate spots ând is eâsy to filier-
These nodern inte.ferometærs. ho'À,ever, hâve the disâdvan-
tâse oflonsexposuretimes. The nultiaperture mâsk blocks
nost of the lisht available at the recordins lens.

We hâve found ù stte..ative .econstruction setup for the
orisinalshearos.aphiccme.â.t It issimplertàd aFourier
p.ocesso.. B.ight reconstructions with high contrast fribges
ùe vtuibte not only wiih laser illDi.ation but â]so with
white lisht.

The setup (Fis. 1) coNùts of â collinated lisht source 8nd
a camerâ with a mac.olens. Thè sheaiosram is obliqùely
illuminated. The finite apelture , of the reconstruciion
lens has the €ffect of â circulal spatial filte. centered at (À
sin1,o) in the FT plâne of a Foùier processo. (Fis- 2).

Th€ intensity dbtribution iNide the diffrâction halo be-
hind tàe sh€ùo$e is proportional to the powe. spectr8l
density d of the mplitude hansmittance field of the film.
r.or â subjective sp€ckle pâttern rêcorded tineùly, C can b€
shomto be proportionalto the âutocorrelation ofthe apeL
tule function of th€ recording lens.{r

The brisht and dâ.k f.inses on a.econst cted double
exposure sheùo8ram co.respond to regions where the ampli
tude fields fron both senicircular apetuies â.e stored like
coherent ând incoherent fields, ræpectively.o The cohe.ent
addition leads to the powe. spectlâl density shown in Fis.
3(â). It is derivèd from th€ auloco.relaiion of the apert'ire
function fo. the fu circulù aperture A.:

A.k,,h!) = r k,+ È: < hU4,
= 0 elsewhere,
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