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ABSTRACT. We prove that the linearized non-cutoff Boltzmann operator with
Maxwellian molecules is exactly equal to a fractional power of the linearized
Landau operator which is the sum of the harmonic oscillator and the spherical
Laplacian. This result allows to display explicit sharp coercive estimates satis-
fied by the linearized non-cutoff Boltzmann operator for both Maxwellian and
non-Maxwellian molecules.

1. Introduction. The Boltzmann equation describes the behaviour of a dilute gas
when the only interactions taken into account are binary collisions [11, 12, 32]. It
reads as the equation
8tf+v'vzf:QB(f7f)a (11)
f|t:0 - f07
for the density distribution of the particles in the gas f = f(¢,z,v) > 0 at time
t, having position z € R? and velocity v € R?. The Boltzmann equation derived
in 1872 is one of the fundamental equations of mathematical physics and, in par-
ticular, a cornerstone of statistical physics.
The term appearing in the right-hand-side of this equation Qp(f, f) is the so-
called Boltzmann collision operator associated to the Boltzmann bilinear operator

o) = [ [ Bo=vo)as - g.f)dodv.
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with d > 2, where we are using the standard shorthand f, = f(¢,z,v)), f/ =
ft,z,0"), fu = f(t,z,04), f = f(t,z,v). In this expression, v, v, and v', v} are
the velocities in R? of a pair of particles before and after the collision. They are
connected through the formulas

;v = , vt v -
T2 2 7 T 2 7
where o € S%~!. Those relations correspond physically to elastic collisions with the
conservations of momentum and kinetic energy in the binary collisions
vtve=v vl P el = P[]

where | - | is the Euclidean norm on R?. In the present work, our main focus is to
study the sharp anisotropic diffusive effects induced by this operator under general
physical assumptions on the collision kernel.

For monatomic gas [12, 32], the cross section B(v — v,,0) is a non-negative
function which only depends on the relative velocity |v — v.| and on the deviation
angle 6 defined through the scalar product in R?,

— v,

v
cos =k-o, k= ——.
v —v.]
Without loss of generality, we may assume that B(v —v,, o) is supported on the set
where
k-o>0,

i.e. where 0 <60 < 7. Otherwise, we can reduce to this situation with the customary
symmetrization, see e.g. [2],

B(v —v,,0) = [B(v —vs,0) + B(v — vy, —0) ]| 15630}
with 14 being the characteristic function of the set A, since the term f’ f. appearing

in the Boltzmann operator Qg (f, f) is invariant under the mapping o — —c. More
specifically, we consider cross sections of the type

v — s
B(v —vs,0) = ®(jv — v*|)b<m '0’),

with a kinetic factor

Ol —v.l) = v —v.l, 7 €] —d,+o0l, (1.2)
and a factor related to the deviation angle with a singularity
. p\d—2 ~ p—1-2s
(sin §)*~“b(cos 9)0§0+9 , (1.3)

for! some 0 < s < 1. Notice that this singularity is not integrable

s

/2 (sin 0)4=2b(cos 0)df = +oo.
0

This non-integrability property plays a major role regarding the qualitative be-
haviour of the solutions of the Boltzmann equation and this non-integrability fea-
ture is essential for the smoothing effect to be present. Indeed, as first observed
by Desvillettes for the Kac equation in [15], grazing collisions that account for the
non-integrability of the angular factor near # = 0 do induce smoothing effects for
the solutions of the non-cutoff Kac equation, or more generally for the solutions of
the non-cutoff Boltzmann equation. On the other hand, these solutions are at most

IThe notation a =~ b means a/b is bounded from above and below by fixed positive constants.
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as regular as the initial data, see e.g. [34], when the collision cross section is as-
sumed to be integrable, or after removing the singularity by using a cutoff function
(Grad’s angular cutoff assumption).

The physical motivation for considering this specific structure of cross sections is
derived from particles interacting according to a spherical intermolecular repulsive
potential of the form

p(p)=p"", r>1,

with p being the distance between two interacting particles. In the physical 3-
dimensional space R3, the cross section satisfies the above assumptions with s =
1 €]0,1[ and v = 1 — 4s €] — 3,1[. For Coulomb potential r = 1, ie. s = 1,
the Boltzmann operator is not well defined [31]. In this case, the Landau operator
is substituted to the Boltzmann operator [32] in the equation (1.1). The Landau
equation was first written by Landau in 1936 [19]. It is similar to the Boltzmann
equation

{atf+vvzfQL(faf)7 (14)

f‘t:O = va

with a different collision operator Q7. Indeed, in the case of long-distance inter-
actions, collisions occur mostly for grazing collisions. When all collisions become
concentrated near § = 0, one obtains by the grazing collision limit asymptotic
[6, 7, 13, 14, 30] the Landau collision operator

Qu(9. ) = Vor [ alv=va) (ot .00 (Fuf)(t2.0)~ (Vo) (b 0 f (0,0 o).

Rd

where a = (a;,j)1<i,j<d stands for the non-negative symmetric matrix
a(w) = (Jv*1d —v @ v)|v|" € My(R), —d <~ < +oo.

The Landau operator is understood as the limiting Boltzmann operator in the case
when s = 1 in the singularity assumption (1.3). We shall confirm this feature and
prove that for Maxwellian molecules, the linearized non-cutoff Boltzmann operator
is truly equal to a fractional linearized Landau operator with exponent exactly given
by the singularity parameter 0 < s < 1.

We shall study the linearizations of the Boltzmann and Landau operators by
considering the fluctuation

f=n+hg,
around the Maxwellian equilibrium distribution
vI2
n(v) = (2m)fe T (1.5)

Since @ j(u, ) =0, for J = B or J = L, by the conservation of the kinetic energy
for the Boltzmann operator and a direct computation for the Landau operator, the
collision operator @ ;(f, f) can be split into three terms

Qi(p+ Vg, p+Vrg) = Qs(psv1g) + Qi(Vig: 1) + Qs (\/1g, V1),
whose linearized part is Q j(u, /1g) + Q1 (\/11g, 1t). Setting
L9 =L4,79+ L2,19,
with
A9 =—n"2Qi(n M ?g),  Lagg= - 2Qu( Mg, ),
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the original Boltzmann and Landau equations (1.1), (1.4) are reduced to the Cauchy
problem for the fluctuation

Og+v-Vaug+ . Lrg = p"2Q,(\/iig, \/1i9),
9|t:0 = go-

These collision operators are local in the time and position variables and from
now on, we consider them as acting only in the velocity variable. These linearized
operators .Zp, . are known to be unbounded symmetric operators on L?(R%)
(acting in the velocity variable) such that their Dirichlet form satisfy

(ZB9,9)12®g) 2 0, (219, 9)r2ra) = 0,

see [12, 26] and references herein. Setting

Pg=(a+b-v+clf)u'/?
with a,c € R, b € R?, the L?-orthogonal projection onto the space of collisional
invariants

N = Span{p"/? v 2, . vap' 2, 0P p (1.6)

we have

(ZBY,9)12re) =0 & g = Py, (Z19,9)12re) = 0= g = Pyg. (1.7)

It was noticed forty years ago by Cercignani [11] that the linearized Boltzmann
operator .Zp with Maxwellian molecules, i.e. when the parameter v = 0 in (1.2),
behaves like a fractional diffusive operator. Over the time, this point of view trans-
formed into the following widespread heuristic conjecture on the diffusive behavior
of the Boltzmann collision operator as a flat fractional Laplacian [1, 2, 3, 27, 28, 32]:

= Qpu, f) ~—(—A,)°f + lower order terms,

with 0 < s < 1 being the parameter appearing in the singularity assumption (1.3).
See [21, 23, 24] for works related to this simplified model of the non-cutoff Boltzmann
equation. Regarding the general non-cutoff linearized Boltzmann operator, sharp
coercive estimates in the weighted isotropic Sobolev spaces H, lk (R%) were proven in
[4, 5, 17, 25, 26]:

2 2 2
1= P)gllrs + I =Plgllz2 < (LBgs 9rz@ey SINA—=Plglly. . (18)
7 s s

where
HRY ={fe 7' RY: 1+ [v)sfec H'RY}, klecR

In the recent work [22], we investigated the exact phase space structure of the lin-
earized non-cutoff Boltzmann operator with Maxwellian molecules acting on radially
symmetric functions with respect to the velocity variable. This linearized non-cutoff
radially symmetric Boltzmann operator was shown to be exactly an explicit function

of the harmonic oscillator

Kl
= A, +
H +5

It is diagonal in the Hermite basis and behaves essentially as the fractional harmonic

oscillator
v\
1-A, 7)
( + 4
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where 0 < s < 1 is the parameter appearing in the singularity assumption (1.3).
This linearized operator was also studied from a microlocal view point and shown
to be a pseudodifferential operator

Lpf=1"(v,Dy)f,

when acting on radially symmetric Schwartz functions f € .7,.(R%), whose symbol
belongs to a standard symbol class and admit a complete asymptotic expansion

[v]?

s—k
4) . co,do >0, ¢ €R.

2. s +oo
10,€) ~ co (1416 4+ 20) o+ 3 e (1416l +
k=1

This asymptotic expansion provides a complete description of the phase space struc-
ture of the linearized non-cutoff radially symmetric Boltzmann operator and allows
to strengthen in the radially symmetric case with Maxwellian molecules the coercive
estimate (1.8) as

[H3 (1= P)fI2: S (Zpf, ir S IHEQU=P)f3, S € A (RY,

where H is the harmonic oscillator. However, the general (non radially symmetric)
Boltzmann operator is a truly anisotropic operator. This accounts in general for
the difference between the lower and upper bounds in the sharp estimate (1.8)
with usual weighted Sobolev norms. In the recent works [5, 17, 18], sharp coercive
estimates for the general linearized non-cutoff Boltzmann operator were proven. In
[5], these sharp coercive estimates established in the three-dimensional setting d = 3
(Theorem 1.1 in [5]),

vie SR, [l0-P)fI5 < (Lsf e SN0 -P)I3, (1.9)

involve the anisotropic norm

W = [ o= beos0) (un (= )7+ S VR,

v Uk o

whereas in [17, 18], coercive estimates involving the anisotropic norms

5 B 5 A+2s+1 y+2s41 ‘f(v) - f(v/)|2
e =113, + [ [ o5 =52 LSO i,

where

1
d(v,0') = \/Iv i iyl (ol et U RO

were derived and a model of a fractional geometric Laplacian with the geometry of
a lifted paraboloid in R%! was suggested for interpreting the anisotropic diffusive
properties of the Boltzmann collision operator.

In the present work, we shall prove that in the physical 3-dimensional space the
non-cutoff linearized Boltzmann operator with Maxwellian molecules .#5 is actually
given by the fractional power of the linearized Landau operator .#;. Furthermore,
we shall provide more explicit coercive estimates satisfied by the linearized non-
cutoff Boltzmann operator for both Maxwellian and non-Maxwellian molecules.
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2. Statements of the main results. We consider the Landau operator with
Maxwellian molecules

Qo= ([

Rd

alv = v.) (9(v2) (V1)) = (Vg)(v.) f(v)dv.),
where a = (a;,j)1<i,j<d stands for the non-negative symmetric matrix
a(v) = |v*Id —v @ v € My(R).

We shall use the following notations. The standard Hermite functions (¢, )nen are
defined on R by, see e.g. [9, 10, 20],

1 1 1 d\n
Yula) =27 36,07 H0), o= ) H (5 - )",
d
Va(v) = Hd)a]‘ (vj), &k =Span{¥a}aend o=t
j=1

with |a| = a3 + -+ + ag. The family (¥,),ecne is an orthonormal basis of L2(R9)
composed by the eigenfunctions of the d-dimensional harmonic oscillator:

2
H:fAﬁ%:Z(gw)m, d=>Y P,
k>0 k>0

where P, is the orthogonal projection onto & (whose dimension is (kaIl)) The
eigenvalue % is simple in all dimensions and & is generated by

d lv]

2
Wo(v) = 2m)~fe = il (), (2.1)
with p the Maxwellian distribution (1.5). Notice that for any 1 < j, k < d with
J#k,

\Ijek (U) = v ¥y (’U), \112619 (U) =

1
V2
if (ex)1<k<a stands for the canonical basis of R?. Those formulas show that the
space of collisional invariants (1.6) may be expressed through the Hermite basis as

(R =D Wo(v),  Tepe, (v) = v To(v), (22)

d
N = Span{Wo, W, s Wes > Wae, |-
j=1

Our first result which is probably well-known provides an explicit expression for the
linearized Landau operator with Maxwellian molecules:

Proposition 1. The linearized Landau operator with Mazwellian molecules

Lof=—p2Qulu Vi ) = p T PQuVE fo 1),
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acting on the Schwartz space ./ (R?) is equal to

) e . . PN NP (e S
+ {—ASH —(d—l)(—Aer% - g)}Pz,

where Aga—1 stands for the Laplace-Beltrami operator on the unit sphere S*™™' and
Py the orthogonal projections onto the Hermite basis.

We recall that the Laplace-Beltrami operator on the unit sphere S?~! is a sum of
squares of vector fields in R? given by the differential operator (see Section 4.2),

1
Agd—l = 5 Z (vjak — ’Ukaj)2
1<j,k<d
7k
and that in the 3-dimensional case, the Laplace-Beltrami operator on the unit sphere
S? may be considered as a pseudodifferential operator

1 (o)t (VT Y
A f = (Op¥a)f = e (S22 ) f(y)dyd
s2f = (Op“a)f 2n)? /Rae a( =€) f(y)dyde,
whose Weyl symbol is the anisotropic symbol (see Section 4.2),

a(v,6) = 5 ~ o A€ (23)

We shall now restrict our study to the three-dimensional setting d = 3 and recall
the definitions of real spherical harmonics [20]. For

o = (cos Bsin a, sin Bsina, cosa) € S?,
with o € [0,7] and 8 € [0,27), the real spherical harmonics Y;" (o) with [ € N,
—1 <m <1, are defined as YQ(0) = (47)~ /2 and for any [ > 1,

1/2
(22—:1) Py(cos o), iftm=0

Yi(o) = 4 (2 a=m )2 o, T
"(0) o Grmy) DM(cosajcosmfBifm=1,..1

1/2
(BELGE) R (cos @) sinmB i m = 1, —1,

where .
1 d
Pi(=) = gy gt

stands for the I-th Legendre polynomial and

(2 -1),, 1>0,

m (_1)m 2\m dl+m, 2 l

the associated Legendre functions of the first kind of order [ and degree m. The
family (Y;™);>0,—1<m<; constitutes an orthonormal basis of the space L*(S?, do)
with do being the surface measure on S2. We set for any n,l > 0, =l < m <,

2

Prtm (V) = 23/4(“%3%)1/2(%)%5*5] ('”2)6'Ylm<|”v|) (2.4)

where

Lk —_ P n,—p
M) = | g e
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are the generalized Laguerre polynomials. The family (©n,1m)n.1>0,/m|<: is an or-
thonormal basis of L?(R?) composed by eigenvectors of the harmonic oscillator and
the Laplace-Beltrami operator on the unit sphere S2,

v|2 3
<_ A'u + L - 7)@n,l,m = (2n + l)@n,l,n”m _Agzspn,l,m = l(l + 1)@“,1,771' (25)
The space of the collisional invariants (1.6) may be expressed through this basis as

N = Span{0,0,0, 01,1, £0,1,0, £0,1,1, £1,0,0 }
We deduce from Proposition 1 and (2.5) that the linearized Landau operator is
diagonal in the L?(R?) orthonormal basis (On,tm)ni>0,lm|<i>
‘CL(pn,l,m = )\L(n7 la m)wn,lﬂna n7l 2 07 7Z S m S l7

where A(0,0,0) = AL(0,1,0) = AL(0,1,%1) = A.(1,0,0) = 0,A.(0,2,m) = 12,
and for 2n +1> 2
Ar(n,l,m) =22n+ 1) +1(1 +1). (2.6)

We consider now the 3-dimensional Boltzmann collision operator with Maxwellian

molecules
@o(a.0) = [ [ (=g -o) 6l g )dod.

|[v — vy

whose cross section

b(cos ) = b( i ‘0'>7

v — .|
is supported on the set where 0 < 6 < 7 and satisfies to the singularity assumption
: ~ —1-2s
sin 0 b(cos 0)9;0+9 , (2.7
for some 0 < s < 1. We refer the reader to Section 4.1 for details about the
definition of the Boltzmann operator under the singularity assumption (2.7). The
linearized non-cutoff Boltzmann operator

Zyf =—n"Qp(u Vi) — 7 PQu(VE fo 1),

is also diagonal in the same orthonormal basis (©r,1,m)n,i>0,jm|<i- In the cutoff case
i.e. when
b(cos ) sinf € L' ([0,7/2]),
it was shown in [33] (see also [8, 12, 16]) that
gB‘Pn,l,m = )\B(n7 lvm)(pn,l,mv nal > 07 -1 <m< l7 (28)

with
Ap(n,l,m) = 477/4 b(cos 20) sin(26)
0

x (1 + 6,000 — Py(cos0)(cos 0)*" ! — Py(sin6)(sin 6)***')dh, (2.9)
where P, are the Legendre polynomials
_1d
21! dat
By using the properties P;(1) = 1, 1 > 0 (see e.g. (4.2.7) in [20]) and P(—z) =
(—1)!P(), we notice that the smooth function

F(0) = 1+ 6,000 — Pi(cos 0)(cos )*" T — Py(sin 6)(sin 6)*"*,

Pi(z) (> -1 1>0. (2.10)
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is even and vanishes at zero. It follows from (2.7) that the function
b(cos 260) sin(20)F(0) = O(612%),

when 6 — 0, is integrable in 0 and that the integral in (2.9) is also well-defined in
the non-cutoff case when the assumption (2.7) is satisfied. Since the eigenfunctions
(2.4) are independent on the cross section, we deduce by passing to the limit from
the cutoff case to the non-cutoff case

lim 1. =1(6)b(cos 260) sin(20) = b(cos 26) sin(26),
e—0 4
e>0
that the diagonalization (2.8) holds true also in the non-cutoff case. We easily check

that the eigenvalues Ag(n,l, m) are all non-negative. Indeed, by using the property
(see e.g. (4.4.2) in [20])

VI>0,Viz| <1, |P(z)| <1, (2.11)
we have Ap(0,0,0) = Ap(0,1,£1) = Ap(0,1,0) = 0 and

™

Ag(n,l,m) > 47T/4 b(cos 20) sin(26) (1 — | cos > — |sin 6> ) do > 0,
0

>0
when 2n 41 > 2. We recover directly that the two linearized operators £, and £5

are both non-negative

(LLf P2 >0, (Laf,flr2 >0, feS(RY)

and satisfy

(ZLf, flrews)y =06 (LBSf, flrems)y =0 f=Pf,
ie.
Ar(n,l,m) =0« Ag(n,l,m) =0.
The following result shows that the eigenvalues of the linearized non-cutoff Boltz-

mann operator Ag(n,l,m) have the same growth as the fractional eigenvalues of
the linearized Landau operator Ap(n,m,!)*.

Theorem 2.1. There exists a positive constant cg > 0 such that, for any n,l >
0, -l<m<l,

1
6—(1 +@2n+1)°+1°(1+1)%) <14+ Ap(n,l,m) <co(1+ 2n+1)°+1°(1 +1)°),
0

1
—Ar(n,l,m)* < Ap(n,l,m) < coAr(n,l,m)’.
Co

We notice from (2.6) and (2.9) that the eigenvalues Ap(n,l,m) and Ag(n,l,m)
depend only on the non-negative parameters 2n+1, [(I41), and from (2.5) that the
harmonic oscillator and the Laplace-Beltrami operator commute [H, Agz] = 0. We
deduce from Theorem 2.1 that there exists a positive function o : N2 — [c;?, ¢
such that

vn,l >0V —1<m<I, Ag(n,l,m)=a@n+I1(1+1)A(n,l,m)* (2.12)
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It therefore follows from (2.5) and (2.12) that we can define
A=a(H,As): L*R? — L*(R?)
f = Z fn,l,m%pn,l,m — Af = Z fn,l,ma(2n+lvl(l+ 1))(,0n,l,m7

n,l,m n,l,m
a positive bounded isomorphism commuting with the operators H and Agz,
de>0,¥f € L*(R?), c|flZ: < (a(H, As2)f, f) *HfIILza
satisfying
Zp =a(H,As2) 27,

where the fractional power of the linearized Landau operator is defined through
functional calculus. We sum-up these results:

Theorem 2.2. In the case of Mazwellian molecules v = 0, there exists
A=a(H,As) : L*(R?) — L*(R?),

a positive bounded isomorphism commuting with the operators ’H and Ag2,
Je>0,Vf € L2(R%), c||flf2 < (a(H,As2)f, f) 2 < ”fHL?a

such that
EB = CL(H, Agz)fL

By using that the Hermite functions are Schwartz functions, we deduce from Propo-
sition 1 and (2.3) that the Weyl symbol of linearized Landau operator

fL = lw(U,Dv),
satisfies

Ivl

I(v, f)—2(|§|2 3>+|v/\§|2—gmod S™°°(R").

Here, we define the symbol classes S™(R29), for m € R, as the set of smooth
functions a(v, ¢) from R? x R? into C satisfying to the estimates

Y(a, B) € N?¢,3C,5 > 0,¥(v,€) € R*,
10500 a(v,6)| < Cap{(v,€)>™ 1131, (2.13)

with {(v,€)) = /14 |v]2 +[£]2. The symbol class S™°°(R??) denotes the class
NimerS™(R24). We deduce from (1.7), (2.3) and Theorem 2.1 the following coercive
estimates:

Theorem 2.3. In the case of Mazwellian molecules v = 0, the linearized non-cutoff
Boltzmann operator satisfies the following coercive estimates

ot Ds ~ [ (00" (162 + L)) = ey + 1 0p7 (e o) B (- Py

IHE(L = P)fIIE> + [[(~As2) 5 (1~ P)
S(Lof, e SIHEQA=P)fl7: + [(-As2)2 (1 = P)f]7,

when f € ' (R3).
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Here the two operators
o\ 2

(op" (lef2+ ) and (Op" (€ Av)?,

are defined through functional calculus. We shall now consider the general three-
dimensional case when the molecules are not necessarily Maxwellian, that is, when
the parameter v in the kinetic factor (1.2) may range over the interval | — 3, +00[.
In this case, the linearized non-cutoff Boltzmann operator satisfies to the following
weighted coercive estimates:

Theorem 2.4. In the case of general molecules v €] — 3,400|, the linearized non-
cutoff Boltzmann operator satisfies the following coercive estimates

[v]?

(£, £ue ~ [ (00" (16 + ) Py i - ey
(0 (e AvP)) * () F (1 = P)F L,

~

112 ()2 (1= P)fl[72 + [[(—As2) % () 2 (1 = P) f|[7
S (LS, e SIHE ()2 (1-P)fl72 + [(—As2) ()2 (1 = P)f 7,
when f € 7 (R3).

These coercive estimates for general molecules are proven in Section 3.3. They are a
direct byproduct of the coercive estimates established in the Maxwellian case (The-
orem 2.3) and the link between Maxwellian and non-Maxwellian cases highlighted
in [5].

3. Proof of the main results.

3.1. Proof of Proposition 1.

3.1.1. The linearized operator £ 1. We consider the first part in the linearized
Landau operator

Lot =—n2Qr(u p? ).
Let f € .7 (R%) be a Schwartz function. By using that
)V (2 ) () = (V) ()2 () f(v)
= (. )p @) ((VH©) = S F0) + 0. f (),
we have
(ALf)w) =—p~(v)
x Yy, ( / aii (v = v (o) 2 () (81 (v) - L)+ v;fw))dv*) ,
1<i,j<d R?
where we have written v, = (v}, ...,v}). By using that
a;i(v—v,) = Z (vg—v)?,  aij(v—v,) = —(vi—v)(vj—v}) when i # j, (3.1)

1<k<d
ki
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we may write £y pf = A1 f + Ao f with
(ALf)(v) = —p~(v)

< 3 0u ([ o= 20 (0.50) - L0 + 021w ). ).

1<i,5<d
i#j

(4af)0) = w1 /2(0)
<X 0 ([ 00w = o uton 20 (3,500 = L) + 05 10) o).

1<4,5<d
i#j

A direct computation shows that

d
Liif = Ao(v f+ZB )0, f+ D Cig()dF;f+ Y Di(v)dif
1<7,Z7£JJ<d j=1

The term Ag writes as

RY 1<i<d
i#]
with
~ ]‘ *\2 2 * 1 *\2
ai,j(v,v4) = Z(Uj =07 ) (=v; + 2vv;) + i(vj —vj)
L * * Ui * * *
+ 5(”]’ — vj)(—v; + 2v57) — Z(Uz — 07 )(vj — vj)(—v; + 2v5)
1
= 1(21@- ¥ — 0 uv; + vivjv; — 2(v])? 4+ 07 (v])? — vvju ).
It follows that
1 . . ]2 d(d—1)
A =5 3 [ (~2057 + )t )do, = (@ - pE - LD,
1<i,j<d /R

i#£j
since

/ s (v )dvy = 0, / (v;-k)Qu(v*)dv* =1
R R4

The term B; writes as

Bj(v) = /Rd b;(v, vi) vy dvy,

with
byw,0) = 3 (0020 )+ (=D ) 5 3 vl =) (v — 1)
1<i<d 1<i<d
i#j i#j
+ 3 =)= (=5 +er) = (@= D —0))
1<i<d
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It follows that B;(v) = (d — 1)v;. When ¢ # j, the term C; ; writes as

Cus(@) = [ (o0 =) (ey = o).

d

= / (vivj —vjv; — v} 4+ viv] ) (v )dve = viv;.
Rd

The term D; writes as
Diw) == Y [ - oiPuledv =—(d- 1)~ Y o
1<i<d/R? 1<i<d
i#£j 1#£]
We deduce from (4.1) that

p]>  dd-1) - 2
Zuf= ((d— DY~ )f+ d=1)> w0 f+ > w07, f
J=1 1<i,j<d
i)
2
—(d=DAf = Y = (d—l)(—Aﬁ%—g)f—ASHf. (3.2)
1<i,j<d

i#]

3.1.2. The linearized operator £, 1. We consider the second part in the linearized
Landau operator

Lonf == PQu(u A f ).
Let f € .Z(R%) be a Schwartz function. By using that

i) F0) (V) (0) = V(2 ) (0. ()
= ()2 (w) (= fleav+ 5 f0) = (V).
we have jg’Lf = A, f + A f with
W) =1 20) [ Bufanslo = vugn(e)] 2 (0. (02 o,
RY <4 i<d

o) [ Y 0 fas (o - v (] (e o) du,

R 1<ij<d

(A2f)(v) = M*W(v)/ D O faii(w—v)p@)] 2 (0:)(05f) (v ) do

d
R 1<ij<d

— ) [ 3 B st o) @) (o) du,

R 1<ij<d

by integrating by parts. We obtain that

(Lo /)W) = | K(v,0)u'2(0)p?(0.) f (vs)dvs,

Rd
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where
K(v,v)= Y ay(v + > O faijv—v))oi— D ai(v— v,
1<i<d 1<4,5<d 1<4,5<d
1 1
-5 Z Dy, [aiyj(v—v*)]v;-‘—l—i Z i j(V—vs)viv] — Z (’971“, [ai;(v—2.)]
1<i,j<d 1<i,j<d 1<i,j<d
1
+f Z avl a; ;(v— U* v} ps Z a” v— v*)]v im5 Z a; ; (V—0,) ;0] v},
1<Z,j<d 1<i,5<d 1<i,5<d
that is
K(v,v.) = Z a; (v Z D, [aij (v — i) ]v; — Z a; (U — Ui )v05
1<i<d 1<i,j<d 1<i,j<d
> O laiso—v)l+ D7 B fass(o — v)]on
1<i,j<d 1<4,j<d

By using (3.1), we notice that

Z O, [am-(v - ’U*)}Uj + Z 81]; [am (v— v*)]vi =0.

1<i,j<d 1<i,j<d
We have
K(v,vy) = Z a; i(v—vy) — Z a; (v — i) V05 — Z 6% v [aij(v—v,)]
1<i<d 1<i,j<d 1<i,j<d
= 3 D> =P =u)+ D (=) =i = > L
1<i<d 1<j<d 1<i,j<d 1<i,j<d
i#] i#] 1#]

It follows that

K(vv)= > (v —v)((0i = v})vv; — (v; —v})v}) —d(d — 1)

1<4,j<d

i#]

Hd=1) Y (o) = 200) + (0))?) = (d=1) D (vF —2v0] + (v))?)
1<j<d 1<5<d

+ Z VU VU5 —U?(’l};)z) —d(d-1),

1<i,5<d
i#]
because
(vajv;-‘ - viva?-) =0.
1<i,j<d

J
We deduce from (2.1) and (2.2) that

K (0,0 )02 () (0) = =2d = 1) 3 W, (0) Ty, (0,)

1<5<d

+ Z \Ile.;+6j(v) ei+e; U* _2 Z \1126 \I]2e( )

1<i,j<d 1<i,j<d
i#j i#j
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It follows that

Lorf=-2d-1) > (£, Ue)rVe, + > (f,%erre,)r2We,ve,

1<j<d 1<4,5<d
i#]
-2 Z (f,\I/Qei)LQ\I/er.
1<4,5<d
i#]

By using (4.1), direct computations provide

Aga1We, = —(d—1)We,, Aga1Use, = —2(d— 1)y +2 > Wy,

1<k<d
k#j
ASd—l \Ijerl»ej = _2dqjei+ej7
when ¢ # j. This implies that
_ ol _d
gg@f— Agd—l—(d—l)(—Av-i- 1 —2)}}?1]"
o> d
+ [-Agd_l —(d— 1)(—A1,+ - 2)}1@21{ (3.3)

Then, Proposition 1 is a consequence of the identities (3.2) and (3.3).

3.2. Proof of Theorem 2.1. In order to prove Theorem 2.1, we may assume the
cross section satisfies )
4mb(cos 20) sin(20) = gt
When n + 1 > 1, we split the term
Tl N om
Ap(n,l,m) = /0 m(l — Py(cos 0)(cos 0)*" ! — Py(sin ) (sin 0)*"*") a9,

into three parts

AB (’I’L7 l, m) = )\1,3(77/, l) + /\Q’B(’I’L, l) + )\3’B(n, 1)7 (34)

where

|
Mop(n,l) = — /O ey Pi(sin0) (sin )",

w1
Ao g(n,l) = / " W(l — Py(cos)(cos0)*"TH)do > 0, (3.5)
0
il
As.g(n,l) = / W(l — Py(cos 0)(cos 0)*"1)dg > 0. (3.6)
2

We recall from (2.11) that the two last terms A2 p(n,l) and A3 p(n,l) are posi-
tive when n 41 > 1. The following lemma shows that the first term Ay g(n,1) is
exponentially decreasing when 2n + [ — +o0.

Lemma 3.1. We have

¥n,l>0, 2041>2, [ip(n,l =)
> > S5 9a\7
n,0 >0, 2n+1>2, |A\.p(nl) < 2n+l—28(4) ’

so that A1, g(n,1) is exponentially decreasing when 2n + 1 — +o0.
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Proof. By using that sinz < z for > 0, we deduce from (2.11) that

s (sin9)2"+l /er 2n+l—2s—1 1 LA S
A ) < ~— 7 df < g2nti=2s d9:7(*) )
|A1,B(n, 1) 7/0 §2s+1 = Jo 2n+1—2s\4

when 2n +1 > 2. O
The next lemma provides some estimates for the second term Mg g(n,1):

Lemma 3.2. There exists a positive constant C' > 0 such that
Vn,0>0, 2n+1>1, 0< Xy p(nl) <C(2n+1)°+(1+2)%).
Furthermore, we have
+oo 1 o2
Ao g(n,l) ~ (2n + l)s/0 W(l —e” 7)d,

V2l 4o,

when )

Proof. In order to estimate the term (3.5), we shall be using the Hilb formula [29]
(Theorem 8.21.6),

Py(cos§) = (%)%JO((Z—F%)G) +O0?), 1>1, (3.7)

when 0 < 0 < 7, where ¢ > 0 is a fixed constant and Jy the Bessel function of the
first kind of order zero

1 s
Jo(t) = 7/2 cos(tsin 7)dr. (3.8)
™ J_=
2
We may write 3
A2,5(n,1) = Ao B(n,1) + Ro,5(n, 1), (3.9)
with
GRS 0 \% 1
A = = (2 - 2n+1
Ron(n,l) = /0 |1 () Jo((14 5)0) cosby ] as,  (3.10)
where the remainder term Ry g(n,l) can be estimated from above as follows
c
iC >0,vn,l >0, 2n+1>1, |R N <——. 3.11
> , VI, L 2 U, n—+ - b | 27B(n’ )|— (2n+l)1—s ( )

It is sufficient to prove that

/H12 (cos §)2n+! 50 < 1
0 f2s—1 ~ (2n+l>1—s’

when 2n 4+ 1 > 1. To that end, we notice that

/ (costnHt / R
0 ~Jo

02371 92571
Vantl 202 202
1 2 e xZ 1 1o em T2 1
< df < df <
- (2n+l)1—s/0 g2s—1 - (2n+l)1—s/0 g2s—1 ~ (2n+l)l—s’

because

(COS 9)2n+l — e(2n+l) In(1-2sin® §) < e—2(2n+l) sin® & < e_ﬁ(2n+l)92’ (312)
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when 0 € [0,1/2], since

2
In(1—12) < —x, Vo<z< sinx > —z. (3.13)
T

o3

)

Vo<zxz<l,

We shall now study the main contribution in the term (3.5) and prove that

- too
/\273(71, l) ~ (27”L + l)s/ W(l —e )doa
0

Y
l\?‘m

when 7V12JF’T — +00. We deduce from (3.8) and (3.10) that

V2n+l

E=)
(2n+1)"*Xs,5(n,1) /9 / 925+1

X [1 — (Ei)% cos ((l + 2) \/ZTLL—i—l sinr) (cos %ﬂ)znﬂ} dodr.

Setting

0 \z
0= (50)'

() sin @
we notice that the even function F' is smooth on the interval [-7, Z]. By Taylor

expanding the following two terms

0

1-— (l+1)2‘92811127—/01(1—t)cos (t(l—i—%)msinT)dt,

2 2n +1
0 1 1
ot )\ 2 0 2 " 0
_andl :1+<7) / 1—tF(t )dt,
(sin 2le> V2n+1 0( ) 2n +1
we may write
(3.14)

(2n + l)755\273(n, 1) = A(n,l) + B(n,l) + C(n,l),

with pa—
i
A(n,l) :/0 ’“ 01i25 {1 (cos 2:+l)2 +} )

l(l+ 1)202sin27
2 2n +1

oo}
=
Il
SR
S 3
N
—
\‘I SE
(SE
r\
o
=}
>
=
4| =
[\v)
w
e
2]
]
]
¥l +
¥ i
[§]

1

<=0 (11 5) ) (o 7y

V2n+l
/z+2/ / 1t 0 )2
0 to7T91+25 V2n +1

x F”(t \/#H)(cos 2S+z) dfdrdt.

2n+1
) dbdrdt

and
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We deduce from (3.12) and (3.13) that

V2t

71' 1\2 1 ] 1 7 (1+2)%
Bl </ Z(1+2) —— do < T .
|B(n, ”-\/;( +3) 2n+l/0 051 =3 s\ 2 a1 )

It follows that

B(n,l) — 0,
when fo;l — +00. Then, we deduce from (3.12) that
VZnFl 202
1 1 +2 e «2
Ot € g1 =530 | G

202

< 1 ||F//|| /+oo e «? do
Soop g RN fo gt

w3

It follows that
C(n,l) — 0,

— +00. Regarding the first term A(n, ), we notice that

0<A(n,l) < /0+°0 ﬁ {1 — (cos \/%LH)MH}CZG

We notice the pointwise convergence on |0, +00],

V2n+l1
+2

when

when 2n 4+ [ — +o00. A Taylor expansion shows that for any 6 > 0,

0 < 91%(1 — (cos \/%_H)%H)

< ]1[1,4_00[(9)# (1 - (Cos L)%H-Z)

V2n +1
]1 (0) 1 te 2n+1—2
10,1]

+ 1-¢
R /0 (1= 1)((cos m)
t0 2 . 0 2
X {(cos T—i—l) —(@2n+1- 1)<bm \/m) ]dt
9 1 1 t0 2n+1
< ml[l,JrOO[(e) + W]l](”l[(e)/o (COS \/ﬁ> a

2 1
< ml[lﬂroo{(e) + W]l]o,u(@) € L'(]0, +o0]),

(3.15)

(3.16)

(3.17)

(3.18)

when 2n 4+ [ > 1. We deduce from the Lebesgue dominated convergence theorem

that

. +oo 9 2+l too 9 2
znﬂ&m/o g L (08 ) W:/O grrr (L= 7)o

It follows that there exists a positive constant C' > 0 such that
VYn,l >0, 0<A(n,l)<C.

Furthermore, we notice the pointwise convergence

1 0 2n+1 1 2
ﬂ]oﬁm](e)alﬁ(l - (COS 7) ) - 1]0,+m[(6)W(1 —e 7)),

van +1

T+2

02

(3.19)
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V2n-+l1
when e

shows that

— 400. Another use of the Lebesgue dominated convergence theorem

+oo 1 62

when fo; — +00. We deduce from (3.11), (3.14), (3.16), (3.18) and (3.20) that

tee 02
)\Q’B(n, l) ~ (277, + l)s / W(l — G_T)dg,
0

when Vlz_f; — +00. Furthermore, we easily notice from (3.9), (3.11), (3.14), (3.15),
(3.17) and (3.19) that

> > < S - 2s .
30 > 0,¥n,1 >0, 2n+1 > 1, 0 < Ao.p(n,1) < c((2n+1) oy ) )
This ends the proof of Lemma 3.2 O

The next lemma provides some upper and lower estimates for the last term (3.6).

Lemma 3.3. There exists a positive constant ¢ > 0 such that

1
Vn,l >0, c® < )\3p(n,l) < E(1 +1)%

Proof. We deduce from (2.11) that for all I > 2,

125 /1g 917125(1 - ‘B(cos?)‘)d@

ot = [ g1 () o) oz [ 2

We deduce from the Hilb formula (3.7) the pointwise convergence

lim Pl(cos ?) = Jo(0).

l—+oc0

We notice from the definition that the Bessel function Jy is a smooth bounded in
modulus by 1 but not identically equal to 1 in modulus on the interval [1, 7]. We
also notice from (2.10) and (2.11) that the smooth function

9n—>PI(COS§),

is bounded in modulus by 1 but not identically equal to 1 in modulus on the interval
(1, %] when I > 1 so that

/1; 01%(1— )B(cos?)‘)d9>0.

We deduce from (2. 11) and the Lebesgue dominated convergence Theorem that

lggloo/ o ( ‘B(cos?)‘)dﬁz/i m%u—uo(emdbo,

because 0
> — — < 2.
Vi > 2, ‘1 ‘Pl(cosl)H_Q
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When [ = 0, we deduce from (2.11) that for all n > 0,

T2
0< )\373(11,0) < /l Wda

When [ = 1, we deduce from (2.11) that for all n > 0,

™

T )
3

1
3

This ends the proof of Lemma 3.3. O

Theorem 2.1 is a direct consequence of (2.6), (3.4) and Lemmas 3.1, 3.2, 3.3.

3.3. Proof of Theorem 2.4. We first consider the case with Maxwellian molecules
~v = 0. We deduce from (1.9) and Theorem 2.3 the equivalence of the norms

118 ~ || (o™ (1 + 4E))
I B+ (-2 1R

On the other hand, the following equivalence between the norm || - |lo in the
Maxwellian case and the norm || - |||, for general molecules v €] — 3, 4+o00[ was
proven in [5] (Proposition 2.4):

(0" (e nv) £,

£l ~ W¢0) % fllo-

For general molecules, we therefore obtain that the linearized non-cutoff Boltzmann
operator satisfies the following coercive estimates

(Zof. £)1 ~ I~ PYSIIE ~ 1)1 — Pl
~ [[(om (i + M) i - B[ + 0w noR) E - PAI,

s

~ [ (0)2 (1= P)f[72 + [(—As2) 2 (0) 2 (1 = P)f 7.
This ends the proof of Theorem 2.4.

4. Miscellanea.

4.1. The non-cutoff Boltzmann operator. We consider the non-cutff Boltz-
mann operator with Maxwellian molecules

B(g, f) = /Rd/sd1 |v— )('f’—g*f)dadv*,

with d > 2, where f. = f(vl), f/ = f(v'), f* = f(v«), f = f(v). The post collisional
velocities are defined in terms of the pre collisional velocities as

;v v — v e

2 5 7 T 2 7

where o € S¥~!. We recall here how the Boltzmann operator is defined when the
cross section satisfy the singularity assumption (1.3). To that end, we shall use the
distribution of order 2 defined in the following lemma:
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Lemma 4.1. Let v be an even L}, (R*) function satisfying 0*v(0) € L*(R). Then
the mapping

C%(R) 3 ¢+ lim v(0)((0) de—/ /92 ¢"(t0)dB(1 — t)dt,

E—)O+ |9‘>E

is defining a distribution fp (v) of order 2. Furthermore, the linear form fp (v) can
be extended to C11 functions (C* functions whose second derivative is L>). For

¢ € CU1 such that $(0) = 0, the function v belongs to L*(R) and
(0 0).6) = [ 6)5(0)a

zfquﬁ stands for the even part of the function ¢.

Proof. Since

/9|>€V(9)(¢( ))dé —/ /6|>5 ¢ (t0)dO(1 — t)dt,

the Lebesgue dominated convergence theorem gives the first result. The extension
to C1! functions follows from the formula

since the absolute value of the latter is bounded from above by ||¢”| L~ %. This
implies that

v(0) x even part(¢(0) — ¢(0)) € L',

and proves the last statement. O

By using polar coordinates v — v, = pv, p >0, v € S, we may write
= by -
Qslo.1) = | g M00)

X [g(v — w>f<v + M) —g(v—pv)f(v)| p* Ldodpdy.

Setting 0 = wsinf @ vcosh, w € ST72, w L v, 0 < 6§ < 7, the term Qp(g, f) is
equal to

/ b(cos 0) p? =1 (sin 8) 1~ 2dpdfdwdy
R xSE72x (0,m) xS~

[g(fuf p(wsintﬁ)6921/(:ost9+1/))];(1}Jr p(wsinf)@;cosf)fu)

= / b(cos 0) p? =1 (sin 0)?~2dOd pdwdy
RFxSE72x(0,7)xS¢71

) —9w =) fv)]

0 0 0 0 0 0
[g(v —pcosi(wsin§ @Vcos§))f(v+psin§(wcos§ 6 vsin 5)) —g(v— py)f(v)].
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By using that the cross section b(cos @) is supported on the set where 0 < 6 < 7,
we have

QB(9,f) = 2047 1b(cos 26) (sin 20)*~2dOd pdwdy

/ijggzx(o,n/zl)xsﬁl
[g(v — pcosf(wsind & vcosh)) f(v+ psinf(wcosd ©vsinb)) — g(v — pu)f(v)]

Setting

Usq(0,v) = / g(v—pcosf(wsinf & v cosh))
SET2xRE xs31
x f(v+ psinf(wcos b © vsin 0))pd_1dpdwdu,

we notice that the smooth function 6 — Wy ,(6,v) is even

Vyg(=0,v) = / g(v—pcosf(—wsind & v cos b))
s

2R xSE!
x f(v— psinf(wcosf & vsin 9))pd_1dpdwd1/
= / g(v—pcosf(wsind & vcos b))
SET2xRE xsd?

x f(v+ psinf(wcosd © vsin 0))pd*1dpdwd1/ =Wy ,(0,0)
and that

U = — =1dpdwdy.
o0 = [ Y G OV OV T

For f,g € .#(R%), we easily check that the function R? 3 v — 95*W  ,(6,v) belongs
to the Schwartz space .#(R?) uniformly with respect to the parameter 6 € (0, F)
since

\v’|2+|v’|2—‘v— cose(wsing@ucosg)r—l—‘v—i— Sing(wcosg@using)‘2
: I 2 2 PR 2 2

1
=2l +p* =200 v = o + o= pr| = o + o]* = S (o + 7).

When the cross section satisfies the assumption (1.3), the Boltzmann operator is
then defined as a finite part by Lemma 4.1,

™

Qn(g, F)(v) = /0 " 2b(cos 26)(sin 20)72 (T 1.4 (8, v) — W 1., (0, v)) do.

Furthermore, we check that Qg(g, f) € (RY) when f,g € .7 (R%).

4.2. The Laplace-Beltrami operator on the unit sphere S~!. The Laplace-
Beltrami operator on the unit sphere S~! is given by the differential operator

1

Asd,—l = 5 Z (Ujak - Ukaj)Q. (41)
1<5,k<d

7k
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Indeed, we have

1 1
3 Z (v;O — v1,0;)? = 3 Z (v?@,% + v,%ﬁjz- - ijvkaik —v;0; — v0k)
1<j,k<d 1<j,k<d
Gk Gk
d d
= r?Apa — vaﬁ? - Z vjukaj%k —(d-1) Zvjaj
=1 1<j,k<d =1
J#k

d 2 d
= 12Aga — (Zvjaj) —(d-2)Y 00 =r*Aga — (r0,)* — (d — 2)r, = Agas,
=1 j=1

because the Laplacian on R¢ writes in spherical coordinates as

Or? r or | p2osth

In the 3-dimensional case, the Laplace-Beltrami operator on the unit sphere S? is a
differential operator on R3,

1 (p—a)- vty
— w — i(v—y)-& —
Baf = (Op"0)) = sz [ e a2 ) )
whose Weyl symbol is the anisotropic symbol

a(v,6) = 3~ o AP

ARd =

Indeed, we have for any j # k
Opw((ngk - ’ngj)2) = Opw (’U?gi + ’Uif? — 21}]5]1]166’6)
1
= = ;0 = vi0] + 5 (v;0; + 0jv;) (v Ok + Ovi)

1 1
= — 1)32-8,3 - v%@f— +v;0; + vi0k + 2vjvk832’k + 355~ (v;0k — vkaj)2,

implying that ;
Ag2 = Op® (5 — v /\§|2).
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