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OvErvIEW & INTRODUCTION

e Asymptoticstudy of local geometric quantities associated with random Laplace
eigenfunctions on manifolds (e.g. random spherical harmonics, arithmetic ran-
dom waves, monochromatic random waves; Zelditch (2009); Canzani & Hanin
(2016); Marinucci, Peccati, Rossi & Wigman (2016); Cammarota (2019); Dalmao,
Nourdin, Peccati & Rossi (2019))
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e Study by means of Wiener chaos techniques; typically, the high-energy be-
haviour of chaos expansions of such geometric objects is dominated by the
projection on a single Wiener chaos, which is tightly connected with the Berry’s
cancellation phenomenon
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e Asymptoticstudy of local geometric quantities associated with random Laplace
eigenfunctions on manifolds (e.g. random spherical harmonics, arithmetic ran-
dom waves, monochromatic random waves; Zelditch (2009); Canzani & Hanin
(2016); Marinucci, Peccati, Rossi & Wigman (2016); Cammarota (2019); Dalmao,
Nourdin, Peccati & Rossi (2019))

e Study by means of Wiener chaos techniques; typically, the high-energy be-
haviour of chaos expansions of such geometric objects is dominated by the
projection on a single Wiener chaos, which is tightly connected with the Berry’s
cancellation phenomenon

o We focus on Arithmetic Random Waves (ARW) on the three-dimensional torus
(Oravecz, Rudnick & Wigman (2008)) and are interested in characterizing prob-
abilistic fluctuations of two local geometric functionals associated with vectors
of ARW: (i) volumes of zero sets (nodal volumes) and (ii) notions of total
variation
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©® AriTHMETIC RANDOM WAVES




AritaMETIC RANDOM WavEs (OravEcz, Rubnick & Wicman (2008))

o Eigenvalues of —A on T¢ := R?/Z* are numbers of the form 47’1 with
neSd:={keN:Iy,...,A)eZ: A2 +...+ 3=k}
For n € S(d), we define the set of frequencies
A9 = {y = (U1, fa) €Z0 13+ + 15 =n}

with N9 := |AD|. The corresponding eigenspaces are generated by complex
exponentials exp(27i(A, x)), x € T, A e A;d).
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AritaMETIC RANDOM WavEs (OravEcz, Rubnick & Wicman (2008))

o Eigenvalues of —A on T¢ := R?/Z* are numbers of the form 47’1 with
neSd:={keN:Iy,...,A)eZ: A2 +...+ 3=k}
For n € S(d), we define the set of frequencies
A9 = {y = (U1, fa) €Z0 13+ + 15 =n}

with N9 := |AD|. The corresponding eigenspaces are generated by complex
exponentials exp(27i(A, x)), x € T, A e A;d).

o Arithmetic Random Waves are Gaussian Laplace eigenfunctions of the form

Tu(x) =

Z a, exp(2mi({A, x)), x€ T,

1
JND oo

where {1, : A € A,} is a collection of complex Gaussian random variables that
are independent except for the relation 2, =a_;.
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AritaMETIC RANDOM WavEs (OravEcz, Rubnick & Wicman (2008))

e Equivalently, T, = {Tn(x) cxeT } is a real-valued centred stationary Gaussian
field with covariance function

rE,d)(x -y) =E[T.(x)T.(y)] = f exp (Zni( \Vno,x — y)) y;’j)(de),
gd-1

where
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e Equivalently, T, = {Tn(x) cxeT } is a real-valued centred stationary Gaussian
field with covariance function

rE,d)(x -y) =E[T.(x)T.(y)] = f exp (Zni( \Vno,x — y)) y;’j)(de),
gd-1

where

e Linnik’s problem on the angular distribution of lattice points on spheres (Lin-
nik (1968)): equidistribution of lattice points in dimension three (Golubeva
& Fomenko (1987); Duke (1990)), vs. non-trivial attainable measures along
generic sequences in dimension two (Kurlberg & Wigman (2017))
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Locar GeomEeTric FuncTioNars oF ARW on T°

e from now on, we denote fo) = N,,,Af) =A,, rff ) = r,, etc.
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e For ¢ =1,2,3, we define nodal volume

ifn([) =Mz, ({x eT?: TS,[)(x) = 0});

,are independent Arithmetic Random Waves

in view of the Area/Co-Area formula, one has the representation
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where {TI(’III)},':L.M

e For ¢ =1,2,3, we define nodal volume

ifn([) =Mz, ({x eT?: TS,[)(x) = 0});

,are independent Arithmetic Random Waves

in view of the Area/Co-Area formula, one has the representation

o _ (4mPn)"? 0 = o
20 =(T2) [ om0 ey )y, o) = VaerMT)
IS "

(surface area, length of dislocation lines and number of phase singularities)
e For ¢ =1,2,3, we define the total variation

/2
VT, T%) = (@) f qn(ja’“ch(x))dx, (M) = /det(MMT)
N "

(see e.g. Fonseca, Fusco & Marcellini (2004); De Philippis (2012))
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Dicression: GAUSSIAN ANALYSIS

e Fork € N and x € R, the k-th Hermite polynomial is

s
Hi®) = (-1)fe e/

dxk
2
{(k!)‘l/ 2Hk}k>0 forms a complete orthonormal system of L(y), y(dz) = %dz
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s
Hi®) = (-1)fe e/

dx*
2
{(k!)‘l/ 2Hk}k>0 forms a complete orthonormal system of L(y), y(dz) = %dz

o For any generic separable Gaussian field G,

LXQ,0G),P) = C, ie F= Z proj(FIC,),

q=0 q=0

where C, is the g-th Wiener chaos associated with G (Wiener chaos expansion)
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dx*
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LXQ,0G),P) = C, ie F= Z proj(FIC,),
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where C, is the g-th Wiener chaos associated with G (Wiener chaos expansion)
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e Fork € N and x € R, the k-th Hermite polynomial is

k
Hyx) = (1”2 Lo

dx*
{(k!)‘l/ 2Hk}k>0 forms a complete orthonormal system of L(y), y(dz) = %dz

o For any generic separable Gaussian field G,

LXQ,0G),P) = C, ie F= Z proj(FIC,),

q=0 q=0

where C, is the g-th Wiener chaos associated with G (Wiener chaos expansion)
¢ (Fourth Moment Theorem, Nualart & Peccati, 2005) Let g > 2 and {F,},»; C C,.

F, 2% 7 < N(O,1) = E[Fi| > E[Z!] =3 (1> o)

o (Peccati-Tudor Theorem, Peccati & Tudor, 2005) for chaotic vectors, joint conver-
gence is equivalent to marginal convergence
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NobpaL SETs oF ArRiTHMETIC RANDOM WAVES

o We study the local geometric functional

20 =, , ({x eT: TV (x) = 0})/ (=123

The nodal surface area (corresponding to the case £ = 1) has been investigated

aiﬂrfl) = 7-(2 ({X eT?: Tn(x) = O})' N = e

(Rudnick & Wigman, 2008) For all n € S(3),

4m?n 2

E[Z"]= 7

(Benatar & Maffucci, 2019) As N,, — oo,
4m’n 8

Var[gn(l)]'v N2 375

(Cammarota, 2019) As N,, — oo,
g(l) _E [3(1)]

o) R
i Var[.fn(l)] ——_) \/ﬁ(
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NobpaL seTs oF ARITHMETIC RANDOM WAVES

Theorem I (Notarnicora, ALEA (2021))

(k)excy
@M Pry_g*

02
(Expected Volume) For all 2 € 5(3), E [,"f,f[)] = (%) (fo)f/)z
(Asymptotic Variance Law) As N, — oo,

Var[,gﬂn(e)] ~ M CE(6),  E(6) = 4a(t,3)* ( 1 N (-1 76 )

N2 T 3en)f " 250 2 375

For integers 1 < £ < k, we set a({, k) :=

(Limiting distribution) As N,, — oo,

L0 28,

o0 Law (, 1 5(5_1).&)—1/2 OO VO —. O
(5 ot T2 3m) LMY =L

where Y(f) s N{(95_4)(0, 15(95_4)) and M([) € M[(95_4)><g(95_4) (]R) is given by

-1 -1 1 1 -1
MO = —1 Isoe-n) ®=— Isae-yy ®— Isee-y @— Lowe-) -
50 50 D— 5 st(zz 1) @25 5(([2 1) @50 5/(2 1) D 6 3/(2 1)

e for £ =1, we recover the results by Benatar & Maffucci (2019) and Cammarota
(2019): E(1) = 8/375 and £V £ +=(6-2205)
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OUTLINE OF THE PROOF OF THEOREM [

o follows a common strategy relying on Wiener chaos expansions exploited in a
series of works [among others: (Kratz & Leén (2001); Marinucci, Peccati, Rossi
& Wigman (2016); Cammarota (2019); Marinucci, Rossi & Wigman (2020)]
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(Area/Co-Area formula) Both IP-a.s and in L?(IP),
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ﬁuﬁ?)f%mwwﬁmwm¢WFWMmm
b "

(Wiener chaos expansion) In L%(IP),

[eS)

20=Y 200q),  2012q) := proj(£ICxy)
q=0

(Berry’s Arithmetic Cancellation) fn(f) [2] = 0,Vn € S(3) (see Theorem I’ for an
analytic version of this phenomenon)
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follows a common strategy relying on Wiener chaos expansions exploited in a
series of works [among others: (Kratz & Leén (2001); Marinucci, Peccati, Rossi
& Wigman (2016); Cammarota (2019); Marinucci, Rossi & Wigman (2020)]

(Area/Co-Area formula) Both IP-a.s and in L?(IP),

l)2
200 = (‘%) | ro e ey ), o = Vet
b "

(Wiener chaos expansion) In L%(IP),

20=Y 200q),  2012q) := proj(£ICxy)
q=0

(Berry’s Arithmetic Cancellation) fn(f) [2] = 0,Vn € S(3) (see Theorem I’ for an
analytic version of this phenomenon)

(Dominance of the 4th Wiener chaos) As N,, — oo,

2" = 2 14+ op(1)
based on the estimate fr3 {ra(2)}° dz < cN,7***M (Benatar & Maffucci (2019))
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DeTour: BERRY's RANDOM PrANE WavEs (M. BErry, 1977, 2002)

e Berry’srandom plane waves (BRW) {b;(x) : x € IR?} areisotropic Gaussian Laplace
eigenfunctions on IR? (with eigenvalue —k?) with covariance function

pe(x = y) = Jo(kllx = yll),

where ] indicates the zero-order Bessel function of the first kind

13/22



DeTour: BERRY's RANDOM PrANE WavEs (M. BErry, 1977, 2002)

e Berry’srandom plane waves (BRW) {b;(x) : x € IR?} areisotropic Gaussian Laplace
eigenfunctions on IR? (with eigenvalue —k?) with covariance function

pe(x = y) = Jo(kllx = yll),
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e Berry’srandom plane waves (BRW) {b;(x) : x € IR?} areisotropic Gaussian Laplace
eigenfunctions on IR? (with eigenvalue —k?) with covariance function

pr(x = y) = Jo(kllx = yll),

where ] indicates the zero-order Bessel function of the first kind

o BRW are obtained as the local scaling limit of ARW on the two-torus, that is,
for every fixed x = (x1,x,) € T?,

k
ry ( \ e 2nx) o Jolk - llxll) = pi(x),

r? being the covariance function of ARW on T?
o (M. Berry, 2002) Writing Ly(D) := H; {x € D : b(x) = 0},
area(D)

arzei(rf‘) ke VarlLu(D)] ~ioe 555, log(k - area(D))

(see also Nourdin, Peccati & Rossi (2019) for a rigorous installment of such
estimates using Wiener chaos techniques)

E[L«(D)] =

13/22



AN ABsTrRACT CANCELLATION RESuLT

o Consider ¢i.i.d Gaussian fields {(Xg)(z), Xgi)(z), e ,X]((i)(z)) 1Z € Z}i:1 . and

JGaa, ... 1) = fz 6, (X)) -+ 6, (XL 2) (X (2)) p(dz),

where ®(M) = /det(MMT) and X(z) = (X}"’ @)ij;
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AN ABsTrRACT CANCELLATION RESuLT

o Consider ¢i.i.d Gaussian fields {(Xg)(z), Xgi)(z), e ,X]((i)(z)) 1Z € Z}i:1 . and

JGuar, .. ug) = fz 5, (X (@) - 64, (X (2)@(X(2)) u(dz),
where ®(M) = /det(MMT) and X(z) = (X}"’ @)ij;

1g , 1 |
o= 13 [I0ef s - [ e s, =10
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AN ABsTrRACT CANCELLATION RESuLT

o Consider ¢i.i.d Gaussian fields {(Xg)(z), Xgi)(z), e ,X]((i)(z)) 1Z € Z}i:1 . and

Yty 0) o= fz 81, (XO (@) -8, (XO@)BX()) (),

where ®(M) = /det(MMT) and X(z) = (X}"’ @)ij;

y_ 1y ; ; .
DY = %; fz {Xy(z)}2 u(dz) — fz {xg)(z)}2 wdz), i=1,...,¢

Theorem I’ (NotarnicorLa, ALEA (2021))

The projection of J(us, . .., u;) on the second Wiener chaos is given by
a(l, k) ‘ - 2 (@) (i)
Joa, w2l = 52 [Ty Y (i | ma(x0@) waz) +00).
i=1 =1

In particular, if u; = D? = 0 forevery i = 1,...,¢, then J(0,...,0)[2] = 0.

e yields a general description of Berry’s cancellation phenomenon observed in
various models of random eigenfunctions (Marinucci, Peccati, Rossi & Wigman
(2016), Dalmao, Nourdin, Peccati & Rossi (2019), Cammarota (2019), etc.)
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® ToraL VARIATION OF ARITHMETIC RANDOM WAVES




TotaL VArIATION OF ARITHMETIC RANDOM WAVES

We study the total variation of multiple ARW on T3 as N, — oo

2 /2 ~
VT, T9) = (4“ ”) f (I)(jach(x))dx, (M) := /det(MMT), £ = 1,2,3
3 "

3
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TotaL VArIATION OF ARITHMETIC RANDOM WAVES

We study the total variation of multiple ARW on T® as N,, —

2 \CI2 -
V(TO, %) = (4”—”) f (’D(jach(x))dx, (M) := /det(MMT), £ = 1,2,3
b "

3

Theorem II (NOTARNICOLA)

(Expected total variation) For all n € S(3),

2 \E/2
E|v(T?; T :(ﬂ) 2 1d2)
[ { )] 3 Te(3)

(Asymptotic Variance) As N, — oo,

201 Ty(2)
3¢ T3y

Var|[ V(T )| ~

(4’ _
SN0, A=

(Central Limit Theorem) As N, — oo, V(T([) ) — L N 0,1)
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TotaL VArIATION OF ARITHMETIC RANDOM WAVES

We study the total variation of multiple ARW on T® as N,, —

2 \CI2 -
V(TO, %) = (4”—”) f (’D(jach(x))dx, (M) := /det(MMT), £ = 1,2,3
b "

3

Theorem II (NOTARNICOLA)

(Expected total variation) For all n € S(3),

4n2n)m e

E [V(Ti?;qﬁ)] = ( 3 o
2

(Asymptotic Variance) As N, — oo,

Var[V(T f), ']1"3)] (47}-(\{ )[ _ Erf(z)z

A(f), A(f) - 3(7 rf(%)z

LAW

(Central Limit Theorem) As N, — oo, V(T([) %) — N(0,1)

v

The proof of Theorem II is based on the use of zonal polynomials & matrix-Hermite
polynomials (combinatorics, multivariate statistics, etc.)
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Martrix-HerMITE PoryNomiaLs (CHIKUSE, 1992)

e (Zonal polynomials, A. James 1961) Let k,£ > 0. A partition x of k (written
K + k) is given by

k=1(ki,...,ke)), kizko>...2k;>0, ki+...+k =k

Let S € M (R) symmetric. Zonal polynomials C,(S) are symmetric polyno-
mials in the eigenvalues of S, verifying the relation

{tr(S))F = Z C(S), k>0

Krk

E.g.: Cq)(S) = tr(S),Cp(S) = % (’cr(S)2 + 2tr(52)) ,Can(S) = % (’cr(S)2 - tr(Sz)),
etc.
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Martrix-HerMITE PoryNomiaLs (CHIKUSE, 1992)

e (Zonal polynomials, A. James 1961) Let k,£ > 0. A partition x of k (written
K + k) is given by

k=1(ki,...,ke)), kizko>...2k;>0, ki+...+k =k

Let S € M (R) symmetric. Zonal polynomials C,(S) are symmetric polyno-
mials in the eigenvalues of S, verifying the relation

{tr(S))F = Z C(S), k>0

Krk
Eg: CoS) = t(S),Coy(S) = } (tr(S)? +24r(57), Cany(S) = 2 (6r(5) - tr(5?)),
etc.
e (Matrix-Hermite polynomials, Chikuse 1992) Let X = (Xj));; € Mpyu(R),

matrix-Hermite polynomials (M.H.P) H,(f’") are defined by the generalized Ro-
drigues formula

-1
HE0p(X) = 47(3) CaOxoXT ), kv

where dX := (d/9X;j); ;. This is to be compared to Hi(x)e ™2 = (- l)k mke

SEPTEMBER 8, 2021 17/22



ConNNEcTION TO WIENER CHAOS

Theorem II” (NOTARNICOLA)

For integers 1 < £ < n, let X ~ Ny, (0,1, ®1,).
(i) Yk > 0,x F k, we have that H“"(X) € Cy.
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Theorem II” (NOTARNICOLA)

For integers 1 < £ < n, let X ~ Ny, (0,1, ®1,).
(i) Yk > 0,x F k, we have that H“"(X) € Cy.
(if) (Matrix-Chaos expansion) Let ux = Zle 0,,xxxt)- For every F € L*(Q, o(ux),P),

— -1
F = Y Y FoH™ (x), ’f(x>=(4*"(§) 1k!cx(1f>) E[FOOH(X)]

k>0 «xrk

In particular, we have that proj(F|Ca1) = 0.
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ConNNEcTION TO WIENER CHAOS

Theorem II” (NOTARNICOLA)

For integers 1 < £ < n, let X ~ Ny, (0,1, ®1,).
(i) Yk > 0,x F k, we have that H“"(X) € Cy.
(if) (Matrix-Chaos expansion) Let ux = Zle 0,,xxxt)- For every F € L*(Q, o(ux),P),

-1

_ Ty ooy = (ak () n

F0 = 3 L FwHE ), Fo = (4 (3). k!cx(m) E[FOOH (0]
In particular, we have that proj(F|Ca1) = 0.

(ili) (Projections of radial functions) If F(X) = f5(XXT), then

1 (=2 (=1
2L (2 KICA(Ty) fR >Ofo(R)Lk (R/2)etr (—R/2) det(R)

n=(-1

- v(dR),

F(x) =

where LS/) denotes the generalized Laguerre polynomial of order y > —1.
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ConNNEcTION TO WIENER CHAOS

Theorem II” (NOTARNICOLA)

For integers 1 < £ < n, let X ~ Ny, (0,1, ®1,).
(i) Yk > 0,x F k, we have that H“"(X) € Cy.
(if) (Matrix-Chaos expansion) Let ux = Zle 0,,xxxt)- For every F € L*(Q, o(ux),P),

-1

F = Y Y FoH™ (x), ’f(x>=(4*’°(§)_l k!cx(m) E[FOOH(X)]

k=0 rrk
In particular, we have that proj(F|Ca1) = 0.
(ili) (Projections of radial functions) If F(X) = f5(XXT), then

1 (_Z)k (=) n=(-1
27T (1) KIC,(T,) fR >Ofo(R)LK (R/2)etr (-R/2) det(R) = v(dR),

F(x) =

where LS/) denotes the generalized Laguerre polynomial of order y > —1.

(iv) In particular, for F(X) = +/det(XXT) € L*(Q, o(ux), IP), one has that

ﬁk)zze/zr;(:”))(k%)k( ) Z;() )s 2 )Cr
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OUTLINE OF THE PROOF OF THEOREM [I”

o (Relation between Laguerre and Hermite polynomials, Hayakawa)

-1 s
HO(V2X) = (—2)"((%) JIUED XX, Vrrk k>0

K
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o (Matrix-polar factorization)

X=R"YU, R=XX">0, U=XXD""2XeO®n,¢)

Here, O(n, ) = {Y € Mpn(R) : YYT = I} is the Stiefel manifold.




OUTLINE OF THE PROOF OF THEOREM [I”

o (Relation between Laguerre and Hermite polynomials, Hayakawa)

-1 s
HO(V2X) = (—2)"((%) JIUED XX, Vrrk k>0

o (Matrix-polar factorization)
X=R"YU, R=XX">0, U=XXD""2XeO®n,¢)

Here, O(n, ) = {Y € Mpn(R) : YYT = I} is the Stiefel manifold.

e In a random setting, if X ~ Ny,(0,1, ®L), then the density of the pair (R, U) is
given by

1 1
L3277

n=L:

det(£)* det(R)" 7 exp (tr (— % uxr UTR))

ferwR,U) =

If © = I, then R ~ Wishart(¢, ) and U ~ Uniform(O(n, {)) are independent




OUTLINE OF THE PROOF OF THEOREM II

e Expansion of total variation in M.H.P: in L?(IP)

5 02 . .
VT, T%) - E[V(TY; T%)] = (4”7”) Y. Y o) f 3 H™ (jacT([)(x)) dx,
T n

k=1 «rk

where 6(1() are the projection coefficients associated with /det(XXT).
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V(T T) - E[V(T; T)] (4” ”) Y. Y o) f H" )]acT([)(x))

k=1 «rk

where 6(1() are the projection coefficients associated with /det(XXT).
e (Dominance of 2nd Wiener chaos) As N,, — oo,
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e Expansion of total variation in M.H.P: in L?(IP)
0.3 0,19 4“ n («; >
V(T T) - E[V(T; T)] Z Z@(K) HY ]acT([)(x)
k=1 «rk

where 6(1() are the projection coefficients associated with /det(XXT).
e (Dominance of 2nd Wiener chaos) As N,, — oo,

V(T ) = VT, T9)[2] + op(1)
e The 2nd Wiener chaos component admits the exact representation

°n
3

V(Tﬁlé’);"ﬂ"3)[2] =( ) @((1))] H(l) (]acT;a(x)) dx
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OUTLINE OF THE PROOF OF THEOREM II

e Expansion of total variation in M.H.P: in L?(IP)
0.3 0,19 4“ n («; >
V(T T) - E[V(T; T)] Z Z@(K) HY ]acT([)(x)
k=1 «rk

where 6(1() are the projection coefficients associated with /det(XXT).
e (Dominance of 2nd Wiener chaos) As N,, — oo,

V(T ) = VT, T9)[2] + op(1)
e The 2nd Wiener chaos component admits the exact representation

°n
3

V(Tﬁlé’);"ﬂ"3)[2] =( ) @((1))] H(l) (]acT;a(x)) dx

o Establish asymptotic variance law for the 2nd Wiener chaos component

4n2n)" L Te@P ¢

Var[V(Tff);TS)[Z]] ~Nyeo ( 3 T/(3)2 2N,
2 n

and prove subsequent Gaussianity for it.
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CoNcLUDING REMARKS & BiBLiOGRAPHIC ITEMS

e universal limit theorems for both geometric quantities in the sense that they
are independent of the spectral measure 1, as consequence of Linnik’s problem
in dimension three (vs. non-universal on the two-torus via the dependence on
the fourth Fourier coefficient of ‘uﬁlz) ; e.g. Dalmao, Nourdin, Peccati & Rossi

(2019); Peccati & Rossi (2016); Rossi & Wigman (2018), etc.)
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e universal limit theorems for both geometric quantities in the sense that they
are independent of the spectral measure 1, as consequence of Linnik’s problem
in dimension three (vs. non-universal on the two-torus via the dependence on
the fourth Fourier coefficient of ‘uﬁlz) ; e.g. Dalmao, Nourdin, Peccati & Rossi

(2019); Peccati & Rossi (2016); Rossi & Wigman (2018), etc.)

e non-Gaussian limit theorems for nodal sets of ARW are consequences of 4th
chaos projections and compare to dimension two (Marinucci, Peccati, Rossi &
Wigman (2016); Dalmao, Nourdin, Peccati & Rossi (2019))

o absence of Berry cancellation phenomenon for the study of the total variation
due to non-negligible variance bounds of second chaos projections

e Gaussian fluctuations for the total variation are to be compared to those of
occupation densities / Leray measures of ARW (e.g. Oravecz, Rudnick &
Wigman (2010); Peccati & Rossi (2016))

o the use of matrix-Hermite polynomials provides an alternative approach for
the asymptotic study of total variations; efficiently exploit the matrix structure
of Jacobians; study of orientation statistics on Stiefel manifolds
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THANK YOU FOR YOUR ATTENTION!
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