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pk = pqk, q = 1 − p, 0 < p, q < 1.

* . gh-4-R6`410M-4-pP/K6-LK5< . 4><10k6F2�2N@q4�K5P . IM2��
G(z) = p

∞∑

k=0

(qz)k =
p

1 − qz

2F4
E(ξ) =

q

p
= µ.

*U2�6 . IM6�2LI 5 2�I . gh-4-R6`410M-4-�P/K6-LK5< . 4><10k6F2 . @>@q-1630MK52��CI . n � P/K6-LK5< . 4B0;->-�@=2sg . 0m4 :;. <7<>KN6�2L<><=26-Z6F2GTdJ-42L<�BH2�-L2N<�@10MB : I;2NBC26-D4�IM2{6 . Ik632ZIj_	< ./:L: 25IM-4-Z@ I . <>25I . 410M-4- i>2;0E2Fo?0M@q4=2C2�-D4><=2C6F-/B : -G@10m4B0;->-
5 2N@7gh->-Z6`4B0;->-Z@!8L-GBC-GP/< .f: 8;0Mi�2L2A@ 254 : <=- 5 2;0m4 5 2]B . 4=<B0M652N@NT
 -�2��	254N_1@d0 A(z) =

a11z + a12

a21z + a22

IM-/<9@>i>2Z2
A
2A@34�27-L2�B . 4=<B0M652

2× 2 5 2X4>25<>BC2 P/K6-LK5< . I (aij)
_

. IM-/<9@
A(B(z)) = (AB)(z).

 - :;. <=410k632ZI90M25<,@10 p 6= q
_f26-L2L410MI90k@ . -D4,I . 5 0 . PG-4- . I90k@ . 410M-4- 5 2�I . B . 4><10k6F2 A

_ 5 -4-D4,IM2N@ YW. IM2�2L<9@: <>- : <>2N@!@=-4-D4
p
254

q
_L-4-p-/.14B0;26-D4

(
0 p

−q 1

)n

= (q − p)−1

(
1 p

1 q

)(
pn 0

0 qn

)(
q −p

−1 1

)
.

� 08-Z@10
Gn(z) =
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=
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Gn(0) = P(Zn = 0) → p
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p = 1/2, Gn(0) = n
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P(Ext) = π = limn ↑ πn.
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(E(ξ) > 1) " ���?#)4�%A@��B@!+2�C+2 80�DE/ �'FA ,+2�5�� ,+-%�� P(Ext) �!�� G01HB�I�J��(K�5%�9:@�4��L#&%���+2 M+ N π �� M4�+-�� 1��9:�!�	 
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T £AJ J £ ��
���
VU � � �.W	+ E(ξ) = G′(1) ≤ 1 " Gn(z) ��4�%�X2 ZY��!4�� 1 ��%�4���6�(&� n ↗ ∞ #&%�(*4[ 8%�(* 

z ∈ [0, 1] =
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� �j� � W5+ E(ξ) > 1 " � / 0�6�(&�� ,+-%�� G(π) = π #�%�������DB� (*�5� �!%I�C(* ,+-%��7(*�	+-6!(&� DA�I��� [0, 1[ �� Gn(z)
��4�%�X2 QY���4�� π ��%�4���6�(&� n ↗ ∞ " #�%I(*47 8%�(* z ∈ [0, π] �� QDA0���4�%�X2 QY���4�� π #�%I(*47 8%�(* 
z ∈ [π, 1[ =
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(i) ��� �����! #"#$%�'&("#)+* z → G(z) ,�-. /� "#*0&(-21(3+�' # 4- [0, 1] ,���*!56 #7!"98;:=<�:=->-�5?&@$A1()+"#5B5(��*0&(-	-2&�$�)+*C3�-AD�-
$%�'1E #-�5F,�G21("#3�G2-�5

G′(z) = E(ξzξ−1) et G′′(z) = E[ξ(ξ − 1)zξ−2]

5B)+*0&H�I)�5B"9&("43+-�5�-�*J&K�'*C&�L07�� -�5B�IG21K�'*!$�-25H,�-63IM ��M%1(G�-2 4 #-�5H,�"#5B$21(N2&(-�5��I)+5B"9&("#3�-�5�M�OP-6�� 47�5 G(1) = 1 MQ )+:=:=-R*!)�7!5S��3+)+*!5F-2D�$� #7T 4-U$%�'5 G(z) ≡ z VI 4�W$�)�7�1(XI- G *�-Y$2)+7!�I-U���'5P 4�Z,�"4��[�)+*��' #-=,�7
$%�'1B1(G [0, 1]2 -2*\7�*]�I)+"#*0&Z,�"#5?&("#*!$2&�,�- (1, 1) 5B" G′(1) ≤ 1 V6-A&Z��7]$�)�*C&B1K�'"91(-^ 4�_$�)�7!�I-`5B"
G′(1) > 1 a
$�-�$�"b5B-U3�)+"9&SX!"#-�*T5B7�1S c�=d�[�7�1(-U$�"98e,�-�5B5B)�7!5�MgfF"#*�5B"hV�5B-� #)+*_ 4-Y$%��5�V
 /� G%L07���&("#)+*i,�-
�I)+"#*0&Sd�D�- G(σ) = σ *�� �Z����5P,�-U5B)+ #7�&("#)+*_)+7i��7T$�)�*0&B1K��"91(-j�I)�5B5BN%,�-Y7!*!-U7!*�"4LC7�-R5B)+ #7�&("#)+*
,!�'*!5 [0, 1[ M

0 1 10k	l�mIn�o�prq
s/tvu�wFx2y�zI{2|/}hy'z
G ~ w�z��R�4�A� ~ �A�+��{(w�� E(ξ) > 1

�A|
E(ξ) ≤ 1 �

(ii) �g)�1(5(L07!- G′(1) ≤ 1 V@*�)+7�5Z��3+)+*!5 z ≤ G(z) -2&W,�)+*!$ Gn(z) ≤ Gn+1(z) �/��7!"#5(L07!-
Gn+1 = G ◦ Gn) �I)+7�1�&()+7�& z a� 4�i #"#:="9&(- limn ↗ Gn(z) L07!"	-�5?& ≤ 1 -2&Z5B)+ #7�&("#)�*�,�-
G(u) = u V�*!-P�I-�7�&E�� #)�1(5E3��� #)+"91FL07!-j��MI�6*�����1B&("#$�7! #"#-21%V�['1K��$�-U���;�0M �+�

P(Ext) = limn Gn(0) = 1.
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(iii) ��-2:jX! 4�'X! #-�:=-�*0&b5B" G′(1) > 1 V�*�)+7�5@�%3�)�*!5 z ≤ G(z) ≤ π )+7 z ≥ G(z) ≥ π 5B-� #)+*WL07!-
z ≤ π )+7_L07!- z ≥ π a�"# H5�� -�*T5B7�"#&PL07!- Gn(z) $21()��c&F1(-�5B��MI,�G�$21()��4&J�%3�-�$ n 5B-� #)�*_ #-U$%��5�MI���
 #"4:="9&(- limn Gn(z) L07!"I-�5?& 5B)+ #7�&("#)+*�,�- G(u) = u -2&.5?&B1("#$2&(-2:=-�*0&."#*�� GA1("4-27�1(-J�=�+V�,�7W:=)+"#*�5
5B" z 6= 1, -�5?&F�' 4)'1(5FG2[��� #-R*!G2$�-�5B5(��"91(-�:=-2*C&E� π M!fF"#*�5B"

P(Ext) = limn Gn(0) = π .

a#bdceb�� 	Dl)o�
zm�m�
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O IX2N@q4Q0;B : -/<=4 . -D4 5 + .WY ->0;< 5 2N@ 0 5 KN2N@ 5 2A@ Y 0m4>2N@>@q2A@ 5 2�6F-4- Y 25<>P/2�-R6F2 Y 25<9@CIj+ 2Fo¥4108-Z6F410M-4-UT* .�: I92Z@ :;. <q4 5 2N@�<=KA@d2ZIm4 . 4>@�@q->-D4�-/.14>2�-A2Z@C� :;. <q4B0;< 5 + 27-L2�K5412 5 2 : I82Z@LS;-L2 5 2N@�gh-4-Z6F410M-4-Z@P/K6-LK5< . 4><10k6F2A@5T
T £AJ J £ ��
���
(� � � �

1 − Gn(z) ≤ [E(ξ)]n(1 − z) ∀z
\ © T ª ^

0 ≤ π − Gn(z) ≤ cn(π − z), ∀z ≤ π, %�� c = G′(π).
\ © T � ^

� �j� � W5+ E(ξ) = 1 " �! ξ ���� DA�$Y��I4�+-���)�'� σ2 " �I��%�4��

limn
1

n
[

1

1 − Gn(s)
− 1

1 − s
] = σ2/2

(*�	+ N!%�4�9:0!9:�!�	 E#&%�(*4[ 8%�(* 0 ≤ s < 1 =

��£AJ �1¢
	n O£���
���
�� � . -Z@CIM2�6 . @ 5 2
I . IM-40!P/KN-/BHKF4><10ki�2L2/_ E(ξ) = q/p
254�@d0

p < q π =

p/q, c = G′(π) = π
T

�����	��

���
�����
����
��
��-�5	,�-�7�D���1(-�:="#N21(-�5@"4*�G�[��' #"#&(G25E5B)�*0&E,�-�5 "#*�G�[��' 4"9&(G�5E,�-P$�)+*C3�-AD�"9&(GE�I)+7�1	 c�
� )�*!$2&("#)+* Gn V�,�7
&����I-

Gn(x) − Gn(y) ≤ G′
n(x)(x − y).

� ���=��1(-2:="4NA1(-j�'�!�! #"4L07!-U /� "#*�G�[��' 4"9&(G�-2*C&B1(-U #-�5P�I)�"4*0&(5 1 -2& z M
�6 # #-�7�&("# #"#5B-�,�)�*!$U 4�`,�G21("#3�G�-
,�- Gn ��7��I)�"#*C& 1 ,�)+*0&	*!)�7!5	�%3�)�*!5	:=)+*0&B1(GPL07�- G′

n(1) = E(Zn) = E(ξ)n

� ���T,�-27�D�"#N�:=-� /� ���!�� #"cL07�-��'7�D �I)�"#*C&(5 π -2& z M Q )+:=:=- π -�5?&Y7!*��I)�"#*C&Ud!D�-Z,�- �YV����'1
1(G�$�7�1B1(-�*!$�- G′

n(π) = G′
n−1(G(π))c = G′

n−1(π)c = cn M
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� )+7�1^ 4� ,�-21(*!"#N21(-T-�5?&("#:Z��&("4)�*�V	*�)+7!5`7�&("# #"#5B)+*!5` #- ,�G23�-� #)+���I-�:=-�*0&W 4"#:="9&(G_,�-_ 4� ��)+*!$A&("4)�*
[+G�*�G21K�'&B1("#$�-_�'7 3�)+"#5B"#*��'[+-_,�- s = 1 V@,�)�*0&` #-�5Z��1(-�:="#-21(5Z$�)0-��=$�"#-�*0&(5W5B)+*0& E(ξ) = 1 -2&
1
2
E(ξ(ξ − 1) = 1

2
σ2 V!5B)�"#&

G(s) = s + σ2/2(1 − s)2 + ε(s)(1 − s)2

)��^ 4� ��)+*�$2&("#)+* ε(s) &(-�*!,`3�-21(5 0 5B" s→1 M Q -� 4�=$�)+*!,�7�"#&E�Y7!*!-S-�5?&("#:Z�'&("#)+*^7�*!" � )'1(:=-
1

1 − G(s)
− 1

1 − s
=

G(s) − s

(1 − G(s))(1 − s)

1 − s

1 − G(s)
[σ2/2 + ε(s)] = σ2/2 + r(s)

)�� r(s)→0 5B" s→1 M� -2"#&(GA1()+*!5	$�-A&B&(-J-�5?&("#:Z�'&("#)+*
1

n
[

1

1 − Gn(s)
− 1

1 − s
] =

1

n

n−1X

j=0

[
1

1 − G(Gj(s))
− 1

1 − Gj(s)
]

= σ2/2 +
1

n

n−1X

j=0

r(Gj(s))

Q -R,�-21(*�"#-21	&(-21(:=-S&(-�*!,`3�-21(5 0 V�,
� ����1(N25E #-J #-�:=:=-J,
� fFXI-� 
�!7�"#5(LC7�- Gn(s)→1 M� 7�"#5(LC7�- Gn(s) -�5?& $21()�"#5B5(��*0&(-S-2&>$�)�*�3+-21([+-E3�-21(5	�E7!*!" ��)�1(:=G�:=-�*0&%V�-2&  4� � )�*!$2&("#)�* r XI)'1(*!G�-�V
 4�j$�)+*C3�-A1([+-�*�$�-J-�5?&E7!*�" ��)�1(:=-+M

VX->2Z@ .WY ->-Z@ IM2]<>KN@12LIm4 . 4X@1270 YW. -G4 �

 ¦O�D�R¢WZAJ £���
���
�� � ��� 
$�I������� ��������%�( �	� ��4�+2 M+-6�(&� (E(ξ) < 1) ����#54'%A@��A@�+2�C+2 80 DA��
��)%��

�'FB M+2�)�! ,+-%�� P ��/ +2���� 1�I�& n �  1���5DSY���4���
 PS(*�)� Y>+2 8�������:HB0�%I9�0� M4�+-6�(&� DE/ ��#54A�!����� =�����"
��%�+2 

P(Zn 6= 0) = 1 − Gn(0) ≤ [E(ξ)]n.


�� #)�C( � Zn = 0 P[#��I4� M+24$DJ/ (*� ���!4� 8��+2� 4���� H =
� �j� � 
����&�7������������(*4	� �!4�+2 ,+-6!(&� (E(ξ) > 1) ���A�������	 Q6!(3/ +2� � / � � #&������FB ,+2�5�� M+-%I� ���  8��+2�2�V�

DB� ����#�%�#5(*���I M+-%I� Zn
��F!#)��%���� =�� �C( �<#54�0���+���0!9:�!�	 3#&%�(*4: 8%�(* �!�	 M+-��4 a +2� ��FB+��� 1� (*�5�

��%��&�� 1�I�& 8� ka
 1���2����6!(&�

1 − P(Zn > a|nonExt) ≤ kaG′(π)n.

� �j� � �S
$�I���[�����'���Q�!4�+2 ,+-6!(&� (E(ξ) = 1) ��+ E(ξ2) < ∞

P(Zn 6= 0) ∼ 2

σ2n
lorsque n → ∞.
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⇒ � )�7�1P&()�7�&P-2*C&("#-21 a > 0 -2&PL07!-� bL07�-U5B)�"9& z LC7�-Y /� )+*_5B-j5B-A1K�Zd�D�GU,���*!5 ]0, π[ Vg,
� ����1(N25
�;�CM �0�

P(0 < Zn ≤ a) ≤ z−a
X

k≥1

P(Zn = k) = z−a[Gn(z) − Gn(0)] ≤ 2πcnz−a.

� 7��'*�, c = G′(π) < 1 �/$���5H5B)�7!5?8;$21("9&("4LC7�-@-2&H5B7�1B8;$21("9&("4LC7�-��AV��!7�"#5(LC7�-> 4�	5BG21("#- [+G2)+:=G2&B1("4L07!-
-�5?&E$�)+*C3�-A1([+-�*0&(-+V

E
“X

n

1(0<Zn≤a)

”
< ∞.

���j5B)�:=:=-S5B)�7!5	 #-U5B"#[�*!-J-�5B�IG21K�'*!$�-J-25?&S,�)+*�$J*!G�$�-25B5(��"91(-�:=-�*0&	��1(-25(LC7�-P5���1(-2:=-�*0& d�*�"4-�M
⇒ � )�7�1.��1(-�5(L07!-.&()+7�&(-�5  #-�5 G�3+)+ #7�&("#)+*�5�V05B-�7� 45@7!*Z*!)�:jX�1(-.d!*!"�,�- Zn 1(-�5?&(-�*0&.,���*�5@ /� "4*0&(-21B8
3+�' # 4- ]0, a[ �/ 4-2:=:=-@,�-��@)'1(-� Q �'*0&(-� # 4"c�AM Q )+:=:=-� 4-25�G23�G�*!-2:=-�*0&(5�5B)+*0&b$A1()+"#5B5(��*0&(5�V Zn = 0

"#:=�! #"4LC7�-PL07!- Zn′ = 0 �I)+7�1.&()+7�& n′ > n ��M 5�M�OP-�7�DW$%�'5	5B-�7! #-�:=-�*0&	5B)�*C&	�I)�5B5B"#X! #-�5 �
� )+7`X!"#-�* Zn = 0 �j�!�'1B&("91F,g� 7!*`$�-21B&K�'"4*`1K��*![��/$+� -�5?&E h� -2DC&("#*!$A&("4)�*I�AV
� )+7_X!"#-�* Zn > a �W�!�'1B&("91R,
� 7�*T$�-21B&K��"#*T1K��*�[`-2&P$�)+:=:=- a -�5?&J�'1(X!"9&B1K�'"#1(- � Zn → ∞
�/$+� -�5?&E /� -AD��� #)+5B"#)+*��AMQ -�5Y,�-�7�DTG�3�G�*�-�:=-�*0&(5P$�)�:=�! #G�:=-�*0&K��"91(-�5J)�*0&U1(-25B��M��I)+7�1R��1()+X!��X!"# #"9&(G�5 π -2& 1 − π M�OP-

�! #7!5
1 − P(Zn ≥ a|Zm→∞) ≤ P(0 < Zn ≤ a)

P(Zm→∞)
≤ 2πcnz−a

1 − π
.

⇒ OJ�'*!5> 4-F$%��5@$21("9&("cL07�-+VC 4�R��1()+X!��X!"# #"9&(GP,
� -AD�&("#*�$2&("#)+*=&(-�*�,=XI-%�'7!$�)�7!�Z�! #7�5@ #-�*0&(-�:=-�*0&>3�-21(5
� G21()�-A&F�� #7!5.��1(G2$�"#5BG�:=-�*0&%V!5B" E(ξ2) < ∞ V

P(Zn 6= 0) ∼ 2

σ2n
lorsque n → ∞

�!7�"45(L07�-
nP(Zn 6= 0) = n(1 − Gn(0))

= [
1

n

„
1

1 − Gn(0)
− 1

«
+

1

n
]−1→ 2

σ2
.

VX->2Z@ . I;IM-4-R@ B . 08-D4=26- . -D4?BH->-G4><=2N<?i�2L2�I . �N¦O�¥�Z¢a� £�HO£D¤�J �1¢W�A� ���R�L¡j£¥¤ : 2N<=BH254 5 2 5 ->-7-L25<27-L2 . 214><=2 .f:Z: <=-1698L2 5 2�6F2N@ : <>-/.ZI;SNBC2A@72F4 5 + .WY -40M< 5 2N@7<=KA@d2ZIm4 . 4>@ : <>KN6�0M@?BHQ5BH2 5 . -R@?IM2�6 . @6F<B0m4B0Mi�2L2GT

a#bdceb
	 � p�

� n �?o7l1p
��nek 
 ��
�� n ������n��,k 
��\g��
� k 
����7nep����

�� 
�p�o

VX-f4>-4-Z@
µ = E(ξ)

I;2,-L-/B�.L<>2sBH-ae/26- 5 + 26-1g . -D49@ 5 2�698 . i>2Z2�09- 5 0 Y 0 5 2UT ��2NB . <>i�2L->-Z@ i�2L2
E(Zn+1|Zn) = µZn.
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 - :;. <=410k632ZI90M25<
Mn =

Zn

µn2N@q4\27-L2{B . <=4108-LP . I;2 : -G@10m4B0 Y 2/_ 5 + 2N@ : K5< . -Z652 1
\j6 . <

Z0 = 1
^ 5 ->-G4<-Z-42Z@ . I;IM-4-Z@�K5412 5 0;2N<cI .6F->- Y 25<>P/26-Z6F2GT

� �R��E	£G¢ �	£¥�[�G£��%
M¤�

��+ .f: <>SN@!IM2�4=8ZK5-/<>S5BH2 � T � T ¨ 5 2]6F-4- Y 25<>P/2�-R6F2 5 2N@�B . <=4108-LP . IM2N@ : -D@d0;410 Y 2A@

Mn → M∞.

� 08-Z@10j_U@12L< {M∞ > 0} _	I . @1270m4>2 Zn
. 27-L2{6F<>-40k@=@ . -R6F2C2Fo : ->-L2�-D4B0;2NI;IM2/TU� . -Z@�IM2�6 . @]@q->2Z@dU6F<B0m4B0Mi�2L2]- �

µ < 1
_
Zn = 0

� :/. <=410M< 5 + 2;- 6F25<=4 . 09-
< . -LPRTZ* .HY T . T M∞
2N@q4 5 -4-Z6<-�2ZI;IM2 : T @5T

��25B . <>i�2L->-Z@�Ib+ ./:L:;. <>2�-D4>2�6F->-G4>< . 5 0k6`410M-4- .WY 2N6]IM2cg . 0m4�i�2L2�I . B . <=4108-LP . IM2c2N@q4 5 + 2N@ : K5< . -Z652
1
TU�,- . 5 -4-Z6�IM� 27-L2H@d0;412 . 410M-4- 43e : 0Mi�2L2C-�� I . 6F-4- Y 25<>P/2�-R6F2 : T @5T 254 I . 65-4- Y 2N<=PG2�-Z652 5 . -Z@

L1 -L2�65-408-Z630 5 2�-D4 :;. @5T�Oq-G4B270;410 Y 25BH26-G4A_[6525I .
Y 2�2L4 5 0M<=2�i�2L2�@10 Mn
-U+ 2N@q4 :;. @=-�2ZI;IM2/_ . IM-/<9@25IMI;2 : <=26- 5&5 2]4=<>SN@XP/< . - 5 2A@ YW. IM2�2L<9@ .WY 2A6$27-L2 : 2F4B0m4>2 : <>-/. . .70;I80;4=K/T r + 2A@34 652ci�2U+ ->- .f:L: 25IMI;227- : 8LK�-Z-/BHS�-L2 5 2 HI4��I�5DB�$DB0!Y>+-�� ,+-%�� T

� �R��E	£G¢ �	£¥�[�G£(H[�Z�[¤ L2

@A2 :L: -G@=-4-Z@ i�2L2�IM2+-L-GB�.L<>2�43e : 0ki>2Z2 5 + 2�-1g . -D4>@ 2N@q4�27-L2 Y T . T 5 2cBH-aeG2�-7-L2 E(ξ) = µ
2F4

5 2 YW. <B0 . -Z6F2 Var(ξ) = σ2 T
d . <�I . 5 K�S;-70;410M-4-
BHQ5BH2 5 2 : <>-16F2N@>@12Z@ 5 2].L< . -Z698L2NBH2�-D4

E
(
Z2

n+1|Zn

)
= µ2Z2

n + σ2Zn,

5 + -��
E
(
M2

n+1) = E(M2
n) +

σ2

µn+2
,

5 2�4=2NI;IM2]@q-G<q4>2�i�2L2�I . B . <q4B09-LP . IM2 (Mn)
2N@q4�.R-G<1-LKN2 5 . -Z@ L2 @10n2F4X@=2�2LIM25BH2�-D4X@10 µ > 1

TL*U24=8LKN-/<>S5BH2 5 2c6F->- Y 25<>P/26-Z6F2 5 2A@!B . <q4B09-ZP . IM2N@#-Z-42Z@ . @=@12L<>2�i�2L2]I .HY T . T1I90MB:0m4>2 : T @5TZ2N@q4 . 2Z@>@d0I90MB:0m4>2 5 . -R@ L2 2F4 5 ->-Z6
E(M∞) = 1, Var(M∞) = σ2(µ(µ − 1))−1.
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HO£ M∞

VX-42R@ .WY ->-Z@ Y 2 i�2L2�I . 6F->- Y 25<>P/26-Z6F2 5 . -Z@ L1 5 2�I . B . <=4108-LP . I;2 (Mn)
-L2 : 26214�Q54=<>2

. 214>-/B . 4B0Mi�2L2GT1*U2]BH2�0MI;IM2�2Z<�<=KA@d2LI;4 . 4Xi>2;0 . KF4=K]K54 . .LI90n2A@34XIM2c@1270 YW. -G4
E(M∞) = 1, si et seulement si µ > 1, et E(ξ ln ξ) < +∞.
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L∞(λ) := E(exp(−λM∞)) = limnE(exp(−λMn))
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E(exp(−λMn)) = E(exp(− λ
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L∞(λµ) = G(L∞(λ)).
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Gn(zn) = p
qn(1 − zn) + pn−1qzn − pn

qn+1(1 − zn) + qpnzn − pn+1
, zn = exp

(
− λ

µn

)
,
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L∞(λ) =

pλ + q − p

qλ + q − p
.
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L∞(λ) = π +

∫
(1 − π)2e−λxe−(1−π)xdx
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(1 − π) = p(µ − 1)+.


