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ABSTRACT. We provide necessary and sufficient geometric conditions for the exact con-
trollability of the one-dimensional fractional free and fractional harmonic Schrédinger
equations. The necessary and sufficient condition for the exact controllability of frac-
tional free Schrodinger equations is derived from the Logvinenko-Sereda theorem and its
quantitative version established by Kovrijkine, whereas the one for the exact controllabil-
ity of fractional harmonic Schrodinger equations is deduced from an infinite dimensional
version of the Hautus test for Hermite functions and the Plancherel-Rotach formula.

1. INTRODUCTION

The purpose of this article is to provide necessary and sufficient geometric conditions on
control subsets to ensure exact controllability of fractional free Schrodinger equations and
fractional harmonic Schrodinger equations. The notion of exact controllability is defined
as follows:

Definition 1.1 (Exact controllability). Let B be a closed operator on L*(R?) which is the
infinitesimal generator of a strongly continuous semigroup (e *B)>o on L2(RY), T > 0
and w be a measurable subset of R®. The equation

{ 0y + B)f(t,z) = u(t,z),(z), zeRY >0,
fli=o = fo € L*(RY),

is said to be exactly controllable from the control subset w in time T > 0 if, for any
initial datum fo € L?(RY) and any final datum fr € L*(R?), there exists u € L?((0,T) x
RY), supported in (0,T) x w, such that the mild (or semigroup) solution of (1.1) satisfies
f(T,-) = fr. The equation (1.1) is said to be exactly controllable from the control subset w
if there exists T > 0 such that this system is exactly controllable from w in time T > 0.

(1.1)

By the Hilbert uniqueness method, see [3, 11], the exact controllability of the evolution
equation (1.1) is equivalent to the exact observability of the adjoint system
(1.2) { (O + B*)g(t,xz) =0, reR? >0,
' gli=0 = go € L*(R%),
where B* denotes the L?(R?)-adjoint of the operator B. The notion of exact observability
is defined as follows:

Definition 1.2 (Exact observability). Let T > 0 and w be a measurable subset of RY.
The evolution equation (1.2) is said to be exactly observable from the control subset w in
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time T > 0 if there exists a positive constant Cp > 0 such that, for any initial datum
go € L*(R%), the mild (or semigroup) solution of (1.2) satisfies
T

/\go($)|2d$ SC’T/(/|g(t,az)]2dx)dt.
R4 w

0

In this paper, we study evolution equations associated to skew-selfadjoint operators.
More precisely, we consider evolution equations

{ Ouf(t,z) +i(Af)(t,z) =0, zeRY >0,
fli=o = fo € L*(RY),

where the selfadjoint operators A on L2(R?) generating a strongly continuous group
(e)yer on L?(R?) is specifically given by a fractional Laplacian A = (=A,)® equipped
with the domain

(1.3)

D((-A0)*) = {f e L*(RY) : ¢ € LR},
or a fractional harmonic oscillator A = (—A, + |z|?)%, with s > 0, equipped with the
domain

D((~Ae +2)%) = {7 € 2R 37 (2l + dPNf, Vad g < +o0},
aeNd
where (V) ena denotes the Hermite basis of L2(R?) defined in (2.2) and (2.8).
Our starting point is the following result proved by Miller. This author shows in [13,
Corollary 2.17] that the observability of the system (1.3) is equivalent to the following
spectral estimates:

Proposition 1.3 (Miller [13, Corollary 2.17]). Let A be a selfadjoint operator on L2(R?),
which is the infinitesimal generator of a strongly continuous group (eitA)teR on L*(RY).
If the evolution equation (1.3) is exactly observable from a measurable subset w C R? at
some time T > 0 then there exist some positive constants k > 0 and D > 0 such that

(1.4) VAeRVf €y, \<vpy (2RY), N flre@ay < VEIFllL2w)-

Conversely, when the spectral estimates (1.4) hold for some k > 0 and D > 0, then the
system (1.3) is exactly observable from w at any time

1+ k

1.5 T> _—
(15) ™

The operators 1 {[A-A|<VD} appearing in (1.4) are defined by functional calculus. It is
important to point out that the constants D and k do not depend on A\. We recall the
proof given by Miller in Appendix (Section 5.2) since the lower bound obtained by Miller
in [13, Corollary 2.17] is different to ours in (1.5).

When the operator A = (—A,)%, with s > 0, is a fractional Laplacian, the family
(1 (JA-\|< \/5}) AcRr is a family of frequency cutoff operators on bounded frequency subsets
and for all D > 0 and A\ € R,

(16)  Tyu yeymy (FARY) = {f € L*R?) : supp f € {€ € R, |l¢* = A < VD}},

where |- | denotes the Euclidean norm on RY. The spectral estimates (1.4) are in this case
related to the notion of annihilating pairs:

Definition 1.4 (Annihilating pairs). Let S,% be two measurable subsets of R,
- The pair (S, %) is said to be a weak annihilating pair if the only function f € L?(R?)
with supp f C S and supp f C X is zero f = 0.
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- The pair (S,X) is said to be a strong annihilating pair if there exists a positive
constant C' = C(S,%) > 0 such that for all f € L?>(RY),

/Rd |f () Pda < C</Rd\s |f () 2dx + /Rd\z \f(g)\?dg).

It can be readily checked that a pair (5,X) is a strong annihilating one if and only if
there exists a positive constant C = C(5,X) > 0 such that

(1.7) Vf e L*(RY), supp f C =, [ fllz2mey < Cllflra@ers)-

We deduce from the Hilbert uniqueness method, Proposition 1.3 and (1.6) that the exact
controllability of the fractional free Schrédinger equation

{ Ocf(t,x) +i(—A)° f(t,x) = u(t,z)1,(z), reRY t>0,
fli=o = fo € L*(RY),

with s > 0, from a measurable control set w holds if and only if its complement R? \ w
forms a strong annihilating pair with the frequency set

Cp(A) = {¢ e R?: [[¢]** — A < VD},

for some D > 0 and all A € R with an uniform constant C' with respect to A in (1.7).
An exhaustive description of annihilating pairs is for now out of reach. However, the
Logvinenko-Sereda Theorem [12] gives a complete description of all support sets forming
a strong annihilating pair with a given bounded frequency set:

Theorem 1.5 (Logvinenko-Sereda [12]). Let S,% C R be measurable subsets with X
bounded. Denoting S = R% \ S, the following assertions are equivalent:
- The pair (S,X) is a strong annihilating pair
- The subset S is thick, that is, there exists a cube K C R with sides parallel to
coordinate azes and a positive constant 0 < v <1 such that

Ve eRY (K +2)Nn S| >~|K| >0,

where |A| denotes the Lebesque measure of the measurable set A.

Notice that if the support set S forms a strong annihilating pair with some bounded
frequency set X, then S forms a strong annihilating pair with any bounded frequency set.
In order to be able to use the Logvinenko-Sereda theorem in control theory, it is essential to
understand how the constant C (S,3) appearing in (1.7) depends on the bounded frequency
set ¥. In [10, Theorem 3], Kovrijkine adresses this question by establishing the following
quantitative version of the Logvinenko-Sereda Theorem:

Theorem 1.6 (Kovrijkine [10, Theorem 3]). Let w C R? be a measurable subset y-thick
at scale L > 0, that is, satisfying

(1.8) vz eRY, ([0, L] + ) Nw| > 7L¢ > 0,

with 0 < v < 1. There exists a universal positive constant C > 0 independent on the
dimension d > 1 such that for all f € L?(RY) satisfying supp f C J, with J a cube with
sides of length b parallel to coordinate axes,

(1.9) ||f”L2(Rd) <c(v,d, L, b)”f”LQ(w)’
with .
Cd\ Cd(Lb+1)
c(v,d,L,b) = (—) .

v
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This result is extended to the case of frequency supports covered by the union of finitely
many parallepipeds in [10, Theorem 4]. In this work, we only use this result in the one-
dimensional setting:

Theorem 1.7 (Kovrijkine [10, Theorem 2]). Let w C R be a measurable subset y-thick at
scale L > 0, that is, satisfying

Ve eR, |([0,L]+z)Nw|>~L >0,
with 0 < v < 1. There exists a universal positive constant C > 0 such that for all
f € L*(R) satisfying supp f C Upey Jr, with (Jx)1<k<m a finite family of intervals with
length |Ji| = b for all 1 <k <m,

(110) HfHL2(R) < 6(77m7L7 b)”fHLQ(w)7
with ( )m

C\Lb(E) +m—3

C(r)/avaab) - (;) .

Notice that the constant ¢(y, m, L,b) depends only on the number of intervals and their
length but not on their locations. Thanks to this explicit dependence of the constant with
respect to the length of the intervals in (1.10), Egidi and Veseli¢ [5]; and Whang, Whang,
Zhang and Zhang [15] have independently established that the heat equation

{ (0r — Ap)f(t,z) = u(t,z)ly(x), r R t>0,
fli=o = fo € L*(RY),

is null-controllable in any positive time 7' > 0 from a measurable control set w C R?
if and only if the control subset w is thick in R% In the recent work [2], Beauchard,
Jaming and Pravda-Starov prove that this thickness condition is also sufficient for the
null-controllability of the harmonic heat equation

{ (O + (= Az + |22 f(t,2) = u(t,z)l,(z), xR t>0,
fli=o = fo € L*(RY).
More generally, the result of [2, Theorem 2.2] shows that the thickness condition is a
sufficient condition for the null-controllability of a large class of hypoelliptic quadratic
equations.

When the operator A appearing in the evolution equation (1.3) has a compact resolvent,

the result of Proposition 1.3 is specified further as the following infinite dimensional version
of the Hautus test:

(1.11)

Proposition 1.8 (Miller [13, Corollary 2.18]). Let A be a selfadjoint operator on L*(R?),
which is the infinitesimal generator of a strongly continuous group (eitA)teR on L?(RY).
When the operator A has a compact resolvent with a spectral gap ~v > 0 in the following
sense: |A — u| > v for all distinct eigenvalues A and p, the evolution equation (1.3) is
ezactly observable at some time T > 0 from a mesurable subset w if and only if

30 >0,  for all eigenvector 1 of A, ||Y|l L2ray < 0[|Y]L2(w)-

When the spectral gap condition holds, the observability of the evolution equation (1.3)
then depends only on some properties of the eigenvectors of A. Notice in particular that
this spectral gap condition holds for the one-dimensional harmonic oscillator

H=-A,+ ac2,
as well as the fractional harmonic oscillators H®, when s > 1, since the spectra of these
operators are given by

o((=Ay +2%)%) ={(2n+1)*: ne N}
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In this work, we aim at studying necessary and sufficient geometric conditions on the
control subsets w to ensure exact controllability of the free fractional Schréodinger equations

{ O f(t,m) +i(—A)5f(t, ) = ut,x)l,(x), x€RI >0,
fli=o = fo € L*(RY),

and the fractional harmonic Schrédinger equations

{ Of(t,x) +i(—Ap + |2)* f(t,2) = u(t,z)ly(z), xR t>0,
fli=o = fo € L*(RY),

with s > 0. The first result contained in this paper (Corollary 2.8) shows that the thick-
ness condition defined in Theorem 1.5 is a necessary and sufficient geometric condition for
the exact controllability of the fractional free Schrédinger equations when the fractional
parameter satisfies s > % In the multidimensional setting, the thickness condition is al-
ways a necessary condition for exact controllability when the fractional parameter satisfies
s > 0 (Theorem 2.6). When the control subset is assumed to be open and 0 < s < 3, the
previous necessary condition is strengthened in Corollary 2.9 by requiring the complement
of the control subset R? \ w to have empty interior. A sufficient geometric condition to
ensure the exact controllability from a neighborhood of the control subset is also given
in the multidimensional case when s > % (Proposition 2.11). These results are based on
the Logvinenko-Sereda Theorem, its quantitative versions proved by Kovrijkine and new
uncertainty principles recently established by Green, Jaye and Mitkovski [6].

Regarding the fractional harmonic Schrédinger equations with s > 1, we prove that the
following geometric condition

(1.12)

(113) YA€ O®Y), liminf .. liminf AW OB X o X [ZRa, R

> 0,
Ry—+0c0  Rg—+o0 |[—R1,R1] X ... X [—Rd,Rd”

turns out to be necessary for exact controllability in any dimension d > 1 (Theorem 2.4)
and sufficient in the one-dimensional setting (Theorem 2.2). The proof of this result is
based on the infinite dimensional version of the Hautus test given by Proposition 1.8
applied with Hermite functions together with the Rotach-Plancherel formula for Hermite
polynomials. This necessary condition enables us to derive a negative result of exact
controllability from a cone in dimension 2. In the case of the one-dimensional harmonic
Schrodinger equation, we establish that exact observability from a control subset satisfying
(1.13) holds at any time 7' > .

2. STATEMENTS OF THE MAIN RESULTS

2.1. Hautus test and exact controllability of fractional harmonic Schrédinger
equations. In this section, we state the results related to the exact controllability of
fractional harmonic Schrodinger equations. We recall that the exact controllability of the
evolution equations (1.12) is equivalent to the observability of the adjoint systems

{ Oif(t,x) —i(=Dg + [2)*f(t,2) =0, =z eR ¢>0,
fli=o = fo € L*(R%).

The observability of (2.1) is deduced thanks to Proposition 1.8 by an infinite dimensional
Hautus test on the Hermite functions seen as eigenvectors of the fractional harmonic
oscillator.

Hermite functions are normalized L?(R)-functions defined as

(2.1)

(2.2) Yn >0, n(r) = e 7 Hy(z),
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where H,, stands for the Hermite polynomial of degree n > 0, see e.g. [14], formula (5.5.1).
The family (¢,)n>0 defines a Hilbert basis of L?(R). They satisfy the following infinite
dimensional Hautus test:

Proposition 2.1. Let w be a measurable subset of R and (¢n)n>0 be the Hermite basis on
L?(R) defined in (2.2). The following assertions are equivalent:

(@) liminf LOERE
R—+o00 |[—R, RH
(@  Fe>0,Yn=0, 1=|tnl2w) < cllvnlrzw),
(i) liminf [l r2(,) > 0.

>0,

The proof of Proposition 2.1 is given in Section 3 and is based on the Plancherel-Rotach
formula. We readily deduce from Propositions 1.8 and 2.1 the following result of exact
controllability in the one-dimensional case:

Theorem 2.2. Let s > 1 and w be a measurable set in R. The two following assertions
are equivalent:

(i) The fractional harmonic Schrodinger equation
Orf(t,x) +i(—Ap + 22)5f(t, ) = u(t,z)ly(x), r€eR, t>0,
{ fli=o = fo € L*(R),
is exactly controllable from the set w for some positive time T > 0,
(13) The control set obeys the following geometric condition

N |wN[—R,R]|
R—+oo  |[-R, R]|

If one of the two above conditions holds in the non-fractional case s = 1, then the harmonic

Schriodinger equation is exactly controllable from the control subset w in any time T > .

> 0.

The equivalence between (i) and (i7) directly follows from Propositions 1.8 and 2.1, since
the Hermite basis (¢5)n>0 is a Hilbert basis of eigenvectors for the fractional harmonic
oscillator H?® associated to the eigenvalues ((2n + 1)°),>0 that satisfy the spectral gap
condition when s > 1.

Let us now check in the non-fractional case s = 1 that when exact controllability holds
for some positive time Ty > 0 then it necessary holds in any time T' > w. To that end, we
just notice that the function

o 1_2
teR— Helt( Ast )fO”%2(w)7
is m-periodic since
Vte R,V fy € LQ(R), ei(t+7r)(fAz+12)fO _ Z ei(t+w)(2n+1)<f07¢n>L2(R)wn

neN
_ —eit(_Ax+I2)f0.

By recalling that exact controllability at some time 7p > 0 is equivalent to the observability
of the evolution equation

{ Orf(t,x) —i(—Ay + 22) f(t,z) =0, xeR, t>0,
fli=o = fo € L*(R),
in time Ty > 0, that is,

Ty
301, > 0.Yfo € LAR),  [lfolam < Cry /0 et o2, .
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The m-periodicity property readily implies observability and exact controllability at any
time T > 7, since for all fy € L?(R),

, To e Aura?) o 2 (|2 ]+1)r e Ausa?) 12
follgey < O [ 163 ot < O, [ Bt fo12, e
2] (k)
- " it(— x2 TO " it(— z?
<O, Z/k eit(=Aat )foH%%w)dtSCToQ;J +1)/0 |eft(—Aat )fOH%Q(w)dt,
k=0 7 F7

where |-] denotes the floor function.

Remark 2.3. When the fractional parameter satisfies 0 < s < 1 and w is a measurable
set in R, the geometric condition

lim inf —]w N[-E R

0
e SRR

1§ a mecessary condition to ensure the exact controllability of the fractional harmonic
Schrodinger equation

{ Ouf(t,x) +i(=Ds +2?)°f(t,2) = u(t,2)lu(z), T €R, t>0,
fli=o = fo € L*(R),

from the control subset w at some positive time T > 0. Indeed, the a priori estimate
characterizing the exact observability property applied to Hermite functions readily implies
that condition (ii) in Proposition 2.1 holds. The same proposition then shows that the
above geometric condition has to hold when the fractional harmonic Schrédinger equation
s exactly controllable.

Theorem 2.2 provides a necessary and sufficient geometric condition on the control
subset w to ensure exact controllability of fractional harmonic Schrédinger equations in
the one-dimensional setting. In higher dimensions d > 2, it is natural to investigate if the
geometric condition

o |w N Bd(07 R)|
(23) ot =g 0. mr Y
where B4(0, R) denotes the Euclidean ball in R centered at 0 with radius R, turns out to
be sufficient to ensure exact controllability. This is actually not the case in general as the
next result shows that condition (2.3) is not sufficient for the exact controllability of the
harmonic Schrédinger equation posed on R2. The stronger necessary geometric condition
for exact controllability given by the following proposition proves in particular that the
exact controllability of the harmonic Schrodinger equation posed on R? cannot hold from
the cone

(2.4) c%z{(rcos@,rsin@): r >0, ]6[§%—5}CR2,

with 0 <6 < 7,
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Cone wg

as the control subset wj; satisfies condition (2.3), but fails to satisfy the following necessary
geometric condition

e o lwN [=Ry, Ri] X [=Ra, Rao|
1 fl f 0

RllIgl—Poo R’lgl—&{loo H—Rl, Rl] X [—RQ, RQ” >
given by the following result:

Theorem 2.4. Let s > 1 and w be a measurable subset of R® with d > 1. If the fractional
harmonic Schrédinger equation
(2.5) { Of(t, ) +i(=Ap +[x) f(t,2) = u(t,2)l(2), 2 €R? t>0,

' fli=o = fo € L*(RY),
1s exactly controllable from w for some positive time T' > 0, then the control subset w does
obey the following geometric condition

(26)  VAeO®Y), liminf ... liminf AW OIERLF]X . X [ZRa, Rall

> 0,
Ri—+o© Rg—+00 |[—R1,R1] X .. X [—Rd,Rd”

where O(R?) stands for the orthogonal group in dimension d.

This result shows that the exact controllability of the fractional harmonic Schrodinger
equations requires the control subset to be distributed in any space direction. The suffi-
ciency of condition (2.6) for exact controllability is an open question in dimension d > 2.
The proof of Theorem 2.4 is given in Section 4. An example of sufficient geometric condi-
tion is given by the following proposition, which is deduced from Theorem 2.2:

Example 2.5. Let d > 1, s > 1 and w be a measurable subset of R satisfying
jwN[=R, R]|
— > 0.
Rotoo  |[—R, R]|

The evolution equation

2.7) { Of(t,x) +i(—Ap + |z2) f(t, ) = ut,x) 1 yga-1(z), x€RI t>0,
' fli=o = fo € L*(RY),

is exactly controllable from w x R~ for some positive time T > 0.

Proof. We first notice that the spectral gap condition in Proposition 1.8 is satisfied by the
fractional harmonic operator (—A, + |z|?)%, since its spectrum is given by

o((=Ag + [z*)®) = {(2n +d)*: ne N}
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Let N € N and f be an eigenvector associated to the eigenvalue (2N + d)°. There exists
a family of complex numbers (Ca)aend jo|=n Such that

f = Z COC\IIOU
aeN?,
la|=N
with

(2.8) Va=(ai,....,aq) = (a1,d) € N Wz = (x1, wn@g) = (z1,2") € R,

d
Vo(z) = H Y, (Ti)-
i=1

We notice that

i = [ ([
- [ (L

= / Z |CN—|a’\,0c"2|¢N—\a’|($1)|2dx1 = Z |CN—‘O/|7O/|2||wN—‘O/|||%2(w)'
waleNdﬂ’ o’ eNd—T
|o/|[<N lo/|<N

Z CaVq(z1,2") ‘de’> dxy

aeN?,
la|=N

> CNf|a'\,a'¢Nf\a'|(ﬂfl)%f(x’)‘Qdfc')dxl

By using Proposition 2.1,
Je>0,Vn >0, 1= |[Ynllrzw) < cllvnllrzew),
we deduce that

1 1 1
(2.9) 1172 o1y = > S Cnojeel? = > > | = gy\f\\§2(Rd).
o/ eNd—1 aeN9,
o/ |<N la|=N

Thanks to Proposition 1.8, we deduce from (2.9) the observability of the adjoint system

{ dg(t,x) —i(—=Ag + [z]?)°g(t,2) =0, xR t>0,
gli=o = go € L*(R%),

and then the exact controllability of the evolution equation (2.7). O

The above example ensures the exact controllability of fractional harmonic Schrédinger
equations from the half space Ry x R4~!. In particular, it appears that the cone (2.4) is
a limit case for exact controllability.

2.2. Exact controllability of fractional free Schrodinger equations. In this section,
we study the exact controllability of the fractional free Schrodinger equation

(O +i(—A)%) f(t,2) = u(t,2)ly(x), xR t>0,
(210 L

with s > 0, from a measurable control subset w C R%. By the Hilbert uniqueness method,
the exact controllability of the evolution equation (2.10) is equivalent to the observability
of the adjoint system

{ (at - Z(_Ax)s)g(t7$) = 07 T e Rda > 07

2.11
(2.11) gli—o = go € L*(RY).
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We first notice that the Logvinenko-Sereda Theorem recalled in Theorem 1.5 shows that
the thickness condition is a necessary geometric condition for the exact controllability of
the fractional Schrodinger equation (2.10) in any dimension d > 1:

Theorem 2.6. Let s > 0, w be a measurable subset of RY and T > 0. If the fractional
free Schridinger equation (2.10) is exactly controllable from w at some time T > 0, then
the control subset w is a thick set.

Proof. The assumptions of Theorem 2.6 imply that the system (2.11) is exactly observable
from w in time T" > 0. We deduce from Proposition 1.3 that there exist some positive
constants k > 0 and D > 0 such that for all A € R and f € L*(R%),

(2.12) supp f C {€ € RY: [|¢* =N < VD} = ||fll 2@y < VEIFll20).

While taking A = 0, the assertion (2.12) implies in particular that the sets R? \ w and

the Euclidean ball By(0, Dﬁ) in R? make a strong annihilating pair. Since By(0, Dﬁ) is
a bounded set, the Logvinenko-Sereda Theorem (Theorem 1.5) ensures that the control
subset w must be thick. g

In the one-dimensional setting, the quantitative version of the Logvinenko-Sereda The-
orem established by Kovrijkine (Theorem 1.6) together with Proposition 1.3 show that
the thickness condition is also sufficient for the exact controllability of the fractional free
Schrodinger equations (2.10) when s > %:

Theorem 2.7. If s > % and w is a thick measurable subset of R, then there exists a
positive constant Ty > 0 such that for any time T > Ty, the fractional free Schréodinger
equation (2.10) is exactly controllable from w in time T

Proof. Let w C R be a measurable subset y-thick at scale L > 0. Let D > 0, A € R and
f € L*(R) such that

suppfc {f eR: Hﬂzs - Al < \/5}
If |\| > /D + 1, the Fourier transform fis supported in the union of two intervals
supp f € [ = (VD + )%, ~(=VD + [A)2#] U [(=VD + )7, (VD + [A]) ]
and

[~ (VD +A)%, ~(—VD +A)%]| = |[(~VD + A=, (VD + [A) =]

<

)

-1

since s > % and |A| > VD + 1. It follows from Theorem 1.7 that there exists a universal
positive constant C’ > 0 such that

L5+

C/
N1 22w)-

(2.13) 72 < ()

. a
On the other hand, we notice that supp f C [0, (2\/54— 1) 25] when |\ < VD +1. We
deduce from Theorem 1.6 that there exists a universal positive constant C' > 0 such that

O\ C(1+L(2v/D+1)%5)
(2:14) 172 < ()

By setting

1l 22y

)

Y Y

)

d — max ((C/ L@(%’)hrg C)C(1+L(2\/5+1)213))2
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it follows from (2.13) and (2.14) that for all A € R and f € L%(R) with supp f C {¢eR:
1€ — Al < VD,
£l 22 ) < V|l £ll L2 (-

Theorem 2.7 is then a direct consequence of the Hilbert uniqueness method and Proposi-
tion 1.3. g

We deduce the following necessary and sufficient geometric condition for the exact con-
trollability of the fractional free Schrédinger equations:

Corollary 2.8. Let s > % and w be a measurable subset of R. The one-dimensional
fractional free Schridinger equation

{ (Or +i(—A)%) f(t, z) = u(t, )1, (x), zeR, t>0,
fli=o = fo € L*(R),

1s exactly controllable from w if and only if w is thick.

It is interesting to point out that the sharp geometric condition for the exact con-
trollability of the free Schrodinger equation is actually the same as the one for the null-
controllability of the free heat equation (1.11), even if the behavior of these two equations
are very different. This thickness condition is also a necessary and sufficient condition
for the null-controllability of the fractional heat equations as showed by Alphonse and
Bernier [1, Remark 1.13], when the fractional parameter satisfies s > %

By elaborating further on the link made by Duyckaerts and Miller [4] (Corollary 2)
between results of exact controllability at some positive time for Schrodinger equations
and results of null-controllability in any positive time for the associated heat equations,
the recent result of non-null-controllability in any positive time established by Koenig [9]
(Theorem 3) for the fractional heat equation

{ (O + (—A)%) f(t,x) = u(t,z)1,(z), zeRY t>0,
fli=o = fo € L*(RY),

when 0 < s < %, once w C R is an open subset whose complement R%\ w has a non-empty
interior, readily implies the following necessary condition for the exact controllability of
fractional free Schrodinger equations from an open control subset when the fractional
parameter satisfies 0 < s < %:

(2.15)

Corollary 2.9. Let 0 < s < % and w C R% be an open subset. If the fractional free

Schrodinger equation
{ (0 +i(=A)*) f(t,x) = u(t,x)1,(z), x€RL t>0,
fli=o = fo € L*(RY),
1s exactly controllable from w at some positive time T > 0, then the complement of the
control subset R? \ w has empty interior.

In a recent work [6] , Green, Jaye and Mitkovski prove new uncertainty principles.
These results can be seen as a generalization of the Logvinenko-Sereda Theorem and
its quantitative versions given by Kovrijkine. They establish in particular the following
uncertainty principle:

Theorem 2.10 (Green, Jaye & Mitkovski [6, Corollary 3]). Let w be a measurable subset
of R¢ satisfying the following one-dimensional geometric control condition: there exist
some positive constants L > 0 and 0 < v < 1 such that for all straight lines D C R? and
for all line segment S C D of length L,

H(SNw) > ~L,
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where H denotes the one-dimensional Lebesque measure of D. Then, for all 6 >0, 5 > 0,
there exists C > 0 such that for all R > 0 and f € L*(RY),

suppf C {€€R?: R—B<|¢|<R+pB} = [ fllL2may < ClFllL2 @i w))s
where Us(w) denotes the §-neighborhood of w defined by Us(w) = {x € R : d(x,w) < 6}.

This result together with Proposition 1.3 and the Hilbert uniqueness method allow to
derive the following sufficient geometric condition on the control subset w to ensure the
exact controllability of the fractional free Schrodinger equation (2.10):

Proposition 2.11. Letd > 1, s > % and w be a measurable subset of R? satisfying that
there exist some positive constants L > 0 and 0 < v < 1 such that for all straight lines
D c R and for all line segment S C D of length L,

(2.16) H(SNw) > L,

where H denotes the one-dimensional Lebesgue measure of D. Then, for all 6 > 0, the
fractional free Schrédinger equation

{ (at + i(_Aac)S)f(ta 113‘) = u(taw)]lbl,;(w)(x) ) T e Rda > 07
fli=o = fo € L*(RY),

is exactly controllable from the control subset Us(w).

Notice that any measurable subset w C R? satisfying the condition (2.16) is a thick
subset in the sense of (1.8). The condition (2.16) is therefore stronger than the thickness
condition.

Addendum. After the completion of this work, we find out the recent preprint [§],
which points out the same necessary and sufficient geometric condition on control subsets
for the exact controllability of the one-dimensional free and harmonic Schrédinger equa-
tions. The authors of [8] also derive a necessary and sufficient geometric condition for the
exact controllability of the Schrodinger equation associated to the one-dimensional opera-
tor P = —A, + V(z), with V(z) = 2™, when m > 2, which is not discussed in this work.
On the other hand, the fractional case is not discussed in [8] and the multidimensional
results contained in this work are also not covered by the results of [8]. The proofs given
in the two papers are also different. Regarding the free Schrodinger equation, the proof
of [8] given only in the non-fractional case s = 1 makes the use of explicit computations of
the Fourier transform of Gaussians which cannot be directly used in the fractional case.
This proof does not make explicit the condition s > % found out in Corollary 2.8 to obtain
the necessary and sufficient geometric condition for exact controllability. Regarding the
harmonic Schrédinger equation, the proof of [8] is much more involved since it is given in
the general case when m > 1 with no explicit simplification in the harmonic case m = 1.
The use of the Plancherel-Rotach formula in this work allows to obtain more directly the
result in the harmonic case and accounts for the fact that the present paper is much shorter
than the preprint [8].

3. PROOF OF PROPOSITION 2.1
This section is devoted to the proof of Proposition 2.1. The assertions (i7) and (zi¢) are
clearly equivalent. Indeed, (iz) implies (¢i¢) by passing to the limit inferior

. 1
liminf |[$n| L2 2 7 > 0.



EXACT CONTROLLABILITY OF THE FREE AND HARMONIC SCHRODINGER EQUATION 13

On the other hand, we readily deduce from formula (2.2) that for any measurable set
w C R of positive measure |w| > 0,

(3.1) Vn >0, |[[¢nllre@w) >0,

since H,, is a polynomial of degree n. Then, assertion (i) directly follows from (iii) and
(3.1). It is therefore sufficient to prove the equivalence of assertions (i) and (ii7).
As a preliminary step, we begin by establishing that

- . 2e
(3.2) Vo <e< 3 ngl—fl—loo lnll2.y =1 — —

7T

where I, stands for the open interval (—v/2n + 1cose,v/2n + 1cose). Let 0 < e < 7.
The Plancherel-Rotach formula for Hermite polynomials [14] (Theorem 8.22.9) provides
that for all e <0 <7 — ¢,

a2 sVl [ rqm . m
(3.3) e 2 Hy(x) = W [sm ((— + %) (sin(26) — 26) + 34 ) + R, (x )}

2
with x = v/2n + 1 cos 0, where the remainder term satisfies

C
(3.4) AC > 0,Yn > 0,Vy € [-vV2n + 1cose, vV2n + 1cose], |R,(y)| < ek
It follows from (2.2) and (3.3) that the Hermite function
1 x2
nxzf(fiTanv n =1, n207
Yn() T (@), [[¥nllz2m)
satisfies that for alle <0 <m—ecandn > 1,
1
22 n 1 3

) () = ————— | si — 4+ =) (sin(20) — 26
(3.5) U (x) 7m}}\/SiTe[sm(<2—|-4)(Sm( ) ) 4)+R (z )}
with = /2n + 1 cos . We obtain from (3.5) that for all n > 1,
(3.6) 1 Fnllze.,) — 1Gallea,y < ez, < 1Enllrza. ) + 1Grllz2a. )
where the two functions F;, and G,, are defined for all e < 0 < 7 — ¢,

1
21 n 1 3

. F, ——— i — 4+ - in(26) — 260
(3.7) (x) = fnzx — sin ((2 + 4)(8111( ) )+ 1 )
and

1

(38) G(a) = ——5— Ro(x)

' ! ﬁni\/ sind

with = v/2n + 1 cos . We deduce from (3.4) that for all n > 1,

\/ 1) 2./2(2 1) (7w —2
2n—|— / (v2n + 1cos)|%dh < ¢ (2n + D)(r - 2¢)

Gnl? = ;
H TLHLQ(IEm F\/ﬁ(n+1)2

implying that
(3.9 Jim[[Gulzegr,, =0

On the other hand, we deduce from (3.7) that for all n > 1,

1

(3.10) |Fy(2))? = ey [1 ~ cos ((n + %) (sin(26) — 20) + 32”)}
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It follows from (3.10) that for all n > 1,
V2 1
(3.11) / | P () 2der = / nt
L Leq V20T

dzx
V(2n+1) — a2
\/2n+

/ cos n + ;) (sin(26) — 20) + 3;)d9,

2nm
since sin?f = 1 — %, when z = v/2n + 1cosf. We have for all n > 1,
(3.12) / V2n +1 1 2n 4+ 1 [€95¢
' I.n 2717'(\/ 27’L—|— —1132 7T 2” —cose \/ —

2n + 2n+1 2¢e
\/ arcsm cose) U — — arccos(cos 5)) = (1 — —),
2n 2n T

. T
V-1<z <1, arccosx—i—arcsmx:§.

It follows from (3.12) that

since

2 1 2
(3.13) lim / van + do=1- %
n=too Jr o 2nmy/(2n+ 1) — 22 ™

On the other hand, we have for all n > 1,
m . 3
(3.14) 5 / cos n + )(5111(29) —26) + 7)d9
_ V21 e 1\, 3
— )t ——)dt
/ t))cos<<”+2> 2) ’

2nm
where () = 20 — sin(20) is a increasing C"O—dlﬁeomorphlsm from [e,m — €] to
[p(e), o(m —€)] = [2e — sin(2¢), 27 — 2¢ + sin(2¢)].
An integration by parts shows that for all n > 1,

3

P 1o 1y ey [sin(n s b %)
/U,@) Zommy e () z)dt‘[sof«o—l(t))(w;)

(r—¢)
oLy a5
implying that

()
(3.15) ‘/:6) Mcos((n+;)t )dt‘

with

1 (24 2m — 4e + 25sin(2e)),
+3

1 d 1
0<Cy= sup — |+ (—)|} < 4.
’ te[2e—sin(2¢e),2w—2e+sin(2¢)) {) Sol(soil(t)) ‘ ‘ dt <¢I(@7l(t))) ‘}
We deduce from (3.14) and (3.15) that
(3.16) lim antl / cos n + ;) (sin(26) — 26) + 327r>d0 =0.

n——+o00 2ni
It follows from (3.11), (3.13) and (3.16) that

. 2e
(3.17) lim |\Fn||L2(IE D =\/1——

n—-+00 ’ s
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Thanks to (3.6), (3.9) and (3.17), we obtain that (3.2) holds.
Let w be a measurable subset of R verifying

(3.18) 0 = lim inf |[¢n[| 12() > 0.
Let 0 < go < § satisfying
0<eg< géz.

By using that [|¢,]|12®) = 1, we observe that for all 0 <& < 5 and n > 0,

(3.19) [¥nllZaw) = Walliz@wnr .y + 19l T2wn@ .0
< Wnllfz@nr. .y + 1¥aliz@r ) = 19nlizwar ) + 1= 1¥allfeq, -
It follows from (3.2), (3.18) and (3.19) that for all 0 < £ < &,

(3.20) lim inf [¢n]| L2(wnr. ) > 0.

15

On the other hand, we deduce from (3.5), (3.7) and (3.8) that for alln > 1and 0 <e < 7,

(3.21) [ Fnll2 e n) = 1GnllL2(e.n) < 1¥nllrewen) < 1Fnll L2, + 1GnllL2 e )
with
(3.22) Wen =w N Igp.

By using that [|Gyullr2(w. ) < |Gnllr2(i. ), it follows from (3.9) that

0.

Ws,n) =

T .
(3.23) VO <e< 5 nll)rfoo 1GnllLz(
We deduce from (3.10) and (3.22) that for all n > 1,
2+/2 1
(3.24) / | () [2dz < / nt .
wWegn wegn V2nmy/(2n + 1) — 22

< V2 gy < V2 N (=V2n+ T,V £ 1)
" Juegm V1 —cos?eg T msingg vn :

By using (3.20), (3.21), (3.22), (3.23) and (3.24), it follows that

VI |
(325) Timing 0 EV2RE L VIR E 1) zhminf”meo/ |F ()2 dee
n——+00 \/’E n—+00 \/5 Weg,n
. . ,msineg 9
= lim inf n(x)|dx > 0.
fmint 220 EC

We readily obtain from (3.25) that

(3.26) i inf lwN [=v2n+1,v2n + 1]
' n—-+oo \/ﬁ

Since the floor function satisfies

VR>0, |R|<R<|R]+1,
it follows that for all R > 2,
(3.27) V2n+1< R < 2n+3,
with n =n(R) = L%J € N. We obtain that for all R > 2,

lwN[-R,Rl| _ lwn[-v2n+1,V2n+1]] nlwn[—v2n+1,v2n+1]|
(3:28) [-R, R]| = 2R T 2R NG '

> 0.
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Notice that (3.27) implies that
1
(3.29) m Y

T AL
It follows from (3.26), (3.28) and (3.29) that

 WNRE| . 1 . wn[—vZTL )
lim inf > lim inf
Rotoo  [[=R,R]| T 2¢/2 nodeo vn

It proves that assertion (ii) implies assertion (7).

Conversely, let w be a measurable subset of R verifying
|w N [_R? RH
nf U T
R—+oo  |[—R, R]|

> 0.

>0

and define

= e [=vV2n+1,v2n + 1]
6 = liminf
n—-+00 \/ﬁ

In order to prove (ii3), it follows from (3.22) that it is therefore sufficient to show that

> 0.

7T .
HV<e< 5 %E—fl—gf HwnHLz(ws,n) > 0.
According to (3.21) and (3.23), it is then sufficient to show that
™ .
(3.30) H<e< 5 lrlbg}rg 1l 22w, ) > 0.

We,n

While using the substitution rule with z = v/2n + 1 cos 6, we deduce from (3.7) and (3.22)
that for all 0 <e < § and n > 1,

1 [4n+2 , n 1\, . 3m
(3.31) /we’n |Fo(@)Pde = p /@m sin® ((* + Z)(sm(%) - 20) + Z)dé,

n 2
with
(3.32) Den = arccos(\/%) C (e,m—e).
According to (3.30) and (3.31), it is then sufficient to show that
= imint [ i (2 1) sntet) —20) 4 37)
(3.33) 0<e<z, Eﬂ&f/&msm ((5 +7) (sin(26) = 20) + =T )6 > 0.

Let 0 < go < § verifying
0 < 2v/2(1 — coseg) < 0.
By noticing from (3.22) that for all 0 < e < § and n > 1,
weml o JwN[=v2n+1,v20+1]]  2v2n+1
v T Vn vn

(1 —cose),

we deduce that

n—-+00 n

liminfkd\a/of >0 — 2v2(1 — coseg) > 0.
It follows that there exist some positive constants cg > 0 and ng > 1 such that
(3.34) Vn > ng, |weon| > cov/n.
On the other hand, we notice from (3.32) and (3.34) that for all n > ny,

- dz |wWe .l n
3.35 Qegn| = Ky (x dx:/ > 0 > gy [ ——,
(335 |eonl /wso,n| ) o VD) 2 V2l Vol
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T

with kp(z) = arccos( \/m) It follows from (3.35) that there exists a positive constant
c1 > 0 such that

(3.36) Vn > ng,  |@eon| > c1 > 0.

By using anew the substitution rule with ¢ = 26 — sin(26), we observe that
.9 n 1 . 3
(3.37) sin ((5 n 1) (sin(20) — 20) + Z)d&
‘:Jeo,n

- /w(aso,n) M i (5 i>t - %ﬂ)dt = /so(wso,n) o (5 + i>t - ¥>dt’

with
1
0<cp= inf — < 400,
2 t€[2e0—sin(2e0),27—2e0+sin(2e0)] (p/((p_l(t))
where p(6) = 20 — sin(20) is the increasing C'*°-diffeomorphism from [gg, 7 — 0] to [2e9 —
sin(2eq), 2 —2ep+sin(2ep)] already used above. According to (3.33) and (3.37), it therefore
sufficient to prove that

(3.38) lim in /Wsoyn) sin? ((g + %)t - %)dt >0,

where according to (3.36), the subset ¢(@zyn) C (2e0—sin(2¢eg), 2 —2¢¢+sin(2ey)) satisfies
for all n > ng,

(3.39) @l = [ W@l (it [6]) Gl 2 e
Peg,n [e0,m—¢0]
with
0<c3=cy inf [|¢]<+o0.
€0,m—¢€0|
By using anew the substitution rule with z = (5 + i) - %T”, we observe that
1 3 4
(3.40) / sin? ((ﬁ + 7>t - i)dt = / sin? z dz,
S@(@eo,n) 2 4 4 27’L + 1 ng,n
where according to (3.32) and (3.39), the subset
n 1 - 3T n 1 3m /n 1 3T
%= (5+7)9@n0) =T < ((5+ 7)ot =T (5 3)etm =<0 =),
satisfies
(3.41) deqg > 0,Yn > ng,  [Qepn| > can.

According to (3.38) and (3.40), it is therefore sufficient to check that

1
(3.42) lim inf — / sin? x dx > 0.
n—+oo N an’n
Let k > 1 be an integer depending only on ¢ such that
(3.43) Vn >mng, Qeon C (— knm + g, knm + g)

We denote N,, = #1I,, the cardinality of the following set

_ . T m €4
. == - - : 9 9 > 2%k(mr +1)
(3.44) I ={i€[~knhn-1NZ ]Qmm [im + S+ 1)+ 2” > 2k(7r—|—1)}’
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with n > ng. It follows from (3.43) and (3.44) that for all n > ny,

(3.45)
kn—1 - i
Qo = > [0y, 1 [im + 2 i+ 1)m+ 7] |
i=—kn
) T, - | . _
ic€l, o

1€[—kn,kn—1]NZ
ca ney

S S A
r+1) ot

We deduce from (3.41) and (3.45) that

<N, + 2kn

ncy
T+1

Let us now prove that the estimate (3.42) holds. By using the m-periodicity of the function
z + sin? z and (3.43), we obtain that for all n > ny,

kn—1

1
(3.47) / sin? 2 dz = g / sinx dx
n QEO n

—_fn Y QegnNlin+ 3, (i+1)m+ 3]

E / sin’ x dz.
50 n— 7'+1)7r g%}

zEI

(3.46) Yn > ng, Np>

An application of Lemma 5.1 in appendix together with (3.44), (3.46) and (3.47) provide
that for all n > ny,

4k:(7'r+1)
sm xdm>— sin? z dz
zEI 4k( +1)

c4
Cyq dk(m+1) |
> / sin® z da > 0,
T4+ 1

1
(3.48) / sin?z dx > ~
n QSO?’L

cq
BRICESY)
with

™ T

Mip = |(Qegn — (1 +1)m) N [— 5,5” = ‘an,n N |:1:7T+ g’(i+ )+ g} "

for all n > ng and ¢ € [—kn,kn — 1] N Z. This establishes (3.42) and concludes that
assertion (i) implies assertion (i7i). This ends the proof of Proposition 2.1.

4. PROOF OF THEOREM 2.4

This section is devoted to the proof of Theorem 2.4. For any a = (aq, ..., aq) € (N\{0})?
and € > 0, we consider the parallelepipeds

d
= H[—\/mcose, \/Wcoss].
j=1

Let 0 < e < §. We deduce from the one-dimensional Plancherel-Rotach formula (3.5) that
for all « € (N\ {0})%, 0 <e < F and z € Cq,,

(4.1) Uo(z) = Fo(z) + Gol(x),
with
2i & sin + 1) (sin(26;) — 26;
(4.2) Fa(w) = H1 (5 +1) sfn@l )+ °F)
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and
2%
d 1 d Ra
mzad [[7_, v/sinb;
with z = (v/2a1 + 1cos by, ..., /20 + 1 cosb4) € Co . The remainder terms R, satisfy

(4.3) Go(z) = (),

1
a;+1°

d
(4.4) 3C. > 0,Va € (N\ {0}, V2 € Cae,  |Ralz)] < C Y
=1

By using the preliminary step in the proof of Proposition 2.1, we obtain from (3.2) that
forall 0 <e < 7,

(4.5) lim .. lim H‘I'aH%?(Ca,g)

a1 —+oo og—r+00o

d
= lim .. lim H\WQHQ
ar—+00 " ag—oo -t 1T L2([=y/2a;+1cose,\/2a;+]1 cose])
]:

d

N O L9 A
10¢j—>+00 INL2([—y/2a;+1cose,y/20;+1 cose]) T

=

25)3

Let us assume that the fractional harmonic Schrédinger equation (2.5) with s > 1 is exactly
controllable from a measurable subset w C R? for some time 7" > 0. The spectral gap
condition in Proposition 1.8 is satisfied by the fractional harmonic oscillator (—A, +|z|?)*
since its spectrum is given by

o((—Az + |x|2)5) ={(2n+d)®: neN}.

We can deduce from the infinite dimensional Hautus test [13, Corollary 2.18] recalled in
Proposition 1.8 that there exists § > 0 such that

(4.6) Vae N4 6 =6 Wal romay < [ Vall2(w)-

Let 0 < g9 < § such that

2e0 g
o-(1-(1-22)7) 0.
T
By writing for all o € N,
W) = 1Walaonc oy + WalEaicy ) € Wl )+ 1 [aliba,

we deduce from (4.5) and (4.6) that

. . 260
lim inf chdIEHloE 1PallL2wnca ) = \/52 _ <1 _ (1 _ 7) ) <0

a1 ——+0o0

It follows from (4.3) and (4.4) that

d d d
22 Z I \2 H 20\ 4
d 2 < 2 47 : B 0
va € (NA{01)7, HGO‘HLQ(CQ,EO) < Ga oz (i1 a; + 1) (i1 20it 1) <1 T )
and
(4.7) limsup ... lim sup HGQHB(CWO) =0.

a1 —+o0 aqg—r—+00
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We can therefore deduce from (4.1) and (4.7) that

(4.8) liminf ... liminf [ FallL2(@nca <o)

AV

liminf ... lim inf [H‘I’aHLz(mca,gO) —Gallz2(wrca o))

Y

ggnggnog---gzrg;nf [1%allz2wnca oy) = 1Gallzea o))

Y

liminf ... liminf ||¥a|z2(une

On the other hand, we notice from (4.2) that for all o € (N'\ {0})¢,

)>0.

a,eq

Vo € Ca,sm |Fa(x)|2 <

and this implies that for all a € (N\ {0}),

d
9% V2o, ¥ 1
@9) IFalbrrcay <y [ 2o
a2 JwnCa,eq ;-1 20414—1—36

28w [—v2a1 T 1,v2a1 F 1] X ... x [—v20q T 1, v/20q + 1]
~ mdsin?e ot '

We deduce from (4.8) and (4.9) that

.. . \wﬂ[—\/2a1+1,\/2041+1]><...><[—\/Qad+1,\/2ad+1”
(4.10) liminf ... liminf
ar=too  ag=too  |[—/2aq + 1,201 + 1] X ... X [—v2aq + 1,204 + 1]]

It follows from (3.27) that for all (Ry, ..., Ry) € [2, +00),

> 0.

(4.11) Vi<i<d, V2n;,+1<R; <+v2n;+ 3,
where n; = n;(R;) = | — j € N for all 1 <4 < d. We obtain that

lwN [—Rl,Rﬂ . X [=Rg, R4l
|[=R1, R1] X ... X [~ Ry, R4]|
S lwN [—v2n1 +1,v/2n1 + 1] X ... X [=v2ng+ 1,204 + 1|
B [[=R1, R1] X ... X [=Raq, Rd]|
(H\/W)]wﬂ[ V211 + 1,201 + 1] X oo X [—=v2ng + 1,204 + 1]|
[=v2n1 + 1,v2n1 + 1] X ... X [=/2ng + 1,/2ng + 1]|

We observe that (4.11) implies that

(4.12)

n; + 1
(4.13) Vi<i<d, lim Y2uTL_ g
R;—+o00 RZ

It follows from (4.10), (4.12) and (4.13) that

liminf ... liminf W [=Ry, Bl X oo x [ =Ry Rall
Ry—+o0 .”Rd—H—oo |[—R1,R1] X ... X [_Rd,RdH
. . e [=vV2a1 + 1,200 + 1] X .o x [—V2aq + 1,0 204 + 1]]
> liminf ... liminf
a1—+o00  ag—+00 ][—\/2a1+1,\/2a1+1] X ..o X [_\/204d+17\/204d+1”
It establishes (2.6) with A = I;. Let A € O(R?). By using the invariance of the Weyl

quantization under affine symplectic transformations (see e.g. [7, Theorem 18.5.9]), we
notice that

(4.14) RaoH =Ho Ry,

> 0.
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with H = —A,+|z|?, where R4 is the unitary operator on L?(R%) defined by Raf = f(A")
for f € L?(R?). The identity (4.14) implies in particular that (R4W,)ena is a Hilbert
basis of L?(RY) satisfying

Va € N, H(RsU,) = (2a] + d)RAT,,
when A € O(R?). By using that the operator
Ry : Span((\Ifa)aeNdJa‘:N) — Span ((¥a) gend,ja|=N)»

is a unitary operator for any N € N, we notice that for all s > 1 and f € D(H?),

(RaoH*)f = (Rao 7—[5)( S RA71\DQ>L2(R4)RA71%)

aENd
_ RA< 3 (2la] + d)*(f. RAA\I/@H(RCI)RAA%)
aEeNd
= > @lal +d)*(Raf, ¥a) 2 (ray¥a = (H* 0 Ra)f,
a€Nd
that is
(4.15) VA€ ORY, Vs >1, RaoH®=H 0Ra.

Let fo, fr € L*(R?). By assumption, there exists a control function v € L?([0,T] x R%)
supported in R, x w such that the semigroup solution g : Ry x RY — R of the system
(2.5) associated to the initial condition fy(A-) satisfies g(7’,-) = fr(A-). We deduce from
(4.15) that the function f defined on Ry x R? by

Vte Ry, Ve e RY f(t,z) = g(t, A" ),

is the semigroup solution of (2.5) associated to the initial condition fp and the control
function v(t,r) = u(t, A~'x) € L*([0,T] x R?) supported in R, x A(w); and satisfies
f(T,-) = fr(-). It implies that the harmonic Schrédinger equation (2.5) is exactly con-
trollable from the control set A(w). By using the first part of this proof with w replaced
by A(w), we obtain that

liminf ... liminf [Aw) N [=Ra, Bi] X ... X [~ Ra, Rd]l
R1—+00 'uRd*)‘FOO H_RlaRl] X oo X [_Rdde”

This ends the proof of Theorem 2.4.

> 0.

5. APPENDIX

This appendix contains the proof of two instrumental results. The first part is devoted
to the proof of a technical lemma used in the proof of Proposition 2.1. The purpose of the
second part is to recall the proof of Miller’s result stated in Proposition 1.3.

5.1. A technical lemma. The following technical result is used in the proof of Proposi-
tion 2.1:

Lemma 5.1. If A is a measurable subset of [—5,5] and § = |A| denotes its Lebesgue

measure then
)
-2 2 -2
sin“x dx > sin“x dx.
A _d
2
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2 s

Proof. By using that the function x — sin .

that

(5.1) / sin?x do = / sin® x dx —l—/ sin?z da
A An(-4,4) An(-%.3\-$.3)

2’2

/Am[_gé]Sin2.'E dl“i"Am ([*5,5} \ |:*
0
2

w2 do g JAN(E5: 51N =5, 5)]
- /Aﬁ[ EL N (5.3 )]

By using that § = |A| = [[—$, $]|, we notice that
o pin([- 53 [-4 Dl--lao[ -5

-|[-33ll-lan (=32l =[[-2aln (=534l

It follows from (5.1) and (5.2) that

x is even and increasing on [0, 7], we observe

Y

/ sin? z dr.
[ 272]m( -3 7]\A)

272

)
2

/ sin’x dx > / sin? z dz +/ sin?z do = / sin® z dz.
A AN[-3$.5 =2.3N(-%.21\4) -2

This ends the proof of Lemma 5.1. U

5.2. Spectral inequalities and exact controllability. This section is devoted to recall
the proof of Miller’s result [13, Corollary 2.17] stated in Proposition 1.3 which provides
necessary and sufficient spectral estimates for the observability of system (1.3) to hold. The
proof of Proposition 1.3 is based on another Miller’s result [13, Theorem 2.4] characterizing
the observability with resolvent conditions which is recalled below and whose proof is
omitted:

Proposition 5.2 (Miller [13, Theorem 2.4]). Let (A, D(A)) be a selfadjoint operator on
L*(RY), which is the infinitesimal generator of a strongly continuous group (e®4);cr on
L*(R%). The system (1.3) is exactly observable from a measurable subset w C R if and
only if there exist some positive constants M > 0 and m > 0 such that

(53)  VfeDA)VAER, |[fliaga < MIA =N FlIZ2ma) +mllflI7,
When condition (5.3) is satisfied, exact observability holds in any time T > wv/ M.

We consider the system (1.3). If this system is exactly observable from a measurable
subset w C R? at some time T > 0, Proposition 5.2 proves that there exist some positive

constants M > 0 and m > 0 such that the resolvent estimate (5.3) holds. Let A € R,
0<D<;and f € Ly a_y<vDy (D(A)). The functional calculus shows that

(5.4) (A=) fllL2may < \/BHfHLQ(Rd)'
It follows from (5.3) and (5.4) that
(55)  VAERNVfEN \cypy (D), [IFIF2mey < MD|fl72@a) +mlfl72,
that is m
VAERVS € 1y, ycypy (P(A),  I1fl7ama < m“f“%m)

It establishes the spectral estimates (1.4) for all f € 1 {|A—\<vD} (L?(RY)) since the domain
D(A) is dense in L2(R%).
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Conversely, let us assume that there exist some positive constants D > 0 and k& > 0 such
that the spectral estimates (1.4) holds. Let A € R and f € D(A). With f) = 1 an<vpyf

and f| = f — f\, we deduce from (1.4) and the functional calculus that for all A € R and
f € D(A),
1

(5.6) 171y = 13 oy + 111y < RIAIZ2y + (A = N7
1
< A2 ) + H1(A = N F 72 ga)-
Let T > m/# and € > 0 such that
1+ (1+e2)k
T? SR
> T D
The functional calculus shows that for all A\ € R and f € D(A),
57 A2 = I = fillfo) < A+ 2w + A+ L7200
- - 1+¢&?
< (14 ) gy + (U LIy < 1+ oy + A = ) fu e
- 1+¢&?
<A+ e )N fllf2w) + D 1A = X) fl12ga-
It follows from (5.6) and (5.7) that
1+ k(14 €?)

VAERVf €D(A), [flfa@ay <k +e ) Lo + ——p5 1A= N Fl72a)-

We can deduce from Proposition 5.2 that the system (1.3) is exactly observable from w in
time T'.
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