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Abstract. The non-cutoff Kac operator is a kinetic model for the non-cutoff ra-
dially symmetric Boltzmann operator. For Maxwellian molecules, the linearization
of the non-cutoff Kac operator around a Maxwellian distribution is shown to be a
function of the harmonic oscillator, to be diagonal in the Hermite basis and to be
essentially a fractional power of the harmonic oscillator. This linearized operator
is a pseudodifferential operator, and we provide a complete asymptotic expansion
for its symbol in a class enjoying a nice symbolic calculus. Related results for the
linearized non-cutoff radially symmetric Boltzmann operator are also proven.

1. Introduction

1.1. The Boltzmann equation. The Boltzmann equation describes the behaviour
of a dilute gas when the only interactions taken into account are binary collisions [7].
It reads as the equation

(1.1)

{
∂tf + v · ∇xf = Q(f, f),

f |t=0 = f0,

for the density distribution of the particles f = f(t, x, v) ≥ 0 at time t, having
position x ∈ Rd and velocity v ∈ Rd. The Boltzmann equation derived in 1872
is one of the fundamental equations in mathematical physics and, in particular, a
cornerstone of statistical physics.

The term appearing in the right-hand-side of this equation Q(f, f) is the so-called
Boltzmann collision operator associated to the Boltzmann bilinear operator

(1.2) Q(g, f) =

∫
Rd

∫
Sd−1

B(v − v∗, σ)
(
g′∗f

′ − g∗f
)
dσdv∗,

with d ≥ 2, where we are using the standard shorthand f ′∗ = f(t, x, v′∗), f
′ =

f(t, x, v′), f∗ = f(t, x, v∗), f = f(t, x, v). In this expression, v, v∗ and v′, v′∗ are the
velocities in Rd of a pair of particles respectively before and after the collision. They
are connected through the formulas

v′ =
v + v∗

2
+
|v − v∗|

2
σ, v′∗ =

v + v∗
2
− |v − v∗|

2
σ,

where the parameter σ ∈ Sd−1 belongs to the unit sphere. Those relations cor-
respond physically to elastic collisions with the conservations of momentum and
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kinetic energy in the binary collisions

v + v∗ = v′ + v′∗, |v|2 + |v∗|2 = |v′|2 + |v′∗|2,
where | · | is the Euclidean norm on Rd.

For monatomic gas, the cross section B(v−v∗, σ) is a non-negative function which
only depends on the relative velocity |v − v∗| and on the deviation angle θ defined
through the scalar product in Rd,

cos θ = k · σ, k =
v − v∗
|v − v∗|

.

Without loss of generality, we may assume that B(v− v∗, σ) is supported on the set
where

k · σ ≥ 0,

i.e. where 0 ≤ θ ≤ π
2
. Otherwise, we can reduce to this situation with the customary

symmetrization

B̃(v − v∗, σ) =
[
B(v − v∗, σ) +B(v − v∗,−σ)

]
1l{σ·k≥0},

with 1lA being the characteristic function of the set A, since the term f ′f ′∗ appearing
in the Boltzmann operator Q(f, f) is invariant under the mapping σ → −σ. More
specifically, we consider cross sections of the type

(1.3) B(v − v∗, σ) = Φ(|v − v∗|)b
( v − v∗
|v − v∗|

· σ
)
,

with a kinetic factor

(1.4) Φ(|v − v∗|) = |v − v∗|γ, γ ∈]− d,+∞[,

and a factor related to the deviation angle with a singularity

(1.5) (sin θ)d−2b(cos θ) ≈
θ→0+

θ−1−2s,

for1 some 0 < s < 1. Notice that this singularity is not integrable∫ π
2

0

(sin θ)d−2b(cos θ)dθ = +∞.

This non-integrability plays a major rôle regarding the qualitative behaviour of the
solutions of the Boltzmann equation and this feature is essential for the smoothing
effect to be present. Indeed, as first observed by Desvillettes for the Kac equation [9],
grazing collisions that account for the non-integrability of the angular factor near
θ = 0 do induce smoothing effects for the solutions of the non-cutoff Kac equation,
or more generally for the solutions of the non-cutoff Boltzmann equation. On the
other hand, these solutions are at most as regular as the initial data, see e.g. [27],
when the cross section is assumed to be integrable, or after removing the singularity
by using a cutoff function (Grad’s angular cutoff assumption).

The physical motivation for considering this specific structure of cross sections is
derived from particles interacting according to a spherical intermolecular repulsive
potential of the form

φ(ρ) =
1

ρr
, r > 1,

1The notation a ≈ b means a/b is bounded from above and below by fixed positive constants.
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with ρ being the distance between two interacting particles. In the physical 3-
dimensional space R3, the cross section satisfies the above assumptions with

s =
1

r
∈]0, 1[, γ = 1− 4s ∈]− 3, 1[.

For further details on the physics background and the derivation of the Boltzmann
equation, we refer the reader to the extensive expositions [7, 25].

In the present work, we study the non-cutoff Kac collision operator. The Kac
operator is a one-dimensional collision model for the radially symmetric Boltzmann
operator defined as

(1.6) K(g, f) =

∫
|θ|≤π

4

β(θ)

(∫
R
(g′∗f

′ − g∗f)dv∗

)
dθ,

with f ′∗ = f(t, x, v′∗), f
′ = f(t, x, v′), f∗ = f(t, x, v∗), f = f(t, x, v), where the

relations between pre and post collisional velocities given by

(1.7) v′ = v cos θ − v∗ sin θ, v′∗ = v sin θ + v∗ cos θ, v, v∗ ∈ R,

follow from the conservation of the kinetic energy in the binary collisions

v2 + v2
∗ = v′2 + v′2∗

and where the cross section is an even non-negative function satisfying

(1.8) β ≥ 0, β ∈ L1
loc(0, 1), β(−θ) = β(θ).

As for the Boltzmann operator, the main assumption concerning the cross-section
is the presence of a non-integrable singularity for grazing collisions

(1.9) β(θ) ≈θ→0|θ|
−1−2s,

with 0 < s < 1. Details about the definition of the Kac operator as a finite part
integral are recalled in Section 4.2.1. In particular, when acting on functions de-
pending only on the velocity variable, the function K(g, f) is shown to belong to the
Schwartz space S (Rv) when g, f ∈ S (Rv) (Lemma 4.2). As pointed out in [9], the
non-integrability feature (1.9) accounts for the diffusive properties of the non-cutoff
Kac equation. We aim in this work at displaying the exact diffusive structure of
the non-cutoff Kac operator. More specifically, we shall be concerned with a close-
to-equilibrium framework and provide a complete spectral and microlocal analysis
of the linearization of the non-cutoff Kac operator around a normalized Maxwellian
distribution.

1.2. The linearized Boltzmann operator. We begin by recalling some prop-
erties of the linearized Boltzmann operator. We consider the linearization of the
Boltzmann equation

f = µ+
√
µg,

around the Maxwellian equilibrium distribution

(1.10) µ(v) = (2π)−
d
2 e−

|v|2
2 .

Since Q(µ, µ) = 0 by the conservation of the kinetic energy, the Boltzmann operator
Q(f, f) can be split into three terms

Q(µ+
√
µg, µ+

√
µg) = Q(µ,

√
µg) +Q(

√
µg, µ) +Q(

√
µg,
√
µg),
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whose linearized part is Q(µ,
√
µg) +Q(

√
µg, µ). Setting

(1.11) L g = L1g + L2g,

with

(1.12) L1g = −µ−1/2Q(µ, µ1/2g), L2g = −µ−1/2Q(µ1/2g, µ),

the original Boltzmann equation (1.1) is reduced to the Cauchy problem for the
fluctuation

(1.13)

{
∂tg + v · ∇xg + L g = µ−1/2Q(

√
µg,
√
µg),

g|t=0 = g0.

The Boltzmann operator is local in the time and position variables and from now
on, we consider it as acting only in the velocity variable. This linearized operator is
known [7] to be an unbounded symmetric operator on L2(Rd

v) (acting in the velocity
variable) such that its Dirichlet form satisfies

(L g, g)L2(Rdv) ≥ 0.

Setting

Pg = (a+ b · v + c|v|2)µ1/2,

with a, c ∈ R, b ∈ Rd, the L2-orthogonal projection onto the space of collisional
invariants

(1.14) N = Span
{
µ1/2, v1µ

1/2, ..., vdµ
1/2, |v|2µ1/2

}
,

we have

(1.15) (L g, g)L2(Rd) = 0⇔ g = Pg.

For Maxwellian molecules, i.e. when γ = 0 in the kinetic factor (1.4), the spectrum
of the linearized Boltzmann operator is only composed by eigenvalues explicitly
computed in [26]. See also [5, 7, 8]. Cercignani [6] about forty years ago noticed
that the linearized Boltzmann operator with Maxwellian molecules behaves like a
fractional diffusive operator. Over the time, this point of view transformed into the
following widespread heuristic conjecture on the diffusive behavior of the Boltzmann
operator as a flat fractional Laplacian [1, 2, 25]:

f 7→ Q(µ, f) ∼ −(−∆v)
sf + lower order terms,

with 0 < s < 1 being the parameter appearing in the singularity assumption (1.5).
See [17, 18, 19] for works related to this simplified model of the non-cutoff Boltz-
mann equation. Regarding the linearized non-cutoff Boltzmann operator for general
molecules, sharp coercive estimates in the weighted isotropic Sobolev spaces Hk

l (Rd)
were proven in [3, 4, 11, 20, 21]:

(1.16) ‖(1−P)g‖2
Hs
γ
2

+ ‖(1−P)g‖2
L2
s+

γ
2

. (L g, g)L2(Rd) . ‖(1−P)g‖2
Hs
s+

γ
2

,

where

Hk
l (Rd) =

{
f ∈ S ′(Rd) : (1 + |v|2)

l
2f ∈ Hk(Rd)

}
, k, l ∈ R.

As a byproduct of our analysis of the linearized non-cutoff Kac operator, we inves-
tigate in this work this heuristic conjecture in the particular case of the linearized
non-cutoff Boltzmann operator with Maxwellian molecules acting on radially sym-
metric functions with respect to the velocity variable. This linearized non-cutoff



ANALYSIS OF THE NON-CUTOFF KAC COLLISION OPERATOR 5

radially symmetric Boltzmann operator will be shown to be a function of the har-
monic oscillator

(1.17) H = −∆v +
|v|2

4

and to be equal to the fractional harmonic oscillator(
1−∆v +

|v|2

4

)s
,

up to some lower order terms, where 0 < s < 1 is the parameter appearing in the
singularity assumption (1.5). We shall also display the exact phase space structure
of this operator which will be shown to be a pseudodifferential operator

L f = lw(v,Dv)f,

when acting on radially symmetric Schwartz functions f ∈ Sr(Rd
v), whose symbol

admits a complete asymptotic expansion

(1.18) l(v, ξ) ∼ c0

(
1 + |ξ|2 +

|v|2

4

)s
− d0 +

+∞∑
k=1

ck

(
1 + |ξ|2 +

|v|2

4

)s−k
,

with c0, d0 > 0, ck ∈ R when k ≥ 1. This asymptotic expansion provides a complete
description of the phase space structure of the linearized non-cutoff radially sym-
metric Boltzmann operator and allows to strengthen in the radially symmetric case
with Maxwellian molecules the coercive estimate (1.16) as

(1.19) ‖H
s
2 (1−P)f‖2

L2 . (L f, f)L2 . ‖H
s
2 (1−P)f‖2

L2 , f ∈ Sr(Rd),

whereH is the harmonic oscillator. However, let us mention that the general (non ra-
dially symmetric) Boltzmann operator is a truly anisotropic operator. This accounts
in general for the difference between the lower and upper bounds in the sharp esti-
mate (1.16). In the recent works [4, 11, 12], sharp coercive estimates for the general
linearized non-cutoff Boltzmann operator were proven. In [4], these sharp coercive
estimates established in the three-dimensional setting d = 3 (Theorem 1.1 in [4]),

(1.20) |||(1−P)f |||2γ . (L f, f)L2 . |||(1−P)f |||2γ, f ∈ S (R3),

involve the anisotropic norm

(1.21) |||f |||2γ =

∫
R3
v×R3

v∗×S2σ
|v − v∗|γb(cos θ)

(
µ∗(f

′ − f)2 + f 2
∗ (
√
µ′ −√µ)2

)
dvdv∗dσ,

whereas in [11, 12], coercive estimates involving the anisotropic norms

‖f‖2
Ns,γ = ‖f‖2

L2
γ+2s

+

∫
Rd

∫
Rd
〈v〉

γ+2s+1
2 〈v′〉

γ+2s+1
2
|f(v)− f(v′)|2

d(v, v′)d+2s
1ld(v,v′)≤1dvdv

′,

where

d(v, v′) =

√
|v − v′|2 +

1

4
(|v|2 − |v′|2)2,

were derived and a model of a fractional geometric Laplacian with the geometry of
a lifted paraboloid in Rd+1 was suggested for interpreting the anisotropic diffusive
properties of the Boltzmann collision operator.
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2. Main results

2.1. Main results for the linearized non-cutoff Kac operator. We consider
the non-cutoff Kac collision operator (1.6) whose cross section satisfies to the as-
sumptions (1.8) and (1.9). As before for the Boltzmann equation, we consider the
fluctuation around the normalized Maxwellian distribution

µ(v) = (2π)−
1
2 e−

v2

2 , v ∈ R,
by setting

f = µ+
√
µh.

Since K(µ, µ) = 0 by conservation of the kinetic energy, we may write

K(µ+
√
µh, µ+

√
µh) = K(µ,

√
µh) +K(

√
µh, µ) +K(

√
µh,
√
µh)

and consider the linearized Kac operator

(2.1) Kh = K1h+K2h,

with

(2.2) K1h = −µ−1/2K(µ, µ1/2h), K2h = −µ−1/2K(µ1/2h, µ).

The first result gives an operator-theoretical formula expressing the first part of
the linearized non-cutoff Kac operator as a function of the contraction semigroup
generated by the one-dimensional harmonic oscillator

(2.3) H = −∆v +
v2

4
.

We refer the reader to section 4.4.1 for a reminder on classical notations and formulas
for the harmonic oscillator and the Hermite functions.

Theorem 2.1. The first part of the linearized non-cutoff Kac operator defined by

K1f = −µ−1/2K(µ, µ1/2f),

is equal to

K1 =

∫ π
4

−π
4

β(θ)
(

1− (sec θ)
1
2 exp

(
−H ln(sec θ)

))
dθ,

where H is the one-dimensional harmonic oscillator (2.3) so that

(2.4) K1 =
∑
k≥1

(∫ π
4

−π
4

β(θ)
(
1− (cos θ)k

)
dθ
)
Pk,

where the projections Pk onto the Hermite basis are described in Section 4.4.1.

Let us underline that in the integrals appearing in the formula (2.4) the L1 singularity
at 0 of the function β is erased by the factor (1 − (cos θ)k) which vanishes at the
second order. The integrals in Theorem 2.1 are therefore to be understood in the
sense of Lemma 4.1. This first result shows that K1 is an unbounded nonnegative
operator on L2(R) which is diagonal in the Hermite basis. Furthermore, the more
precise calculation (4.18) shows that the domain of the operator K1 can be taken as

(2.5) D =
{
u ∈ L2(R),

∑
k≥0

k2s‖Pku‖2
L2 < +∞

}
= {u ∈ L2(R), Hsu ∈ L2(R)}.
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The next theorem provides an operator-theoretical formula expressing the second
part of the linearized non-cutoff Kac operator as a function of the spectral projections
of the one-dimensional harmonic oscillator:

Theorem 2.2. The second part of the linearized non-cutoff Kac operator defined by

K2f = −µ−1/2K(µ1/2f, µ),

is equal to

K2 = −
+∞∑
l=1

(∫ π
4

−π
4

β(θ)(sin θ)2ldθ
)
P2l.

Furthermore, there exist some positive constants c1, c2 > 0 such that

(2.6) 0 ≤ −K2 ≤ c1 exp−c2H,
where H is the one-dimensional harmonic oscillator (2.3) and Pk are the spectral
projections onto the Hermite basis described in Section 4.4.1.

Let us notice that in the integrals appearing in Theorem 2.2 the L1 singularity at 0
of the function β is erased by the factor (sin θ)2l which vanishes at order 2l ≥ 2.
The operator K2, as well as HNL2 for any N ∈ N, is a trace class operator on
L2(R). As the first part of the linearized non-cutoff Kac operator, the second part
K2 is also diagonal in the Hermite basis. We therefore obtain the following spectral
decomposition of the linearized non-cutoff Kac operator:

Theorem 2.3. The linearized non-cutoff Kac operator defined by

Kf = −µ−1/2K(µ, µ1/2f)− µ−1/2K(µ1/2f, µ),

is a non-negative unbounded operator on L2(R) with domain D defined in (2.5). It
is diagonal in the Hermite basis

(2.7) K =
∑
k≥1

λkPk,

with a discrete spectrum only composed by the non-negative eigenvalues

(2.8) λ2k+1 =

∫ π
4

−π
4

β(θ)
(
1− (cos θ)2k+1

)
dθ ≥ 0, k ≥ 0,

(2.9) λ2k =

∫ π
4

−π
4

β(θ)
(
1− (cos θ)2k − (sin θ)2k

)
dθ ≥ 0, k ≥ 1,

satisfying to the asymptotic estimates

(2.10) λk ≈ ks when k → +∞.

We notice that the lowest eigenvalue zero corresponds to the fact that the Maxwellian
distribution µ is an equilibrium

Kµ1/2 = −µ−1/2K(µ, µ)− µ−1/2K(µ, µ) = 0,

by conservation of the kinetic energy. We shall now relate these operator-theoretical
properties to the phase space structure of the linearized non-cutoff Kac operator. To
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that end, we define for any m ∈ R the symbol classes Sm(R2d) as the set of smooth
functions a(v, ξ) from Rd × Rd into C satisfying to the estimates

(2.11) ∀(α, β) ∈ N2d,∃Cαβ > 0,∀(v, ξ) ∈ R2d, |∂αv ∂
β
ξ a(v, ξ)| ≤ Cα,β〈(v, ξ)〉2m−|α|−|β|,

with 〈(v, ξ)〉 =
√

1 + |v|2 + |ξ|2. We consider the Weyl quantization of symbols in
the class Sm(R2d)

(2.12) aw(v,Dv)u =
1

(2π)d

∫
R2d

ei(v−y)·ξa
(v + y

2
, ξ
)
u(y)dydξ.

Some reminders about the Weyl quantization are recalled in Section 4.4.3. We notice
in particular that the Weyl symbol of the d-dimensional harmonic oscillator

|ξ|2 +
|v|2

4
∈ S1(R2d),

is a first order symbol in this symbolic calculus. The symbol class S−∞(R2d) denotes
the class ∩m∈RSm(R2d). We define for m ≥ 0 the Sobolev space

(2.13) Bm(Rd) = {u ∈ L2(Rd), Hmu ∈ L2(Rd)}=
{
u ∈ L2(Rd),

∑
k≥1

k2m‖Pku‖2L2 <+∞
}

and B−m(Rd) as the dual space of Bm(Rd). It follows from the general theory of
Sobolev spaces attached to a pseudodifferential calculus (see e.g. Section 2.6 in [16])
that

∀m ∈ R, Bm(Rd) = {u ∈ S ′(Rd),∀a ∈ Sm(R2d), awu ∈ L2(Rd)}.
For definiteness, we shall now make the following choice for the cross section

(2.14) β(θ) =
| cos θ

2
|

| sin θ
2
|1+2s

, |θ| ≤ π

4
.

With that choice, we get a more precise equivalent than in Theorem 2.3,

(2.15) λk ∼ c0k
s when k → +∞ with c0 =

21+s

s
Γ(1− s).

Theorem 2.4. Under the assumption (2.14), the linearized non-cutoff Kac operator

K = lw(v,Dv),

is a pseudodifferential operator whose Weyl symbol l(v, ξ) is real-valued, belongs to
the symbol class Ss(R2) with the following asymptotic expansion: there exists a se-
quence of real numbers (ck)k≥1 such that

∀N ≥ 1, l(v, ξ) ≡ c0

(
1+ ξ2 +

v2

4

)s
−d0 +

N∑
k=1

ck

(
1+ ξ2 +

v2

4

)s−k
mod Ss−N−1(R2),

where the two positive constants c0, d0 > 0 are defined in (2.15) and (3.21).

This result shows that the linearized non-cutoff Kac operator is a pseudodifferential
operator whose principal symbol is the same as for the fractional harmonic oscillator

c0

(
1−∆v +

v2

4

)s
.
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According to standard results about the phase space structure of the powers of posi-
tive elliptic pseudodifferential operators (see e.g. Section 4.4 in [13]), we notice that
the linearized non-cutoff Kac operator is equal to the fractional harmonic oscillator

c0

(
1−∆v +

v2

4

)s
,

up to a bounded operator on L2(R). Let us underline that the fractional power
0 < s < 1 of the harmonic oscillator only relates to structure of the singularity (1.9)
whereas the different constants d0, (ck)k≥0 appearing in the asymptotic expansion

(2.16) l(v, ξ) ∼ c0

(
1 + ξ2 +

v2

4

)s
− d0 +

+∞∑
k=1

ck

(
1 + ξ2 +

v2

4

)s−k
,

may be computed explicitly and depend directly on the exact expression chosen for
the angular factor (2.14). This asymptotic expansion provides a complete description
of the phase space structure of the linearized non-cutoff Kac operator. As we shall
see in the proof of Theorem 2.4, the two parts K1 and K2 account very differently
in the way the linearized non-cutoff Kac operator acts. The first part K1 is a
pseudodifferential operator whose Weyl symbol l1 accounts for all the asymptotic
expansion of the symbol l,

l1(v, ξ) ∼ c0

(
1 + ξ2 +

v2

4

)s
− d0 +

+∞∑
k=1

ck

(
1 + ξ2 +

v2

4

)s−k
,

whereas the symbol of the operator K2 belongs to the symbol class S−∞(R2). This
shows that K2 is a smoothing operator in any direction of the phase space

‖〈v〉N1K2f‖HN2 (R) . ‖f‖L2(R),

for all N1, N2 ∈ N, f ∈ S (R) and that K2 defines a compact operator on L2(R).

2.2. Main results for the linearized non-cutoff radially symmetric Boltz-
mann operator. We consider the linearized non-cutoff Boltzmann operator defined
in (1.11) with Maxwellian molecules

L f = −µ−1/2Q(µ, µ1/2f)− µ−1/2Q(µ1/2f, µ),

acting on the radially symmetric Schwartz space on Rd (see Section 4.4.4) with
d ≥ 2,

(2.17) Sr(Rd) =
{
f ∈ S (Rd),∀v ∈ Rd,∀A ∈ O(d), f(v) = f(Av)

}
=
{
f(|v|)

}
f even
f∈S (R)

,

where O(d) stands for the orthogonal group of Rd. We recall that the case of
Maxwellian molecules corresponds to the case when γ = 0 in the kinetic factor (1.4)
and that the non-negative cross section b(cos θ) is assumed to be supported where
cos θ ≥ 0 and to satisfy the assumption (1.5). We define the following function

(2.18) β(θ) = |Sd−2|| sin 2θ|d−2b(cos 2θ) ≈
θ→0
|θ|−1−2s.

The first result gives an operator-theoretical formula expressing the first part of the
linearized non-cutoff radially symmetric Boltzmann operator as a function of the
contraction semigroup generated by the d-dimensional harmonic oscillator:
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Theorem 2.5. When it acts on the function space Sr(Rd), the first part of the
linearized non-cutoff Boltzmann operator with Maxwellian molecules defined by

L1f = −µ−1/2Q(µ, µ1/2f),

is equal to

(2.19) L1 =

∫ π
4

−π
4

β(θ)
(

1− (sec θ)
d
2 exp

(
−H ln(sec θ)

))
dθ,

where β is the function defined in (2.18) and H = −∆v + |v|2
4

is the d-dimensional
harmonic oscillator so that

(2.20) L1 =
∑
k≥1

(∫ π
4

−π
4

β(θ)
(
1− (cos θ)k

)
dθ
)
Pk,

where the projections Pk onto the Hermite basis are described in Section 4.4.1.

As for the first part of the linearized non-cutoff Kac operator, the domain of the
operator L1 can be taken as

(2.21) D =
{
u ∈ L2(Rd),

∑
k≥0

k2s‖Pku‖2
L2 < +∞

}
= {u ∈ L2(Rd),Hsu ∈ L2(Rd)}.

Similarly to the second part of the linearized non-cutoff Kac operator, the next
theorem provides an operator-theoretical formula expressing the second part of the
linearized non-cutoff radially symmetric Boltzmann operator as function of the spec-
tral projections of the harmonic oscillator.

Theorem 2.6. When it acts on the function space Sr(Rd), the second part of the
linearized non-cutoff Boltzmann operator with Maxwellian molecules defined by

L2f = −µ−1/2Q(µ1/2f, µ),

is equal to

(2.22) L2 = −
∑
l≥1

(∫ π
4

−π
4

β(θ)(sin θ)2ldθ
)
P2l,

where β is the function defined in (2.18) and Pk are the spectral projections onto
the Hermite basis described in Section 4.4.1. Furthermore, there exist some positive
constants c1, c2 > 0 such that

(2.23) 0 ≤ −L2 ≤ c1 exp−c2H,

where H = −∆v + |v|2
4

is the d-dimensional harmonic oscillator.

Collecting the two previous results and using the fact that P2k+1f = 0 when k ≥ 0
and f ∈ Sr(Rd), we recover in the radially symmetric case the spectral diagonaliza-
tion obtained in [26] for the linearized Boltzmann operator:
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Corollary 2.7. When it acts on the function space Sr(Rd), the linearized non-cutoff
Boltzmann operator with Maxwellian molecules

L f = −µ−1/2Q(µ, µ1/2f)− µ−1/2Q(µ1/2f, µ),

is equal to

L =
∑
k≥1

(∫ π
4

−π
4

β(θ)
(
1− (sin θ)2k − (cos θ)2k

)
dθ
)
P2k,

where β is the function defined in (2.18) and Pk are the spectral projections onto the
Hermite basis described in Section 4.4.1. Furthermore, the estimates

(2.24)

∫ π
4

−π
4

β(θ)
(
1− (sin θ)2k − (cos θ)2k

)
dθ ≈ ks when k → +∞,

are satisfied and imply the following coercive estimates

(2.25) ‖H
s
2 (1−P)f‖2

L2 . (L f, f)L2 . ‖H
s
2 (1−P)f‖2

L2 ,

for f ∈ Sr(Rd), where H = −∆v + |v|2
4

is the d-dimensional harmonic oscillator.

Let us mention that the results of Theorems 2.5, 2.6 and Corollary 2.7 (except for
(2.24) and (2.25)) hold true as well for the cutoff case when β is integrable. For
definiteness, we shall now make the following choice for the cross section

(2.26) β(θ) = |Sd−2|| sin 2θ|d−2b(cos 2θ) =
| cos θ

2
|

| sin θ
2
|1+2s

.

With that choice, we get as before a more precise equivalent than in Corollary 2.7∫ π
4

−π
4

β(θ)
(
1− (sin θ)2k − (cos θ)2k

)
dθ ∼ c0(2k)s,

when k → +∞, where the positive constant c0 > 0 is defined in (2.15).

Theorem 2.8. Under the assumption (2.26), the linearized non-cutoff Boltzmann
operator with Maxwellian molecules acting on the radially symmetric function space
Sr(Rd) is equal to a pseudodifferential operator

L f = lw(v,Dv)f, f ∈ Sr(Rd),

whose Weyl symbol l(v, ξ) is real-valued, belongs to the symbol class Ss(R2d) with the
following asymptotic expansion: there exists a sequence of real numbers (ck)k≥1 such
that ∀N ≥ 1,

l(v, ξ) ≡ c0

(
1 + |ξ|2 +

|v|2

4

)s
− d0 +

N∑
k=1

ck

(
1 + |ξ|2 +

|v|2

4

)s−k
mod Ss−N−1(R2d),

where | · | is the Euclidean norm and c0, d0 > 0 are the positive constants defined in
(2.15) and (3.21).
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This result shows that when acting on the function space Sr(Rd), the linearized
non-cutoff Boltzmann operator with Maxwellian molecules is a pseudodifferential
operator whose principal symbol is the same as for the fractional harmonic oscillator

c0

(
1−∆v +

|v|2

4

)s
.

For Maxwellian molecules, this accounts for the exact diffusive structure of the
linearized non-cutoff radially symmetric Boltzmann operator and shows that this
operator is equal to the fractional harmonic oscillator

c0

(
1−∆2

v +
|v|2

4

)s
,

up to a bounded operator on L2(Rd). Let us mention that the phase space structure
of the linearized non-cutoff Boltzmann was first investigated in [22, 23], but these
results were somehow controversial (see remarks in [10, 15]). In these works, the
linearized non-cutoff Boltzmann with Maxwellian molecules and s = 1/4 in the
assumption (1.5) was shown to be a pseudodifferential operator whose symbol in the
standard quantization satisfies to the following estimates

∃c1, c2 > 0, Re p(v, ξ) > c1(|ξ|2 + |v|2)
1
4 − c2,

|p(v, ξ)| . 〈v〉
1
2 〈ξ〉

1
2 , ∀α, β ∈ N3, |α|+ |β| ≥ 1, |∂αv ∂

β
ξ p(v, ξ)| . 〈(v, ξ)〉

1
2 .

From a microlocal view point, these estimates are of a limited interest since the
above estimates only point out that the symbol p belongs to a gainless symbol class
without any asymptotic calculus. In the radially symmetric case, the situation is
much more favorable since the Weyl symbol of the linearized non-cutoff Boltzmann
operator with Maxwellian molecules belongs to Ss(R2d) which is a standard symbol
class enjoying nice symbolic calculus (see Lemma 2.2.18 in [16]). Indeed, the function
space Sm(R2d) which writes with Hörmander’s convention as

S
(
〈(v, ξ)〉2m, |dv|

2 + |dξ|2

〈(v, ξ)〉2
)
,

is a symbol class with gain λ = 〈(v, ξ)〉2 in the symbolic calculus

a1︸︷︷︸
∈Sm1

]w a2︸︷︷︸
∈Sm2

= a1a2︸︷︷︸
∈Sm1+m2

+
1

2i
{a1, a2}︸ ︷︷ ︸
∈Sm1+m2−1

+...

As for the linearized non-cutoff Kac operator, the two operators L1 and L2 defined
in Theorem 2.5, 2.6 account very differently in the way the operator lw(v,Dv) acts
on functions. The first part L1 is a pseudodifferential operator whose Weyl symbol
accounts for all the asymptotic expansion of the symbol l,

l1(v, ξ) ∼ c0

(
1 + |ξ|2 +

|v|2

4

)s
− d0 +

+∞∑
k=1

ck

(
1 + |ξ|2 +

|v|2

4

)s−k
,

whereas the symbol of the operator L2 belongs to the class S−∞(R2d). This shows
that L2 is a smoothing operator in any direction of the phase space

‖〈v〉N1L2f‖HN2 (Rd) . ‖f‖L2(Rd),

for all N1, N2 ∈ N, f ∈ S (Rd) and that L2 defines a compact operator on L2(Rd).
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All the results about the linearized non-cutoff radially symmetric Boltzmann op-
erator are a byproduct of the analysis of the linearized non-cutoff Kac operator.
More specifically, the article is organized as follows. Section 3 is devoted first to
some reminders about the Mehler formula and to the proofs of the results for the
linearized non-cutoff Kac operator. The link between the Kac operator and the
radially symmetric Boltzmann operator together with the proofs of the results con-
cerning the radially symmetric Boltzmann operator are given in Section 3.4. The
appendix in Section 4 provides a useful lemma to handle singular kernels, some for-
mulas for the collision operators and the statement of Bobylev formulas used in the
previous sections.

3. Proof of the results

3.1. The Mehler formula. We begin by recalling the Mehler formula which will
play an important rôle in our analysis. The Mehler formula provides an explicit
formula for the Weyl symbol of the semigroup generated by the harmonic oscillator

H = −∆v +
|v|2

4
.

Let
(v, ξ) ∈ Rd × Rd 7→ q(v, ξ) ∈ C,

be a complex-valued quadratic form with a positive definite real part Re q � 0.
Associated to this quadratic symbol is the Hamilton map F ∈ M2d(C) uniquely
defined by the identity

q
(
(v, ξ); (y, η)

)
= σ

(
(v, ξ), F (y, η)

)
, (v, ξ) ∈ R2d, (y, η) ∈ R2d,

where q(·; ·) stands for the polarized form associated to q and σ is the canonical
symplectic form on R2d,

σ
(
(v, ξ), (y, η)

)
= ξ · y − v · η, (v, ξ) ∈ R2d, (y, η) ∈ R2d.

The differential operator defined by the Weyl quantization of the quadratic symbol q,

qw(v,Dv)u(v) =
1

(2π)d

∫
R2d

ei(v−y)·ξq
(y + v

2
, ξ
)
u(y)dydξ,

equipped with the domain

D(q) =
{
u ∈ L2(Rd) : qw(v,Dv)u ∈ L2(Rd)

}
,

is maximally accretive

Re
(
qw(v,Dv)u, u

)
L2 ≥ 0, u ∈ D(q).

This operator generates a contraction semigroup (e−tq
w
)t≥0 whose Weyl symbol

e−tq
w

= pwt (v,Dv),

is given by the Mehler formula [14] (Theorem 4.2),

pt(X) =
exp(−σ

(
X, tan(tF )X))√

det(cos tF )
∈ S (R2d), X = (v, ξ) ∈ R2d,

for any t > 0. The Weyl symbol of the one-dimensional harmonic oscillator H is

q(v, ξ) = ξ2 +
v2

4
.
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A direct computation shows that its Hamilton map

F =

(
0 1
−1

4
0

)
,

satisfies

F 2 = −1

4
I2d, cos(tF ) = cosh

( t
2

)
I2d, sin(tF ) = 2 sinh

( t
2

)
F,

where I2d stands for the identity matrix. This implies that

tan(tF ) = 2 tanh
( t

2

)
F,

√
det(cos tF ) = cosh

( t
2

)
.

Moreover, we have

σ
(
X, tan(tF )X)

)
= 2 tanh

( t
2

)
σ(X,FX) = 2 tanh

( t
2

)
q(X) = 2 tanh

( t
2

)(
ξ2 +

v2

4

)
.

By tensorization, we deduce that the Weyl symbol of the semigroup

exp−tH = pwt (v,Dv),

generated by the d-dimensional harmonic oscillator H = −∆v + |v|2
4

is given by

(3.1) pt(v, ξ) =
exp

[
− 2 tanh( t

2
)(|ξ|2 + |v|2

4
)
]

coshd( t
2
)

,

for any t ≥ 0. According to (4.16), we may write

pwt (v,Dv) =
∑
k≥0

e−t(k+ d
2

)Pk.

Setting z = tanh( t
2
), we have

t

2
= tanh−1 z =

1

2
ln
(1 + z

1− z

)
, cosh

( t
2

)
= cosh(tanh−1 z) =

1√
1− z2

.

Following [24] (p. 204-205), we obtain the following formula as L2(Rd)-bounded
operators

(3.2)

[
exp−

(
2z
(
|ξ|2 +

|v|2

4

))]w
=

1

(1 + z)d

∑
k≥0

(1− z
1 + z

)k
Pk,

holding for any z ∈ C, Re z ≥ 0, the latter condition ensuring that |1−z
1+z
| ≤ 1. We

may rewrite (3.1) as

(3.3)

[
exp−

(
2z
(
|ξ|2 +

|v|2

4

))]w
=

1

(1− z2)
d
2

exp
(
H ln

1− z
1 + z

)
,

when |z| < 1, Re z ≥ 0. Notice that the condition |z| < 1 ensures that Re(1−z
1+z

) > 0

and Re z ≥ 0 that Re(ln 1−z
1+z

) ≤ 0. On the other hand, the identity (3.2) provides
for z = 1,

(3.4) P0 =
[
2de−2(|ξ|2+

|v|2
4

)
]w
.

We can reformulate (3.3) as

(3.5) exp−2Hζ = (1− tanh2 ζ)
d
2

[
e−2(|ξ|2+

|v|2
4

) tanh ζ
]w
,
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for any for ζ ∈ C such that Re ζ ≥ 0, | Im ζ| < π
2
. For the present analysis of the

linearized non-cutoff Kac operator, additional identities linked to the Mehler formula
are needed. For θ ∈ (−π

2
, π

2
), we set

t = 2 tanh−1
(

tan2
(θ

2

))
.

By using that

tanh−1 ζ =
1

2
ln
(1 + ζ

1− ζ

)
,

we obtain that

t = ln
(1 + tan2( θ

2
)

1− tan2( θ
2
)

)
= ln

( (cos θ
2
)−2

2− (cos θ
2
)−2

)
= ln

( 1

cos θ

)
and

cosh
( t

2

)
=

1

2

(
(cos θ)−

1
2 + (cos θ)

1
2

)
=

cos2( θ
2
)

(cos θ)
1
2

.

As a result, it follows that[
e−2 tan2( θ

2
)(|ξ|2+

|v|2
4

)

cos2d( θ
2
)

]w
=

[
e−2 tanh( t

2
)(|ξ|2+

|v|2
4

)

coshd( t
2
) cos2d( θ

2
)

]w
cos2d( θ

2
)

(cos θ)
d
2

=

[
e−2 tanh( t

2
)(|ξ|2+

|v|2
4

)

coshd( t
2
)

]w
(cos θ)−

d
2 .

Then, we deduce from (3.1) that for any |θ| < π
2
,

(3.6) (cos θ)−
d
2 exp−

(
H ln

( 1

cos θ

))
=

[
e−2 tan2( θ

2
)(|ξ|2+

|v|2
4

)

cos2d( θ
2
)

]w
.

For 0 < θ ≤ π
2
, we have

z =
cos2 θ

(1 + sin θ)2
,

1− z
1 + z

= sin θ, 1− z2 =
4 sin θ

(1 + sin θ)2
.

The formula (3.3) provides that

(1 + sin θ)−d
[
e
−2 cos2 θ

(1+sin θ)2
(|ξ|2+

|v|2
4

)
]w

=
1

2d(sin θ)
d
2

expH ln(sin θ) =
1

2d

∑
k≥0

(sin θ)kPk,

for any 0 < θ ≤ π
2
. This formula extends by analytic continuation

(1 + sin θ)−d
[
e
−2 cos2 θ

(1+sin θ)2
(|ξ|2+

|v|2
4

)
]w

=
1

2d

∑
k≥0

(sin θ)kPk,

for any |θ| < π
2
. We deduce from (3.4) that for any |θ| < π

2
,

(3.7)

[
e
−2 cos2 θ

(1+sin θ)2
(|ξ|2+

|v|2
4

)
]w

(1 + sin θ)d
+

[
e
−2 cos2 θ

(1−sin θ)2
(|ξ|2+

|v|2
4

)
]w

(1− sin θ)d
=

1

2d−1

∑
l≥0

(sin θ)2lP2l
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and

(3.8) 2d−1

[
e
−2 cos2 θ

(1+sin θ)2
(|ξ|2+

|v|2
4

)
]w

(1 + sin θ)d
+ 2d−1

[
e
−2 cos2 θ

(1−sin θ)2
(|ξ|2+

|v|2
4

)
]w

(1− sin θ)d

− 2d
[
e−2(|ξ|2+

|v|2
4

)
]w

=
∑
l≥1

(sin θ)2lP2l.

3.2. Study of the linearized operator K1. We study the first part of the lin-
earized non-cutoff Kac operator

K1u = −µ−1/2K(µ, µ1/2u),

defined in (2.2) as a pseudodifferential operator given by the Weyl quantization of
a symbol l1.

Lemma 3.1. The Weyl symbol of the operator K1 is equal to

(3.9) l1(v, ξ) =

∫
|θ|≤π

4

β(θ)
[
1− sec2

(θ
2

)
exp

(
− 2 tan2

(θ
2

)(
ξ2 +

v2

4

))]
dθ.

Furthermore, the operator K1 is equal to

(3.10) K1 =

∫
|θ|≤π

4

β(θ)
[
1− (sec θ)

1
2 exp−

(
H ln

(
sec θ

))]
dθ,

is diagonal in the Hermite basis

(3.11) K1 =
∑
k≥1

(∫
|θ|≤π

4

β(θ)
(
1− (cos θ)k

)
dθ
)
Pk,

where

(3.12)

∫
|θ|≤π

4

β(θ)
(
1− (cos θ)k

)
dθ ≈ ks,

when k → +∞.

Notice that the functions of θ inside the integrals factoring β are even, vanish at 0
and are smooth on the compact interval of integration. Lemma 4.1 may therefore
be applied and the symbol l1 is indeed given by a Lebesgue integral.

Proof. Let u be in the Schwartz space S (R). It follows from the Bobylev formula
(Lemma 4.4) and the Fourier inversion formula that

− µ−1/2K(µ, µ1/2u)(v)

=
e
v2

4

(2π)
3
4

x

R×(−π
4
,π
4

)

β(θ)
[
µ̂(0)µ̂1/2u(η)− µ̂(η sin θ)µ̂1/2u(η cos θ)

]
eivηdηdθ.

Recalling the formula written in the d-dimensional case for future reference

(3.13) ̂(e−α2 |v|2)(ξ) =

∫
Rd
e−

α
2
|v|2e−iv·ξdv =

(2π)
d
2

α
d
2

e−
|ξ|2
2α ,
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when α > 0, we notice that µ̂(ξ) = e−
|ξ|2
2 . It follows that

− µ−1/2K(µ, µ1/2u)(v)

=
1

2π

x

R×(−π
4
,π
4

)

β(θ)

(∫
R
e
v2−y2

4

[
e−iyη − e−

η2 sin2 θ
2 e−iyη cos θ

]
eivηu(y)dy

)
dηdθ

=

∫
|θ|≤π

4

β(θ)(K1,θu)(v)dθ,

where the distribution-kernel of the operator K1,θ is given by the oscillatory integral

K1,θ(v, y) =
1

2π

∫
R
e
v2−y2

4

[
e−iyη − e−

η2 sin2 θ
2 e−iyη cos θ

]
eivηdη

= δ0(v − y)− 1

2π
e
v2−y2

4

∫
R
e−

η2 sin2 θ
2 e−iyη cos θeivηdη

= δ0(v − y)− e
v2−y2

4

√
2π| sin θ|

exp−(v − y cos θ)2

2 sin2 θ
.

Since

K1,θ

(
v − y

2
, v +

y

2

)
= δ0(y)− e−

vy
2

√
2π| sin θ|

exp−
(v − y

2
− (v + y

2
) cos θ)2

2 sin2 θ
,

we deduce from (4.23) that the Weyl symbol of the operator K1,θ denoted l1,θ writes
as

l1,θ(v, ξ) = 1− `1,θ(v, ξ),

where

`1,θ(v, ξ) =

∫
R
eiyξ

1√
2π| sin θ|

exp−
(v − y

2
− (v + y

2
) cos θ)2 + vy sin2 θ

2 sin2 θ
dy.

The numerator of the fraction in the exponential is[
v(1− cos θ)− y

2
(1 + cos θ)

]2

+ vy sin2 θ = 4 sin4
(θ

2

)
v2 + cos4

(θ
2

)
y2,

so that the quadratic form in the variables v, y is positive definite for any 0 < |θ| ≤ π
4
.

This leads to

`1,θ(v, ξ) =
1√

2π| sin θ|
e
− sin4( θ2 )v2

2 sin2( θ2 ) cos2( θ2 )

∫
R
eiyξ exp−

cos4( θ
2
)y2

8 sin2( θ
2
) cos2( θ

2
)
dy

=
1

cos2( θ
2
)

exp−
(

2 tan2
(θ

2

)(
ξ2 +

v2

4

))
and

l1,θ(v, ξ) = 1−
exp−(2 tan2( θ

2
)(ξ2 + v2

4
))

cos2( θ
2
)

.

This proves (3.9). Applying (3.6) in the one-dimensional case provides the formula
(3.10). Furthermore, (3.11) and (3.12) follow from (4.16) and (4.18). This ends the
proof of Lemma 3.1. �
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Lemma 3.2. When the cross section is given by (2.14), the Weyl symbol l1 of the
first part of the linearized non-cutoff Kac operator K1 belongs to the symbol class
Ss(R2). Furthermore, we have the following asymptotic equivalent

(3.14)

∫
|θ|≤π

4

β(θ)
(
1− (cos θ)k

)
dθ ∼ 21+s

s
Γ(1− s)ks when k → +∞.

Proof. The asymptotic equivalent (3.14) follows from (4.18). Setting

λ = 1 + ξ2 +
v2

4
,

we use the substitution rule with τ = tan2( θ
2
) in the formula (3.9) to get that

l1(v, ξ) = 2

∫ tan2(π
8

)

0

cos( θ
2
)

sin1+2s( θ
2
)
(1− (1 + τ)e−2τ(λ−1))

dτ

(1 + τ) tan( θ
2
)

= 2

∫ tan2(π
8

)

0

cos−2s( θ
2
)

tan2+2s( θ
2
)
(1− (1 + τ)e−2τ(λ−1))

dτ

1 + τ

= 2

∫ tan2(π
8

)

0

(1 + τ)s

τ 1+s
(1− (1 + τ)e−2τ(λ−1))

dτ

1 + τ

= 2

∫ tan2(π
8

)

0

τ−1−s︸ ︷︷ ︸
u′(τ)

((1 + τ)s−1 − (1 + τ)se−2τ(λ−1))︸ ︷︷ ︸
v(τ)

dτ,

since dτ = tan( θ
2
)(1 + tan2( θ

2
))dθ. By recalling that 0 < s < 1 and integrating by

parts, we obtain that

l1(v, ξ) =
2

s tan2s(π
8
)

[(
1 + tan2

(π
8

))s ∈S−∞︷ ︸︸ ︷
e−2(λ−1) tan2(π

8
)−
(

1 + tan2
(π

8

))s−1]
+

2

s

∫ tan2(π
8

)

0

(
(s− 1)(1 + τ)s−2− s(1 + τ)s−1e−2τ(λ−1) + 2(1 + τ)s(λ− 1)e−2τ(λ−1)

)dτ
τ s

= −
2(1 + tan2(π

8
))s−1

s tan2s(π
8
)

+ l̃1(v, ξ) + S−∞,

where

l̃1(v, ξ) =
2

s

∫ λ tan2(π
8

)

0

λs−1

σs

[
(s− 1)

(
1 +

σ

λ

)s−2

− s
(

1 +
σ

λ

)s−1

e−2σe
2σ
λ

+ 2
(

1 +
σ

λ

)s
(λ− 1)e−2σe

2σ
λ

]
dσ

=
2(s− 1)

s
λs−1

∫ λ tan2(π
8

)

0

(
1 +

σ

λ

)s−2dσ

σs
+

4λs−1(λ− 1)

s

∫ λ tan2(π
8

)

0

(
1 +

σ

λ

)s
e−2σe

2σ
λ
dσ

σs

− 2λs−1

∫ λ tan2(π
8

)

0

(
1 +

σ

λ

)s−1

e−2σe
2σ
λ
dσ

σs
.

The sum of the first and last terms writes as

(3.15) l1,1(v, ξ) = λs−1

∫ λ tan2(π
8

)

0

[2(s− 1)

s
− 2
(

1 +
σ

λ

)
e−2σe

2σ
λ

](
1 +

σ

λ

)s−2dσ

σs
.
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The main term is the second one

(3.16) l1,2(v, ξ) =
21+s

s
λs−1(λ− 1)

∫ 2λ tan2(π
8

)

0

(
1 +

w

2λ

)s
e
w
λ e−w

dw

ws
.

We may write

(3.17) l1(v, ξ) = −
2(1 + tan2(π

8
))s−1

s tan2s(π
8
)

+ l1,1(v, ξ) + l1,2(v, ξ) + S−∞.

By using that tan2(π
8
) < 1 and that the function

z 7→ κ(z) = (1 + z)se2z =
∑
j≥0

ajz
j,

is holomorphic on |z| < 1, we obtain that

l1,2 =
21+sλs−1(λ− 1)

s

∑
j≥0

aj
2jλj

∫ 2λ tan2(π
8

)

0

wj−se−wdw

=
21+sλs−1(λ− 1)

s

∑
0≤j≤N

aj
2jλj

∫ 2λ tan2(π
8

)

0

wj−se−wdw

+
21+sλs−1(λ− 1)

s(2λ)N+1

∫ 1

ρ=0

∫ 2λ tan2(π
8

)

w=0

(1− ρ)N

N !
κ(N+1)

(ρw
2λ

)
wN+1−se−wdρdw

=
21+sλs−1(λ− 1)

s

∑
0≤j≤N

aj
2jλj

Γ(1 + j − s)

− 21+sλs−1(λ− 1)

s

∑
0≤j≤N

aj
2jλj

∫ +∞

2λ tan2(π
8

)

wj−se−wdw︸ ︷︷ ︸
∈S−∞

+
21+sλs−1(λ− 1)

s(2λ)N+1

∫ 1

ρ=0

∫ 2λ tan2(π
8

)

w=0

(1− ρ)N

N !
κ(N+1)

(ρw
2λ

)
wN+1−se−wdρdw.

To prove that the last line belongs to Ss−N−1, it is sufficient to prove that

ω0(v, ξ) =

∫ 1

ρ=0

∫ 2λ tan2(π
8

)

w=0

(1− ρ)N

N !
κ(N+1)

(ρw
2λ

)
wN+1−se−wdρdw ∈ S0.

To that end, we first notice that the function ω0 is bounded

|ω0(v, ξ)| ≤
∫ 1

ρ=0

∫ 2λ tan2(π
8

)

w=0

(1− ρ)N

N !
‖κ(N+1)‖L∞(|z|≤tan2(π

8
))w

N+1−se−wdρdw

≤ Γ(N + 2− s)
(N + 1)!

‖κ(N+1)‖L∞(|z|≤tan2(π
8

)).

Writing ω0(v, ξ) = Ω0(λ(v, ξ)), we have

dΩ0

dλ
=
(

2λ tan2
(π

8

))N+2−s e−2λ tan2(π
8

)

λ

∫ 1

0

(1− ρ)N

N !
κ(N+1)

(
ρ tan2

(π
8

))
dρ

− 1

λ

∫ 1

ρ=0

∫ 2λ tan2(π
8

)

w=0

(1− ρ)N

N !
κ(N+2)

(ρw
2λ

)ρw
2λ
wN+1−se−wdρdw,
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where the first line belongs to S−∞ and by following the exact same reasoning as
for bounding the function ω0, we notice that the second line is bounded above in
modulus by a constant times λ−1. It follows that

|∇v,ξω0| . λ−1|∇v,ξλ| . λ−1/2.

The higher-order derivatives may be handled in the very same way. It follows that
for any N ∈ N,

(3.18) l1,2 ≡
∑

0≤j≤N

λs−j−1(λ− 1)
21+s−j

s
Γ(1 + j − s)aj mod Ss−N−1.

The study of the term l1,1 is very similar. We may write

(3.19) l1,1(v, ξ) = 2sλs−1

∫ 2λ tan2(π
8

)

0

[s− 1

s
−
(

1 +
w

2λ

)
e−we

w
λ

](
1 +

w

2λ

)s−2dw

ws

= 2s
s− 1

s
λs−1

∫ 2λ tan2(π
8

)

0

(
1+

w

2λ

)s−2dw

ws
−2sλs−1

∫ 2λ tan2(π
8

)

0

(
1+

w

2λ

)s−1

e
w
λ e−w

dw

ws
,

so that the last term is almost identical to the symbol l1,2 (with leading term λs−1)
and the first integral in the last line is equal to the negative constant

−2(1− s)
s

∫ 3−23/2

0

(1 + t)s−2dt

ts
.

We deduce from (3.17) and (3.18) that

(3.20) l1 ≡
21+s

s
Γ(1− s)λs − d0 +

∑
1≤j≤N

cjλ
s−j mod Ss−N−1,

where

d0 =
2(1 + tan2(π

8
))s−1

s tan2s(π
8
)

+
2(1− s)

s

∫ 3−23/2

0

(1 + t)s−2dt

ts
.

An easy calculation2 shows that

(3.21) d0 =
2

s sin2s(π
8
)

=
21+s(2 +

√
2)s

s
.

The formula (3.20) yields a full asymptotic expansion for l1 as a symbol belonging
to the class Ss(R2). This ends the proof of Lemma 3.2. �

3.3. Study of the linearized operator K2. We consider the operator

K2u = − µ−1/2K(µ1/2u, µ)

= − µ−1/2

∫
|θ|≤π

4

β(θ)

(∫
R

(
(µ1/2ŭ)′∗µ

′ − (µ1/2ŭ)∗µ
)
dv∗

)
dθ,

using the notation (4.1) and the expression (4.7).

2Use the change of variable t = tan2 θ in the integral term.
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Lemma 3.3. The Weyl symbol of the second part of the linearized non-cutoff Kac
operator K2 is equal to

(3.22) l2(v, ξ) =

∫
|θ|≤π

4

β(θ)

[
2e−2(ξ2+ v2

4
) −

exp
(
− 2 cos2 θ(ξ2+ v2

4
)

(1+sin θ)2

)
1 + sin θ

−
exp

(
− 2 cos2 θ(ξ2+ v2

4
)

(1−sin θ)2

)
1− sin θ

]
dθ

and satisfies

∀(α, β) ∈ N2,∃Cα,β > 0,∀(v, ξ) ∈ R2, |∂αv ∂
β
ξ l2(v, ξ)| ≤ Cα,βe

− 1
3

(ξ2+ v2

4
),

implying in particular that l2 ∈ S−∞(R2).

The formula (3.22) makes sense as an ordinary integral according to Lemma 4.1.

Proof. As in the previous section, we may use the Bobylev formula (Lemma 4.4) to
write

(K2u)(v) =

e
v2

4

(2π)
3
4

∫
|θ|≤π

4

β(θ)

(∫
R

[
(µ̂1/2ŭ)(0)µ̂(η)− (µ̂1/2ŭ)(η sin θ)µ̂(η cos θ)

]
eivηdη

)
dθ.

It follows that

(K2u)(v) =
x

R×(−π
4
,π
4

)

β(θ)

(
1

2π

∫
R
e
v2−y2

4

[
e−

η2

2 − e−
η2 cos2 θ

2 e−iyη sin θ

]
eivηŭ(y)dy

)
dηdθ

=

∫
|θ|≤π

4

β(θ)(K2,θu)(v)dθ,

where the distribution-kernel of the operator K2,θ is given by (see subsection 4.4.3)

(3.23)
1

2
(K2,θ(v, y) + K2,θ(v,−y)) ,

whereas the oscillatory integral K2,θ is

K2,θ(v, y) =
e
v2−y2

4

2π

∫
R

[
e−

η2

2 − e−
η2 cos2 θ

2 e−iyη sin θ

]
eivηdη.

By using (3.13), we find that

K2,θ(v, y) =
e
v2−y2

4

2π

[√
2πe−

v2

2 −
√

2π

cos θ
exp−(v − y sin θ)2

2 cos2 θ

]
=

1√
2π

[
e−

y2+v2

4 − 1

cos θ
exp−

((v − y sin θ)2

2 cos2 θ
+
y2 − v2

4

)]
.

We obtain that
√

2πK2,θ

(
v − y

2
, v +

y

2

)
= e−

y2+4v2

8 − 1

cos θ
exp−

(4(1− sin θ)2v2 + (1 + sin θ)2y2

8 cos2 θ

)
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and

√
2πK2,θ

(
v− y

2
,−v− y

2

)
= e−

y2+4v2

8 − 1

cos θ
exp−

(4(1 + sin θ)2v2 + (1− sin θ)2y2

8 cos2 θ

)
.

Setting

l2,+,θ(v, ξ) =

∫
R
K2,θ

(
v − y

2
, v +

y

2

)
eiyξdy,

we deduce from (3.13) that

l2,+,θ(v, ξ) = 2e−2(ξ2+ v2

4
) − 2

1 + sin θ
exp−

((1− sin θ)2v2

2 cos2 θ
+

2(1− sin θ)ξ2

1 + sin θ

)
,

so that

l2,+,θ(v, ξ) = 2e−2(ξ2+ v2

4
) − 2

1 + sin θ
exp−

(2(1− sin θ)

1 + sin θ

(
ξ2 +

v2

4

))
.

It follows from (3.23) that the Weyl symbol l2,θ of the operator K2,θ satisfies

2l2,θ(v, ξ) =

∫
R
K2,θ

(
v − y

2
, v +

y

2

)
eiyξdy +

∫
R
K2,θ

(
v − y

2
,−v − y

2

)
eiyξdy

= l2,+,θ(v, ξ) + l2,+,−θ(v, ξ).

We obtain that

l2,θ(v, ξ) = 2e−2(ξ2+ v2

4
) − 1

1 + sin θ
exp−

(2(1− sin θ)

1 + sin θ

(
ξ2 +

v2

4

))
− 1

1− sin θ
exp−

(2(1 + sin θ)

1− sin θ

(
ξ2 +

v2

4

))
.

We notice that the latter is an even, smooth function of the variable θ which vanishes
at zero. By using Lemma 4.1, we obtain that the Weyl symbol of the operator K2

is given by (3.22). Furthermore, note that the function

θ ∈
[
− π

4
,
π

4

]
7→ 2(1− sin θ)

1 + sin θ
,

is valued in [6− 4
√

2, 6 + 4
√

2]. Setting

ψ(θ, v, ξ) =
1

1 + sin θ
exp−

(2(1− sin θ)

1 + sin θ

(
ξ2 +

v2

4

))
,

we easily check by induction on |α|+ |β| that

∂2
θ∂

α
v ∂

β
ξ ψ = Pα,β(v, ξ, 1 + sin θ) exp−

(2(1− sin θ)

1 + sin θ

(
ξ2 +

v2

4

))
,

where Pα,β is a polynomial of degree |α| + |β| + 4 in the variables (v, ξ) whose

coefficients are rational fractions in the variable 1 + sin θ. Since 6− 4
√

2 > 1/3, the
estimates following from Lemma 4.1 give the last statement of Lemma 3.3 whose
proof is now complete. �

The theorems 2.1, 2.2, 2.3 and 2.4 are direct consequences of Lemmas 3.1, 3.2, 3.3,
(3.20), (4.20) and the Mehler formula (3.8).
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3.4. Proof of the results for the radially symmetric Boltzmann operator.
We consider the Boltzmann operator (1.2) with Maxwellian molecules γ = 0 whose
cross-section satisfies the assumption (2.18). As proven in (4.10), Q(g, f) ∈ S (Rd)
when f, g ∈ S (Rd).

Lemma 3.4. For f, g ∈ Sr(Rd), we have

(3.24) F
(
Q(g, f)

)
(ξ) =

∫
|θ|≤π

4

β(θ)
[
ĝ(ξ sin θ)f̂(ξ cos θ)− ĝ(0)f̂(ξ)

]
dθ,

where β is the function defined in (2.18).

Notice that the integral (3.24) is well-defined according to Lemma 4.1 since the
function ĝ ∈ Sr(Rd) is even.

Proof. Thanks to the Bobylev formula (Proposition 4.3), we may write with ν = ξ
|ξ| ,

(3.25) F
(
Q(g, f)

)
(ξ) =

∫
(0,π)θ×Sd−2

ω

b(cos θ)(sin θ)d−2

×
[
ĝ

(
ξ − |ξ|(ω sin θ ⊕ ν cos θ)

2

)
f̂

(
ξ + |ξ|(ω sin θ ⊕ ν cos θ)

2

)
− ĝ(0)f̂(ξ)

]
dθdω.

The cross section b(cos θ) is supported where 0 ≤ θ ≤ π
2

and we notice that

ξ − |ξ|(ω sin θ ⊕ ν cos θ) = |ξ|
(
−ω sin θ ⊕ ν(1− cos θ)

)
= 2|ξ| sin

(θ
2

)[
− ω cos

(θ
2

)
⊕ ν sin

(θ
2

)]
,

ξ + |ξ|(ω sin θ ⊕ ν cos θ) = |ξ|
(
ω sin θ ⊕ ν(1 + cos θ)

)
= 2|ξ| cos

(θ
2

)[
ω sin

(θ
2

)
⊕ ν cos

(θ
2

)]
,

so that, since ĝ, f̂ are radial functions,

ĝ
(ξ − |ξ|(ω sin θ ⊕ ν cos θ)

2

)
= ĝ
(
|ξ| sin

(θ
2

)
ν
)

= ĝ
(
ξ sin

(θ
2

))
,

f̂
(ξ + |ξ|(ω sin θ ⊕ ν cos θ)

2

)
= f̂

(
|ξ| cos

(θ
2

)
ν
)

= f̂
(
ξ cos

(θ
2

))
,

yielding

F
(
Q(g, f)

)
(ξ) = |Sd−2|

∫ π
2

0
b(cos θ)(sin θ)d−2

[
ĝ
(
ξ sin

(θ
2

))
f̂
(
ξ cos

(θ
2

))
− ĝ(0)f̂(ξ)

]
dθ

= 2

∫ π
4

0
b(cos 2θ)(sin 2θ)d−2|Sd−2|︸ ︷︷ ︸

=β(θ) from (2.18)

[
ĝ(ξ sin θ)f̂(ξ cos θ)− ĝ(0)f̂(ξ)

]
dθ,

which provides (3.24). �
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We consider the first part of the linearized non-cutoff Boltzmann operator with
Maxwellian molecules

L1f = −µ−1/2Q(µ, µ1/2f),

where µ is the Maxwellian distribution defined in (1.10). The next lemmas are
analogous to Lemmas 3.1, 3.2, and their proofs follow the same lines, using Lemma
3.4 instead of Lemma 4.4.

Lemma 3.5. When acting on the function space Sr(Rd), the operator L1 is equal
to the operator L1 defined by the Weyl quantization of the symbol

(3.26) l1;d(v, ξ) =

∫
|θ|≤π

4

β(θ)

[
1−

exp
(
− 2 tan2( θ

2
)(|ξ|2 + |v|2

4
)
)

cos2d( θ
2
)

]
dθ,

where β is the function defined in (2.18).

Lemma 3.6. When the function β is given by (2.26), the symbol l1;d(v, ξ) belongs
to the class Ss(R2d). Furthermore, there exists a sequence of real numbers (ck,d)k≥1

such that for all N ≥ 1,

l1;d(v, ξ) ≡ c0

(
1+ |ξ|2 +

|v|2

4

)s
−d0 +

N∑
k=1

ck,d

(
1+ |ξ|2 +

|v|2

4

)s−k
mod Ss−N−1(R2d),

where the positive constants c0, d0 > 0 are given by (2.15) and (3.21).

Proof of Lemmas 3.5-3.6. The following proofs are very similar to those given for
the non-cutoff Kac operator. However, we pay attention to slightly different compu-
tational details due to the multidimensional situation. Let u be in the space Sr(Rd).
It follows from the Bobylev formula (Lemma 3.4) and the Fourier inversion formula
that

− µ−1/2Q(µ, µ1/2u)(v)

=
e
|v|2
4

(2π)
3d
4

x

Rd×(−π
4
,π
4

)

β(θ)
[
µ̂(0)µ̂1/2u(η)− µ̂(η sin θ)µ̂1/2u(η cos θ)

]
eiv·ηdηdθ.

By using (3.13), we may write

−µ−1/2Q(µ, µ1/2u)(v) =

∫
|θ|≤π

4

β(θ)(L1,θu)(v)dθ,

where the distribution-kernel of the operator L1,θ is given by

L1,θ(v, y) = δ0(v − y)− e
|v|2−|y|2

4

(2π)
d
2 | sin θ|d

exp−|v − y cos θ|2

2 sin2 θ
.

Since

L1,θ

(
v − y

2
, v +

y

2

)
= δ0(y)− e−

v·y
2

(2π)
d
2 | sin θ|d

exp−
|v − y

2
− (v + y

2
) cos θ|2

2 sin2 θ
,
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we deduce from (4.23) that the Weyl symbol l1,θ;d of the operator L1,θ writes as

l1,θ;d(v, ξ) = 1− `1,θ;d(v, ξ),

where

`1,θ;d(v, ξ) =
1

(2π)
d
2 | sin θ|d

e
− |v|2 sin4( θ2 )

2 sin2( θ2 ) cos2( θ2 )

∫
Rd
eiy·ξ exp−

|y|2 cos4( θ
2
)

8 sin2( θ
2
) cos2( θ

2
)
dy

=
1

cos2d( θ
2
)

exp−
(

2 tan2
(θ

2

)(
|ξ|2 +

|v|2

4

))
.

This leads to

l1,θ;d(v, ξ) = 1−
exp−

(
2 tan2( θ

2
)(|ξ|2 + |v|2

4
)
)

cos2d( θ
2
)

,

According to Lemma 4.1, this proves (3.26) since l1,θ;d(v, ξ) is an even, smooth
function of the variable θ on the interval [−π

4
, π

4
] which vanishes at θ = 0. We shall

now check that the symbol l1;d belongs to the class Ss(R2d). Setting

λ = 1 + |ξ|2 +
|v|2

4
,

we use the substitution rule with τ = tan2( θ
2
) in the formula (3.26) to get that

l1;d(v, ξ) = 2

∫ tan2(π
8

)

0

cos( θ
2
)

sin1+2s( θ
2
)

(
1− (1 + τ)de−2τ(λ−1)

) dτ

(1 + τ) tan( θ
2
)

= 2

∫ tan2(π
8

)

0

τ−1−s︸ ︷︷ ︸
u′(τ)

(
(1 + τ)s−1 − (1 + τ)s+d−1e−2τ(λ−1)

)︸ ︷︷ ︸
v(τ)

dτ,

since dτ = tan( θ
2
)
(
1 + tan2( θ

2
)
)
dθ. Integrating by parts, we obtain that

l1;d(v, ξ) =
2

s tan2s(π
8
)

[(
1 + tan2

(π
8

))s+d−1

∈S−∞︷ ︸︸ ︷
e−2(λ−1) tan2(π

8
)−
(

1 + tan2
(π

8

))s−1]
+

2

s

∫ tan2(π
8

)

0

[
(s− 1)(1 + τ)s−2 − (s+ d− 1)(1 + τ)s+d−2e−2τ(λ−1)

+ 2(1 + τ)s+d−1(λ− 1)e−2τ(λ−1)
]dτ
τ s

= −
2(1 + tan2(π

8
))s−1

s tan2s(π
8
)

+ l̃1;d(v, ξ) + S−∞,
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where

l̃1;d(v, ξ) =
2

s

∫ λ tan2(π
8

)

0

λs−1
[
(s− 1)

(
1 +

σ

λ

)s−2

− (s+ d− 1)
(

1 +
σ

λ

)s+d−2

e−2σe
2σ
λ + 2

(
1 +

σ

λ

)s+d−1

(λ− 1)e−2σe
2σ
λ

]dσ
σs

=
2(s− 1)

s
λs−1

∫ λ tan2(π
8

)

0

(
1 +

σ

λ

)s−2dσ

σs

+
4

s
λs−1(λ− 1)

∫ λ tan2(π
8

)

0

(
1 +

σ

λ

)s+d−1

e−2σe
2σ
λ
dσ

σs

− 2(s+ d− 1)

s
λs−1

∫ λ tan2(π
8

)

0

(
1 +

σ

λ

)s+d−2

e−2σe
2σ
λ
dσ

σs
.

The sum of the first and last terms writes as

(3.27) l1,1;d(v, ξ)

= 2λs−1

∫ λ tan2(π
8

)

0

[s− 1

s
− s+ d− 1

s

(
1 +

σ

λ

)d
e−2σe

2σ
λ

](
1 +

σ

λ

)s−2dσ

σs
.

The main term is the second one

(3.28) l1,2;d(v, ξ) =
21+s

s
λs−1(λ− 1)

∫ 2λ tan2(π
8

)

0

(
1 +

w

2λ

)s+d−1

e
w
λ e−w

dw

ws
.

We may write

(3.29) l1;d(v, ξ) = −
2(1 + tan2(π

8
))s−1

s tan2s(π
8
)

+ l1,1;d(v, ξ) + l1,2;d(v, ξ) + S−∞.

By using that tan2(π
8
) < 1 and that the function

z 7→ κd(z) = (1 + z)s+d−1e2z =
∑
j≥0

aj,dz
j,
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is holomorphic on |z| < 1, we obtain that

l1,2;d =
21+s

s
λs−1(λ− 1)

∑
j≥0

aj,d
2jλj

∫ 2λ tan2(π
8

)

0

wj−se−wdw

=
21+s

s
λs−1(λ− 1)

∑
0≤j≤N

aj,d
2jλj

∫ 2λ tan2(π
8

)

0

wj−se−wdw

+
21+s

s

λs−1(λ− 1)

(2λ)N+1

∫ 1

ρ=0

∫ 2λ tan2(π
8

)

w=0

(1− ρ)N

N !
κ

(N+1)
d

(ρw
2λ

)
wN+1−se−wdρdw

=
21+s

s
λs−1(λ− 1)

∑
0≤j≤N

aj,d
2jλj

Γ(1 + j − s)

− 21+s

s
λs−1(λ− 1)

∑
0≤j≤N

aj,d
2jλj

∫ +∞

2λ tan2(π
8

)

wj−se−wdw︸ ︷︷ ︸
∈S−∞

+
21+s

s

λs−1(λ− 1)

(2λ)N+1

∫ 1

ρ=0

∫ 2λ tan2(π
8

)

w=0

(1− ρ)N

N !
κ

(N+1)
d

(ρw
2λ

)
wN+1−se−wdρdw.

To prove that the last line belongs to Ss−N−1, it is sufficient to prove that

ω0;d(v, ξ) =

∫ 1

ρ=0

∫ 2λ tan2(π
8

)

w=0

(1− ρ)N

N !
κ

(N+1)
d

(ρw
2λ

)
wN+1−se−wdρdw ∈ S0.

To that end, we first notice that the function ω0;d is bounded

|ω0;d(v, ξ)| ≤
∫ 1

ρ=0

∫ 2λ tan2(π
8

)

w=0

(1− ρ)N

N !
‖κ(N+1)

d ‖L∞(|z|≤tan2(π
8

))w
N+1−se−wdρdw

≤ Γ(N + 2− s)
(N + 1)!

‖κ(N+1)
d ‖L∞(|z|≤tan2(π

8
)).

Writing ω0;d(v, ξ) = Ω0;d(λ(v, ξ)), we have

dΩ0;d

dλ
=
(

2λ tan2
(π

8

))N+2−s e−2λ tan2(π
8

)

λ

∫ 1

0

(1− ρ)N

N !
κ

(N+1)
d

(
ρ tan2

(π
8

))
dρ

− λ−1

∫ 1

ρ=0

∫ 2λ tan2(π
8

)

w=0

(1− ρ)N

N !
κ

(N+2)
d

(ρw
2λ

)ρw
2λ
wN+1−se−wdw,

where the first line belongs to S−∞, and by following the exact same reasoning as
for bounding the function ω0;d, we notice that the second line is bounded above in
modulus by a constant times λ−1. It follows that

|∇v,ξω0;d| . λ−1|∇v,ξλ| . λ−1/2.

The higher-order derivatives may be handled in the very same way. It follows that
for any N ∈ N,

(3.30) l1,2;d ≡
∑

0≤j≤N

λs−j−1(λ− 1)
21+s−j

s
Γ(1 + j − s)aj mod Ss−N−1.
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The study of the term l1,1;d is very similar. We may write

(3.31) l1,1;d(v, ξ) = 2s
s− 1

s
λs−1

∫ 2λ tan2(π
8

)

0

(
1 +

w

2λ

)s−2dw

ws

− 2s
s+ d− 1

s
λs−1

∫ 2λ tan2(π
8

)

0

(
1 +

w

2λ

)s+d−2

e
w
λ e−w

dw

ws
,

so that the last term is almost identical to the symbol l1,2;d (with leading term λs−1)
and the first integral in the last line is equal to the negative constant

−2(1− s)
s

∫ 3−23/2

0

(1 + t)s−2dt

ts
.

We deduce from (3.29) and (3.30) that

(3.32) l1;d ≡
21+s

s
Γ(1− s)λs − d0 +

∑
1≤j≤N

cj,dλ
s−j mod Ss−N−1,

where d0 is the constant given in (3.21). This ends the proof of Lemma 3.6. �

We consider the second part of the linearized non-cutoff Boltzmann operator with
Maxwellian molecules

L2u = −µ−1/2Q(µ1/2u, µ),

where µ is the Maxwellian distribution defined in (1.10).

Lemma 3.7. When acting on Sr(Rd), the second part of the linearized non-cutoff
Boltzmann operator with Maxwellian molecules L2 is equal to the operator L2 defined
by the Weyl quantization of the symbol

(3.33) l2;d(v, ξ) =

∫
|θ|≤π

4

β(θ)

[
2de−2(|ξ|2+

|v|2
4

) − 2d−1
exp

(
− 2 cos2 θ(|ξ|2+

|v|2
4

)

(1+sin θ)2

)
(1 + sin θ)d

− 2d−1
exp

(
− 2 cos2 θ(|ξ|2+

|v|2
4

)

(1−sin θ)2

)
(1− sin θ)d

]
dθ,

satisfying

∀(α, β) ∈ N2d, ∃Cα,β > 0,∀(v, ξ) ∈ R2d, |∂αv ∂
β
ξ l2;d(v, ξ)| ≤ Cα,βe

− 1
3

(|ξ|2+
|v|2
4

),

and implying in particular that l2;d ∈ S−∞(R2d).

Notice that the integral (3.33) makes sense as an ordinary integral according to
Lemma 4.1.
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Proof. As in the previous section, we deduce from the Bobylev formula (Lemma 3.4)
that for any u ∈ Sr(Rd),

L2u =

e
|v|2
4

(2π)
3d
4

∫
|θ|≤π

4

β(θ)

(∫
Rd

[
(µ̂1/2ŭ)(0)µ̂(η)− (µ̂1/2ŭ)(η sin θ)µ̂(η cos θ)

]
eiv·ηdη

)
dθ.

It follows that

(L2u)(v)

=
x

Rd×(−π
4
,π
4

)

β(θ)

(
1

(2π)d

∫
Rd
e
|v|2−|y|2

4

[
e−
|η|2
2 − e−

|η|2 cos2 θ
2 e−iy·η sin θ

]
eiv·ηŭ(y)dy

)
dηdθ

=

∫
|θ|≤π

4

β(θ)(L2,θ;du)(v)dθ,

where the distribution-kernel of the operator L2,θ;d is given by (see subsection 4.4.3),

(3.34)
1

2
(L2,θ;d(v, y) + L2,θ;d(v,−y)) ,

whereas the oscillatory integral L2,θ;d is

L2,θ;d(v, y) =
e
|v|2−|y|2

4

(2π)d

∫
Rd

[
e−
|η|2
2 − e−

|η|2 cos2 θ
2 e−iy·η sin θ

]
eiv·ηdη.

By using (3.13), we find that

L2,θ;d(v, y) =
e
|v|2−|y|2

4

(2π)d

(
(2π)

d
2 e−

|v|2
2 − (2π)

d
2

cosd θ
exp−|v − y sin θ|2

2 cos2 θ

)
= (2π)−

d
2

[
e−
|y|2+|v|2

4 − 1

cosd θ
exp−

( |v − y sin θ|2

2 cos2 θ
+
|y|2 − |v|2

4

)]
.

We obtain that

(2π)
d
2L2,θ;d

(
v − y

2
, v +

y

2

)
= e−

|y|2+4|v|2
8 − 1

cosd θ
exp−

(4(1− sin θ)2|v|2 + (1 + sin θ)2|y|2

8 cos2 θ

)
and

(2π)
d
2L2,θ;d

(
v − y

2
,−v − y

2

)
= e−

|y|2+4|v|2
8 − 1

cosd θ
exp−

(4(1 + sin θ)2|v|2 + (1− sin θ)2|y|2

8 cos2 θ

)
.

Setting

l2,+,θ;d(v, ξ) =

∫
Rd

L2,θ;d

(
v − y

2
, v +

y

2

)
eiy·ξdy,
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it follows from (3.13) that

l2,+,θ;d(v, ξ) = 2de−2(|ξ|2+
|v|2
4

) − 2d

(1 + sin θ)d
exp−

((1− sin θ)2|v|2

2 cos2 θ
+

2(1− sin θ)|ξ|2

1 + sin θ

)
= 2de−2(|ξ|2+

|v|2
4

) − 2d

(1 + sin θ)d
exp−

(2(1− sin θ)

1 + sin θ

(
|ξ|2 +

|v|2

4

))
.

We deduce from (3.34) that the Weyl symbol of the operator L2,θ;d is given by

l2,θ;d(v, ξ) =
1

2

∫
Rd

L2,θ

(
v − y

2
, v +

y

2

)
eiy·ξdy +

1

2

∫
Rd

L2,θ

(
v − y

2
,−v − y

2

)
eiy·ξdy

=
1

2

(
l2,+,θ;d(v, ξ) + l2,+,−θ;d(v, ξ)

)
.

This implies that

l2,θ;d(v, ξ) = 2de−2(|ξ|2+
|v|2
4

) − 2d−1

(1 + sin θ)d
exp−

(2(1− sin θ)

1 + sin θ
(|ξ|2 +

|v|2

4
)
)
.

− 2d−1

(1− sin θ)d
exp−

(2(1 + sin θ)

1− sin θ
(|ξ|2 +

|v|2

4
)
)
.

The end of the proof of Lemma 3.7 is then identical to the proof given for Lemma 3.3.
�

Theorems 2.5, 2.6, 2.8 and Corollary 2.7 are direct consequences of Lemmas 3.5, 3.6,
3.7 and the formulas (3.6), (3.8) along with (4.18) and (4.20).

4. Appendix

4.1. A distribution of order 2. For φ a function defined on R, we denote

(4.1) φ̆(θ) =
1

2

(
φ(θ) + φ(−θ)

)
,

its even part.

Lemma 4.1. Let ν ∈ L1
loc(R∗) be an even function such that θ2ν(θ) ∈ L1(R). Then,

the mapping

φ ∈ C2
c (R) 7→ lim

ε→0+

∫
|θ|≥ε

ν(θ)
(
φ(θ)− φ(0)

)
dθ =

∫ 1

0

∫
R
(1− t)θ2ν(θ)φ′′(tθ)dθdt,

is defining a distribution of order 2 denoted fp (ν). The linear form fp (ν) can be
extended to C1,1 functions (C1 functions whose second derivative is L∞). For φ ∈
C1,1 satisfying φ(0) = 0, the function νφ̆ belongs to L1(R) and

(4.2) 〈fp (ν), φ〉 =

∫
ν(θ)φ̆(θ)dθ.
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Proof. We have∫
|θ|≥ε

ν(θ)
(
φ(θ)− φ(0)

)
dθ =

∫ 1

0

∫
|θ|≥ε

(1− t)θ2ν(θ)φ′′(tθ)dθdt,

and the Lebesgue dominated convergence theorem gives the first result. The exten-
sion to C1,1 follows from the formula

1

2
(φ(θ)− φ(0)) +

1

2
(φ(−θ)− φ(0)) =

1

2

∫ θ

0

(
φ′(τ)− φ′(−τ)

)
dτ,

since the absolute value of the latter is bounded above by 1
2
‖φ′′‖L∞θ2. This implies

that
ν(θ)× even part(φ(θ)− φ(0)) ∈ L1,

proving as well the last statement. �

4.2. The non-cutoff Kac and Boltzmann collision operators.

4.2.1. The Kac collision operator. Let g, f ∈ S (R) be Schwartz functions. We
define

(4.3) Ff,g(v, v∗︸︷︷︸
w

) = f(v)g(v∗), φf,g(θ, v) =

∫
R

(
Ff,g(Rθw)− Ff,g(w)

)
dv∗,

where Rθ stands for the rotation of angle θ in R2,

Rθ =

(
cos θ − sin θ
sin θ cos θ

)
= exp(θJ), J = Rπ

2
.

We have

Ff,g(Rθw)− Ff,g(w) = f(v cos θ − v∗ sin θ)g(v sin θ + v∗ cos θ)− f(v)g(v∗),

so that by using the notations f ′∗ = f(v′∗), f
′ = f(v′), f∗ = f(v∗), f = f(v) with

v′ = v cos θ − v∗ sin θ, v′∗ = v sin θ + v∗ cos θ, v, v∗ ∈ R,
we may write

(4.4) φf,g(θ, v) =

∫
R
(g′∗f

′ − g∗f)dv∗.

Furthermore, we easily check that its even part as a function of the variable θ is
given by

(4.5) φ̆f,g(θ, v) =

∫
R

(
(ğ)′∗f

′ − g∗f
)
dv∗ =

∫
R

(
(ğ)′∗f

′ − (ğ)∗f
)
dv∗.

Note that, for each θ ∈ R, the mapping

(f, g) ∈ S (R)×S (R) 7→ φf,g(θ, ·) ∈ S (R),

is continuous uniformly with respect to θ. In fact, the function Ff,g belongs to
S (R2). By denoting Π1 the projection onto the first variable, this implies that the
function

vl∂kvφf,g(θ, v) =

∫
Π1(w)l∂kvΦf,g(θ, w)dv∗,

is bounded since

Φf,g(θ, w) = Ff,g(Rθw)− Ff,g(w) ∈ S (R2).
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As a result, the function v 7→ φf,g(θ, v) belongs to S (R) uniformly with respect
to θ. Moreover, the second derivative with respect to θ of the function Φf,g,

F ′′f,g(e
θJw)

(
eθJJw, eθJJw

)
− F ′f,g(eθJw)eθJw,

belongs to S (R2) uniformly with respect to θ. This implies that the second deriv-
ative with respect to θ of the function φf,g is in S (R) uniformly with respect to
θ.

We define the non-cutoff Kac operator as

(4.6) K(g, f)(v) = 〈fp(1l(−π
4
,π
4

)β), φf,g(·, v)〉,

when β is a function satisfying (1.9). Since φf,g(0, v) ≡ 0, Lemma 4.1 allows to
replace the finite part by the absolutely converging integral

(4.7) K(g, f)(v) =

∫
|θ|≤π

4

β(θ)
(∫

R

(
ğ′∗f

′ − ğ∗f
)
dv∗

)
dθ = K(ğ, f)(v).

Lemma 4.2. For g, f be in S (R), then K(g, f) ∈ S (R).

Proof. We deduce from the above properties of the function φf,g and (4.6) that the
function K(g, f) is smooth and that for any k, l ∈ N,

vl∂kv (K(g, f))(v) = 〈fp(1l(−π
4
,π
4

)β), vl∂kvφf,g(·, v)〉.

Since the second derivative with respect to θ of the function φf,g belongs to S (R)
uniformly with respect to θ, we obtain that

v 7→ vl∂kv (K(g, f))(v) ∈ L∞.

�

4.2.2. The Boltzmann collision operator. We consider the Boltzmann operator with
Maxwellian molecules

Q(g, f) =

∫
Rd

∫
Sd−1

b
( v − v∗
|v − v∗|

· σ
)

(g′∗f
′ − g∗f)dσdv∗.

By using polar coordinates, v − v∗ = ρν, ρ > 0, ν ∈ Sd−1, we may write

Q(g, f) =∫
R+
ρ ×Sd−1

σ ×Sd−1
ν

b(ν·σ)
[
g
(
v−ρ(σ + ν)

2

)
f
(
v+

ρ(σ − ν)

2

)
−g(v−ρν)f(v)

]
ρd−1dρdσdν.
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Setting σ = ω sin θ ⊕ ν cos θ with ω ∈ Sd−2, ω ⊥ ν, 0 < θ < π, we obtain that

Q(g, f) =

∫
R+
ρ ×Sd−2

ω ×(0,π)×Sd−1
ν

b(cos θ)ρd−1(sin θ)d−2

[
g
(
v − ρ(ω sin θ ⊕ ν cos θ + ν)

2

)
f
(
v +

ρ(ω sin θ ⊕ ν cos θ − ν)

2

)
− g(v − ρν)f(v)

]
dρdθdωdν

=

∫
R+
ρ ×Sd−2

ω ×(0,π)×Sd−1
ν

b(cos θ)ρd−1(sin θ)d−2

[
g
(
v − ρ cos

θ

2

(
ω sin

θ

2
⊕ ν cos

θ

2

))
f
(
v + ρ sin

θ

2

(
ω cos

θ

2
	 ν sin

θ

2

))
− g(v − ρν)f(v)

]
dρdθdωdν.

Since the cross section b(cos θ) is supported where 0 ≤ θ ≤ π
2
, we have

Q(g, f) =

∫
R+
ρ ×Sd−2

ω ×(0,π
4

)×Sd−1
ν

2b(cos 2θ)ρd−1(sin 2θ)d−2dρdθdωdν[
g
(
v − ρ cos θ(ω sin θ ⊕ ν cos θ)

)
f
(
v + ρ sin θ(ω cos θ 	 ν sin θ)

)
− g(v − ρν)f(v)

]
.

By using (2.18), we obtain that

Q(g, f) =
1

|Sd−2|

∫
R+
ρ ×Sd−2

ω ×(0,π
4

)×Sd−1
ν

2β(θ)ρd−1dρdθdωdν[
g
(
v − ρ cos θ(ω sin θ ⊕ ν cos θ)

)
f
(
v + ρ sin θ(ω cos θ 	 ν sin θ)

)
− g(v − ρν)f(v)

]
.

We define

(4.8) Ψf,g(θ, v) =
1

|Sd−2|

∫
Sd−2
ω ×R+

ρ ×Sd−1
ν

g
(
v − ρ cos θ(ω sin θ ⊕ ν cos θ)

)
× f

(
v + ρ sin θ(ω cos θ 	 ν sin θ)

)
ρd−1dωdρdν.

We notice that

Ψf,g(−θ, v) =
1

|Sd−2|

∫
Sd−2
ω ×R+

ρ ×Sd−1
ν

g
(
v − ρ cos θ(−ω sin θ ⊕ ν cos θ)

)
× f

(
v − ρ sin θ(ω cos θ ⊕ ν sin θ)

)
ρd−1dωdρdν

=
1

|Sd−2|

∫
Sd−2
ω ×R+

ρ ×Sd−1
ν

g
(
v − ρ cos θ(ω sin θ ⊕ ν cos θ)

)
× f

(
v + ρ sin θ(ω cos θ 	 ν sin θ)

)
ρd−1dωdρdν

= Ψf,g(θ, v),

so that the function θ 7→ Ψf,g(θ, v) is even. Furthermore, we have

(4.9) Ψf,g(0, v) =

∫
R+
ρ ×Sd−1

ν

g(v − ρν)f(v)ρd−1dρdν.
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When f, g ∈ S (Rd), we get that v ∈ Rd 7→ ∂mθ Ψf,g(θ, v) belongs uniformly to S (Rd)
since

|v′∗|2 + |v′|2 = |v − ρ cos θ(ω sin θ ⊕ ν cos θ)|2 + |v + ρ sin θ(ω cos θ 	 ν sin θ)|2

= 2|v|2 + ρ2 − 2ρv · ν = |v|2 + |v − ρν|2 = |v∗|2 + |v|2 ≥ 1

3
(|v|2 + ρ2).

Lemma 4.1 allows to define the Boltzmann operator

(4.10) Q(g, f)(v) =

∫
|θ|≤π

4

β(θ) (Ψf,g(θ, v)−Ψf,g(0, v)) dθ.

Furthermore, we have Q(g, f) ∈ S (Rd) when f, g ∈ S (Rd).

4.3. The Bobylev formula.

4.3.1. The Bobylev formula for the Boltzmann operator with Maxwellian molecules.
For the sake of completeness, we include the statement of the Bobylev formula
following the presentation given in the appendix of [1]. The Bobylev formula provides
an explicit formula for the Fourier transform of the Boltzmann operator (1.2).

Proposition 4.3. The Fourier transform of the Boltzmann operator with Maxwellian
molecules whose cross section satisfies the assumption (1.5),

Q(g, f)(v) =

∫
Rd

∫
Sd−1

b
( v − v∗
|v − v∗|

· σ
)(
g′∗f

′ − g∗f
)
dσdv∗,

is equal to

F
(
Q(g, f)

)
(ξ) =

∫
Rd
Q(g, f)(v)e−iv·ξdv

=

∫
Sd−1

b
( ξ
|ξ|
· σ
)[
ĝ(ξ−)f̂(ξ+)− ĝ(0)f̂(ξ)

]
dσ,

where ξ+ = ξ+|ξ|σ
2

and ξ− = ξ−|ξ|σ
2

.

4.3.2. The Bobylev formula for the Kac operator. For f, g ∈ S (R), the function

(4.11) θ 7→ ψf,g(θ, ξ) = ĝ(ξ sin θ)f̂(ξ cos θ)− ĝ(0)f̂(ξ),

is vanishing at zero and has a bounded second derivative. According to Lemma 4.1,
the following integral makes sense∫

|θ|≤π
4

β(θ)ψ̆f,g(θ, ξ)dθ =

∫
|θ|≤π

4

β(θ)ψf,ğ(θ, ξ)dθ,

where ψ̆f,g(θ, ξ) is the even part of the function ψf,g with respect to the variable θ,
when the cross section β satisfies the assumption (1.9).

Lemma 4.4. When the cross section satisfies the assumption (1.9), the Kac operator
K(g, f) defines a Schwartz function for f, g ∈ S (R). Furthermore, its Fourier
transform is given by

K̂(g, f)(ξ) =

∫
|θ|≤π

4

β(θ)
[̂̆g(ξ sin θ)f̂(ξ cos θ)− ĝ(0)f̂(ξ)

]
dθ.
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Proof. We deduce from Lemmas 4.1, 4.2, (4.1), (4.4) and (4.7) that

K̂(g, f)(ξ) = K̂(ğ, f)(ξ) =
x

[−π
4
,π
4

]×R

β(θ)φf,ğ(θ, v)e−ivξ︸ ︷︷ ︸
∈L1([−π

4
,π
4

]×R)

dθdv(4.12)

= lim
ε→0

x

{ε≤|θ|≤π
4
}×R

β(θ)φf,ğ(θ, v)e−ivξdθdv.

We consider

Iε =
y

{ε≤|θ|≤π
4
}×R2

β(θ)ğ(v sin θ + v∗ cos θ)f(v cos θ − v∗ sin θ)e−ivξdθdvdv∗.

By using the substitution rule with the new variables x = v cos θ − v∗ sin θ, y =
v sin θ + v∗ cos θ, we obtain that

Iε =
y

{ε≤|θ|≤π
4
}×R2

β(θ)f(x)ğ(y)e−i(x cos θ+y sin θ)ξdθdxdy

=

∫
ε≤|θ|≤π

4

β(θ)f̂(ξ cos θ)̂̆g(ξ sin θ)dθ.

Since
y

{ε≤|θ|≤π
4
}×R2

β(θ)ğ(v∗)f(v)e−ivξdθdvdv∗ = ĝ(0)f̂(ξ)

∫
{ε≤|θ|≤π

4
}
β(θ)dθ,

we get that

x

{ε≤|θ|≤π
4
}×R

β(θ)φf,ğ(θ, v)e−ivξdθdv =

∫
{ε≤|θ|≤π

4
}
β(θ)

(
f̂(ξ cos θ)̂̆g(ξ sin θ)− ĝ(0)f̂(ξ)

)
dθ.

Lemma 4.4 follows from (4.11), (4.12) and Lemma 4.1. �

4.4. Miscellanea.

4.4.1. The harmonic oscillator. The standard Hermite functions (φn)n∈N are defined
for x ∈ R,

(4.13) φn(x) =
(−1)n√
2nn!
√
π
e
x2

2
dn

dxn
(e−x

2

) =
1√

2nn!
√
π

(
x − d

dx

)n
(e−

x2

2 ) =
an+φ0√
n!
,

where a+ is the creation operator

a+ =
1√
2

(
x− d

dx

)
.

The family (φn)n∈N is an orthonormal basis of L2(R). We set for n ∈ N, α =
(αj)1≤j≤d ∈ Nd, x ∈ R, v ∈ Rd,

ψn(x) = 2−1/4φn(2−1/2x), ψn =
1√
n!

(x
2
− d

dx

)n
ψ0,(4.14)

Ψα(v) =
d∏
j=1

ψαj(vj), Ek = Span{Ψα}α∈Nd,|α|=k,(4.15)
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with |α| = α1 + · · · + αd. The family (Ψα)α∈Nd is an orthonormal basis of L2(Rd)
composed by the eigenfunctions of the d-dimensional harmonic oscillator

(4.16) H = −∆v +
|v|2

4
=
∑
k≥0

(d
2

+ k
)
Pk, Id =

∑
k≥0

Pk,

where Pk is the orthogonal projection onto Ek whose dimension is
(
k+d−1
d−1

)
. The

eigenvalue d/2 is simple in all dimensions and E0 is generated by the function

Ψ0(v) =
1

(2π)
d
4

e−
|v|2
4 = µ1/2(v),

where µ is the Maxwellian distribution defined in (1.10).

4.4.2. An asymptotic equivalent. We consider the integral

(4.17) λ′k =

∫
|θ|≤π

4

β(θ)
(
1− (cos θ)k

)
dθ, k ∈ N,

where β is the function defined in (2.26). We want to prove the following asymptotic
equivalent for the integral λ′k when k → +∞,

(4.18) λ′k ∼ c0k
s with c0 = 21+s

∫ +∞

0

(1− e−w)
dw

ws+1
=

21+s

s
Γ(1− s).

To that end, we use the substitution rule with v = 2 sin2( θ
2
) to obtain that

λ′k = 21+s

∫ 1−2−1/2

0

(
1− (1− v)k

) dv
v1+s

= 21+sks
∫ k(1−2−1/2)

0

(
1−

(
1− w

k

)k) dw

w1+s
.

Furthermore, we have for any w ∈ (0, k) with k ≥ 1,

0 ≤
(

1−
(

1− w

k

)k) 1

w1+s
≤ k

w

k

1

w1+s
1l[0,1](w) + 1l(1,+∞)(w)

1

w1+s

=
1

ws
1l[0,1](w) + 1l(1,+∞)(w)

1

w1+s
∈ L1(R).

It follows from the Lebesgue dominated convergence theorem that

lim
k→+∞

λ′k
ks

= 21+s

∫ +∞

0

(
1− e−w

) dw
w1+s

.

We shall now estimate from above the term

(4.19) λ′′l =

∫
|θ|≤π

4

β(θ)(sin θ)2ldθ, l ≥ 1.

We have

0 ≤ λ′′l = 22+2s

∫ π
4

0

θ1+2s cos( θ
2
)

21+2s sin1+2s( θ
2
)

(sin θ

θ

)2l

θ2l−1−2sdθ

≤ 22+2s
(π

2

)1+2s
∫ π

4

0

θ2l−1−2sdθ =
(π

4

)2l−2sπ1+2s

l − s

≤ 42sπ

1− s
exp−2l

(
log

4

π

)
,
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so that λ′′l is exponentially decreasing when l→ +∞,

(4.20) 0 ≤ λ′′l ≤
42sπ

1− s
exp−2l

(
log

4

π

)
, l ≥ 1, 0 < s < 1.

These estimates prove (2.23).

4.4.3. On the Weyl quantization. Let a be a tempered distribution on Rd
v×Rd

ξ . The

symbol a may be Weyl quantized in an operator aw sending S (Rd) into S ′(Rd).
The formula (2.12) is not readily meaningful, but a weak formulation is provided as
follows. We consider the Wigner function of two functions f, g ∈ S (Rd),

(4.21) (W (f, g))(v, ξ) =
1

(2π)d

∫
Rd
f
(
v +

y

2

)
g
(
v − y

2

)
e−iy·ξdy.

We easily check that W (f, g) belongs to S (R2d). For a ∈ S ′(R2d), we define

(4.22) 〈awf, g〉S ′(Rd),S (Rd) = 〈a,W (f, g)〉S ′(R2d),S (R2d).

The standard formula (2.12) follows from this weak formulation. A nice feature of
the Weyl quantization is the fact that

(aw)∗ = (ā)w,

where ā stands for the complex conjugate symbol of a. Real-valued symbols are
therefore Weyl quantized as formally selfadjoint operators. The distribution-kernel
of the operator aw is given by

k(v, v′) =
1

(2π)d

∫
Rd
a
(v + v′

2
, ξ
)
ei(v−v

′)·ξdξ,

where the integral is understood as a partial Fourier transform. Conversely, we
deduce from the previous formula that

(4.23) a(v, ξ) =

∫
Rd
k
(
v − y

2
, v +

y

2

)
eiy·ξdy,

where the integral is understood as a partial inverse Fourier transform of the distri-
bution kernel. A computation in the proofs above has to deal with the relationship
between the distribution kernel k(v, y) ∈ S ′(Rd × Rd) of an operator A and the
distribution kernel of the operator Ã given by

(Ãu)(v) = (Aŭ)(v),

where ŭ stands for the even part of u. An easy computation shows that

(4.24) k̃(v, y) =
1

2

(
k(v, y) + k(v,−y)

)
,

where k̃ stands for the kernel of Ã. The formula (4.23) implies that the Weyl symbol
of the operator Ã is

ã(v, ξ) =
1

2

∫
eiy·ξ

[
k
(
v − y

2
, v +

y

2

)
+ k
(
v − y

2
,−v − y

2

)]
dy

=

∫
eiy·ξk̆{2}

(
v − y

2
, v +

y

2

)
dy,

where k̆{2} stands for the even part of the function k with respect to its second
variable.



38 N. LERNER, Y. MORIMOTO, K. PRAVDA-STAROV & C.-J. XU

4.4.4. On radial functions. If u ∈ S (Rd) is a radial function

∀x ∈ Rd, ∀A ∈ O(d), u(x) = u(Ax),

we define

ũ(t) =
1

|Sd−1|

∫
Sd−1

u(tσ)dσ, t ∈ R.

This function is even, belongs to the Schwartz space S (R) and satisfies

∀t ∈ R,∀σ ∈ Sd−1, ũ(t) = u(tσ), ∀x ∈ Rd, u(x) = ũ(|x|).
Borel’s theorem shows that the mapping t 7→ ũ(t) is also a Schwartz function of the
variable t2. We also recall that the Fourier transform of a radial function is radial
and that the Fourier transformation is an isomorphism of the space Sr(Rd).
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