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Exercice 1.

1) D = {(r, θ) | 1 6 r 6 2 et θ ∈ [−π, π]}.

2) Aire(D) = Aire(D(0, 0), 2))−Aire(D(0, 0), 1)) = 4π − π = 3π

3) le passage en coordonnées polaires nous donne∫∫
D

x2 dxdy =

∫ π

−π

∫ 2

1

(r cos θ)2rdrdθ =

∫ π

−π
cos2 θdθ

∫ 2

1

r3dr =

∫ π

−π

1 + cos(2θ)

2
dθ

∫ 2

1

r3dr =

[
θ

2
+

sin(2θ)

4

]π
−π
×
[
r4

4

]2

1

=
15π

4

Exercice 2.

1)

y

x

z

2) V olume(Ω) =
1

2
V olume(B(0, 0, 0), R)) =

1

2
× 4πR3

3
=

2πR3

3

3) En coordonnées sphériques: Ω = {(r, θ, φ)| r ∈ [0, R], θ ∈ [−π, π] et φ ∈ [0, π2 ]}, z2 = r2 sin2(φ)
et dxdydz = r2 cos(φ)drdθdφ. Alors

∫∫∫
Ω

z2dxdydz =

∫ π

−π
dθ

∫ π
2

0

cos(φ) sin2(φ)dφ

∫ R

0

r4dr = [θ]
π
−π ×

[
sin3(φ)

3

]π
2

0

×
[
r5

5

]R
0

=
2πR5

15
.

Exercice 3.

1) Sur le plan yOz, x = 0, d’où y2 6 z2 et puisque y > 0 et z ∈ [0, 1] on aura 0 6 y 6 z, ainsi l’intersection est
l’ensemble {(0, y, z) | 0 6 y 6 z et z ∈ [0, 1]}.
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O
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3) En coordonnées cylindriques: D = {(r, θ, z) 0 6 r 6 z, z ∈ [0, 1] et θ ∈ [0, π]}, x + y2 = r cos(θ) + r2 sin2(θ)
et dxdydz = rdrdθdz d’où∫∫∫

D

(x+ y2)dxdydz =

∫ 1

0

(∫ z

0

(∫ π

0

(r2 cos(θ) + r3 sin2(θ))dθ

)
dr

)
dz

=

∫ 1

0

(∫ z

0

(∫ π

0

r2 cos(θ) + r3

(
1− cos(2θ)

2

)
dθ

)
dr

)
dz =

∫ 1

0

(∫ z

0

[
r2 sin(θ) + r3

(
θ

2
− sin(2θ)

4

)]π
0

dr

)
dz

=
π

2

∫ 1

0

(∫ z

0

r3dr

)
dz =

π

2

∫ 1

0

[
r4

4

]z
0

dz =
π

2

∫ 1

0

z4

4
dz =

π

2

[
z5

20

]1

0

=
π

40

Remarque 0.1 La fonction f(x, y, z) = x est impaire et D est invariant par (x, y, z) → (−x, y, z), d’où∫∫∫
D
xdxdydz = 0, ainsi

∫∫∫
D

(x+ y2)dxdydz =
∫∫∫

D
xdxdydz +

∫∫∫
D
y2dxdydz =

∫∫∫
D
y2dxdydz.

Question bonus: En coordonnées cylindriques: x = x, y = r cos(θ), z = r sin(θ), dxdydz = rdrdθdx,
1

(4−x)2
√
y2+z2

= 1
(4−x)2r et Ω = {(x, r cos θ, r sin θ) | 1 6 r 6

√
4− x, θ ∈ [−π, π] et 0 6 x 6 3} d’où

∫∫∫
Ω

1

(4− x)2
√
y2 + z2

dxdydz =

∫ π

−π
dθ

∫ 3

0

1

(4− x)2

(∫ √4−x

1

dr

)
dx = 2π

∫ 3

0

√
4− x− 1

(4− x)2
dx = 2π

[
2√

4− x
− 1

(4− x)

]3

0

=
π

2


