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Real zeros of random trigonometric polynomials

Dunnage, 1966: E[N,([0,27])] = \2/% +o(n)asn— o
for Th(x) = S4_o Ak cos(kx) with A, ~ N(0, 1).
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Real zeros of random trigonometric polynomials

Dunnage, 1966: E[N,([0,27])] = \2/% +o(n)asn— o
for Th(x) = S4_o Ak cos(kx) with A, ~ N(0, 1).

. _ (n+1)2n+1) 2n
Qualls, 1970: E[N([0, 2x])] = 2/ = ~ 7

for Th(x) = \1—5 er-’:1 (G;jsin jx + D cos jx) with C;, D; ~ N(0,1).
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Real zeros of random trigonometric polynomials

Dunnage, 1966: E[N,([0,27])] = \2/% +o(n)asn— o
for Th(x) = S4_o Ak cos(kx) with A, ~ N(0, 1).

. B (n+1)@2n+1) 2n
Qualls, 1970: E[N,([0,27])] =2 %6 "7

for Th(x) = \1—5 er-’:1 (G;jsin jx + D cos jx) with C;, D; ~ N(0,1).
Granville&Wigman, 2010: Var[N,([0, 2x])] ~ cn, ¢ ~ 0.55826,
as predicted by Bogomolny-Bohigas-Leboeuf. Moreover,

Nn([07 27T]) - ]E[Nn([07 27T])

N ] 4 N(0,1).
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Real zeros of random trigonometric polynomials

Dunnage, 1966: E[N,([0,27])] = \2['; +o(n)asn— o
for Th(x) = S4_o Ak cos(kx) with A, ~ N(0, 1).

. B (n+1)@2n+1) 2n
Qualls, 1970: E[N,([0,27])] =2 %6 "7
for Th(x) = \1—5 er-’:1 (G;jsin jx + D cos jx) with C;, D; ~ N(0,1).
Granville&Wigman, 2010: Var[N,([0, 2x])] ~ cn, ¢ ~ 0.55826,
as predicted by Bogomolny-Bohigas-Leboeuf. Moreover,

Nn([07 27T]) - ]E[Nn([07 27T])
ven

] 4 N(0,1).

Universality results: Angst&Poly, 2015; Flasche, 2017;
Iksanov&Kabluchko&Marynych, 2016; O.Nguyen&Vu, 2018; etc.
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Real zeros of random trigonometric polynomials

Dunnage, 1966: E[N,([0,27])] = \2['; +o(n)asn— o
for Th(x) = S4_o Ak cos(kx) with A, ~ N(0, 1).

. B (n+1)@2n+1) 2n
Qualls, 1970: E[N,([0,27])] =2 %6 "7
for Th(x) = \1—5 er-’:1 (G;jsin jx + D cos jx) with C;, D; ~ N(0,1).
Granville&Wigman, 2010: Var[N,([0, 27])] ~ ¢cn, ¢ ~ 0.55826,
as predicted by Bogomolny-Bohigas-Leboeuf. Moreover,

N ([0, 27]) — E[NA([0,27])]
Ten = N(0,1).

Universality results: Angst&Poly, 2015; Flasche, 2017;
Iksanov&Kabluchko&Marynych, 2016; O.Nguyen&Vu, 2018; etc.

Variance and CLT results: Azais&Leén, 2013;
Azais&Dalmao&Ledn, 2016; Bally&Caramellino&Poly, 2018;
Do&H.Nguyen&O.Nguyen, 2019; etc.
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >"4_, AxPx(X).
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >"4_, AxPx(X).

Das, 1971, and Wilkins, 1997: E[N,([-1,1])] = n/v/3 4 o(rF), € > 0
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >"4_, AxPx(X).

Das, 1971, and Wilkins, 1997: E[N,([-1,1])] = n/v/3 4 o(rF), € > 0

1P [S(X) + Ra(x) 1 QR(x)
EM®¢D_WLV/ D) 4D

where

Dn(x) = pn1(X)Pn(X) — Pas1(X)pn(X),
Qn(X) = Py 1(X)Pn(X) = Pa1(X)P; (X),

Ro(x) = (01 (X)P(X) — Phs ()PH (),

$(3) = S (B (0Pa(X) — P (X)P/ (X))
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Real zeros of random orthogonal polynomials on R

Let {Ax}2, be i.i.d. real Gaussian random variables and {px}° , be
orthonormal Legendre polynomials. Consider P,(x) = >"4_, AxPx(X).

Das, 1971, and Wilkins, 1997: E[N,([-1,1])] = n/v/3 4 o(rF), € > 0

1 (b /s, R, 1Q?
e (fa.b) = | \/ B Aok

where

Dn(x) = pn1(X)Pn(X) — Pas1(X)pn(X),
Qn(X) = Py 1(X)Pn(X) = Pa1(X)P; (X),

Ro(x) = (01 (X)P(X) — Phs ()PH (),
1) = g (PR (X)Pa(X) — o (¥R ().

Das&Bhatt, 1982: E[N,([—1,1])] ~ n/+/3 for Jacobi polynomials
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Random Legendre, N(0, 1) coefficients, deg=200

15 T

0.5r
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Random Chebyshev, N (0, 1) coefficients, deg=200

15 T
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General random orthogonal polynomials on intervals

Let K C R be a finite union of compact intervals, and let 1. be a Borel
measure such that du(x) = w(x)dx and w > 0 a.e. on K. Let
{px(x)}2, be the orthonormal polynomials associated with .
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General random orthogonal polynomials on intervals

Let K C R be a finite union of compact intervals, and let 1. be a Borel
measure such that du(x) = w(x)dx and w > 0 a.e. on K. Let
{px(x)}2, be the orthonormal polynomials associated with .

Lubinsky&Pritsker&Xie, 2016: If Ve > 0 3S C K of Lebesgue
measure |S| <eand C > 1suchthat C~' <w < Ca.e.onK\ S,
then the random orthogonal polynomials Pp(x) = >_x_, AkpPk(X) with
i.i.d. real Gaussian coefficients satisfy

lim E[Na(R)]/n=1/V3,
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General random orthogonal polynomials on intervals

Let K C R be a finite union of compact intervals, and let 1. be a Borel
measure such that du(x) = w(x)dx and w > 0 a.e. on K. Let
{px(x)}2, be the orthonormal polynomials associated with .

Lubinsky&Pritsker&Xie, 2016: If Ve > 0 3S C K of Lebesgue
measure |S| <eand C > 1suchthat C~' <w < Ca.e.onK\ S,
then the random orthogonal polynomials Pp(x) = >_x_, AkpPk(X) with
i.i.d. real Gaussian coefficients satisfy

lim E[Na(R)]/n=1/V3,

()

Reproducing kernels: K,Sfr’f)(x, y) =0 o (x)p(y), r,s=0,1.
2
1 2 KD x) [KOD(x,x)
E[Nn([a, b])] = —/ $ o0 - |50 dx, [a, b] C R.
TJa \ Ky (X,X) Kyl1' (X, x

Use asymptotic results for reproducing kernels on K\ S, and use
potential theory to show that E[N,(R \ K)] = o(n).
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A local result for expected real zeros

Let i be a regular measure in the sense of Stahl-Totik-Uliman, with
compact support K C R. Denote the equilibrium measure of K by vk.
We assume that {Ax}:°, are i.i.d. real Gaussian random variables.
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A local result for expected real zeros

Let i be a regular measure in the sense of Stahl-Totik-Uliman, with
compact support K C R. Denote the equilibrium measure of K by vk.
We assume that {Ax}:°, are i.i.d. real Gaussian random variables.

Lubinsky&Pritsker&Xie, 2016: If O is an open set where 1 is
absolutely continuous, and there is C > 1 such that
C~' </ < Ca.e.in O, then for any [a, b] ¢ O we have

lim [Ny ([a. b])] /n = vi([a. b])/V3.
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A local result for expected real zeros

Let i be a regular measure in the sense of Stahl-Totik-Uliman, with
compact support K C R. Denote the equilibrium measure of K by vk.
We assume that {Ax}:°, are i.i.d. real Gaussian random variables.

Lubinsky&Pritsker&Xie, 2016: If O is an open set where 1 is
absolutely continuous, and there is C > 1 such that
C~' </ < Ca.e.in O, then for any [a, b] ¢ O we have

lim [Ny ([a. b])] /n = vi([a. b])/V3.

Proposition: Let {Ac}2, be i.i.d. with E[log™ |A[] < oo, and
Th = %ZPH(ZK):O 6z, If E C Cis a compact set s.t. vx(9E) = 0, then

h - vk a.s. and im E[Ny(E)] /n = vk(E).
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A local result for expected real zeros

Let i be a regular measure in the sense of Stahl-Totik-Uliman, with
compact support K C R. Denote the equilibrium measure of K by vk.
We assume that {Ax}:°, are i.i.d. real Gaussian random variables.

Lubinsky&Pritsker&Xie, 2016: If O is an open set where 1 is
absolutely continuous, and there is C > 1 such that
C~' </ < Ca.e.in O, then for any [a, b] ¢ O we have

lim [Ny ([a. b])] /n = vi([a. b])/V3.

Proposition: Let {Ac}2, be i.i.d. with E[log™ |A[] < oo, and
Th = %ZPH(ZK):O 6z, If E C Cis a compact set s.t. vx(9E) = 0, then

h - vk a.s. and im E[Ny(E)] /n = vk(E).

Example: For K = [c, d] C R, we have dyc 4(X) = %
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A local result for expected real zeros

Let i be a regular measure in the sense of Stahl-Totik-Uliman, with
compact support K C R. Denote the equilibrium measure of K by vk.
We assume that {Ax}°, are i.i.d. real Gaussian random variables.

Lubinsky&Pritsker&Xie, 2016: If O is an open set where 1 is
absolutely continuous, and there is C > 1 such that
C~' </ < Ca.e.in O, then for any [a, b] ¢ O we have

lim [Ny ([a. b])] /n = vi([a. b])/V3.

Proposition: Let {Ac}2, be i.i.d. with E[log™ |A[] < oo, and
Th = %ZPH(ZK):O 6z, If E C Cis a compact set s.t. vx(9E) = 0, then

h - vk a.s. and im E[Ny(E)] /n = vk(E).

ax
74/ (x—c)(d—x)
Do&O0.Nguyen&Vu, 2020: Asymptotics of E[N,([a, b])] for random

orthogonal polynomials with coefficients possessing finite (2 + ¢)
moments

Example: For K = [c, d] C R, we have dvc q(X) =
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Variance for real zeros in the bulk

Let S(u) = #27¥ and define

1 S(v) 0 S (u)
B S(u) 1 -5 (u) 0
Fu) = det [ 0 -S'(u) -8"(0) -8 (u) ]
S’ (u) 0 -S"(u) -8"(0)

G (u) = det [

H (u) = det [ S(u) 1 -5’ (u)

1 .
o (u) = ) (1 — S(u)2 + (1 - S(U)Z)?’/ZH(u)arcsm (G(u)

> 1
CV:[W¢(U)dU+ﬁ'
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Variance for real zeros in the bulk

Let 1 be the orthogonality measure, and let v (x) be the equilibrium
measure of K = supp u. We consider random orthogonal polynomials
Pn(X) = > k_o AcPx(x) with i.i.d. real Gaussian coefficients.
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Variance for real zeros in the bulk

Let 1 be the orthogonality measure, and let v (x) be the equilibrium
measure of K = supp u. We consider random orthogonal polynomials
Pn(X) = > k_o AcPx(x) with i.i.d. real Gaussian coefficients.

Lubinsky&Pritsker, 2021: Suppose that  is absolutely continuous,
and ./ is positive and continuous on [&, b'] C K. Assume that

sup [|Pnll ;[ b < -
n>1

If [a, b] C (&, b') then
nli_>moo Var [N, ([a, b])] /n = ¢, vk([a, b]).
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Variance for real zeros in the bulk

Let 1 be the orthogonality measure, and let v (x) be the equilibrium
measure of K = supp u. We consider random orthogonal polynomials
Pn(X) = > k_o AcPx(x) with i.i.d. real Gaussian coefficients.

Lubinsky&Pritsker, 2021: Suppose that  is absolutely continuous,
and ./ is positive and continuous on [&, b'] C K. Assume that

sup [|Pnll ;[ b < -
n>1

If [a, b] C (&, b') then
nli_>moo Var [N, ([a, b])] /n = ¢, vk([a, b]).

Corollary. Let i be absolutely continuous on K = [—1, 1], satisfy

/1 jog 1 (x) — <
L e —0OQ.
—1 &l 1 — x2

If 1/ is positive and Dini-continuous on [&, V'] C K, then for any
[a,b] C [, Y] we have

arcsin b — arcsin @

n|i>moo Var [N, ([a, b])] /n=cyv

Igor Pritsker Zeros of random orthogonal polynomials



Variance for real zeros in the bulk

Azais, Dalmao and Leon, 2016: Asymptotic variance for random
cosine polynomials Y";_, a cos ky on [0, 7], which are equivalent to
the random Chebyshev polynomials >~ _, ax Tk(x) on [—1, 1] by
setting y = arccos x.
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Variance for real zeros in the bulk

Azais, Dalmao and Leon, 2016: Asymptotic variance for random
cosine polynomials Y";_, a cos ky on [0, 7], which are equivalent to
the random Chebyshev polynomials >~ _, ax Tk(x) on [—1, 1] by
setting y = arccos x. Central Limit Theorem via Wiener chaos.
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Variance for real zeros in the bulk

Azais, Dalmao and Leon, 2016: Asymptotic variance for random
cosine polynomials Y";_, a cos ky on [0, 7], which are equivalent to
the random Chebyshev polynomials >~ _, ax Tk(x) on [—1, 1] by
setting y = arccos x. Central Limit Theorem via Wiener chaos.
Do,Lubinsky,H.Nguyen,0.Nguyen,Pritsker, 202? (in progress):
Suppose that p is absolutely continuous, and p’ is positive and
continuous on [&, b'] € K = supp u. Assume that

sup [|Pnll (o by < 00
n>1

If [a, b] C (&, b') then

Nn([a, b]) — E[Nn([a, b])] 4
N — N(0,1).
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Variance for real zeros in the bulk

Azais, Dalmao and Leon, 2016: Asymptotic variance for random
cosine polynomials Y";_, a cos ky on [0, 7], which are equivalent to
the random Chebyshev polynomials >~ _, ax Tk(x) on [—1, 1] by
setting y = arccos x. Central Limit Theorem via Wiener chaos.
Do,Lubinsky,H.Nguyen,0.Nguyen,Pritsker, 202? (in progress):
Suppose that p is absolutely continuous, and p’ is positive and
continuous on [&, b'] € K = supp u. Assume that

sup [|Pnll (o by < 00
n>1

If [a, b] C (&, b') then

Nn([a, b]) — E[Nn([a, b])] 4
N — N(0,1).

Problem: Prove CLT for the endpoint intervals of supp .
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Random Freud polynomials with A/(0, 1) coefficients

Let w(x) = exp(—c|x|*) on R, where ¢ > 0, A > 1.
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Random Freud polynomials with A/(0, 1) coefficients

Let w(x) = exp(—c|x|*) on R, where ¢ > 0, A > 1.

Pritsker&Xie, 2015: lim E[Ny(R)]/n=1/V3
— 00
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Random Freud polynomials with A/(0, 1) coefficients

Let w(x) = exp(—c|x|*) on R, where ¢ > 0, A > 1.
Pritsker&Xie, 2015: lim E[Ny(R)]/n=1/V3
— 00

1 .
where a, =~} ¢ xnx is the

Scaled polynomials Py (s) := 1()3 (2) ST
2) )

MRS number for w and 5 = I'(
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Random Freud polynomials with A/(0, 1) coefficients

Let w(x) = exp(—c|x|*) on R, where ¢ > 0, A\ > 1.
Pritsker&Xie, 2015: lim E[N,(R)]/n= 1/V3
— 00
Scaled polynomials P} (s) := Pn(ans), where a, = vf c—xnx is the
MRS number for w and v, = [(3)I'(3)/T(2£1).

Pritsker&Xie, 2015: Let 7, be the counting measure for zeros of Pj,
and let i be given by the Ullman distribution

A 1 t/\f'l
dux(s) = (77 /S mdt> as, se[-1,1].

If [a, b] C (—1,1) is any closed interval, then

o1 " 1
% uyas. and Jim —E[N; ([a b])] = —=u([a b]).

V3
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Random Freud polynomials with A/(0, 1) coefficients

Let w(x) = exp(—c|x|*) on R, where ¢ > 0, A\ > 1.
Pritsker&Xie, 2015: lim E[N,(R)]/n= 1/V3
— 00
Scaled polynomials P} (s) := Pn(ans), where a, = vf c—xnx is the
MRS number for w and v, = [(3)I'(3)/T(2£1).

Pritsker&Xie, 2015: Let 7, be the counting measure for zeros of Pj,
and let i be given by the Ullman distribution

A 1 t/\f'l
dux(s) = (77 /S mdt> as, se[-1,1].

If [a, b] C (—1,1) is any closed interval, then

% uyas. and im. f]E[N*([a b))] = 7 ua([a, b]).

Example: If A = ¢ = 2 then a, = v/nand dux(s) = 2v/1 — s2ds.
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General random orthogonal polynomials on R

Letw=e"9 Q:R — [0,00) even, Q(0) = 0, limy_, . Q(x) = oo,
Q € C'(R) and @’ exists on R \ {0} (plus other mild conditions).
Suppose T(x) := xQ'(x)/Q(x) satisfies XIi_)m T(x)=Xe(1,0q].
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General random orthogonal polynomials on R

Letw=e"9 Q:R — [0,00) even, Q(0) = 0, limy_, . Q(x) = oo,

Q € C'(R) and @’ exists on R \ {0} (plus other mild conditions).

Suppose T(x) := xQ'(x)/Q(x) satisfies Jim T(x)=Xe(1,0q].
—00

We assume that {Ax}3°, are i.i.d. real Gaussian random variables.
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General random orthogonal polynomials on R

Letw=e"9 Q:R — [0,00) even, Q(0) = 0, limy_, . Q(x) = oo,
Q € C'(R) and @’ exists on R \ {0} (plus other mild conditions).
Suppose T(x) := xQ'(x)/Q(x) satisfies Jim T(x)=Xe(1,0q].
—00
We assume that {Ax}3°, are i.i.d. real Gaussian random variables.
Lubinsky&Pritsker&Xie, 2018: lim E[N,(R)]/n = 1/V3
— 00
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General random orthogonal polynomials on R

Letw=e"9 Q:R — [0,00) even, Q(0) = 0, limy_, . Q(x) = oo,
Q € C'(R) and @’ exists on R \ {0} (plus other mild conditions).
Suppose T(x) := xQ'(x)/Q(x) satisfies Jim T(x)=Xe(1,0q].
— 00

We assume that {Ax}3°, are i.i.d. real Gaussian random variables.
Lubinsky&Pritsker&Xie, 2018: lim E[N,(R)]/n = 1 /V3

— OO
Consider scaled polynomials P;(s) := Pp(ass), where a,, satisfies

- / LAt @) o
mh VI-P
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General random orthogonal polynomials on R

Letw=e"9 Q:R — [0,00) even, Q(0) = 0, limy_, . Q(x) = oo,
Q € C'(R) and @’ exists on R \ {0} (plus other mild conditions).
Suppose T(x) := xQ'(x)/Q(x) satisfies Jim T(x)=Xe(1,0q].
—00
We assume that {Ax}3°, are i.i.d. real Gaussian random variables.
Lubinsky&Pritsker&Xie, 2018: lim E[N,(R)]/n = 1 /V3
— OO
Consider scaled polynomials P;(s) := Pp(ass), where a,, satisfies
1 /

g/ ant@ (ant) dt—n.

mlo Vi-g
Lubinsky&Pritsker&Xie, 2018: For any [a, b] C (—1,1), we have

o1 " 1
% uyas. and Jim —E [N, ([a. b])] = —=u([a. b)),

V3
where p) is the Ulliman distribution for A € (1, c0), and
Ao (x) = — x e [-1,1].

/1 — x2’
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General random orthogonal polynomials on R

Letw=e"9 Q:R — [0,00) even, Q(0) = 0, limy_, . Q(x) = oo,
Q € C'(R) and @’ exists on R \ {0} (plus other mild conditions).
Suppose T(x) := xQ'(x)/Q(x) satisfies Jim T(x)=Xe(1,0q].
—00
We assume that {Ax}3°, are i.i.d. real Gaussian random variables.
Lubinsky&Pritsker&Xie, 2018: lim E[N,(R)]/n = 1/V3
— OO
Consider scaled polynomials P;(s) := Pp(ass), where a,, satisfies
1 /
g/ antQ'(ant) dt—n.
mlo Vi-g
Lubinsky&Pritsker&Xie, 2018: For any [a, b] C (—1,1), we have
% uyas. and Jim —E [N, ([ b])] = %M([a, b)),
where p) is the Ulliman distribution for A € (1, c0), and
ax
oo (X) = ——,
HoelX) = s
Do&Lubinsky&H.Nguyen&O.Nguyen&Pritsker, 202?:
(1) Universality of E [N ([a, b])] (2) Asymptotic variance
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x € [-1,1].



