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ABSTRACT. The non-cutoff Kac operator is a kinetic model for the non-cutoff ra-
dially symmetric Boltzmann operator. For Maxwellian molecules, the linearization
of the non-cutoff Kac operator around a Maxwellian distribution is shown to be a
function of the harmonic oscillator, to be diagonal in the Hermite basis and to be
essentially a fractional power of the harmonic oscillator. This linearized operator
is a pseudodifferential operator, and we provide a complete asymptotic expansion
for its symbol in a class enjoying a nice symbolic calculus. Related results for the
linearized non-cutoff radially symmetric Boltzmann operator are also proven.

1. INTRODUCTION

1.1. The Boltzmann equation. The Boltzmann equation describes the behaviour
of a dilute gas when the only interactions taken into account are binary collisions [7].
It reads as the equation

) {8tf+v-sz=Q(f,f),

fli=o = fo,

for the density distribution of the particles f = f(¢t,x,v) > 0 at time ¢, having
position z € R? and velocity v € R?. The Boltzmann equation derived in 1872
is one of the fundamental equations in mathematical physics and, in particular, a
cornerstone of statistical physics.

The term appearing in the right-hand-side of this equation Q(f, f) is the so-called
Boltzmann collision operator associated to the Boltzmann bilinear operator

(12) Qo.n)= [, [, Bl= 0.0 of ~ g.dodo.

with d > 2, where we are using the standard shorthand f, = f(t,z,v.), f' =
flt,z,0"), fo = f(t,xz,v.), f = f(t,z,v). In this expression, v, v, and v/, v/, are the
velocities in R? of a pair of particles respectively before and after the collision. They
are connected through the formulas

R R T N
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where the parameter ¢ € S belongs to the unit sphere. Those relations cor-
respond physically to elastic collisions with the conservations of momentum and

Date: April 4, 2012.

2000 Mathematics Subject Classification. 35Q20, 35505, 76P05, 82B40, 35R11.

Key words and phrases. Non-cutoff Kac equation, Non-cutoff Boltzmann equation, Spectral
analysis, Microlocal analysis, Harmonic oscillator.



2 N. LERNER, Y. MORIMOTO, K. PRAVDA-STAROV & C.-J. XU

kinetic energy in the binary collisions
A TR Ul S UM e T S A

where | - | is the Euclidean norm on R¢.

For monatomic gas, the cross section B(v —w,, o) is a non-negative function which
only depends on the relative velocity |v — v,| and on the deviation angle 6 defined
through the scalar product in R¢,

v — U,
cosb=k-o0, k=——.
v — v,
Without loss of generality, we may assume that B(v —v,, o) is supported on the set
where
k-o>0,

i.e. where ) <6 < 5 Otherwise, we can reduce to this situation with the customary
symmetrization

B(v — Uy, 0) = [B(v — Uy, 0) + B(v — vy, —0)}]1{@1@0},

with 14 being the characteristic function of the set A, since the term f’f! appearing
in the Boltzmann operator Q(f, f) is invariant under the mapping o — —o. More
specifically, we consider cross sections of the type

(1.3) B(v—v.,0) :<I>(|v—v*|)b<’z:2‘ .0>,

with a kinetic factor
(1.4) Ojv—uvl) = o= v, €] —d,+oo],
and a factor related to the deviation angle with a singularity

(1.5) (sin 6)*2b(cos (9)9 ~ 9717

—04

for! some 0 < s < 1. Notice that this singularity is not integrable

us

/ " (sin ) 2b(cos ) df = +oo.
0

This non-integrability plays a major role regarding the qualitative behaviour of the
solutions of the Boltzmann equation and this feature is essential for the smoothing
effect to be present. Indeed, as first observed by Desvillettes for the Kac equation [9],
grazing collisions that account for the non-integrability of the angular factor near
0 = 0 do induce smoothing effects for the solutions of the non-cutoff Kac equation,
or more generally for the solutions of the non-cutoff Boltzmann equation. On the
other hand, these solutions are at most as regular as the initial data, see e.g. [27],
when the cross section is assumed to be integrable, or after removing the singularity
by using a cutoff function (Grad’s angular cutoff assumption).

The physical motivation for considering this specific structure of cross sections is
derived from particles interacting according to a spherical intermolecular repulsive

potential of the form

1
o(p)=—, r>1,
pT

!The notation a ~ b means a /b is bounded from above and below by fixed positive constants.
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with p being the distance between two interacting particles. In the physical 3-
dimensional space R?, the cross section satisfies the above assumptions with

1
s=-€]0,1], y=1—4s€]—3,1].
r

For further details on the physics background and the derivation of the Boltzmann
equation, we refer the reader to the extensive expositions [7, 25].

In the present work, we study the non-cutoff Kac collision operator. The Kac
operator is a one-dimensional collision model for the radially symmetric Boltzmann
operator defined as

(1.6) Kaf=[ 86 ( - g*f)dv*) @,

101<%

with f, = f(t,z,v.), f' = f(t,z,v"), f« = f(t,z,v.), f = f(t,z,v), where the
relations between pre and post collisional velocities given by

(1.7) v =wvcosl —wv,sinf, v, =wvsinf+v,cosb, wv,v, €R,

follow from the conservation of the kinetic energy in the binary collisions
Vi 2 =02 4 0?

and where the cross section is an even non-negative function satisfying

(L8) 520, BeLL(0.1), B(-0)=p5(0).

As for the Boltzmann operator, the main assumption concerning the cross-section
is the presence of a non-integrable singularity for grazing collisions

(1.9) BO) (Zl017 ™,

with 0 < s < 1. Details about the definition of the Kac operator as a finite part
integral are recalled in Section 4.2.1. In particular, when acting on functions de-
pending only on the velocity variable, the function K (g, f) is shown to belong to the
Schwartz space .(R,) when g, f € .#(R,) (Lemma 4.2). As pointed out in [9], the
non-integrability feature (1.9) accounts for the diffusive properties of the non-cutoff
Kac equation. We aim in this work at displaying the exact diffusive structure of
the non-cutoff Kac operator. More specifically, we shall be concerned with a close-
to-equilibrium framework and provide a complete spectral and microlocal analysis
of the linearization of the non-cutoff Kac operator around a normalized Maxwellian
distribution.

1.2. The linearized Boltzmann operator. We begin by recalling some prop-
erties of the linearized Boltzmann operator. We consider the linearization of the
Boltzmann equation

f=n+ny,
around the Maxwellian equilibrium distribution
(1.10) u(v) = (2r)"2e= 7.

Since Q(u, 1) = 0 by the conservation of the kinetic energy, the Boltzmann operator
Q(f, f) can be split into three terms

Qr+ Vg, b+ ug) = Qu, vig) + Q(Vug, 1) + Q(V1g: /1g),
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whose linearized part is Q (1, \/1tg) + Q(y/1tg, it). Setting

(1.11) L9 =49+ Ly,
with
(1.12) Lg=—u2Q(u, 1 %g), Lrg = —pV2Q(u?g, ),

the original Boltzmann equation (1.1) is reduced to the Cauchy problem for the
fluctuation

(1.13) g +v-Vag+ L9 =p?Q(/1g, /1Y),
g|t:0 = go-

The Boltzmann operator is local in the time and position variables and from now

on, we consider it as acting only in the velocity variable. This linearized operator is

known [7] to be an unbounded symmetric operator on L?(R%) (acting in the velocity
variable) such that its Dirichlet form satisfies

(Z9,9)12®a) > 0.
Setting
Pg=(a+b-v+cpf)p'?
with a,c € R, b € RY, the L2-orthogonal projection onto the space of collisional
invariants

(1.14) N = Span{pu"/? v %, . vgp 2, o2,
we have
(1.15) (Z9,9)2mey = 0 g =Pg.

For Maxwellian molecules, i.e. when v = 0 in the kinetic factor (1.4), the spectrum
of the linearized Boltzmann operator is only composed by eigenvalues explicitly
computed in [26]. See also [5, 7, 8]. Cercignani [6] about forty years ago noticed
that the linearized Boltzmann operator with Maxwellian molecules behaves like a
fractional diffusive operator. Over the time, this point of view transformed into the
following widespread heuristic conjecture on the diffusive behavior of the Boltzmann
operator as a flat fractional Laplacian [1, 2, 25]:

f—=Qu, f) ~—(—A,)°f + lower order terms,

with 0 < s < 1 being the parameter appearing in the singularity assumption (1.5).

See [17, 18, 19] for works related to this simplified model of the non-cutoff Boltz-

mann equation. Regarding the linearized non-cutoff Boltzmann operator for general

molecules, sharp coercive estimates in the weighted isotropic Sobolev spaces HFf(R?)

were proven in [3, 4, 11, 20, 21]:

(116) 10 =Pl + (1 =Pl < (L9, 9)raun S11(1— Pyl
! .

2

2
HS o
where l
H RN ={fe SR : 1+ |v]})2f e HRY}, kleR

As a byproduct of our analysis of the linearized non-cutoff Kac operator, we inves-
tigate in this work this heuristic conjecture in the particular case of the linearized
non-cutoff Boltzmann operator with Maxwellian molecules acting on radially sym-
metric functions with respect to the velocity variable. This linearized non-cutoff
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radially symmetric Boltzmann operator will be shown to be a function of the har-
monic oscillator

v]?
(1.17) H:_A“LT
and to be equal to the fractional harmonic oscillator
[vl*y\*
- Av _> )
(1-a+ 3

up to some lower order terms, where 0 < s < 1 is the parameter appearing in the
singularity assumption (1.5). We shall also display the exact phase space structure
of this operator which will be shown to be a pseudodifferential operator

Lf=1"(,Dy)f,

when acting on radially symmetric Schwartz functions f € .7,(R%), whose symbol
admits a complete asymptotic expansion

0] 0]

s +oo Ss—
118 1w8 ~ a1+ + ) —d0+;ck(1+|§|2+7) g

with cg, dg > 0, ¢ € R when k£ > 1. This asymptotic expansion provides a complete
description of the phase space structure of the linearized non-cutoff radially sym-
metric Boltzmann operator and allows to strengthen in the radially symmetric case
with Maxwellian molecules the coercive estimate (1.16) as

(1.19) IH:(L=P)fl7e S (Lf iz SIHL=P)flI7., [ e SR,

where H is the harmonic oscillator. However, let us mention that the general (non ra-
dially symmetric) Boltzmann operator is a truly anisotropic operator. This accounts
in general for the difference between the lower and upper bounds in the sharp esti-
mate (1.16). In the recent works [4, 11, 12|, sharp coercive estimates for the general
linearized non-cutoff Boltzmann operator were proven. In [4], these sharp coercive
estimates established in the three-dimensional setting d = 3 (Theorem 1.1 in [4]),

(1.20) I =P)fIE S (LS, e SNA =PI, f € LR,

involve the anisotropic norm
20 WAIE= [ ool bleosd)(u(f = 1P+ £/ = Vi) dudv.do,
R3 xR3 xS2

whereas in [11, 12], coercive estimates involving the anisotropic norms

~y4+2s+1 Y25+l |f(’U) — f(v')
VA O e Ut

where

2
| 1d(v,v’)§1dvdvl>

1
d(v,v') = \/!v =P+ (o = [P,

were derived and a model of a fractional geometric Laplacian with the geometry of
a lifted paraboloid in R was suggested for interpreting the anisotropic diffusive
properties of the Boltzmann collision operator.
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2. MAIN RESULTS

2.1. Main results for the linearized non-cutoff Kac operator. We consider
the non-cutoff Kac collision operator (1.6) whose cross section satisfies to the as-
sumptions (1.8) and (1.9). As before for the Boltzmann equation, we consider the
fluctuation around the normalized Maxwellian distribution
2
() = (27‘(’)7%677, veR,
by setting
f=p+/uh.
Since K (u, ) = 0 by conservation of the kinetic energy, we may write

K (4 /i, -+ /i) = K (1, /i) + K (y/fih, 1) + K (y/fih, /iih)

and consider the linearized Kac operator

(2.1) KCh = KCih + Ksh,
with
(2:2) Kih = —p 2K (u, ' ?h),  Koh = —p V2K ("R, ).

The first result gives an operator-theoretical formula expressing the first part of
the linearized non-cutoff Kac operator as a function of the contraction semigroup
generated by the one-dimensional harmonic oscillator

2

(2.3) H=—A,+ UZ

We refer the reader to section 4.4.1 for a reminder on classical notations and formulas
for the harmonic oscillator and the Hermite functions.

Theorem 2.1. The first part of the linearized non-cutoff Kac operator defined by
Kif = —p 2K (u, n'f),

15 equal to

us

Ky = /i 6(9)(1 — (sec 9)%exp(—7{ ln(sec@)))d@,

4
where H is the one-dimensional harmonic oscillator (2.3) so that

(2.4) K=Y (/ B8(6)(1 — (cose)k)d0>IP’k,

k>1 -

where the projections Py, onto the Hermite basis are described in Section 4.4.1.

Let us underline that in the integrals appearing in the formula (2.4) the L' singularity
at 0 of the function 3 is erased by the factor (1 — (cos@)*) which vanishes at the
second order. The integrals in Theorem 2.1 are therefore to be understood in the
sense of Lemma 4.1. This first result shows that ; is an unbounded nonnegative
operator on L?*(R) which is diagonal in the Hermite basis. Furthermore, the more
precise calculation (4.18) shows that the domain of the operator K; can be taken as

(25) D= {u €L’(R), > K*|Pulf3: < +oo} = {u € I*(R), H*u € L*(R)}.

k>0
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The next theorem provides an operator-theoretical formula expressing the second
part of the linearized non-cutoff Kac operator as a function of the spectral projections
of the one-dimensional harmonic oscillator:

Theorem 2.2. The second part of the linearized non-cutoff Kac operator defined by
’C2f = —M_l/QK(N1/2f7 H)?

15 equal to

Ky = —g (/_ B(Q)(sin@)de)]P’gl.

Furthermore, there exist some positive constants ci,co > 0 such that
(2.6) 0<—Ky <crexp—cH,

where H is the one-dimensional harmonic oscillator (2.3) and Py are the spectral
projections onto the Hermite basis described in Section 4.4.1.

Let us notice that in the integrals appearing in Theorem 2.2 the L! singularity at 0
of the function 3 is erased by the factor (sin#)? which vanishes at order 2/ > 2.
The operator Ky, as well as HVL, for any N € N, is a trace class operator on
L*(R). As the first part of the linearized non-cutoff Kac operator, the second part
ICy is also diagonal in the Hermite basis. We therefore obtain the following spectral
decomposition of the linearized non-cutoff Kac operator:

Theorem 2.3. The linearized non-cutoff Kac operator defined by

Kf=—p"PK(u, 1l f) — p 2K (i f, ),

is a non-negative unbounded operator on L*(R) with domain D defined in (2.5). It
15 diagonal in the Hermite basis

(2.7) K=Y MNPy,
k>1
with a discrete spectrum only composed by the non-negative eigenvalues

(2.8) Nopr = | B(O) (1= (cos®)®1)do >0, k>0,

_
4

(2.9) Aop = / B(0) (1 — (cos0)** — (sin6)**)dd >0, k> 1,

satisfying to the asymptotic estimates
(2.10) A = k° when k — +oo.

We notice that the lowest eigenvalue zero corresponds to the fact that the Maxwellian
distribution y is an equilibrium
Kp'? = —p V2K (p,p) — =P K (p, 1) = 0,

by conservation of the kinetic energy. We shall now relate these operator-theoretical
properties to the phase space structure of the linearized non-cutoff Kac operator. To
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that end, we define for any m € R the symbol classes S™(R?*?) as the set of smooth
functions a(v, &) from R? x R? into C satisfying to the estimates

(2.11) ¥(a, B) € N*,3C05 > 0,¥(v,€) € R*, 050 a(v,€)| < Cap((v,))*" 171,

with ((v,€)) = /14 [v]> 4+ [£]>. We consider the Weyl quantization of symbols in
the class S™(R2?)

1 iv—e (VT Y
2.12 @ (y. Dy)u = i(0-y)€ ( ) dyde.
(2.12) a* (v, Dy)u L /Rme a =5 € uly)dyde
Some reminders about the Weyl quantization are recalled in Section 4.4.3. We notice
in particular that the Weyl symbol of the d-dimensional harmonic oscillator

0]
1

is a first order symbol in this symbolic calculus. The symbol class S~>°(R??) denotes
the class N,,cgS™(R?*). We define for m > 0 the Sobolev space

(2.13) B™(RY) = {u € L*(RY), H™u € LQ(Rd)}:{u € L*(RY), Y k| Prull. < +oo}
k>1
and B~™(R%) as the dual space of B™(R?). It follows from the general theory of

Sobolev spaces attached to a pseudodifferential calculus (see e.g. Section 2.6 in [16])
that

€)% + e SY(R*),

vm R, B™RY) = {uec (R, Vac S™"(R*), a"u € L*(RY)}.
For definiteness, we shall now make the following choice for the cross section

(2.14) 8(6) = | cos 5|

™
=——2— |9 <—.
| sin §[1+25 =3

With that choice, we get a more precise equivalent than in Theorem 2.3,
1+s

. (1 —s).

(2.15) Ai ~ cok® when k — +o0o with ¢y =

Theorem 2.4. Under the assumption (2.14), the linearized non-cutoff Kac operator
K =1"v,D,),

is a pseudodifferential operator whose Weyl symbol l(v,&) is real-valued, belongs to
the symbol class S*(R?) with the following asymptotic expansion: there exists a se-
quence of real numbers (cg)r>1 such that

2.s N 2\ s—k
YN > 1, 1(0,€) = o1 +52+UZ) —d0+ch<1+£2+%> mod S$*~N-1(R?),
k=1
where the two positive constants co,dy > 0 are defined in (2.15) and (3.21).

This result shows that the linearized non-cutoff Kac operator is a pseudodifferential
operator whose principal symbol is the same as for the fractional harmonic oscillator
2

co(l - A, + %)s
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According to standard results about the phase space structure of the powers of posi-

tive elliptic pseudodifferential operators (see e.g. Section 4.4 in [13]), we notice that

the linearized non-cutoff Kac operator is equal to the fractional harmonic oscillator
2

v S

Co (1 — Av + Z) s

up to a bounded operator on L?*(R). Let us underline that the fractional power

0 < s < 1 of the harmonic oscillator only relates to structure of the singularity (1.9)
whereas the different constants dy, (¢x)r>0 appearing in the asymptotic expansion

2\s Foo 2\ s—k
(2.16) z(v,g)~c0(1+§2+“z) —d0+;ck<1+£2+vz> ,
may be computed explicitly and depend directly on the exact expression chosen for
the angular factor (2.14). This asymptotic expansion provides a complete description
of the phase space structure of the linearized non-cutoff Kac operator. As we shall
see in the proof of Theorem 2.4, the two parts Ky and Ky account very differently
in the way the linearized non-cutoff Kac operator acts. The first part Iy is a
pseudodifferential operator whose Weyl symbol [; accounts for all the asymptotic
expansion of the symbol [,

2

b9 ~e(1+€+ ) —dwgck(l e )

whereas the symbol of the operator Ky belongs to the symbol class S™°(R?). This
shows that Cy is a smoothing operator in any direction of the phase space

()M Ko f ey S I 22wy
for all Ny, N, € N, f € #(R) and that Ky defines a compact operator on L?(R).

2.2. Main results for the linearized non-cutoff radially symmetric Boltz-
mann operator. We consider the linearized non-cutoff Boltzmann operator defined
in (1.11) with Maxwellian molecules

Lf == 2Qu, P f) — T PQU f, ),

acting on the radially symmetric Schwartz space on R? (see Section 4.4.4) with
d>2,

(217) S RYH ={f € S (RY), Vv e RLYA € O(d), f(v) = f(Av)} = {f(|v\)}f e,

where O(d) stands for the orthogonal group of RY. We recall that the case of
Maxwellian molecules corresponds to the case when = 0 in the kinetic factor (1.4)
and that the non-negative cross section b(cos#) is assumed to be supported where
cos > 0 and to satisfy the assumption (1.5). We define the following function

(2.18) B(6) = |S*?|| sin 20| 2b(cos 29)930|9|—1—28.

The first result gives an operator-theoretical formula expressing the first part of the
linearized non-cutoff radially symmetric Boltzmann operator as a function of the
contraction semigroup generated by the d-dimensional harmonic oscillator:
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Theorem 2.5. When it acts on the function space .Zn(R?), the first part of the
linearized non-cutoff Boltzmann operator with Mazwellian molecules defined by

Lf == Q1P f),

18 equal to

(2.19) Ly = /Z
2

where (3 is the function defined in (2.18) and H = —A, + ‘UT 15 the d-dimensional
harmonic oscillator so that

(2.20) L= Z < ! 5(9)(1 — (cos H)k)dQ)Pk,

T
k>1 4

d
2

B(0) (1 — (secf)2exp ( — H In(sec 0))) de,

a3

where the projections P, onto the Hermite basis are described in Section 4.4.1.

As for the first part of the linearized non-cutoff Kac operator, the domain of the
operator £; can be taken as

(221) D= {u € L’(RY, Sk ||Pyul2: < +oo} = {u € L}(RY), Hu € L*(RY)}.
k>0

Similarly to the second part of the linearized non-cutoff Kac operator, the next
theorem provides an operator-theoretical formula expressing the second part of the
linearized non-cutoff radially symmetric Boltzmann operator as function of the spec-
tral projections of the harmonic oscillator.

Theorem 2.6. When it acts on the function space /,(R%), the second part of the
linearized non-cutoff Boltzmann operator with Mazwellian molecules defined by

Lof = —uPQUu P f ),

18 equal to

(2.22) Ly=-) ( ' B(6)(sin 0)2’d0>IP>21,

_
>1 4

where [ is the function defined in (2.18) and Py are the spectral projections onto
the Hermite basis described in Section 4.4.1. Furthermore, there exist some positive
constants c1,co > 0 such that

(2.23) 0< =Ly < crexp—cH,

where H = —A, + % 18 the d-dimensional harmonic oscillator.

Collecting the two previous results and using the fact that Pog, 1 f = 0 when £ > 0
and f € .7,(R%), we recover in the radially symmetric case the spectral diagonaliza-
tion obtained in [26] for the linearized Boltzmann operator:
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Corollary 2.7. When it acts on the function space .7,(R), the linearized non-cutoff
Boltzmann operator with Mazxwellian molecules

Lf == P2Qu, i f) — W PQU f, ),

15 equal to

L= Z /W )(1 — (sin6)* (cos@)Qk)d9>IP’2k,

k>1

where (5 is the function defined in (2.18) and Py are the spectral projections onto the
Hermate basis described in Section 4.4.1. Furthermore, the estimates

(2.24) / " B0)(1 — (sin0)% — (cos0)*)d ~ K when k — +oo,

are satisfied and imply the following coercive estimates
(2.25) IHE (1= P)flF: S (LF e S IHEA = P)fII2,

for f € 7 (RY), where H = —A, + % 1s the d-dimensional harmonic oscillator.

Let us mention that the results of Theorems 2.5, 2.6 and Corollary 2.7 (except for
(2.24) and (2.25)) hold true as well for the cutoff case when ( is integrable. For
definiteness, we shall now make the following choice for the cross section

| cos £

’Sin§’1+25'

(2.26) B(6) = |S*?|| sin 20]%2b(cos 20) =
With that choice, we get as before a more precise equivalent than in Corollary 2.7

001 7 — cont) ) ~ a2

ENEY

when k& — 400, where the positive constant ¢y > 0 is defined in (2.15).

Theorem 2.8. Under the assumption (2.26), the linearized non-cutoff Boltzmann
operator with Maxwellian molecules acting on the radially symmetric function space
Z(R%) is equal to a pseudodifferential operator

Lf=1"(v,D)f, [fe SR,

whose Weyl symbol (v, €) is real-valued, belongs to the symbol class S*(R??) with the
following asymptotic expansion: there exists a sequence of real numbers (cx)k>1 Such
that VN > 1,

2

I(0,6) = co( 1+ + o ) —d0+26k(1+|§|2 1o ) " lnod 57V (R),

where | - | is the Euclidean norm and co,dy > 0 are the positive constants defined in
(2.15) and (3.21).
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This result shows that when acting on the function space .7,(R?), the linearized

non-cutoff Boltzmann operator with Maxwellian molecules is a pseudodifferential

operator whose principal symbol is the same as for the fractional harmonic oscillator
[0?

CO<1 — A, + T>s

For Maxwellian molecules, this accounts for the exact diffusive structure of the
linearized non-cutoff radially symmetric Boltzmann operator and shows that this
operator is equal to the fractional harmonic oscillator
v]?\*

c (1 A2y %) ,
up to a bounded operator on L?(IR%). Let us mention that the phase space structure
of the linearized non-cutoff Boltzmann was first investigated in [22, 23], but these
results were somehow controversial (see remarks in [10, 15]). In these works, the
linearized non-cutoff Boltzmann with Maxwellian molecules and s = 1/4 in the
assumption (1.5) was shown to be a pseudodifferential operator whose symbol in the
standard quantization satisfies to the following estimates

Je1, e >0, Re p(v, &) > ey (|62 + ]U|2)i — g,

p(0, )] S ()3(€)2, Yo, 8 €N, [al +15] 2 1, [059(p(.6)| < ((v,€))*.
From a microlocal view point, these estimates are of a limited interest since the
above estimates only point out that the symbol p belongs to a gainless symbol class
without any asymptotic calculus. In the radially symmetric case, the situation is
much more favorable since the Weyl symbol of the linearized non-cutoff Boltzmann
operator with Maxwellian molecules belongs to S*(R??) which is a standard symbol
class enjoying nice symbolic calculus (see Lemma 2.2.18 in [16]). Indeed, the function
space S™(R??) which writes with Hormander’s convention as

o |V + |de P
S(( Oy =)

is a symbol class with gain A = ((v,£))? in the symbolic calculus

1
aq Jjw sy = (a10a9 +— {al,az} +...
~— =~ ~~ 21— —
esmi esm2 cSmi1t+m2 cgmi+mo—1

As for the linearized non-cutoff Kac operator, the two operators £; and L, defined
in Theorem 2.5, 2.6 account very differently in the way the operator (" (v, D,) acts
on functions. The first part £; is a pseudodifferential operator whose Weyl symbol
accounts for all the asymptotic expansion of the symbol [,

2 JvPye = P e
h(v,€) ~ co(1+ 1€ + 1) —do+k§;ck(1+|§\ =)

whereas the symbol of the operator £, belongs to the class S~°°(R??). This shows
that Lo is a smoothing operator in any direction of the phase space

1) Lo f v ay S |1 f |2y,
for all Ni, N, € N, f € .(R%) and that £, defines a compact operator on L?(R%).
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All the results about the linearized non-cutoff radially symmetric Boltzmann op-
erator are a byproduct of the analysis of the linearized non-cutoff Kac operator.
More specifically, the article is organized as follows. Section 3 is devoted first to
some reminders about the Mehler formula and to the proofs of the results for the
linearized non-cutoff Kac operator. The link between the Kac operator and the
radially symmetric Boltzmann operator together with the proofs of the results con-
cerning the radially symmetric Boltzmann operator are given in Section 3.4. The
appendix in Section 4 provides a useful lemma to handle singular kernels, some for-
mulas for the collision operators and the statement of Bobylev formulas used in the
previous sections.

3. PROOF OF THE RESULTS

3.1. The Mehler formula. We begin by recalling the Mehler formula which will

play an important role in our analysis. The Mehler formula provides an explicit

formula for the Weyl symbol of the semigroup generated by the harmonic oscillator
Jvl?

=—-A,+—.
H vt 1

Let
(v,6) € R X R? = ¢(v,€) € C,
be a complex-valued quadratic form with a positive definite real part Re ¢ > 0.

Associated to this quadratic symbol is the Hamilton map F' € Ms;(C) uniquely
defined by the identity

q((v,8); (y,m) =0 ((v, &), Fy.m), (v,& R, (y,n) €R*,

where ¢(+;-) stands for the polarized form associated to ¢ and o is the canonical
symplectic form on R??,

0((075)7 (ya77>) = 5 Yy —v-n, (U, f) € RQd, (y, 77) € RQd.

The differential operator defined by the Weyl quantization of the quadratic symbol g,

(0. D)) = 5o L a( e yutvduee

equipped with the domain
D(q) = {u e L*(R?) : ¢"(v,D,)u € L*(R%)},
is maximally accretive
Re(qw(v, Dv)u,u)L2 >0, ué€D(q).
This operator generates a contraction semigroup (e " );5q whose Weyl symbol
e = p’(v,Dy),
is given by the Mehler formula [14] (Theorem 4.2),
_exp(—o (X, tan(tF) X))

X e S(R*), X = (v,&) e R¥,
Pi(X) det(costF) (™) (©:8)
for any ¢t > 0. The Weyl symbol of the one-dimensional harmonic oscillator H is
2
v
Q(U,g) = 52 + .

4
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A direct computation shows that its Hamilton map
0 1
F - <_l O 5
4

1 ! :
F? = — I, cos(tF) = cosh (5)[% sin(tF) = 2sinh <§>F’

satisfies

where [54 stands for the identity matrix. This implies that
t t
tan(tF') = 2 tanh <§>F, det(costF') = cosh <§>
Moreover, we have
_ t _ t 2 4
o (X, tan(tF)X)) = 2tanh <2)J(X, FX) = 2tanh <2>q(X) — 2tanh ( ) (5 )
By tensorization, we deduce that the Weyl symbol of the semigroup

exp —tH = py’ (v, D,),
|v|?

generated by the d-dimensional harmonic oscillator H = —A, + - is given by
2
exp [ — 2 tanh(L)(|¢)? + L)
(3.1) pe(v,€) = | i [+ ],
cosh®(3)
for any t > 0. According to (4.16), we may write
DU> _ Zeft(kJr%)P
k>0

Setting z = tanh(%), we have

t 1 1 t 1

5= tanh ™'z = 5 In (1 J_r z>, cosh (§> — cosh(tanh™' 2) = it

Following [24] (p. 204-205), we obtain the following formula as L?*(R%)-bounded
operators

(3.2) [exp <2Z<!£\2 |Z| ))] 1+zdz(1;§>

holding for any z € C, Rez > 0, the latter condition ensuring that | 2| < 1. We
may rewrite (3.1) as

(3.3) {exp <2Z<|€|2 |2| ))]w_ﬁe}(p (Hlnilg

when |z] <1, Rez > 0. Notlce that the condition |z| < 1 ensures that Re(

and Rez > 0 that Re(
for z =1,

(3.4) Py — [2d62<5|2+”42>}“’

1+z) >0
< 0. On the other hand, the identity (3.2) provides
1+z

We can reformulate (3.3) as

2., v w
(3.5) exp —2H¢ = (1 — tanh? g)%[6—2(|£\ +%>tanhg] |
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for any for ¢ € C such that Re¢ > 0,|Im (| < 7. For the present analysis of the
linearized non-cutoff Kac operator, additional identities linked to the Mehler formula
are needed. For 0 € (— we set

t = 2tanh™! (tan2 (g))

)

205

By using that
fanh~1 ¢ = = ln (

we obtain that

1+ tan?(%) (cos &)~2 1
=i () =Gy ) = ()
1 — tan®(§) 2 — (cos3)2 cosf
and
t 1 1 cos’(5)
cosh (—) = = ((cos )2 + (cos )2 2
2 2 ( )7 ) (cos@ 2
As a result, it follows that
e—2tan(D)(eP+ 5T T —2tann(d) (e +2) " cos?(8
cos?(%) B coshd( )cos2d(9) | (cosb)?
[ o—2tann(5)(2+ 155 7"
= | - T - (cos 9)_g
cosh”(5)
Then, we deduce from (3.1) that for any 0| <
o)-4 2 (2 e-2tan*($)(e>+145) "
38 oo (i (5)) =
(36) (cos )72 exp "\ Cos 6 cos?!(2)
For 0 <6 < 7, we have
cos? 6 1—z 01 4 sin 0
z = = sin — = —
(1+sin6)?’” 14z ’ (1 4 sin )2

The formula (3.3) provides that

29 2 \U|2
25 (€17 + 5

_ 1
(1 +sing)~¢ [e (1+sin0) —exp HIn(sinf) = 5 Z(sin 0) Py,

)l R
} 24(sin 9) >0

for any 0 < 6 < 7. This formula extends by analytic continuation

60929 2 |’U w 1
(1+sin9)*d[e 2rameyz (17 ] :@Z(sinﬁ)’“]}”k,

for any |0] < 5. We deduce from (3.4) that for any 0| < §
[6_2<1i§i3>2(|5|2+“4'2)}w [6—2(13‘2553)2(&2#;2)}10
+

— in@ ZZIP)
(1+ sin 0) (1—sing)d 77 2 (sin0)* P

>0

(3.7)
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and
_9 cos29 (|£‘2+M) w _9 c0529 (|£‘2+ﬁ) w
e (1+sin 0)2 4 ] |:e (1—sin 6)2 4 :|
3.8) 2%t 2471
(38) (14 sinf)? * (1 —sin@)4
o [€2<s|2+”42)} Y S (sin 0)2 Py,
>1

3.2. Study of the linearized operator ;. We study the first part of the lin-
earized non-cutoff Kac operator

Kiu= —p 2K (p, ),

defined in (2.2) as a pseudodifferential operator given by the Weyl quantization of
a symbol [;.

Lemma 3.1. The Weyl symbol of the operator Ky is equal to

_ 2 (0 2 (O (2
(3.9) li(v,€) = e B(0) [1—sec <2> exp<—2tan (2) (f + 4))]d6.
Furthermore, the operator Ky is equal to
(3.10) K= B(0) [1 — (sec 9)% exp — (H In(sec 0))} de,
1<%

18 diagonal in the Hermite basis
(3.11) K=Y ( B(6)(1 — (cos@)k)d0>IP’k,

where

(3.12) B(0)(1 — (cos8)*)db ~ k*,
when k — +o00.

Notice that the functions of # inside the integrals factoring g are even, vanish at 0
and are smooth on the compact interval of integration. Lemma 4.1 may therefore
be applied and the symbol [; is indeed given by a Lebesgue integral.

Proof. Let u be in the Schwartz space .#(R). It follows from the Bobylev formula
(Lemma 4.4) and the Fourier inversion formula that

— VPR () (v)

2

== [ 80) [0 2uln) — iy sin ) 2u(n cos6) | e dndd.
(2m)a " x
RX(—z:z)
Recalling the formula written in the d-dimensional case for future reference
— alol? s )% e
(3.13) (31P)(¢) = / el gmive gy, — 2T i
R4 o2
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2
when a > 0, we notice that u(§) = e~ Tt follows that
_I/QK(M pH?u)(v)

oo ([

TRx(-T )

= B(O) (K gu)(v)db,

101<7%

172 sin? 9

[e_iy" —e 2 e_iy""ose} ei”"u(y)dy) dnd6

where the distribution-kernel of the operator Ky ¢ is given by the oscillatory integral

2 172 sin? 9

Lo ] | |
ﬁl,@(vay) = % / e T |:6—Zy77 — 6_26—1y77C059:| ewndn
R

1 U27 2 231112 . .
= 50(1} — y) — —e¢ T~ /e_we_zynCOSGszndn
2T R
v2—y2
5o ) € (v —ycosh)?
- v ———eXp—————
’ Y V2| sin 6| p 2sin2 6
Since
_ vy 5
Y Y € 2 (v—2%—(v+%)cosb)
.ﬁ <U__,U—‘|——>: - exXD— ’
" 2 2 W) V27| sin 0| P 2sin? 0

we deduce from (4.23) that the Weyl symbol of the operator K, g denoted 1y o writes
as
l1,9(v7 £) =1- gl,@(vv 5)7
where
(v—%—(v+%)cosh)® + vysin20d

/ \/27r]81n9| op 2811126

The numerator of the fraction in the exponential is

lrg(v

[v(l —cosf) — g(l + cos 9)}2 + vy sin® f = 4sin* (g)vz + cos? (g)yQ,

so that the quadratic form in the variables v, y is positive definite for any 0 < [0 < 7.
This leads to

4.0y 2
1 7% . COS4 Q 2
lo(v,6) = ————e 2?5 eo?(D) /ely§ exp —— (5)y dy
R

V2| sin 6|

:cosi(g) P <2tan < ><§ + 4>)

exp — (2 tan’(§)(€2 + %))
cos?(%) '
This proves (3.9). Applying (3.6) in the one-dimensional case provides the formula

(3.10). Furthermore, (3.11) and (3.12) follow from (4.16) and (4.18). This ends the
proof of Lemma 3.1. U

and

ng(’U,f) = 1 —
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Lemma 3.2. When the cross section is given by (2.14), the Weyl symbol l; of the
first part of the linearized non-cutoff Kac operator Ky belongs to the symbol class
S*(R?). Furthermore, we have the following asymptotic equivalent

(3.14) e z5( )(1 = (cos0)*)do ~ 21:8

['(1—s)k* when k — +oo.

Proof. The asymptotic equivalent (3.14) follows from (4.18). Setting
2

v
A=1+8&+ —
+§+4,

we use the substitution rule with 7 = tan?(%) in the formula (3.9) to get that

wg=2 [ (= e
) Q/Ovtan (%) tc;(:;;((gg)) (1—(1+ T)e_zT(A—n)lCi_TT
_ 2/Otan2(’g‘) <1:—+Z)5(1 (4 T)ezT(Al))lci_TT
_ 2/0vtan (g)\i_i((l ) (}:r ) —2r(A— D)JdT,

w(r) o(7)
since dr = tan(%)(1 + tan?(%))df. By recalling that 0 < s < 1 and integrating by
parts, we obtaln that

€S™>®

s " s—1
Lt () 0@ (et ()]

s tan?s(

ll('U, 5) =

ool

dr

s

9 tan®(Z)
+‘/ (5= )17 2= s(14+7) e O p 2147 (A= 1)e T OD) D
0

2(1+tan (%) !
stan® (%)

+ 1 (v,6) +87,

_ 2 Atan?(Z) As—1 s—2 s—1 20
[ (v,€) = —/ e [(s - 1)(1 + %) - 5(1 + %) 2%
0

g

+2<1+%>5(A—1) 2e¥]do
_ Atan?(Z) ) s=1()\ _ Atan®(§) s .
s 1>AS_1/ C(1+9) d_0+w/ (14 2) el
S 0 0

A os s A
gy /“""“Z(g) (149) ekl
0 A oS

The sum of the first and last terms writes as

315 o=y [ PO o1y D] (14.9) 7

S o’
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The main term is the second one
Ql+s 2 tan(§) W\ »w _ dw
1 —Z a1 (1 —) $ewd
316) D& = 30— [ Fan) ke
We may write
2(1 + tan?(Z))s !
3.17 l = — 8
( ) 1(“75) stan2s(§)

+ 110, 8) + lho(v,§) + S,

By using that tan®(%) < 1 and that the function

2 K(2) = (14 2)%e* = Za] :

7>0
is holomorphic on |z| < 1, we obtain that
21—}—5)\5—1(}\ - 1) 2Xxtan?(%) -
by = - Z o / dw
21+s>\s 1 . 1 2\ tan?( % ) -
Z 2j/\] / dw
0<j<N
21+3)\s 1 2)\tan % ) pw
(N+1) ( PV N+1-s _ —w
+ N+1 / / N‘ —— kK (2)\>w e “dpdw
21+s>\s 1()\ aj
- Z Sl +i—s)
0<j<N
21PN\ — 1)
_ e~
S Z 2J)\j /)\tan2 ) v
0<j<N (%)
ES e
an?(Z
L2 (AT /1 /2“ ® A=Y (v (22 1-evdpao
s(2\)N+1 p=0 Jw=0 N! 2\ '

To prove that the last line belongs to S*~N-1 it is sufficient to prove that

2\ tan?( 1 . ) pw
(N+1) (PPN N41-s —w 0
wo(v, &) = /po/ N F (2/\>w e Ydpdw € S°.

To that end, we first notice that the function wy is bounded

7r

< 2Xtan*( (5) _ ) (N+1) N+1*S ~wdnd
|lwo (v, €)] N' — K [ L0 |2/ <tan? (FHW € apaw
p=0

I'(N 42— s)

N+1
= (N+1) I +)||L°°(|z|§tan2(§)).

Writing wy(v, &) = Qo(A(v,§)), we have

ddfio (22 tan’ (g))N”Se”t“Q(“) /01 (1 ;Vf)N/{(N—i-l)(ptan <8>>d,0

7r

2/\tan § 1 o ) w w
- - F) (N+2)<p_>p_ N+1—s W nd
/po/ N " VA S
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where the first line belongs to S™° and by following the exact same reasoning as
for bounding the function wy, we notice that the second line is bounded above in
modulus by a constant times A~1. It follows that

Vo ewo| S ATV, ed| S A2

The higher-order derivatives may be handled in the very same way. It follows that
for any N € N,

(3.18) ha= Y NM'(A- 1)2

0<j<N

1+s—j
[(1+j —s)a; mod S* VL

S

The study of the term [ ; is very similar. We may write

2\ tan?(Z) 1 . 2
(319) L1(v,&) = 28)\5‘1/ ’ [S _ (1 i E)e—wex} (1 I ﬂ) aw
0

S 2\ 2\ w?
s—1 2)\tan2(%) w N 52 dw 2)\tan2(%) w\s—1 4 dw
et [P gy e [ o et
s /0 +2)\ w* 0 +2)\ ere w*

so that the last term is almost identical to the symbol l; 5 (with leading term \*~!)
and the first integral in the last line is equal to the negative constant

2(1—s) [ Lt
—_ 1+t —.
S /0 (1+1) ts
We deduce from (3.17) and (3.18) that

21+s 4
(3.20) h="—TI=s)X~do+ D X7 modS "

S X
1<j<N

where

2(1 + tan2(Z))*1  2(1— 3-2%/2 dt
dy = 1+ tan (5)) + ( 8)/ (1+1)2—.
0

stan® (%) s ts

An easy calculation? shows that

2 2" (24V2)

ssin®* (%) s

(3.21) do =

The formula (3.20) yields a full asymptotic expansion for /; as a symbol belonging
to the class S*(R?). This ends the proof of Lemma 3.2. O

3.3. Study of the linearized operator K;. We consider the operator
Kou= — p 2K (', 1)

= —u‘m/wﬂ B(6) (/R ((u"?a), = (umﬁ)*#)dv*> do,

using the notation (4.1) and the expression (4.7).

2Use the change of variable ¢ = tan? # in the integral term.
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Lemma 3.3. The Weyl symbol of the second part of the linearized non-cutoff Kac
operator Ky is equal to

exp ( 2 cos? 9(£2+”42)>
_ 2 (1+sin 0)2
3.22) Iy(v,&) = 0) | 2e 2 +7)
32 b= [ >[ RS
2 cos? 0(&2 il
eXp(_ (1-5(51524)) 0
1 —sinf

and satisfies
(o, ) € N?,3C0 5 > 0,Y(v,€) € R, |050L15(v, €)| < Co e 5E+5),
implying in particular that ly € S—OO(RQ)_

The formula (3.22) makes sense as an ordinary integral according to Lemma 4.1.

Proof. As in the previous section, we may use the Bobylev formula (Lemma 4.4) to
write

(o) (v) =
(26:)3 / o ( [ 6700370 ~ 720 s 0 cos )] 6””7d77) .

It follows that

1 v2—y2 n2 n2c052 . . .
(Kau)(v) = jj £(0) (% / e 1 {6_2 e T Ge—zynsln9:| ewna(y)dy) dndb
R

Rx(— )

_ /w . B(6) (Ko put) (v)d6,

INH
INE

where the distribution-kernel of the operator Ky is given by (see subsection 4.4.3)

1
5 ('RZ,G (U, y) =+ ‘RZ,G (Uv _y)) )

whereas the oscillatory integral £, ¢ is

(3.23)

v2—y2

2 n2 cos? . . X
ﬁQ,e(U,y) — € 24 / |:€n2 _ 612962ynsm9:| ewndn'
T JR
By using (3.13), we find that
02—y ‘
€ _02 V2m (v —ysinf)?
Rop(v,y) = [\/2 : _ _ }
20(t:9) 2 i cosf P 2 cos? 0
1 [ _# 1 <(U—ySin9)2+y2—02)}
= —_—— e — _ .
V2m cosf P 2cos? 0 4

We obtain that

y2 4402 1 41_ 3 92 2 1 . 92 2
V2Wﬁ2e(v—g,v+g> :e_%_ exp—( ( sin@)?v* + (1 + sin )y)
7 2 2 cos 6 8 cos2 6
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and
Y Yy _yPa? 1 4(1 + sin)?v? + (1 — sin 0)?y?
inafo- =)< L )
R0V 2 v 2 ¢ cos 6 eXp & cos2 0
Setting

la+0(v, &) = / Ra0 (v — %, v+ %)gyﬁdy,
R

we deduce from (3.13) that

2, 02 2 (1 —sinf)*v?  2(1 —sinf)E?
] _ g e+ _ 2 _< )
2+,0(v,&) = 2¢ T T sing P YTy R +sinf
so that
s a? 2 2(1 —sin ) v?
l =9 206+ ) & _(—(2 —))
2,4+0(0,§) € ! 1+sind xPp 1+ sinf S 4

It follows from (3.23) that the Weyl symbol lo of the operator Koy satisfies

2lz9(v,&) = / Rap (U - %,v + %)eiygdy + / R (v — %, —v — %)eiyfdy
R R
=1y 1 9(v, &) + 124 —0(v,§).
We obtain that

(g2 02 1 2(1 —sin#@) v?
=2y (B0 )
2,0(v,§) € ’ 1+sin96Xp 1+sinf & 4
1 2(1 +sinf) / , v
_1—sineeXp_< 1_sind (5 +Z)>'

We notice that the latter is an even, smooth function of the variable # which vanishes
at zero. By using Lemma 4.1, we obtain that the Weyl symbol of the operator Ky
is given by (3.22). Furthermore, note that the function

Y

T 2(1 — sin0)
ge| -2 = AT
-1~ T

is valued in [6 — 4v/2, 6 4 4/2]. Setting
2

oo = e (g (€4 7))

we easily check by induction on |« + || that

2(1 — sin0) v?

20098 . 2

950, 0¢h = Pop(v, &1+ sinb) eXP—(m<§ + Z>>’

where P, is a polynomial of degree |a| + |B| + 4 in the variables (v, ) whose
coefficients are rational fractions in the variable 1+ sin 6. Since 6 — 4/2 > 1 /3, the
estimates following from Lemma 4.1 give the last statement of Lemma 3.3 whose
proof is now complete. O

The theorems 2.1, 2.2, 2.3 and 2.4 are direct consequences of Lemmas 3.1, 3.2, 3.3,
(3.20), (4.20) and the Mehler formula (3.8).
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3.4. Proof of the results for the radially symmetric Boltzmann operator.
We consider the Boltzmann operator (1.2) with Maxwellian molecules v = 0 whose
cross-section satisfies the assumption (2.18). As proven in (4.10), Q(g, f) € /(R9)
when f,g € S (R?).

Lemma 3.4. For f,g € .7.(R%), we have
(3.24) FQUo N = | AO)H(Esin)f(cost) = 5(0)](€)]de

where [ is the function defined in (2.18).

Notice that the integral (3.24) is well-defined according to Lemma 4.1 since the
function g € 7, (R?) is even.

Proof. Thanks to the Bobylev formula (Proposition 4.3), we may write with v = é—|,

(3.25) F(Q(g,f))({) = / b(cos 0)(sin #)4~2

(0,m)gxSE2

" [Q (5— ]f\(wsir;G@ycosﬁ)> j (f—i— ]£|(wsir;0@l/cose)

) - 30f(©)) v,
The cross section b(cos ) is supported where 0 < ¢ < 7 and we notice that

& — [¢|(wsin® @ veosh) = |¢](—wsind @ v(1 — cos b))
= 2|¢] sin <g> [—wcos (g) @ vsin <g>},
£+ ¢ (wsind @ vecosd) = €] (wsinh @ v(1 + cos b))

-t (§) s () e 3]

so that, since g, f are radial functions,

(02 g g (3)) <o(cm ).

O (8)) (e (3))

yielding

F(Qlg, ) (€) = 8472 /Og b(cos B) (sin )42 [g (5 sin (g))f(ﬁ cos (g)) —~ é(o)f(ﬁ)] do

jus

=2 " beos 26)sin 20)" 215" [ sin0) (€ cos) - 50) )] b
0

—3(6) from (2.18)

which provides (3.24). O
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We consider the first part of the linearized non-cutoff Boltzmann operator with
Maxwellian molecules

Lf =—p Q1P f),

where p is the Maxwellian distribution defined in (1.10). The next lemmas are
analogous to Lemmas 3.1, 3.2, and their proofs follow the same lines, using Lemma
3.4 instead of Lemma 4.4.

Lemma 3.5. When acting on the function space 7,(R?), the operator & is equal
to the operator Ly defined by the Weyl quantization of the symbol

_exp (= 2tan?(§) (€ + %)] 0
cos2(9) ’

(326) (.6 = /w A0 [1

where B is the function defined in (2.18).

Lemma 3.6. When the function [ is given by (2.26), the symbol ly.4(v,§) belongs
to the class S*(R??). Furthermore, there exists a sequence of real numbers (cya)i>1
such that for all N > 1,

0]

4

[l

N —
lia(v, &) = Co<1+’f‘2+—) —do+ZCk,d(1+]§\2+ )S * mod S* V1 (R2%),
k=1

2
4
where the positive constants cy,dy > 0 are given by (2.15) and (3.21).

Proof of Lemmas 3.5-3.6. The following proofs are very similar to those given for
the non-cutoff Kac operator. However, we pay attention to slightly different compu-
tational details due to the multidimensional situation. Let u be in the space .7, (RY).
It follows from the Bobylev formula (Lemma 3.4) and the Fourier inversion formula
that

— 1 2Q(p, ) (v)

2
[v]

- (277)% J

Réx (—

o~ o~

B0 [(0) 1 2u(n) — ilnsin ) u(n cos 6) | ¢ dnas.

—

£13
2

)

ISE

By using (3.13), we may write
—u2Q(p, ) (v) :/w B(O)(La,gu)(v)db,
<%

where the distribution-kernel of the operator £ g is given by

21,12
[v]* 1yl

e 4 |v — y cos O
Lig(v,y) =0(v—y) — ——F———exp—————5—
bl ) = S0l =) = 2sin” 6
Since
Y y e 7 lv—4% — (v+%)cosf?
210(7)__7U+_>: o(y) — —————exp— . :
2 2 ( ) (27‘(’)%’Si1’10|d 2sin” 0
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we deduce from (4.23) that the Weyl symbol [y g4 of the operator £, o writes as

ll,@;d(”? 5) =1- gl,@;d(”) g)a

where

. et ly|? cos™(§)
E e N " 2sin2(%)cos2(%) / eZy'£ exp — 2 d
1,0,d( 75) (277)%|Sin9|d Rd P gsin2(9)c052(§) Yy

2
= oy o (2 (5) (4 1))
This leads to

~exp— (2tan®(§)(i€? + 1))
cos2d(§) 7

ll,@;d(vv é) =1

According to Lemma 4.1, this proves (3.26) since Iy g.4(v,&) is an even, smooth
function of the variable 6 on the interval [—7, 7] which vanishes at 6§ = 0. We shall
now check that the symbol /1.4 belongs to the class S*(R??). Setting

0]

v
A=1 2y

we use the substitution rule with 7 = tan?(%) in the formula (3.26) to get that

tan?(§)  cos(2) Cor(r dr
.6 =2 [ SRR (1= (e D) S
2

(. J/

tan2(§)
_ —1-—s s—1 s+d—1 _—27(A\-1)
/0 Zv/(<1+7') (1 —i;T) e )dT,

v(7)

since dr = tan(4)(1 + tan?(%))d6. Integrating by parts, we obtain that

€S~
2 ™ 5+d—1/_/ﬁ - a1
li.q(v, :—[(1 t 2(_)) —2(A—1) tan (7)_<1 " 2(_)) ]
(v €) staDQS(%) +tan 8 € 8 + tan 8
9 tan®(§)
+ - / [(5 — 1)(1 + 7')8_2 — (3 + d— 1)(1 + 7_)8+d—2€—27'()\_]_)
S Jo

+2(1+ 7) TN = 1)e 27D dr
7—8

2(1 + tan?(%))*~!

s
8
stan® (%)

+ (v, €) + 57,
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where

1171(1;,5) _ z/o,\tanz(g) Ao [(8 —1) <1 N §>52

s+d—2 o s+d—1 a d
—(s+d—1) (1 + f) e e + 2(1 + g) (N — 1)6_20627 il

A A o
_ 2(5 _ 1))\5_1 /)\taHQ(g) (1 + g)S—Qd_O'
s 0 A o
Atan®(§) s+d—1 . d
+ - A1) / ) (1 + f) e 2Rl
s 0 A lopd
an?(Z
_ 2(s+d—1>A51/“ (8)< LO) T
s 0 A o8

The sum of the first and last terms writes as

(327) ll,l;d(va g)

Atan®(§) 0o _ d 5—2
:2)\5—1/ s |:S 1 _ s+d 1<1+g> 6—20'6270] <1+E> d_U
0 s s

The main term is the second one
ol+s 2X tan®(§) s+d—1 d
(3.28)  lioa(v,€) = — AT\ = 1) / (1+57) efe=2
S 0

We may write

2(1 + tan2(%))*!

s
8
stan® (%)

(329) ll;d(va 5) = - + ll,l;d(v> 6) + ll,2;d<va 5) + S_OO'

By using that tan®(%) < 1 and that the function

zr kg(2) = (14 2)5T 7 e® = Zaj,dzj,
Jj=0
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is holomorphic on |z| < 1, we obtain that

21+s o ajd 2\ tan?( % ) -
l172;d— A )\ 2])\3/ dw
j>0
21+s o a]d 2 tan?( % ‘ -
2ot - Y / dw
0<]<N
9lts \s— 1 2Xtan?(%) 1_)0)N (N+1) [ PW N1
AP Lt —S6=W ]
T 2)\N+1 /pO/ w0 (G Jut e vdpdu
21+s o
—A A=1) Y 2AJF(1+]—S)
0<j<N
21+s
I 1(/\ 2(1]];/ e Y dw
0<J<N 2X tan?( %
ES o

7r

21+s )\s l 2\ tan?( () 1 . ) N pw e w
T Ty /0/ N T H)(ﬁ)wNH ¢ Mdpdw.
p

To prove that the last line belongs to S*~N=1 it is sufficient to prove that

2)\tan )
(N+1)<pUJ> N+1-s 0 d o d 0
Wo,a(v —— K — Jw e “dpdw € S”.
/p 0/ N' d 2\

To that end, we first notice that the function w4 is bounded

1 2)\tan2(%) 1—
|w0;d(v7§)| S ( )

ertll’lg wO;d<U7 g) = QO;d()‘<U7 g))a we have

dQo.q T\\N+2-se () (1 — p)N (N+1)
2t () / (o (5) )d
X (M AR X\ . Ny e PR )P

an?(Z
- )\71 /1 /2>\t (8) (1 - p)NK(N+2)<pw)pwwN+l S fwdw
=0 Juw—0 N 20/ 2\

w=

where the first line belongs to S™°, and by following the exact same reasoning as
for bounding the function wy.q4, we notice that the second line is bounded above in
modulus by a constant times A~1. It follows that

Vo ewod| S AT Ve S ATV

The higher-order derivatives may be handled in the very same way. It follows that
for any N € N,

lts—j

(3.30) haa= Y N7 (A-1)

0<j<N

(144 —s)a; mod SN~



28 N. LERNER, Y. MORIMOTO, K. PRAVDA-STAROV & C.-J. XU

The study of the term [y 1.4 is very similar. We may write

s — 1 2)\tan2(%) w s—92 dw
331) I —gsZ T sl (1 —) aw
B31) hoa(w§) =2 —=x ra) T

d—1 2)\tan2(g) s+d—2 d
_geStd—1y oy / (1 n ﬂ) R
s 0 2\ w?

Y

so that the last term is almost identical to the symbol Iy 5.4 (with leading term \*~1)
and the first integral in the last line is equal to the negative constant

2(1—s) [ ,dt
SRS 14 ¢) 22,
S /0 (1+1) ts

We deduce from (3.29) and (3.30) that

21+s

(332) ll;d = P(l _ S)AS _ dO + Z Cj,d)\s_j mod SS—]\f—l7
8 .
1<j<N
where dj is the constant given in (3.21). This ends the proof of Lemma 3.6. ]

We consider the second part of the linearized non-cutoff Boltzmann operator with
Maxwellian molecules

Lyu = —p~ Q! Pu, ),
where p is the Maxwellian distribution defined in (1.10).

Lemma 3.7. When acting on .7,(R?), the second part of the linearized non-cutoff
Boltzmann operator with Mazwellian molecules 5 is equal to the operator Lo defined
by the Weyl quantization of the symbol

2cos29<5|2+“42>>

|2 eXp < - (1+51n0)2
3.33) o, = 0) | od—20€lP+155) _ gd—1
(9:39) aln ) 6] < . )[ ’ 4 (1 +sinf)d

s
4

2
2cos? 0(|¢[>+4F)

. 2d71 CXp ( o (1—sin )2 > 20
(1 — sinf)4 ’

satisfying
2 v 2
W(a, B) € N, 3C0 5 > 0,Y(1,€) € RY, |050]a(v,€)| < Coe 5150,
and implying in particular that lp.y € S™°(R??).

Notice that the integral (3.33) makes sense as an ordinary integral according to
Lemma 4.1.
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Proof. As in the previous section, we deduce from the Bobylev formula (Lemma 3.4)
that for any u € .7, (R%),

.,%u =

2
[v]

o~ e~

e /|9|<Z B(0) (/Rd [(Ml/m)(o)/j(n) — (u\/24) (1 sin 0)i(n cos 9)] ei”'”dn) g0,

(2m) ¥
It follows that

(Lu)(v)
1 v2—y2 772 7)20052 . . .
- B(6) (—(%)d / e {e—z' - e—'zge—w'nsme] e“""ﬁ(y)dy) dndf
R4

RIx(~%.3)

where the distribution-kernel of the operator £, .4 is given by (see subsection 4.4.3),

1
(334) 5 (£2,9;d(vv y) + 22,9;d(v7 _y)) )

whereas the oscillatory integral £, .4 is

v]?—[y[?

e 1 |n|2 Inf®cos®6 . ;
_ -0 — == —iymsinb | _ivn
22,9;d(v7y) - (27T>d /d |:6 2 —e€ 2 e € d77
R

By using (3.13), we find that

v]?—|y|2 d
2

a 12 (2m) |v — y sin 6
Saalovy) = g (CmEes - g e 050 )
LT Pt 1 lv—ysind* |y|* — |v]?
A )
(2m)72 e ) cos? 0 p 2cos? 6 4
We obtain that
d Yy Yy
2m)3 L pa(v = 2,0+ 2)
( 7T) 2,0;d v 5 v+ 5
e 1 o _<4(1—sin9)2\v\2—|—(1+sin9)2\y]2>
N cost g P 8 cos? f
and
d Yy Y
o
(7T)2 2,0:d |V 9 v B
_lul2ap? 1 4(1 +sin6)[v]* + (1 — sin )|y
=e 8 — exp—( )
cos? 0 8 cos2 0

Setting

l2,+79;d(va g) - / 22,9;d <U — %’ v+ %>€iy'§dy7
R
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it follows from (3.13) that

d i 0)2]n]2 o )
zuﬁ;d(v,g):2d6_2(|s\2+%_ 2 - eXp_<(1 sinf)Jof* | 2(1 —sin0)[¢] )

(1 +sind 2 cos? 0 1+sind
d - 2
_ gdg2er+ily 2 eXp_<2(1—§ln9) <|§|2+ gl >)
(1+ sin6)4 1+sind 4

We deduce from (3.34) that the Weyl symbol of the operator L, 4.4 is given by

1 . 1 o
l20,a(v, §) = §/d 22,9<U - %,U+ %)e”/gdzﬂ- §/d 22,9(1} — %,—v — %)eygdy
R R

1

B 5( 2.4.0:(0,€) + oy —g.a(v, ).

This implies that

2 d—1 3 2
_ gdg2(eP+ ) _ 2 _ (2 —sinb) oo JoF
l2,9;d<v7§) 2% (1 —I—Siﬂ@)d exp < 1 —|—Sin0 (‘5’ + 4 )>
2d-1 2(1+sind) , ., |v?
(1 —sinf)d exp—( 1 —sinf (I +T>)

The end of the proof of Lemma 3.7 is then identical to the proof given for Lemma 3.3.
O

Theorems 2.5, 2.6, 2.8 and Corollary 2.7 are direct consequences of Lemmas 3.5, 3.6,
3.7 and the formulas (3.6), (3.8) along with (4.18) and (4.20).

4. APPENDIX

4.1. A distribution of order 2. For ¢ a function defined on R, we denote
v 1
(4.1) (0) = 5(2(8) + 6(=9)),

its even part.

Lemma 4.1. Let v € L, (R*) be an even function such that 0*v(0) € L'(R). Then,
the mapping

6cCR) > lim | v(0)(6(6) — 6(0))d = /0 /R (1 — 0)620(0)¢" (t0)dodt,

€—>0+ |9|2€

is defining a distribution of order 2 denoted fp (v). The linear form fp (v) can be
extended to CY' functions (C' functions whose second derivative is L*°). For ¢ €

CLY satisfying $(0) = 0, the function vé belongs to L*(R) and

(4.2) (fp (1), &) = / v(0)3(6)db.
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Proof. We have

v(0)(d(0) — $(0))dh = 1 —1)0%v(0)¢" (t6)dbdt,
4¥<>wm 6(0)) Jéﬁ@( 06%(0)8" (16)d0t

and the Lebesgue dominated convergence theorem gives the first result. The exten-
sion to C'! follows from the formula

1 1 1

5(0(0) = 6(0)) + 5(6(=0) = 6(0)) = 5/0 (¢'(1) = ¢(=7))dr,

since the absolute value of the latter is bounded above by ||¢”||~6%. This implies
that

v(0) x even part(¢(6) — ¢(0)) € L',
proving as well the last statement. U

4.2. The non-cutoff Kac and Boltzmann collision operators.

4.2.1. The Kac collision operator. Let g, f € #(R) be Schwartz functions. We
define

43)  Fr(e) = (@), 50,00 = [ (Fro(Fow) = Fyyfw)do.

w

where Ry stands for the rotation of angle 6 in R?,

)= (cos@ —smﬁ) — exp(8), J

R

Wl

sinff  cosf
We have
Fyo(Ryw) — Frg(w) = f(vcosh — v, sinf)g(vsinf + v, cos§) — f(v)g(vs),
so that by using the notations f. = f(v.), f' = f(V), f« = f(vs), f = f(v) with
v =wvcosf —v,sinf, v, =wvsinf+v,cosf, v, v, €R,

we may write

(4.4) %Aﬂ@zé@%—%ﬁwk

Furthermore, we easily check that its even part as a function of the variable 6 is
given by

45 0.0 = [(@L — o) = [ (@15~ @)
R R
Note that, for each 6 € R, the mapping
(f,9) € Z(R) x ' (R) = ¢1,4(6,-) € L(R),

is continuous uniformly with respect to 6. In fact, the function Fy, belongs to
< (R?). By denoting II; the projection onto the first variable, this implies that the
function

vlﬁf@,g(&v) = /Hl(w)laf®f7g(9,w)dv*,
is bounded since
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As a result, the function v — ¢ ,(0,v) belongs to .(R) uniformly with respect
to 6. Moreover, the second derivative with respect to ¢ of the function ®;,,

Ff (" w) (e Jw, e Jw) = F} (e w)e®w,

belongs to . (R?) uniformly with respect to §. This implies that the second deriv-
ative with respect to 6 of the function ¢y, is in .(R) uniformly with respect to
6.

We define the non-cutoff Kac operator as

(4.6) K(g, f)(v) = (Ip(l-z.2)5), ¢14(-,v)),

when  is a function satisfying (1.9). Since ¢74(0,v) = 0, Lemma 4.1 allows to
replace the finite part by the absolutely converging integral

an K@= [ O [ @ -o)d)d = K@,

101<7%

Lemma 4.2. For g, f be in (R), then K(g, f) € .Z(R).

Proof. We deduce from the above properties of the function ¢, and (4.6) that the
function K(g, f) is smooth and that for any k,l € N,

V'O (K (g, f))(v) = {p(A-7,2)8), 'O} 14, ).

Since the second derivative with respect to 6 of the function ¢y, belongs to .7 (R)
uniformly with respect to 6, we obtain that

v v'0%(K (g, f))(v) € L™,

0J

4.2.2. The Boltzmann collision operator. We consider the Boltzmann operator with
Maxwellian molecules

Q)= [ [ (= o) .o

By using polar coordinates, v — v, = pv, p > 0, v € S*!, we may write

Qg f) =

A+ng_lxgd_l b(v-o) [9 (v—M)f(v—l—M) —g(v—pu)f(v)] P dpdody.



ANALYSIS OF THE NON-CUTOFF KAC COLLISION OPERATOR

Setting o = wsinf @ vcosf with w € S92, w L v, 0 < § < 7, we obtain that

Qg, f) = / b(cos ) p~! (sin §)? 2
RS xSE72x (0,7)xS¢1

[g(v _ plwsind @QVCOSH+V))f(U+ p(wsin @QVCOSQ— V))

—g(v— py)f(v)] dpdfdwdy

/ b(cos ) p** (sin §)?~2
RS xSE2 % (0,7)xSd~!

[<_ 0( .0@ 6>)f<+ .0( 0@ 0))
glv ,OC082 wsm2 VCOS2 v psm2 wcos2 l/SlIl2

—g(v— pl/)f(l))} dpdfdwdy.

Since the cross section b(cos ) is supported where 0 < ¢ < 7, we have

Qg, f) = / 2b(cos 20) p*~* (sin 20) 2 dpdfdwdy
RﬁxSﬁfzx(O,g)ngfl

[g(v — peosf(wsind @ vcosb)) f(v + psinf(wcosd O vsinb)) — glv — pv) f(v)].

By using (2.18), we obtain that

Qlg, f) = ! 26(0)p* ' dpdfdwdy

T ISd-2
|S | ]R:,r><Sf,if2><(0,§)><Sff*1

[g(v — peosB(wsing ® vcosb)) f(v+ psinf(wcosd © vsinb)) — gv — ,OV)f(U)} :

We define

1
. v = — — i
(4.8) Wy4(6,v) T S g(v—pcosf(wsinb & vcosb))
x f(v+ psinf(wcosd © vsin 0))pd_1dwdpdl/.

We notice that
1
Upg(=0,v) = 57 g(v — peosf(—w sin&@ucos@))
|S | Sff,_2 ijng_l
x f(v— psinf(wcosd ® vsin 0))pd_1dwdpdu
1

TN A — g(v — peosf(wsinf & v cos0))

x f(v+ psinf(wcosf & vsin 9))pd_1dwdpdl/
= \Ilfzg(07 U)’

so that the function 6 — W (0, v) is even. Furthermore, we have

(4.9) Us(0,0) = /R ¢ g(v = pv) f(v)p™ dpdv.
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When f, g € .7(R?), we get that v € R? — 95"V (0, v) belongs uniformly to .7 (R?)
since

10|24+ [v'|* = |v — pcosB(wsind & vcosB)|* + v + psinf(wcosf © vsin 0)|?

1
= 2o+ 9" = 2pv-v =l + o — prf* = o + o = S ([0 + ).

Lemma 4.1 allows to define the Boltzmann operator

(4.10) Qg, f)(v) = e B(0) (Wyg(0,v) = Wyg(0,0))do.
Furthermore, we have Q(g, f) € (R%) when f,g € .7 (R%).
4.3. The Bobylev formula.

4.3.1. The Bobylev formula for the Boltzmann operator with Mazwellian molecules.
For the sake of completeness, we include the statement of the Bobylev formula
following the presentation given in the appendix of [1]. The Bobylev formula provides
an explicit formula for the Fourier transform of the Boltzmann operator (1.2).

Proposition 4.3. The Fourier transform of the Boltzmann operator with Maxwellian
molecules whose cross section satisfies the assumption (1.5),

Qan)0) = [ [ o=t o) (6f — guf)dod.,

18 equal to

QN = [ Qo we

where £ = €+|2£‘U and £~ = Lo

4.3.2. The Bobylev formula for the Kac operator. For f,g € #(R), the function

(4.11) 0 — r4(0.8) = g(Esinb) f(§ cos ) —g(0) f(£),
is vanishing at zero and has a bounded second derivative. According to Lemma 4.1,
the following integral makes sense

B(O)1.(0,€)d0 = / B(0)15(0,€)do.

|61< 6]<

us jus
4 4

where QZ 1.9(0,€) is the even part of the function s, with respect to the variable 0,
when the cross section [ satisfies the assumption (1.9).

Lemma 4.4. When the cross section satisfies the assumption (1.9), the Kac operator
K(g, f) defines a Schwartz function for f,g € #(R). Furthermore, its Fourier
transform is given by

-~ ~

B0) |(¢sin 0) F(€ cos 0) — (0) F(€) | db.
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Proof. We deduce from Lemmas 4.1, 4.2, (4.1), (4.4) and (4.7) that
(412) K@ NO=K@aHE = [[ B0)650,v)e " dodv

xR ELl([—Eg]XR)

=tim ([ BO)6s(0,v)e dbdv.
{e<I0I< T IR

We consider

1. = jfj B(0)g(vsin @ + v, cos ) f (v cos § — v, sin @)e” " dfdvdv,.

{e<lO|<T}xR2

By using the substitution rule with the new variables x = vcosf — v,sinf, y =
vsinf + v, cos @, we obtain that

r- fff

{e<lf|<F}xR2

= / B(6) F(£ cos 0)§(€ sin 8)do.
e<]0|<

jus
4

9)f(m>§(y)e—z(w cos 0+y sine)fdedxdy

—

Since
ﬂf B(0)g(v,) f(v)e " dbdvdv, = §(0)f(€) / B(0)do,
{e<]0|< T I xR? {e<lo|<Z}
we get that
ff B(0)bs5(0,v)e” " dbdv = /
{e<|0]<T}xR {e<lo|<

Lemma 4.4 follows from (4.11), (4.12) and Lemma 4.1. O

9(0) (J€cos0)g(€ sin ) —(0) ().

4.4. Miscellanea.

4.4.1. The harmonic oscillator. The standard Hermite functions (¢, ),en are defined
for z € R,

_ D 2dt ey ] _dyn 2 dido
(118) on(r) = —mi—me® (e )_W(gg —) (e ) ==,

where a, is the creation operator

1 d
= E(x a %)
The family (¢,)nen is an orthonormal basis of L?(R). We set for n € N, a =
(Olj)lgjgd S Nd, reR ve ]Rd,
1z d

(4.14) dn(e) =270, 7)== (5 - 7o) o

d
(4.15) Va(v) = [T o, (v5), & = Span{¥alacnt jajr,
j=1
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with |a| = ay + -+ + ag. The family (¥, ),ene is an orthonormal basis of L?(IR%)
composed by the eigenfunctions of the d-dimensional harmonic oscillator

(4.16) H:—AﬁW:Z(gw)m, 1d=3"P,

k>0 k>0

where P is the orthogonal projection onto & whose dimension is (Hd*l). The

d—1
eigenvalue d/2 is simple in all dimensions and & is generated by the function
1 2
Wolv) = ——e 5 = u2(w),
(2m)3

where p is the Maxwellian distribution defined in (1.10).

4.4.2. An asymptotic equivalent. We consider the integral

(4.17) N, = B(0)(1 — (cos§)*)db, k€N,
101<%
where (3 is the function defined in (2.26). We want to prove the following asymptotic
equivalent for the integral A}, when k — +o0,
+o0o d 21+s
(418) N~ cok® with oo = 21+S/ (- 2 7pq )
0

ws-i—l s

To that end, we use the substitution rule with v = 2sin*() to obtain that

1_9-1/2 k(1—-271/2)
dv w\k\ dw
)\/ — 21+s/ 1 . 1 o k — 21+sks/ <1 . <1 . > ) )
k 0 ( ( U) )vl—i-s 0 k wlts

Furthermore, we have for any w € (0,k) with k£ > 1,

w\ky 1 w 1 1
0 (1= (1-3) )gm < i g T () + Lo ()

1 1
= o (w) + g oo (W) s € LI(R).

It follows from the Lebesgue dominated convergence theorem that

/ +oo
lim 2k = 21+S/ (1—e) dw
0

k——+o0o kS wl—l—s'

We shall now estimate from above the term

(4.19) N = / B(0)(sin0)2do, 1> 1.
o<z

We have

ks s 0 .
0< N = 22+25/4 o'+ COS(E) (Sln‘9>2l62l—1—25d9
2142s sin1+23(g) 0

0

s

< 22+25 <Z)1+28 /4 921—1—23d0 _ <E>21—287T1+28

42 4
< T exp —2[(1og —>,
1 s
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so that A/ is exponentially decreasing when | — +o0,
2s

4 4
(4.20) og,\;’gl 7Texp—2l<log—>, [1>1,0<s<l.
m

— S

These estimates prove (2.23).

4.4.3. On the Weyl quantization. Let a be a tempered distribution on R% x Rg. The
symbol a may be Weyl quantized in an operator a® sending .#(R?) into .#/(R9).
The formula (2.12) is not readily meaningful, but a weak formulation is provided as
follows. We consider the Wigner function of two functions f, g € .7 (R%),

@) a0 = g [ (o4 5)a(o=F)e ey

We easily check that # (f, g) belongs to .7 (R??). For a € .%'(R??), we define
(4.22) (@ f, 9) o ®ay,z®ay = (@, W (f, 9)) .7 (®2a),7®20)-

The standard formula (2.12) follows from this weak formulation. A nice feature of
the Weyl quantization is the fact that

()" = (a)",
where a stands for the complex conjugate symbol of a. Real-valued symbols are

therefore Weyl quantized as formally selfadjoint operators. The distribution-kernel
of the operator a" is given by

1 v+ i(o—v) €
k(U;U/)—W/RdG< 5 7§>€( '3

where the integral is understood as a partial Fourier transform. Conversely, we
deduce from the previous formula that

— _¥ Y\ pive
(4.23) a(v,§) /de<v 2,v+2>e dy,

where the integral is understood as a partial inverse Fourier transform of the distri-
bution kernel. A computation in the proofs above has to deal with the relationship
between the distribution kernel k(v,y) € (R x RY) of an operator A and the
distribution kernel of the operator A given by

(Au)(v) = (A1) (v),
where u stands for the even part of u. An easy computation shows that
~ 1
(424) k’(?}, y) = E(k(v7 y) + k(va _y>)a

where k stands for the kernel of A. The formula (4.23) implies that the Weyl symbol
of the operator A is

0= [ o= s ) x(o= o= )

/e v 2,v—|—2 Y,

where k{2 stands for the even part of the function k with respect to its second
variable.
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4.4.4. On radial functions. If u € #(R?) is a radial function
Vo € RY VA € O(d), u(z) = u(Az),

we define

- 1
u(t) = = u(to)do, teR.

This function is even, belongs to the Schwartz space .#(R) and satisfies
Vt € R, Vo € ST a(t) = u(to), Ve e R u(x) = a(|z]).

Borel’s theorem shows that the mapping ¢ — 4(t) is also a Schwartz function of the
variable 2. We also recall that the Fourier transform of a radial function is radial
and that the Fourier transformation is an isomorphism of the space .7, (R%).
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