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RANDOM SPHERICAL HARMONICS
GivenleN, T,:S? - R
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where {Y;(x),m= —¢,... ¢} are spherical harmonics. {a,} are
Gaussian r.v. i.i.d. with the condition 3, = (—1)™ag, such that

E[azmég/m/] = 555,’2/ = 1,2,. ey, M= 76, v ,é
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Cov(Ty(x), Te(y)) = A T Z ng(x)\_/gm(y) = Py(cos d(x, y))

20+

x,y € S?, where P, are the Legendre Polynomials. Ty(x) are called the
{—th Gaussian spherical eigenfunctions or random spherical harmonics
and they satisfy for £ € N

Ag Ty +/(/ + l)T/ =0 as.



EXCURSION SETS
DEFINITION
Forue R

Au(Te, S?) = {x €S?: Ty(x) > u}

FIGURE: excursion sets of a smooth function defined over a manifold
e High-energy behavior of the eigenfunction T, ( £ — oc): Geometry
of excursion sets A,(Ty,S?) for large ¢
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LipscHITZ KILLING CURVATURES IN 2-DIMENSIONS

In 2-dimensions one has:

o Lo(A,(Ty,S?)) is the Euler-Poincaré characteristic of the excursion
regions

(Lo(S%) = 2)

o L1(Au(Te,S?)) is half the boundary length of the excursion regions
(that is the length of level curves T1(u))

(£4(8%) =0)

o Lo(A,(Ty,S?)) is the area of the excursion regions
(£2(S?) = 4m)



LipscHITZ KILLING CURVATURES IN 2-DIMENSIONS

FIGURE: The tube around a triangle (figure of Adler and Taylor (2007)).

area(Tube(M, p)) = 7p* Lo(M) + 2pL1 (M) + Lo(M).



RESULTS IN THE LITERATURE

GAUSSIAN KINEMATIC FORMULA (GKF)
By Adler and Taylor (2007)

dims?)—i . _
E[L] (AL(Ts, S%)] = Z (I —/t k) :’:}’; £:+k(82) 2([u, 0))

M are the Gaussian Minkowski functionals. They are defined by
_ (+1)/2 —u?/2
M;([u, 0)) = (27)~ Hi_1(u)e

where H; denotes the Hermite polynomials.



HERMITE POLYNOMIALS

Hermite polynomials satisfy
Hoa(u)e™ /2 = (2m)H2(1 - o(u))

dq
xa?

Hi(x) = (1000 { S0 | =0.1....

®(u) and ¢(u) are the standard Gaussian distribution function and the
standard Gaussian density.

The first few polynomials are provided by

Hi(x) = x, Ha(x) = x* =1, H3(x) = x> - 3x,....



COMMENTS

o M([u,00)) depends only on u

e The E,(TK(SZ) part depends only on metric properties, and on
correlation; if the metric is scaled by A, £4(S?) scales by A4m(E)—k,

e In the isotropic case A is the square root of the derivatives of the
covariance function at the origin.




RESULTS IN THE LITERATURE

For u#0
LKC Mean Variance
2 A2
Lo(Au(Te,S?)) | 2{1 — &(u)} + AZ”(W‘W (Hs(u) + Ha(u))*¢(u)? x 7
L1(A(T:,5Y) = x e (Ha(u) + Hi(0))*6(u)’ x 3
0
Lo(Au(Te,S?)) 4 x {1 — &(u)} (Hi(u) + Ho(u))?¢(u)? x )\7
For u=20
LKC Mean Variance
Lo(Ao(Te,S?)) 1 70 (42 Iogé)
2 T 1
Cl(Ao(Tg,S )) \/§ X A 30 Iogf
7
ﬁz(Ao(Te,Sz)) o w

/2




RESULTS IN THE LITERATURE

Excursion Sets of Random Spherical Harmonics T,:

e Mean — GKF by Adler Taylor

o Asymptotic Variance & Quantitative CLT —
Marinucci-Wigman (CMP2014), Wigman (CMP2010),
Marinucci-Rossi (JFA2015), Marinucci-Rossi-Wigman
(AIHP(B)2020), Cammarota-Marinucci (AoP2015)



EXTENSION TO SUBDOMAINS

B, C S? the ball of radius r.

LKC Mean Variance

EO(AU(T&Br)) ? ?

27(1 — cos ry)

Lo
L1(Ao(Te, Br,)) 2 X A, T ré(-!og rel
Lo(Au(Te, Br)) | (1 —¢p(u))2m(1l — cosr) 7

- Excursion Area in Spherical caps £,(A,(Ty, B,)) — T., JIMP2019

- Nodal length in Shrinking domains £1(Ao(T¢, Br,))
(re = 0,1l = o0 as £ — o) — T., Bernoulli2020



Main idea: to write these geometric quantities as integral functionals of
T; in L2(P) and use the Wiener-Ito chaos expansion. The area by

Lo(Au(Te,§?)) == / L) uy dX,
JS

the boundary length by

£x(AUTi8) = 5 [ BTV T b

SZ
and the EPC by

Lo(Ay(Tr,S2)) :/

; det(V2(To(x)))1(7, 0053 0u(V(Te)) dx



NODAL LENGTH IN SHRINKING DOMAINS
Let B,, C S? be a (shrinking) spherical cap of radius

re — 0,
as ¢/ — oo, centered in the "North Pole" N and such that r,// — .

We study the nodal length of T, restricted to B,,, i.e.,

Zp,, = len({x €S> N B, : Ty(x) = 0}) = 2L1(Ao(Ts, B,,))

THEOREM

For all r, > 0
cos ry)

E[Z,,,] = (12\[

LL+1)
and for rp — 0, rpl — oo

Var(Zy,,) = rg log(ref) + O(rg)

256



LiMiT THEOREMS

REMARK (LLN)

ZZ,Q
E[Z&rz]

—¢— 100 1 in probability.

THEOREM (QUANTITATIVE CLT, T. 2020)
Asl — 0o (rp — 0 and lrp — o),

Zor, — E[Z4,,] ~1)2
St 22l 7 = 0((log ref) ~1/?),
§ ( VarZir) (oerety )

where Z ~ N(0,1).

dw(A, B) := b [E[h(A)] - E[A(B)]|



REMIND: NODAL LENGTH

T, 10) :={x € S*: Ty(x) =0} Z;:=len(T,(0))
THEOREM (WIGMAN 2010)

Ve E[Z] = 2%\/5(“ )

1
Asl — oo Var(Z) = £ log £(1 + o(1))

REMARK (LLN)

Zy

—_— w1 as.
E[Z/] et a.s

THEOREM (MARINUCCI, Rossi, WIGMAN 2020)

W (ZZ—E[Z@] z) = O((log¢)™*/?)  Z ~ N(0,1)

VVar(2,)’



IDEA OF THE PROOF

It can be formally written as
Zi = [ BTV T
By,

Wiener-Ito chaos decomposition
L*(P) = ®;29Cq.  Cq q-th Wiener-Chaos C, L C

+0oo
Zip =ElZ0,]+ Y Zerlal  in L2(P)
q=1

Z0.r,[q] = Proj(Z4,1,|Cq).



WIENER-ITO CHAOS EXPANSION

“+o0
Zon~ElZ0n] =) Zi[2q]

q=2
e(e+1 - - u—kBg—u
=V 2 i

q=2 u=0 k=0

X/B u(To(x Hk( Vl;}il ) “_k<m) dX

e

V1T[( ) VzTg(X) . ~
Te(x), Vee1)/27 \Je(e+1)/2 Lid. ~N(0.1)

(e+1)
2

4
Z,[0] = 4 = —\/L(L+ 1), Ve
0[0] Bocg 04T N ( )

400
2o, —EZ0r, = 2, [4] + Z Z,r, [24]
g=1



FOUuRTH CHAOTIC COMPONENT

Proj(Z¢.r,|Ca)

G 2+ 1) { aozﬁ@* /B Ha(Ty(x)) dx

e

+ 22 ofz /B’ Ha(Te(x ))H2(61XU()> dx

2121 Le+1)/2
044054 aleé )
f (Gt o
042 250 O1x Te(x) D2x Tu(x)
212! (m) ( 5(4+1)/2>dx

D2;x
S (28 )

i [ () o




"LOCAL" SAMPLE TRISPECTRUM

e We define first the sequence of centered random variables (“local
sample trispectrum”):

Me,, = _%,/W; 1) % /B Ha(To(x)) dx

e Asymptotic full correlation between the “local” nodal length and the
“local sample trispectrum”:

PROPOSITION

The correlation between Z, ., and M, is given by

Corr(Zo,ryi Moy,) =14+ O( ) =1+ o(1),

log rel

in the high energy limit { — c.



FourRTH CUMULANT OF THE SAMPLE TRISPECTRUM

{Ml,rg} C C4
he,fl;df = ‘[B'e H4(T€(X)) dx Cum4(h€,fl;4) = ]E[hz},rg%] - 3E[h§,rg;4]2
LEMMA
As { — oo,
i
cuma(he,r, a) = O(;1 log rg€>.
~ L Moy,
Mé’rz T Var(./\/fe,,é)

= cumy(My,,,) = O((IoglrM))

and the Fourth Moment Theorem (Nourdin-Peccati 2009) implies

dW(Me,,e,Z):O<< 1 )1/2) Z ~ N(0,1).

log rel



CENTRAL LIMIT THEOREM

_ Z—E[Z(]
A/ Var(Zg)

PROPOSITION

- - 1
Elzf,rz - Mf,rz‘z =0 (lOg I’gg) :

= dw(Z1s N0, 1)) < dr (Mo N(0,2)) + 1 E[Zr, — Mo P

© <<|Og1fzf> 1/2)




OTHER LKCs: v #0

Lo(Au(Te,S?)) — E[Lo(Au(Te, $?))] = G /S Ho( Ty(x)) dx + Ro(u)

L1(Au(T1, S2)) = E[L1(Au(T1,S2))] = GV T) /S Ho(To(x)) dx + Ri(u)
= Zy(u)[2] + Ri(u)

Lol T ) = BLL(AU o )] = Gof(€+ 1) [ Ha((Ti(ox)) e+ Ro(w)

REMARK
Berry’s cancellation
Zi2] =0

PROPOSITION

The second component of the chaos expansion of Z; ., is, as { — oo,

Proj(Ze,12) = O(rg)



LLN

Zg N 47 as . Zz,m N 27T(1—COSI’[) in orob
N R Y AN (S R Prop:

CLT (quantitative) [Marinucci-Rossi-Wigman 2020], [T. 2020]

. Z,-E[Z X Z,, —E[Z0,
s . _Z2—E2 4 3, = Zn [Zen] g

— — Z ~ N(0,1
Var(Z) 7 ’ Var(Ze,,) 0% (0.1)

The CLT implies that Vz > 0 (also z < 0)

(zg ~E[Z)]

Var(ZTg) > z) —P(Z > 2).

What happens when z = z; — oo as { — oo? Let us write zy = z - a4
with z > 0 and a; — oo.

MDP answers this question at a logarithmic scale. The idea is to study
P(Z¢/a¢ > z) as £ — oo at a logarithmic scale



LARGE DEVIATIONS PRINCIPLE

{X,, n € N} a sequence of r.v. taking values in R.

DEFINITION

{X,, n € N} satisfies the LDP with speed 0 < s, — oo and good rate
function [ if the level sets {{x : /(x) < a},a > 0} are compact and for
all B € B(R) we have

1
— inf _I(x) <liminf —logP(X, € B)

x€int(B) n—oo S,

lim sup 1 logP(X, € B) < — inf [(x)

n—oco Sp x€cl(B)



MODERATE DEVIATION PRINCIPLE

THEOREM ( Maccr, Rossi, T. ALEA2021)

Let {as}¢ sequence of positive numbers s.t. a; — oo and

1/ loj glog[

as £ — oo. Then for B C R measurable, as { — oo
P (Z/a € B) ~ e~ "xes /()
I(x) =%, x €R.

THEOREM ( MAaccl, Rossi, T. ALEA2021)

Let {as}e sequence of positive numbers s.t. a; — oo and ﬁ
og log r¢

as { — co. Then for B C R measurable, as { — oo
P (Z€7fz/a€ € B) o~ efa% infxes I(x)

I(x) = X2i7X€R.

—0

—0



DEFINITION
{Xn,n € N} and {Y,, n € N} are exponentially equivalent at speed
0 <'s, — oo if for every 6 > 0 limsup,_, . 3 log P(|X, — Y| > ) = —o0

LEMMA (DEMBO AND ZEITOUNI 1998 )

Assume that {X,, n € N} satisfies the LDP with speed s, and good rate
function I. Then, if {X,,n € N} and {Y,, n € N} are exponentially
equivalent at speed s,, the same LDP holds for {Y,, € N}.

THEOREM (SCHULTE-THALE 2016)

F.,n>1 be a sequence of r.v. belonging to the g—th Wiener Chaos,
limp_ o0 cum4( n) = 0.

L, :=(qq9")"*\/cumy(F,) and A, = (q3"/2L2‘(q))_1

(an : n > 1) real sequence s.t.

lim a, = oo and I|m an/AY @D =0,
n—o00

= (a,'F, : n > 1) satisfies a MDP with speed a2 and Gaussian rate
funct/on I(z) = 22/(2q").



MODERATE DEVIATION PRINCIPLE

PROPOSITION

ay sequence of positive numbers s.t. ag — oo, ( 7 — 00 as

ag
log r¢€)
{ — oo. Then for all B C R measurable, as ¢ — ooz

P (Me)fe/aé € B) ~ e*ai infxep I(x)

cums(My,,,) = O (@) Let a; — oo s.t. ag/A;/3 — 0 where

Ay} = (\fcumy(Me,r,)) 77 ~ (log ret) =3/

ag — 00 7—>ooas€—>oocum4(/\;lg)20(#€)

a
(log €)1/ (log £)?

Ay = () cumg(My)) =37 ~ (log £)*/7.



Exp. Equivalence: {My,,/as, ¢ € N} is exp. equ.to {Z;,,/as, ¢ € N} as

ag— o0 —2— —0.
¢ +/loglog ref

V4, as £ — oo,

1
limsup — log IP

l—oco dy

(‘ Z~é,rg _ MZ,F@

ay ay

)

2 & ~ 2
a, ‘E[|Z,, — M
< limsup a, ?log [1Zer el

n—c0 52

B2, — Mg, |2 = o( 1 )

log rel

= MDP whenever a; = o(+/log log r?)



COMMENTS

nodal length Z¢, Z, , S? B,

{4

Leading term Joo Ha(Te(x)) dx | [5 Ha(Te(x)) dx
2° Chaos Proj(Z¢|G) =0 | Proj(Ze,,|CG) #0
LLN \% \%
QCLT V \Y

MDP V \
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