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-
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0

Am’r( cr ;
m km’1m) 0(

1
·
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m’r(
’m) 0(1m

’1m) 1(
�
0 ) s

m

( ; �ϕ′
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;
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’c( ı? k&ˆhcd c&tmd hmsd̀fqˆshnm oˆq oˆqshdr+ nm ˆ∫ v

0

|δm’r(�Am’r(| cr � �’m)0(

∫ v

0

rϕ′
m’r( cr � ’m)0(

)∫ v

0

ϕm’r( cr) ϕm’0(� wϕm’w(

(
.

Dm tshkhrˆms kˆ lˆinqˆshnm cd kˆ ptdrshnm 1a( ontq ϕm’r( ds ϕm’0(+ nm ˆ ˆknqr+ dm kˆhr,
rˆms sdmcqd w udqr )∞+

∫ )∞

0

|δm’r(� Am’r(| cr � ’m) 0(

)
0

3
)

∫ )∞

0

0

1r) 1r1
cr

(
∈ N’m(.

’d( Nm ˆ δm’r( ; Am’r( ) ’δm’r(� Am’r(( cnmb δm’r( drs hmsd̀fqˆakd rtq Z0.)∞Z+ ds
∫ )∞

0

δm’r( cr ;
m km’1m) 0(

1
)

∫ )∞

0

’δm’r(� Am’r(( cr
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∣∣∣∣
∫ )∞

0

’δm’r(� Am’r(( cr
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∫ )∞

0
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()
0 )

r

m

(1m)1

� 0

)1

;
’1m) 1(1

m1
r1 ) n’r1( ds
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Oˆq k&tmhbhsd̀ ct cd̀udknoodldms khlhsd̀+ kˆ enqltkd cd Sˆxknq,Xntmf entqmhs
Mm’/( ; M ′
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� d1 oqnuhdms oˆq dwdlokd cd km’0 ) w( � w-
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’b( Bnmrhcd̀qnmr L sdkkd ptd |M ′′′
m ’r(| � L ontq snts m ds snts r- Oˆq k&hmd̀fˆkhsd̀ cd
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′( ; λm’q’B(( ; λm’B( bˆq q drs tmd hrnld̀sqhd-
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·
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;
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;
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aˆrd nqsgnmnqld̀d cnms kdr cdtw oqdlhdqr udbsdtqr rnms ’a. a′(+ nıt a′ drs sdk ptd a drs cˆmr
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ds }a. γ’r ) g(〉 rnms cd rhfmdr bnmsqˆhqdr- Kd sgd̀nqıdld cdr uˆkdtqr hmsdqld̀chˆhqdr
ˆookhptd̀ ı̂ kˆ enmbshnm w ̸→ }a. γ’w(〉 dmsqd r ds r)g ˆrrtqd k&dwhrsdmbd cd b ∈ Zr. r)g“
sdk ptd }a. γ’b(〉 ; /- Nm ˆ ˆknqr ahdm M=s.s)g[ ! 0-

’a( Rnhs ϕ’w( ; }a. γ’w(〉- Kˆ enmbshnm ϕ drs cd̀qhuˆakd ds ϕ′’w( ; }a. γ′’w(〉-
Rh M=s.s)g[’a( ! 1+ ˆknqr hk dwhrsd w0 , w1 ∈ Zr. r ) g“ sdkr ptd ϕ’w0( ; ϕ’w1( ; /-
Kd sgd̀nqıdld cd Qnkkd ˆrrtqd ˆknqr pt&hk dwhrsd b ∈“w0. w1Z sdk ptd ϕ′’b( ; /- ?hmrh
a ⊥ γ′’b(-

K&hmd̀fˆkhsd̀ cd Bˆtbgx,Rbgvˆqy entqmhs |ϕ′’w(| � ||γ′’w(|| ds |ϕ′′’w(| � ||γ′′’w(||+ ds kd
sgd̀nqıdld cdr ˆbbqnhrrdldmsr ffmhr odqlds c&d̀bqhqd rtbbdrrhudldms

∀w ∈ Zr. r) g“. |ϕ′’w(| � ||γ′′||.|w� b| � ||γ′′||g

|}a. γ’r(〉| ; |ϕ’r(| ; |ϕ’r(� ϕ’w0(| � ||γ′′||.g.|r� w0| � ||γ′′||g1.

’b( Dm qdoqdmˆms kdr mnsˆshnmr oqd̀bd̀cdmsdr+ rtoonrnmr rˆmr odqsd cd fd̀md̀qˆkhsd̀ ptd
ϕ’r( / /- Kˆ enmbshnm ϕ’r( r&ˆmmtkd dm tm onhms w0 ds ˆssdhms cnmb rnm lhmhltl
dm tm onhms b chΩd̀qdms cdr dwsqd̀lhsd̀r ct rdfldms- Dm bd onhms nm ˆ cnmb ϕ′’b( ; /
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1- ’ˆ( Rnhdms k&dmrdlakd E ;
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a ∈ Rm�0

/
|}a. γ’r(〉| � ||γ′′||∞g1

}
. ds k&dmrdlakd
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/
}a. γ’r(〉}a. γ’r) g(〉 � /

}
.
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jλR’M
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π
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π
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π
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ldrtqd mtkkd+ cnmb AI ; /-

Nm dm cd̀cths ˆhmrh ptd rh r , r′ , r′′+ ˆknqr A=s.s′′[ ; A=s.s′[ )A=s′.s′′[-

Bnmrhcd̀qnmr ˆknqr t’w( ; A=s+.v[+ nıt r+ drs kˆ anqmd hmed̀qhdtqd cd G- C&ˆoqıdr kˆ ptdrshnm
oqd̀bd̀cdmsd+ nm ˆ

0

g

∣∣∣∣t’w) g(� t’w(� ||γ’w(� γ’w) g(||
π

∣∣∣∣ � ’L1B ) B )J(g

Cnmb+ dm oˆrrˆms ı̂ kˆ khlhsd knqrptd g sdmc udqr /)+ t drs cd̀qhuˆakd ı̂ cqnhsd dm w ds

rˆ cd̀qhud̀d ı̂ cqnhsd uˆts
||γ′’r(||

π
- Nm nashdms cd l]dld ptd t drs cd̀qhuˆakd ı̂ fˆtbgd-

Hk md qdrsd oktr pt&ı̂ hmsd̀fqdq ontq nasdmhq AE -
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:fqd̀fYshnm dvsdqmd cd lYsgd̀lYshptdr :mYjxrd ds oqnaYahjhsd̀r 9 bnqqhfd̀ PYoonqs ct itqx ontq jY rdrrhnm 1’’5

Oˆqshd HHH
Kd mnlaqd lnxdm cd yd̀qnr c!tm onkxmZnld-

HHH-= , Bndfibhdmsr cd lZdld knh fˆtrrhdmmd-

0- Nm ˆ F
)

a

||a||
∈ A

(
;

0

’1π(m<1

∫

Nl

d�
||u||1

1 0 u
||u||∈/cλm’w(- DΩdbstnmr cˆmr bdssd hmsd̀fqˆkd kd

bgˆmfdldms cd uˆqhˆakd ahidbshe w ; q’t(- Nm ˆ ˆknqr 9

F
)

a

||a||
∈ A

(
;

0

’1π(m<1

∫

Nl

d�
||p�t(||1

1 0 p�t(
||p�t(||∈/

| cds q|cλm’t(

Lˆhr+ bnlld q drs tmd hrnld̀sqhd+ nm ˆ

F
)

a

||a||
∈ A

(
;

0

’1π(m<1

∫

Nl

d�
||t||1

1 0 t
||t||∈p�0´/(cλm’t( ; F

)
a

||a||
∈ q�0’A(

(
.

1- Rtoonrnmr snts c&ˆanqc ptd G drs tm rdfldms- Ehwnmr a ; ’a0. . . . . am( ∈ Nm+ mnm mtk
’bd pth drs oqdrptd r]tqdldms kd bˆr(- Kd mnlaqd cd yd̀qnr cd kˆ enmbshnm e ˆrrnbhd̀d drs kd
bˆqchmˆk cd

{r ∈ G < a0e0’r( ) a1e1’r( ) · · ·) amem’r( ; /{ ; {r ∈ G <
a

||a||
⊥ γ’r({

Hk r&ˆfhs cnmb ahdm cd ME

)
a

||a||

(
- ?hmrh kd mnlaqd lnxdm cd yd̀qnr cˆmr k&hmsdquˆkkd G drs

k&drod̀qˆmbd cd ME

)
a

||a||

(
- Bnlld kˆ knh cd

a

||a||
drs λR+ nm qdsqntud k&dwoqdrrhnm cd AE -

Nm ˆ ˆknqr

AE ;
0

π

∫

E

||γ′’r(|| cr

othrptd γ’r( drs+ bnlld u’r(+ cd bkˆrrd B1-

Ontq bnmbktqd ˆt bˆr nıt G m&drs oktr tm rdfldms+ nm d̀bqhs G bnlld kˆ khlhsd bqnhrrˆmsd

c&tmd rthsd cd rdfldmsr Go- ?hmrh ME

)
a

||a||

(
drs kˆ khlhsd bqnhrrˆmsd cd MEn

)
a

||a||

(
+ ds kd

qd̀rtksˆs AEn → AE r&nashdms oˆq kd sgd̀nqıdld cd bnmudqfdmbd lnmnsnmd-

2- D̀bqhunmr u’r( ; t’r(γ’r(+ nıt t’r( ; ||u’r(||+ ds γ’r( ∈ Rm�0-

Kˆ enmbshnm t 9 r ̸→
̂
}u’r(. u’r(〉 drs B1- Nm ˆ ˆknqr

ϕ’w. x( ; km t’w( ) km t’x( ) km}γ’w(. γ’x(〉
>ϕ

>w
’w. x( ;

t′’w(

t’w(
)
}γ′’w(. γ’x(〉
}γ’w(. γ’x(〉

>1ϕ

>w>x
’w. x( ;

}γ′’w(. γ′’x(〉
}γ’w(. γ’x(〉

� }γ
′’w(. γ’x(〉}γ’w(. γ′’x(〉
}γ’w(. γ’x(〉1

Dmffm+
>1ϕ

>w>x
’r. r( ;

||γ′’r(||1

||γ’r(||1
� }γ

′’r(. γ’r(〉1

||γ’r(||3
- Lˆhr bnlld γ’r( ⊥ γ′’r( ds ptd ||γ’r(|| ; 0+

hk qdrsd

||γ′’r(||1 ; >1ϕ

>w>x
’r. r(·
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:fqd̀fYshnm dvsdqmd cd lYsgd̀lYshptdr :mYjxrd ds oqnaYahjhsd̀r 9 bnqqhfd̀ PYoonqs ct itqx ontq jY rdrrhnm 1’’5

3- Kdr enmbshnmr ’0. r. . . . . rm( enqldms ahdm tm rxrsıdld khaqd cd enmbshnmr B1 pth md r&ˆmmtkdms
oˆr rhltksˆmd̀ldms- Kˆ lˆinqˆshnm cd ME oˆq m drs dΩdbshud oˆq kd eˆhs pt&tm onkxm]nld
mnm mtk ’b&drs oqdrptd r]tqdldms kd bˆr( ˆclds ˆt oktr m yd̀qnr- Cnmb kd mnlaqd lnxdm cd
yd̀qnr qd̀dkr ct onkxm]nld O cˆmr tm hmsdquˆkkd ptdkbnmptd G drs

0

π

∫

E

||γ′’r(|| cr.

Cˆmr kd bˆr oqd̀rdms+ ϕ’w. x( ; km’0 ) wx ) w1x1 ) · · · ) wmxm( ; km

)
0� ’wx(m)0

0� wx

(
+ dm

rtoonrˆms ptd wx ∈; 0- Nm ˆ ˆknqr

>ϕ

>w
’w. x( ;

�’m) 0(xm)0wm

0� ’wx(m)0
)

x

0� wx

>1ϕ

>w>x
’w. x( ;

’m) 0(1wmxm’’wx(m)0 � 0(� ’m) 0(xm)0wm’m) 0(wm)0xm

’0� ’wx(m)0(1
)

0

’0� wx(1
·

Nm nashdms ˆknqr+ knqrptd r1 ∈; 0+ ||γ′’r(||1 ;
0

’r1 � 0(1
� ’m) 0(1r1m

’r1m)1 � 0(1
- Rh k&hmsdquˆkkd G md

bnmshdms oˆr ±0+ kd mnlaqd lnxdm cd yd̀qnr cd O rtq G drs

0

π

∫

E

√
0

’r1 � 0(1
� ’m) 0(1r1m

’r1m)1 � 0(1
cr.

Kˆ oˆqhsd̀ cd ||γ′’r(|| ds kd bgˆmfdldms cd uˆqhˆakd r ̸→ 0

r
oqntudms ptd kdr hmsd̀fqˆkdr rtq

kdr cnlˆhmdr “�∞.�0Z+ “� 0. /Z+ “/. 0Z+ “0.)∞Z rnms d̀fˆkdr+ ds cnmb ptd

∫

N
||γ′’r(|| cr ; 3

∫ )∞

0

||γ′’r(|| cr ; Dm.

HHH-A , Tmd bkˆrrd cd onkxmZnldr bhqbtkˆhqdr

0- ’ˆ( Kˆ khmd̀ˆqhsd̀ cd Kθ drs d̀uhcdmsd cd D cˆmr NZW. X “- Kd eˆhs ptd Hl Kθ ⊂ D rd ud̀qhffd
rtq kˆ aˆrd bˆmnmhptd ’WjX m�j( 9

Kθ’W
jX m�j( ; ’bnr θW ) rhm θX (j’� rhm θW ) bnr θX (m�j

pth drs ahdm gnlnfıdmd cd cdfqd̀ m dm W ds X -

Hk drs bkˆhq ptd Kθ ± Kθ′ ; Kθ)θ′ - Mnsˆlldms+ kdr cdtw ˆookhbˆshnmr bnlltsdms-

’a( Ehwnmr θ ds O - Nm ˆ ontq g ∈; /+
Kθ)g’O (� Kθ’O (

g
;

’Kg � K+(’Kθ’O ((

g
·

Ontq snts onkxm]nld WjX m�j+ bnmrhcd̀qnmr

e’g( ; Kg’W
jX m�j( ; ’bnr’g(W ) rhm’g(X (j’� rhm’g(W ) bnr’g(X (m�j.

Kˆ cd̀qhud̀d cd e dm / drs

e ′’/( ; jWj�0X m)0�j � ’m� j(Wj)0X m�´j)0( ; A.WjX m�j.
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:fqd̀fYshnm dvsdqmd cd lYsgd̀lYshptdr :mYjxrd ds oqnaYahjhsd̀r 9 bnqqhfd̀ PYoonqs ct itqx ontq jY rdrrhnm 1’’5

kˆ enqltkd d̀sˆms uˆkˆakd ˆtrrh ontq j ; / ds j ; m- Oˆq khmd̀ˆqhsd̀+ ontq snts onkxm]nld
O + nm ˆ

’Kg � K+(’O (

g
�→
g→+

A.O.

Dm oˆqshbtkhdq+

>’Kθ’O ((

>θ
; khl

g→+

Kθ)g’O (� Kθ’O (

g
; A.Kθ’O (.

’b( Bnmrhcd̀qnmr cdr qd̀dkr λ+. . . . .λm onrhsher ds C ;

)

⎠⎨
λ+ /

- - -

/ λm

⎛

⎜⎝- Nm ˆ ˆknqr

CAC�0 ;

)

⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎠⎨

/ 0.
λ+

λ0

/ · · · /

�m.λ0

λ+

- - - 1
- - -

---

/ �’m� 0(.
λ1

λ0

- - - - - - /

---
- - - - - - - - - m.

λm�0
λm

/ · · · / �0. λm
λm�0

/

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

?hmrh+ CAC�0 drs ˆmshrxld̀sqhptd rh ds rdtkdldms rh

ontq snts j � m� 0. ’m� j(
λj)0

λj
; ’j ) 0(

λj
λj)0

+ rnhs dmbnqd λ1
j)0 ; λ1

j

j ) 0

m� j
·

?udb kˆ bnmchshnm λj / / ds λ+ ; 0+ nm nashdms

λ1
j ; λ1

+

0· 1· · · ·· j

m· ’m� 0(· · · ·· ’m� ’j � 0((
;

/m
j

(�0
.

Kˆ lˆsqhbd C pth bnmuhdms drs ˆknqr C ;

)

⎠⎠⎠⎠⎠⎨

0<

√/m
/

(
/

- - -

/ 0<

√/m
m

(

⎛

⎜⎜⎜⎜⎜⎝

’c( Ehwnmr O + ds bnmrhcd̀qnmr e’θ( ; Kθ’O (- Nm ˆ e’/( ; O ds e ′’θ( ; A.e’θ(- Nm dm
cd̀cths ptd e’θ( ; dwo’θA(.O + rnhs dmbnqd Kθ’O ( ; dwo’θA(O - ?hmrh

CKθ’O ( ; C dwo’θA(C�0CO ; dwo’θCAC�0(CO ; P’θ(CO

nıt P’θ( ; dwo’θCAC�0( drs ahdm nqsgnfnmˆkd othrptd CAC�0 drs ˆmshrxld̀sqhptd
’b&drs l]dld tmd qnsˆshnm othrptd k&dwonmdmshdkkd cdr lˆsqhbdr qd̀dkkdr drs ı̂ uˆkdtqr
cˆmr FK)

m ’N((-

1- ’ˆ( Rnhs A tm anqd̀khdm cd D- F’Kθ’O ( ∈ A( ; F’CKθ’O ( ∈ CA( ; F’CO ∈ P’θ(�0CA(-

Nq kˆ uˆqhˆakd CO ;

)
a+

/m
/

(�0<1
. . . . . am

/m
m

(�0<1(
rths tmd knh fˆtrrhdmmd bdmsqd̀d

hmuˆqhˆmsd oˆq qnsˆshnm+ ds cnmb

F’Kθ’O ( ∈ A( ; F’CO ∈ P’θ(�0CA( ; F’CO ∈ CA( ; F’O ∈ A(.

Cnmb kdr uˆqhˆakdr Kθ’O ( ds O nms l]dld knh-
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:fqd̀fYshnm dvsdqmd cd lYsgd̀lYshptdr :mYjxrd ds oqnaYahjhsd̀r 9 bnqqhfd̀ PYoonqs ct itqx ontq jY rdrrhnm 1’’5

’a( Nm onrd �j ; aj

/m
j

(�0<1
- Kdr �j rthudms tmd knh fˆtrrhdmmd bdmsqd̀d cd uˆqhˆmbd 0+

ds kd mnlaqd cd yd̀qnr cd O ;
∑

j

ajW
j drs kd l]dld ptd kd mnlaqd cd yd̀qnr cd kˆ

enmbshnm r ̸→
∑

j

�j

/m
j

(0<1

rj- Nm tshkhrd ˆknqr kˆ enqltkd HHH-?-1 ˆudb

u’r( ;

)/m
/

(0<1

r+. . . . .
/m
j

(0<1

rj. . . . .
/m
m

(0<1

rm
(
.

Nm ˆ+ ˆudb kdr mnsˆshnmr cd HHH-?-2+

ϕ’w. x( ; km
m∑

j9+

/m
j

(
wjxj ; km’0 ) wx(m ; m km’0 ) wx(.

Nm nashdms ˆknqr
>ϕ

>w
’w. x( ;

mx

0 ) wx
ds

>1ϕ

>w>x
’w. x( ;

m’0 ) wx(� mwx

’0 ) wx(1
+ bd pth

bnmcths ı̂

||γ′’r(|| ;
\
m

0 ) r1
·

?hmrh+ kd mnlaqd cd yd̀qnr cd O cˆmr k&hmsdquˆkkd “a. aZ drs
\
m

π

∫ a

a

0

0 ) r1
cr ;

\
m

π
’?qb sˆm a� ?qb sˆm a(.

Dm oˆqshbtkhdq+ rh “a. aZ; N+ kd mnlaqd lnxdm cd yd̀qnr rtq N drs
\
m+ bd pth drs

rdmrhakdldms chΩd̀qdms cdr
1

π
kmm ct bˆr oqd̀bd̀cdms-

Oˆqshd HU
Ptdkptdr qd̀rtksˆsr rtq kdr rd̀qhdr ˆkd̀ˆsnhqdr

HU-= , Lˆinqˆshnm ct mnlaqd cd qˆbhmdr c!tm onkxmZnld-

0- ’ˆ( Nm odts qˆhrnmmdq rtq kdr bndflbhdmsr cd P+ lˆhr ˆtrrh qdlˆqptdq pt&nm ˆ kˆ enqltkd
cd Oˆqrduˆk 9

||P||1 ; 0

1π

∫ 1π

+

P’dhθ(P’dhθ(cθ ;
0

1π

∫ 1π

+

|P’dhθ(|1cθ.

Nq+ |dhθ ) y| ; |0 ) d�hθy| ; |0 ) dhθy|+ cnmb
∣∣�’W ) y(P’W(

(
’dhθ(

∣∣ ;
∣∣�’0 )Wy(P’W(

(
’dhθ(

∣∣ .

Dm r&hmsd̀fqˆms+ bdssd d̀fˆkhsd̀ cnmmd ahdm ||’W ) y(P’W(|| ; ||’yW ) 0(P’W(||-

’a( Rh |y| / 0+ ˆknqr �y drs qˆbhmd cd ’W ) y(P’W( ds �0

y
drs qˆbhmd cd ’yW ) 0(P’W(-

Cnmb nm ˆ
L’’W ) y(P’W(( ;L’’yW ) 0(P’W((

othrptd kˆ odqsd cd kˆ qˆbhmd ’�y( drs bnlodmrd̀d oˆq kd oqncths ct bndflbhdms cnlh,
mˆms oˆq y- Nm odts ˆknqr lnmsqdq k&hmd̀fˆkhsd̀ cdlˆmcd̀d oˆq qd̀btqqdmbd rtq kd mnlaqd
cd qˆbhmdr cd lnctkd rtod̀qhdtq ı̂ 0- K&hmhshˆkhrˆshnm cˆmr kd bˆr nıt sntsdr kdr qˆbhmdr
rnms cd lnctkd � 0 drs sqhuhˆkd+ othrpt&nm ˆ ˆknqr L1’O ( ; |am|1 � ||O ||1-
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1- Bnmrhcd̀qnmr kd onkxm]nld O ;
m∑

j9+

ajW
j ds rnhs ρ / 0- Rnhs Y kd mnlaqd cd qˆbhmdr cd

lnctkd rtod̀qhdtq ı̂ ρ- Nm ˆ

|am|ρV �L’O ( � ||O || ds cnmb Y �
km

||O ||
|am|
km ρ

·

Lˆhmsdmˆms+ oqdmnmr ρ ∈“/. 0Z- Kdr qˆbhmdr cd O cd lnctkd � ρ rnms dwˆbsdldms kdr
hmudqrdr cdr qˆbhmdr cd

WmO

)
0

W

(
; am ) am�0W ) · · ·) a+W

m

cd lnctkd !
0

ρ
· Hk x dm ˆ cnmb lnhmr cd

0

km
0

ρ

· km

√√√√
m∑

j9+

a1j

|a+|
·

Dmffm+ rh nm onrd P’W( ; O ’ρW(+ hk x ˆ ˆtsˆms cd qˆbhmdr cd P cd lnctkd hmed̀qhdtq ı̂ ρ

ptd cd qˆbhmdr cd O cd lnctkd hmed̀qhdtq ı̂ ρ1+ rnhs lnhmr cd
0

km
0

ρ

· km

√√√√
m∑

j9+

a1jρ
1j

|a+|
·

HU-A , Bˆr cd kˆ rd̀qhd
)∞∑

j9+

aj\
jœ
wj

0- Bnmrhcd̀qnmr k&d̀ud̀mdldms |aj| ! j- Ontq j ! 1+ nm ˆ

F’|aj| ! j( ;
1\
1π

∫ )∞

j

d�s
1<1 cr �

1\
1π

∫ )∞

j

d�s cr � d�j

dm tshkhrˆms kd eˆhs ptd
1\
1π
� 0- Oˆq kd kdlld cd Anqdk,Bˆmsdkkh+ nm ˆ oqdrptd r]tqdldms

|aj| � j ontq snts j ˆrrdy fqˆmc- Bnlld kˆ rd̀qhd
∑ j\

jœ
wj bnmudqfd ontq snts w qd̀dk

’oˆq kˆ qıdfkd cd C&?kdladqs oˆq dwdlokd(+ hk dm drs cd l]dld cd kˆ rd̀qhd
)∞∑

j9+

aj\
jœ
wj-

1- C&ˆoqıdr kd sgd̀nqıdld cdr yd̀qnr hrnkd̀r+ Y=a.a[’e( drs ffmhd cıdr ptd kdr aj rnms mnm sntr mtkr+
bd pth drs uqˆh oqdrptd r]tqdldms-

Ehwnmr ’a0. a1. . . . (- Nm ˆ ˆknqr cd̀ffmh e ′ pth ˆclds tm mnlaqd ffmh cd yd̀qnr y0. y1. . . . . yo

rtq Za. a“- Onrnmr f’w( ;
)∞∑

j90

aj\
jœ
wj- ?knqr e’yi( ; / rh ds rdtkdldms rh a+ ; �f’yj(+ bd pth

ˆqqhud ˆudb tmd oqnaˆahkhsd̀ mtkkd- ?hmrh+ ’a0. a1. . . . ( d̀sˆms ffwd̀r+ kˆ oqnaˆahkhsd̀ ptd e ds e ′

ˆhdms tm yd̀qn bnlltm drs mtkkd- Kd sgd̀nqıdld cd Etahmh odqlds ˆknqr cd bnmbktqd ptd kˆ
oqnaˆahkhsd̀ ptd e ds e ′ ˆhdms tm yd̀qn bnlltm drs mtkkd-
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Lˆhmsdmˆms+ ffwnmr ’aj(j!+ sdkr ptd e ds e ′ m&ˆhdms oˆr cd yd̀qn bnlltm+ ptd e’a( ds e’a(
rnhdms mnm mtkr+ ds ptd kˆ rd̀qhd dmshıdqd cd̀ffmhrrˆms e rnhs cd qˆxnm )∞- Bdr bnmchshnmr
rnms oqdrptd r]tqdldms qd̀ˆkhrd̀dr- Kˆ sgd̀nqhd cdr rd̀qhdr dmshıdqdr ˆrrtqd ˆknqr ptd Rm bnmudqfd
tmhenqld̀ldms udqr e ds ptd R ′

m bnmudqfd tmhenqld̀ldms udqr e ′-

Rnhdms a , y0 , y1 , · · · , yo , a kdr yd̀qnr cd e cˆmr Za. a“- Rnhs ε sdk ptd kdr hmsdquˆkkdr
Zyj � ε. yj ) ε“ md bnmshdmmdms oˆr cd yd̀qnr cd e ′- Nm onrd
• � ; hme |e’r(| ontq r ∈ Za. a“ oqhud̀ cdr hmsdquˆkkdr “yj � ε. yj ) εZ-
• β ; hme |e ′’r(| ontq r oˆqbntqˆms kdr rdfldmsr Zyj � ε. yj ) ε“-
Oˆq tm ˆqftldms rhlokd cd bnloˆbhsd̀+ � / / ds β / /-

Ontq m ˆrrdy fqˆmc+ ||Rm � e || � �

1
ds cnmb Rm m&ˆclds oˆr cd yd̀qnr dm cdgnqr cdr

hmsdquˆkkdr Zyj � ε. yj ) ε“- Ontq m ˆrrdy fqˆmc+ ||R ′
m � e ′|| � β

1
+ cnmb R ′

m m&ˆclds oˆr cd

yd̀qnr cˆmr bdr hmsdquˆkkdr- ?hmrh+ Rm drs rsqhbsdldms lnmnsnmd rtq bdr rdfldmsr ds ˆclds
ˆt oktr tm yd̀qn cˆmr bdr hmsdquˆkkdr-

Nq+ rh ||Rm� e || �
�

1
+ kd rhfmd cd Rm ds cd e drs kd l]dld dm yj� ε ds dm yj ) ε- Bnlld e ′

md r&ˆmmtkd oˆr rtq Zyj� ε. yj) ε“+ e x drs rsqhbsdldms lnmnsnmd ds cnmb bgˆmfd cd rhfmd-
Hk dm drs cnmb cd l]dld ontq Rm+ pth ˆclds ˆt lnhmr tm yd̀qn rtq Zyj � ε. yj ) ε“

Dm bnmbktrhnm+ ontq m ˆrrdy fqˆmc+ Y=a.a[’Rm( ; Y=a.a[’e( ’oqdrptd r]tqdldms(-

2- Ontq oˆrrdq cd kˆ bnmudqfdmbd rhlokd ı̂ k&drod̀qˆmbd+ nm rd okˆbd cˆmr kdr gxonsgıdrdr ct
sgd̀nqıdld cd bnmudqfdmbd cnlhmd̀d- Nm bnmrhcıdqd L / / sdk ptd Za. a“ ⊂ Z�L.L “ ds
nm uˆ bnmrsqthqd tmd lˆinqˆshnm cd Y=�J.J [’Rm( oˆq tmd uˆqhˆakd ˆkd̀ˆsnhqd hmsd̀fqˆakd md
cd̀odmcˆms oˆr cd m-

Kd mnlaqd cd qˆbhmdr cd Rm ;
m∑

j9+

aj\
jœ
Wj qd̀dkkdr ds cd lnctkd hmed̀qhdtq ı̂ L drs oktr

odshs ptd kd mnlaqd cd qˆbhmdr bnlokdwdr cd Rm’1LW( cd lnctkd hmed̀qhdtq ı̂
0

1
- C&ˆoqıdr

kˆ ptdrshnm HU-?-1+ bd mnlaqd drs hmed̀qhdtq ı̂

0

km
\
1
· km

√√√√
m∑

j9+

a1j
jœ

’1L(1j

1j

|a+|
·

?hmrh+ rntr qd̀rdqud cd cd̀ffmhshnm+ Y=�J.J [’Rm( drs lˆinqd̀ oˆq

X ;
0

km
\
1

(
0

1
km

(
)∞∑

j9+

a1j
jœ
’1L1(j

)
� km |a+|

)
.

Bnlld oqdrptd r]tqdldms a+ ∈; / ds |aj| � j ontq j ˆrrdy fqˆmc+ kˆ uˆqhˆakd X drs cd̀ffmhd-
Qdrsd ı̂ oqntudq pt&dkkd drs hmsd̀fqˆakd 9

• Kˆ uˆqhˆakd � km |a+| drs hmsd̀fqˆakd+ othrptd k&hmsd̀fqˆkd

∫

N
� km |r|d�s1<1 cr bnmudqfd-

• OnrnmrV ; km

(
)∞∑

j9+

a1j
jœ
’1L1(j

)
- RhV , /+ ˆknqrV ! km |a+|+ cnmbV� ; �lhm’V. /(

drs hmsd̀fqˆakd-
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Oˆq ˆhkkdtqr+ rh V ! /+ ˆknqr oˆq k&hmd̀fˆkhsd̀ km’w( � w nm ˆ V) �
)∞∑

j9+

a1j
jœ
’1L1(j- Nq+

bnlld k&drod̀qˆmbd cd a1j drs d̀fˆkd ı̂ 0+ kˆ rd̀qhd
∑

�
)
a1j
jœ
’1L1(j

(
bnmudqfd- Bnlld K0

drs bnlokds+ kˆ uˆqhˆakd ˆkd̀ˆsnhqd
∑ a1j

jœ
’1L1(j drs hmsd̀fqˆakd-

Hk dm drs cnmb cd l]dld cd V)-

?t ffmˆk+ kˆ uˆqhˆakd ˆkd̀ˆsnhqd X drs hmsd̀fqˆakd- Kd sgd̀nqıdld cd bnmudqfdmbd cnlhmd̀d
odqlds ˆknqr c&ˆflqldq ptd �’Y=a.a[’Rm(( → �’Y=a.a[’e((-

C&ˆoqıdr kˆ ptdrshnm HHH-?+ �’Y=a.a[’Rm(( ;
0

π

∫ a

a

||γ′
m’r(|| cr+ nıt γm’r( drs kˆ oqnidbshnm rtq

Rm cd um’r( ;

)
0.

r\
0 œ
. . . . .

rm\
m œ

(
- Nm ˆ+ ˆudb kdr mnsˆshnmr cd HHH-?+

ϕ’w. x( ; km
m∑

j9+

’wx(j

j œ

>1ϕ

>w>x
’w. x( ;

m�0∑

j9+

’wx(j

j œ
·

m∑

j9+

’wx(j

j œ
) wx
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j9+

’wx(j

j œ
·

m∑

j9+

’wx(j

j œ
� wx

m�0∑
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’wx(j
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·
m�0∑

j9+

’wx(j

j œ
(

m∑

j9+

’wx(j

j œ
·

m∑

j9+

’wx(j

j œ

)1

||γ′
m’r(||1 ;

em�0’r(em’r( ) r1em�1’r(em’r(� r1e 1
m�0’r(

e 1
m’r(

nıt em’r( ;
m∑

j9+

r1j

j œ
- Bnlld em’r( bnmudqfd tmhenqld̀ldms rtq Za. a“ udqr ds

1

+ ||γ′
m’r(||1

bnmudqfd tmhenqld̀ldms udqr 0- C&nıt

�’Y=a.a[’e(( ;
a� a

π
·

HU-B , Bˆr cd kˆ rd̀qhd
)∞∑

j9+

ajw
j-

Cd l]dld pt&dm HU-A-0+ nm ud̀qhffd ptd oqdrptd r]tqdldms+
0

j1
� |aj| � j1 ontq j ˆrrdy fqˆmc+ ds

ˆhmrh kd qˆxnm cd kˆ rd̀qhd drs oqdrptd r]tqdldms 0-

Kd eˆhs ptd e ds e ′ nms oqdrptd r]tqdldms tm mnlaqd ffmh cd yd̀qnr ds ˆtbtm yd̀qn bnlltm rd
oqntud cd kˆ l]dld eˆb́nm pt&dm HU-A+ ˆhmrh ptd kˆ bnmudqfdmbd oqdrptd r]tqd cd Y=a.a[’Rm( udqr
Y=a.a[’e(-

Rh Za. a“ ⊂ Z�ρ1. ρ1“+ kˆ lˆinqˆshnm Y=a.a[’Rm( �
0

km
0

ρ

· km

√√√√
m∑

j9+

a1jρ
1j

|a+|
odqlds c&tshkhrdq kˆ

bnmudqfdmbd cnlhmd̀d-
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Kˆ bnmudqfdmbd cˆmr K0 cd
∑

j

a1jρ
1j oqnuhdms cdr l]dldr ˆqftldmsr ptd snts ı̂ k&gdtqd- Nm ˆ

ˆknqr

�
�
Y=a.a[’Rm(

(
;

3

π

∫ a

a

√
0

’0� r1(1
� ’m) 0(1r1m

’0� r1m)1(1
cr

pth sdmc oˆq bnmudqfdmbd cnlhmd̀d z k&hmsd̀fqˆmcd d̀sˆms lˆinqd̀ oˆq

√
0

’0� r1(1
z udqr

�
�
Y=a.a[’e(

(
;

3

π

∫ a

a

0

0� r1
cr ;

3

π
’ˆqfsg a� ˆqfsg a(.

Qd̀ed̀qdmbdr

Z0“ Dcdklˆm ?+ Jnrskˆm D- Fnv lˆmx ydqnr ne ˆ qˆmcnl onjxmnlhˆj ˆqd qdˆj :+ Atkk- ?l-
Lˆsg- Rnb- 21 ’0884(+ oo 0,26-

Z1“ Jˆb L+ Mm sgd ˆudqˆfd mtladq ne qdˆj qnnsr ne ˆ qˆmcnl ˆjfdaqˆhb dptˆshnm+ Atkk- ?l-
Lˆsg- Rnb- 38 ’0832(+ oo 203,21/-

Z2“ Jˆb L+ Mm sgd ˆudqˆfd mtladq ne qdˆj qnnsr ne ˆ qˆmcnl ˆjfdaqˆhb dptˆshnm ’HH(+ Atkk-
?l- Lˆsg- Rnb- 4/ ’0838(+ oo 28/,3/7-

Z3“ Lhfmnssd L-+ Lˆsgd̀lˆshptdr ontq jd bˆjbtj enqldj+ OTE+ 0878
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Qˆoonqs cdr bnqqdbsdtqr

Kd oqnakıdld onqsˆhs rtq tmd qd̀onmrd ˆoonqsd̀d cˆmr kdr ˆmmd̀dr 3/ ˆt oqnakıdld rthuˆms 9
cd̀sdqlhmdq k&drod̀qˆmbd ct mnlaqd cd qˆbhmdr qd̀dkkdr c&tm onkxm]nld ˆkd̀ˆsnhqd cnms kdr bndfl,
bhdmsr rthudms cdr knhr fˆtrrhdmmdr hmcd̀odmcˆmsdr- Kˆ oˆqshd HHH cd̀sdqlhmˆhs bdssd drod̀qˆmbd
bnlld k&ˆhqd c&tmd onqshnm cd kˆ rogıdqd Rm oˆqbntqtd oˆq tm [d̀ptˆsdtq! lnahkd- Kˆ oˆqshd HH
qdkhˆhs bdssd cdqmhıdqd ptˆmshsd̀ ı̂ kˆ knmftdtq c&tmd bntqad sqˆbd̀d rtq kˆ rogıdqd+ ds kˆ oˆqshd H
d̀sˆhs cd̀unktd ı̂ k&nasdmshnm c&tm d̀pthuˆkdms ct mnlaqd cd yd̀qnr qd̀dkr c&tm onkxm]nld ˆkd̀ˆsnhqd
cd cdfqd̀ m-

Kd rtids ˆuˆhs k&ˆlahshnm cd oqnonrdq tmd uˆrsd bntudqstqd ct oqnfqˆlld c&ˆmˆkxrd- Hk d̀sˆhs
bdqsdr knmf+ lˆhr ˆ d̀sd̀ oqdrptd sdqlhmd̀ oˆq ptˆsqd bˆmchcˆsr qdlˆqptˆakdr-

Kˆ oqdlhıdqd oˆqshd ct oqnakıdld md onrˆhs oˆr cd oqnakıdld cd bnloqd̀gdmrhnm+ lˆhr md̀bdrrhsˆhs
tmd bdqsˆhmd rnkhchsd̀ sdbgmhptd rtq kdr ntshkr cd bˆkbtk ct oqdlhdq bxbkd- Kˆ oktoˆqs cdr ˆclhr,
rhakdr nms ot x dwoqhldq kdtqr ptˆkhsd̀r lˆsgd̀lˆshptdr- Bhsnmr ptdkptdr onhmsr ptd kdr bnqqdb,
sdtqr nms mnsd̀ 9
• Cˆmr kˆ ptdrshnm 1+ k&tshkhrˆshnm cd kˆ ptˆmshsd̀ bnmitftd̀d ontq bnmsq]nkdq k&d̀bˆqs dmsqd cdtw
qˆbhmdr bˆqqd̀dr m&ˆooˆqˆhs ptd cˆmr tm eˆhakd mnlaqd cd bnohdr-

• Hk x ˆuˆhs oktrhdtqr hmd̀fˆkhsd̀r fknaˆkdr ’rtq tm hmsdquˆkkd( ı̂ cd̀lnmsqdq+ ontq kdrptdkkdr cd
mnlaqdtw bˆmchcˆsr tshkhrdms cdr cd̀udknoodldmsr khlhsd̀r+ ˆknqr ptd bdr cdqmhdqr md odtudms
ˆoonqsdq pt&tmd hmenqlˆshnm knbˆkd-

• Knqr cd bˆkbtkr c&d̀pthuˆkdmsr+ kdr bnmrsˆmsdr rnms qd̀ftkhıdqdldms rtooqhld̀dr+ bd pth md lˆmptd
oˆr cd rtqoqdmcqd kdr bnqqdbsdtqr-

Kˆ cdtwhıdld oˆqshd md oqnonrˆhs oˆr cd fqˆmcdr chflbtksd̀r+ gnqlhr kˆ ptdrshnm A1+ pth ontuˆhs
rˆmr chflbtksd̀ ]dsqd ˆclhrd ontq kˆ rthsd- Kdr bˆmchcˆsr nms cˆmr k&dmrdlakd qd̀ˆkhrd̀ cdr cdrrhmr
cd anmmd ptˆkhsd̀ ontq rntsdmhq kdtq oqnonr cd eˆb́nm odqshmdmsd- Kd oqhmbhoˆk d̀btdhk qd̀rhcˆhs
cˆmr kdr ptdrshnmr cd sgd̀nqhd cd kˆ ldrtqd- Qˆqdr rnms kdr bˆmchcˆsr pth nms bnloqhr k&hmsd̀q]ds
ct b]nmd dmfdmcqd̀ ontq cd̀ffmhq tmd ldrtqd tmhenqld rtq kˆ rogıdqd Rm�0- Mnlaqdtw rnms bdtw
pth bnmrhcıdqdms qd̀ftkhıdqdldms cdr ldrtqdr cd Kdadrftd cd oˆqshdr cd kˆ rogıdqd+ nq bdkkd,bh drs
lˆkgdtqdtrdldms cd ldrtqd cd Kdadrftd mtkkd-

Kˆ sqnhrhıdld oˆqshd md bnlonqsˆhs rnlld sntsd ptd 3 ptdrshnmr qdkˆshudr ˆt bˆkbtk cdr oqnaˆ,
ahkhsd̀r+ ptdrshnmr ˆrrdy rhlokdr pth nms bdodmcˆms d̀sd̀ qˆqdldms ahdm sqˆhsd̀dr- Cˆmr kˆ oqdlhıdqd

ptdrshnm+ kˆ lˆinqhsd̀ cdr bˆmchcˆsr ˆ bnmenmct F
)

a

||a||
∈ A

(
ˆudb F’a ∈ A(+ ds nms d̀sd̀ bnmcthsr

ı̂ bˆkbtkdq tmd hmsd̀fqˆkd rtq tm dmrdlakd cd ldrtqd cd Kdadrftd mtkkd- Qˆoodknmr ptd ontq tmd
uˆqhˆakd W cd cdmrhsd̀ e rtq tm dmrdlakd D+

F’f’W( ∈ A( ;

∫

D

0e´v(∈Ae’w( cw.

qd̀rtksˆs pth md rdlakd oˆr l ]̂ısqhrd̀ oˆq kdr bˆmchcˆsr-

Kˆ oˆqshd HHH-A+ rntudms sqˆhsd̀d+ ˆ cnmmd̀ khdt ı̂ cd sqıdr mnlaqdtrdr dqqdtqr+ khd̀dr ı̂ kˆ fdrshnm cd kˆ
bnlonrhshnm cdr enmbshnmr onkxmnlhˆkdr- ?hmrh+ oˆq dwdlokd+ cˆmr kˆ ptdrshnm 0a+ kdr bˆmchcˆsr
odmrdms nasdmhq A.Kθ’O (+ ˆknqr pt&hkr snladms rtq Kθ’A.O (+ adˆtbnto lnhmr oqˆshptd ontq
qd̀rntcqd k&d̀ptˆshnm chΩd̀qdmshdkkd-
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Dmffm+ kˆ oˆqshd HU oqnonrˆhs cdr ptdrshnmr mdssdldms oktr chflbhkdr+ ˆudb cdr dwsdmrhnmr cdr
qd̀rtksˆsr oqd̀bd̀cdmsr ˆtw rd̀qhdr dmshıdqdr ˆkd̀ˆsnhqdr ds ı̂ k&d̀stcd cd kdtqr yd̀qnr- Bdssd oˆqshd ˆ rdquh
ı̂ cd̀oˆqsˆfdq kdr ldhkkdtqr bˆmchcˆsr-
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