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Let
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j=0

where {n;} are standard normal complex-valued random variables, and
{¢;} are polynomials such that degg; = j with ¢ = 1.
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Let

®,(2) = nii(2),
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{¢;} are polynomials such that degg; = j with ¢ = 1.
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4. general setting: Corley and Ledoan (2020)



Overview of our results

Recall that

®o(2) =) njey(2),
j=0

where {n;} are standard normal complex-valued random variables, and
{¢;} are polynomials such that deg¢; = j with ¢g = 1. And E[NS"(O)],
with © C C, is the expected number of level crossings of ®,, at level
veC.
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Overview of our results

Recall that

®0z) = > mos(a).

where {n;} are standard normal complex-valued random variables, and
{¢;} are polynomials such that deg¢; = j with ¢g = 1. And E[NS"(O)],
with © C C, is the expected number of level crossings of ®,, at level
veC.

@ A new proof for the formula of E[N"(9)]
@ The behavior of this formula as |v| — oo

@ Asymptotics for E[N®"(©)] and its related density function, as
n — oo, in D C I when ¢; are orthogonal polynomials on the unit
circle or Bergman polynomials

@ Numerical simulations
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Main Result #1: The Contour Integral Formula

For z,w € C, and k and / nonnegative integers, let

(z,w) = Zd)l W , and K,(,k”)(z7 w) = qﬁj(k)(z)@(.l)(w).
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Main Result #1: The Contour Integral Formula

For z,w € C, and k and / nonnegative integers, let

3

(z,w) = Z¢J W , and K,(,k’/)(z7 w) = ¢J(k)(z)¢1(.l)(w).

Jj=0

Theorem (Contour Integral Formula)

Let d, = Zf:o nj¢j(z), where {n;} are standard normal complex-valued
random variables, and {¢;} are polynomials such that degp; = j with
¢o = 1. For every domain © C C and every fixed positive integer n, if

N&»(©) denotes the number of complex roots in © of ®, = v, then

o 1 [ K@a) [ P,
=100) -5, Sema > [ mita)
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Main Ideas of the Proof of the Contour Integral Formula

Assume for simplicity that ®,, — v has no zeros on 0©. Since ®, — v is
holomorphic within and on ©, by the argument principle, we have

w5 (o070)
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Main Ideas of the Proof of the Contour Integral Formula

Assume for simplicity that ®,, — v has no zeros on 0©. Since ®, — v is
holomorphic within and on ©, by the argument principle, we have

1 b (z
@, - __"n\%)
N, (©) 2mi yie <¢,,(z) — v) dz.
Then

“z et -

@ Justification of the exchange of the expectation and contour integral
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Main Ideas of the Proof of the Contour Integral Formula

Assume for simplicity that ®,, — v has no zeros on 0©. Since ®, — v is
holomorphic within and on ©, by the argument principle, we have

1 b (z
@, - __"n\%)
N, (©) 2mi fge <¢,,(z) — v) dz.
Then

“z et -

@ Justification of the exchange of the expectation and contour integral

@ Computation of the integrand: Apply the mean ratio of complex
normal random variables method given by Shaohan Wu (2019)
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Main Result #2: The Area Integral Formula

From

1 K(z, 2) V2
N“’ e RALUNNE Gk Sl _ d
BN = 5 e e o R
by Green's Theorem we the following:

Theorem (Area Integral Formula)

For every domain © C C and every fixed positive integer n,

2(©)] = [ pnste) e

where

(0.1) 2
1 K,sl’l)(z’z) ‘Kn (z,z)’ <1_ Iv|? )

pny(z) = p Ko(z,z) - Kn(z,2)? Kn(z, z)

P [_ Kn'é'fa] | A
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Corollary #1

Corollary

For every domain © C C and every fixed positive integer n,

lim E[NS"(©)] =0
[v| =00
and
lim pnv(z) =0.

|v|—o0
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Corollary #2

Corollary

For every domain © C C and every fixed positive integer n, if v =0, then
the mean number of zeros in © of ®,, is

e e,
2mi Joo  Kn(z,2)

//e pno(z) dx dy,

2
Kn(z, z)K,(,l’l)(z, z)— ‘K,(,O’l)(z, z)‘
wKn(z,z)?

or, equivalently,

where

Pno(z) =
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Applications: Random Orthogonal Polynomials (ROP)

For ®, = 377, njd;(z) we take {¢;} to be either

@ Orthogonal Polynomials on the Unit Circle (OPUC); {¢;} such that

/T 6,(6”)ox(e) dpu(e”) = 6, Jj k€ N U {0},
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Applications: Random Orthogonal Polynomials (ROP)

For ®, = 377, njd;(z) we take {¢;} to be either

@ Orthogonal Polynomials on the Unit Circle (OPUC); {¢;} such that
A¢j(ei0)¢k(ei9) du(e”) = b, j,k € NU{0}.

Ex.) {z/} with du = df/2x
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Applications: Random Orthogonal Polynomials (ROP)

For ®, = 377, njd;(z) we take {¢;} to be either
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@ Bergman Polynomials on the Unit Disk; {¢;} such that

/D 0)(2)0x(2) du(z) = O, jok € NU{0}.
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Applications: Random Orthogonal Polynomials (ROP)

For ®, = 377, njd;(z) we take {¢;} to be either
@ Orthogonal Polynomials on the Unit Circle (OPUC); {¢;} such that

[ 6 )50EM) di(e”) = bk €N U {0},
Ex.) {z/} with du = df/2x

Ex.) {V2/((+1)0 +2) Xio(k +1)z*}, dpu = (1~ cosb)de

@ Bergman Polynomials on the Unit Disk; {¢;} such that

/D 0)(2)0x(2) du(z) = O, jok € NU{0}.

Ex) {\/( +1)/7Z'}, du = dA(z)
Ex.) {\/(+ 1)+ k+1)/(km)zI}, k>0, du = (1 — |z|**)dA(z2)
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Classes of OPUC we take as basis functions

@ {¢,} are said to be from the Szegf class if du = W(6)d6, where
W(#) >0 on [—m, ], and [7_ W(0)d6 and ["_|log W(8)|d6 both
exist.
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Classes of OPUC we take as basis functions

@ {¢,} are said to be from the Szegf class if du = W(6)d6, where
W(#) >0 on [—m, ], and [7_ W(0)d6 and ["_|log W(8)|d6 both
exist. A consequence from this we employ is that locally uniformly
for |z| < 1 one has

1
n“j;o bpi1(2z) = D)’ where ¢7(z) = 2"¢,(1/2),

D(€) = exp [% /_ " log W(0) (E—Z:D da}

and

™

is uniquely determined by W, analytic and nonzero whenever
|€] < 1, and D(0) > 0.
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Classes of OPUC we take as basis functions

@ {¢;} are said to be from the Szegd class if dy = W(0)d6, where
W(#) > 0on [—m, ], and [T W(0)d6 and |"_|log W(0)|d6 > 0
both exist. A consequence from this we employ is that locally
uniformly for |z| < 1 one has

lim ¢, 1(z) = ﬁ, where ¢ (z) = z2"¢,(1/2).

n— oo

@ {¢;} are said to be from the Nevai class when

lim 0n(2)

A Gr(2)
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Classes of OPUC we take as basis functions

@ {¢;} are said to be from the Szegd class if dy = W(0)d6, where
W(#) > 0on [—m, ], and [T W(0)d6 and |"_|log W(0)|d6 > 0
both exist. A consequence from this we employ is that locally
uniformly for |z| < 1 one has

lim 6541(2) = where ¢%(2) = 2"3.(1/2).

1
n—oo D(z)7
@ {¢;} are said to be from the Nevai class when

$n(2) _
n||—>oo ¢*(z) =0

@ {¢,} are said be Sthal, Totik, and Ullman (STU) regular when the
leading coefficient &; of ¢; satisfies

lim /& = 1.

j—oo
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Main Tool used on ROP spanned by OPUC

For z, w € C with wz # 1, the Christoffel-Darboux formula gives

O (W) 9311(2) = Pn1 (W) dnia(2)

1—wz

> 6i(2)ei(w) =

Jj=0
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Main Tool used on ROP spanned by OPUC

For z, w € C with wz # 1, the Christoffel-Darboux formula gives

O (W) 9311(2) = Pn1 (W) dnia(2)

1—wz

> 6i(2)ei(w) =

Jj=0

= Kn(z,w)

Thus
$ni1(2) = |Pnr1(2) 2

Kn(z,2z) = 1— |z
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Main Tool used on ROP spanned by OPUC

For z, w € C with wz # 1, the Christoffel-Darboux formula gives

i(ﬁj(z)W: Oha(w) d54q(2) — ¢n+1( ) nt1(2) = Ky(z,w)

‘= 1—wz
Thus
951(2)]> = |¢nt1(2)]?
Kn(z,z) = 1121
85 (P (1 = [¢ni1(2)]P /|51 (2)1?)
a 1—|[zf?
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Main Tool used on ROP spanned by OPUC

For z, w € C with wz # 1, the Christoffel-Darboux formula gives

O (W) 9311(2) = Pn1 (W) dnia(2)

> 6i(2)ei(w) =

= Kn(z,w)
‘= 1—wz
Thus
185 (2)P = a1 (2)
Kn(z,z) = 1121
1 h 1 (@P (1 = |ona(2)P/|951(2) )
B 1—1zJ]?
|[¢n1(2)|? (1 = 0(1))
1—|z|? ’

locally uniformly if z € D and {¢;} are from the Nevai Class.
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ROP spanned by OPUC from the Nevai Class

Let the basis functions for ®, be OPUC {¢;}, obeying the Nevai class.
Then for z € D, locally uniformly as n — oo we have

1 1
pru(2) = — (m

LWPL= P+ ol| 2 L@+
Ga@F (11 a0

o [P 12P)

oo |-t e o)
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ROP spanned by OPUC from the Szeg6 Class

Let the basis functions for ®, be OPUC {¢;}?, obeying the Szegé class.
Then locally uniformly whenever |z| < 1,

. 1 1
A0 pel2) = T T2y

1=z D)

~exp [—|VI(1 - |2*)[D(2)]?] -

+ V(1 - |21?)[D(2)?

)
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ROP spanned by the monomials

Let the basis functions for ®, be ¢;(z) = Z/, then, for every open circular
disk D, C I,

2

4
1-— 02

lim E [N (D,)] = —Z— exp [-IvP (1~ )]
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ROP spanned by STU regular OPUC

Theorem

Let the measure i of orthogonality for OPUC {¢; 2o be a strictly
positive Borel measure on [—m, ), absolutely continuous with respect to
the Lebesgue measure, and regular in the sense of Sthal, Totik, and
Ullman. Assume that u has a positive weight function that is continuous
on T. When ®, has such basis functions ¢;, it follows that

- E[ND)] 1
lim ———= = —.
n— o0 n
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ROP spanned by Bergman Polynomials

When {¢;} are Bergman Polynomials on the unit disk, it is known that
locally uniformly for z, w € D we have

lim K,(z,w) = 1

n—00 (1l — zw)?’
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ROP spanned by Bergman Polynomials

When {¢;} are Bergman Polynomials on the unit disk, it is known that
locally uniformly for z, w € D we have

lim K,(z,w) = 1

n—00 (1l — zw)?’

Taking respective derivatives of the above and then evaluating on the
diagonal, after much algebraic simplification we achieve

Let the basis functions for ®, be Bergman polynomials {¢;}%<, on D.
Then locally uniformly for every z € D,

_ 2 1
i onsle) = 2 (=g + 2elveP ) exp [=lu(a ~ 1220
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ROP spanned by Bergman Polynomials

Let the basis functions for ®, be Bergman polynomials {¢;}22, on D.
Then for every open circular disk D, C D with p < 1,

lim E [N®(D,)] = 20"

n—o00 1-— 92

exp [~lv(1 — [2)?]
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ROP spanned by STU regular Bergman Polynomials

Theorem

Let p be the measure of orthogonality for Bergman polynomials {¢’j}f’§o
be a strictly positive Borel measure on D, absolutely continuous with
respect to the Lebesgue measure, and regular in the sense of Sthal, Totik,
and Ullman. Assume that u has a positive weight function that is
continuous on T. When ®, has such basis functions ¢;, it follows that

o B[N (D) _ 2
im ————= = 5

n—o0 n
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Numerical Simulations

We now show some examples of numerical simulation of ®, spanned by

Bergman polynomials ¢; at various v level-crossings. Consider the
Bergman polynomials

¢j(z)=\/(j+1)(£:2+l)zj, j=0,...,n,

with weight function w(z) =1 — |z|*>?
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Numerical Simulations

We now show some examples of numerical simulation of ®, spanned by
Bergman polynomials ¢; at various v level-crossings. Consider the
Bergman polynomials

b5(2) = \/(j+ 1)(£;rz+ 1)21.7

with weight function w(z) =1 — |z|*>?

The functions ¢;(z) satisfy the STU regularity (i.e. the root asymptotic)
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Numerical Simulations

We now show some examples of numerical simulation of ®, spanned by
Bergman polynomials ¢; at various v level-crossings. Consider the
Bergman polynomials

(j+1)(j+2+1)zj
27 ’

¢i(z) =
with weight function w(z) =1 — |z|*>?
The functions ¢;(z) satisfy the STU regularity (i.e. the root asymptotic)

In the following numerical simulations we will take a close examination at
the relationship between the mean E[N®~(©)] and v level-crossings, to
study the profiles of the density p,, and roots of ®, = v for some values
of the parameters n and v, and to compare the analytical results to
numerical evidence
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Numerical Simulations

We now show some examples of numerical simulation of ®, spanned by
Bergman polynomials ¢; at various v level-crossings. Consider the
Bergman polynomials

(j+1)(j+2+1)zj
27 ’

¢i(z) =
with weight function w(z) =1 — |z|*>?
The functions ¢;(z) satisfy the STU regularity (i.e. the root asymptotic)

In the following numerical simulations we will take a close examination at
the relationship between the mean E[N®~(©)] and v level-crossings, to
study the profiles of the density p,, and roots of ®, = v for some values
of the parameters n and v, and to compare the analytical results to
numerical evidence

In what follows, all images were made in Wolfram Mathematica® version
12.3.1
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Numerical Simulations

Figure: The effect of selection of different v level-crossings on E [N{"(©)]
represented by small dots with v =0+ /0, 10 4 /10, ..., 200 + i200 in the
order left-to-right.

As v increases with n, we can visualize the relationship between
E [N®2(©)] and v using strings of numerical values, which initially shift
to the right rather than moving upward due to the fewer number of roots

being counted.
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Numerical Simulations

S

Figure: The effect of selection of different v level-crossings on E [N{"(©)]
represented by small dots with v =0+ /0, 10 4 /10, ..., 200 + i200 in the
order left-to-right.

As v increases with n, we can visualize the relationship between

E [N®2(©)] and v using strings of numerical values, which initially shift
to the right rather than moving upward due to the fewer number of roots
being counted.

The differences between the numerical values about v =0 + /0 and those

about the other levels seem to decrease to 0 when v is an increasing
function of n. This is in agreement with our corollary on |v| — occ.
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Zeros of 30,000 different ®1(z): Analytical vs Numerical

v=0+4i0
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Zeros of 30,000 different ®1(z): Analytical vs Numerical

v=0+4i0

v=5+4i5
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Zeros of 30,000 different ®1(z): Analytical vs Numerical

v = 40 + 40
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Work in Progress

We are currently working on analogs some of the results given in the
presentation when {7;} are real-valued standard normal random variables,
as well as the variance of the number of level crossings for ®,(z)
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