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Overview & Introduction

• Asymptotic study of local geometric quantities associated with random Laplace
eigenfunctions on manifolds (e.g. random spherical harmonics, arithmetic ran-
dom waves, monochromatic random waves; Zelditch (2009); Canzani & Hanin
(2016); Marinucci, Peccati, Rossi & Wigman (2016); Cammarota (2019); Dalmao,
Nourdin, Peccati & Rossi (2019))

• Study by means of Wiener chaos techniques; typically, the high-energy be-
haviour of chaos expansions of such geometric objects is dominated by the
projection on a single Wiener chaos, which is tightly connected with the Berry’s
cancellation phenomenon

• We focus on Arithmetic Random Waves (ARW) on the three-dimensional torus
(Oravecz, Rudnick & Wigman (2008)) and are interested in characterizing prob-
abilistic fluctuations of two local geometric functionals associated with vectors
of ARW: (i) volumes of zero sets (nodal volumes) and (ii) notions of total
variation
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Outline of the talk

1 Arithmetic RandomWaves

2 Nodal Volumes of Arithmetic RandomWaves

3 Total Variation of Arithmetic RandomWaves
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Arithmetic RandomWaves (Oravecz, Rudnick & Wigman (2008))

• Eigenvalues of −∆ on Td := Rd/Zd are numbers of the form 4π2n with

n ∈ S(d) :=
{
k ∈N : ∃(λ1, . . . , λd) ∈ Zd : λ2

1 + . . . + λ2
d = k

}
.

For n ∈ S(d), we define the set of frequencies

Λ(d)
n :=

{
µ = (µ1, . . . , µd) ∈ Zd : µ2

1 + . . . + µ2
d = n

}
withN (d)

n := |Λ(d)
n |. The corresponding eigenspaces are generated by complex

exponentials exp(2πi〈λ, x〉), x ∈ Td, λ ∈ Λ(d)
n .

• Arithmetic Random Waves are Gaussian Laplace eigenfunctions of the form

Tn(x) =
1√
N

(d)
n

∑
λ∈Λ(d)

n

aλ exp(2πi〈λ, x〉), x ∈ Td,

where {aλ : λ ∈ Λn} is a collection of complex Gaussian random variables that
are independent except for the relation aλ = a−λ.
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Arithmetic RandomWaves (Oravecz, Rudnick & Wigman (2008))

• Equivalently, Tn =
{
Tn(x) : x ∈ Td

}
is a real-valued centred stationary Gaussian

field with covariance function

r(d)
n (x − y) = E

[
Tn(x)Tn(y)

]
=

∫
Sd−1

exp
(
2πi〈
√

nθ, x − y〉
)
µ(d)

n (dθ),

where

µ(d)
n =

1

N
(d)
n

∑
λ∈Λ(d)

n

δ λ
√

n
.

• Linnik’s problem on the angular distribution of lattice points on spheres (Lin-
nik (1968)): equidistribution of lattice points in dimension three (Golubeva
& Fomenko (1987); Duke (1990)), vs. non-trivial attainable measures along
generic sequences in dimension two (Kurlberg & Wigman (2017))
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Local Geometric Functionals of ARW on T3

• from now on, we denoteN (3)
n = Nn,Λ

(3)
n = Λn, r

(3)
n = rn, etc.

• asymptotic analysis (asNn →∞) of geometric functionals of multiple ARW

T(`)
n :=

{
T(`)

n (x) := (T(1)
n (x), . . . ,T(`)

n (x)) : x ∈ T3
}
, ` = 1, 2, 3

where
{
T(i)

n

}
i=1,...,`

are independent Arithmetic Random Waves

• For ` = 1, 2, 3, we define nodal volume

L (`)
n := H3−`

({
x ∈ T3 : T(`)

n (x) = 0
})

;

in view of the Area/Co-Area formula, one has the representation

L (`)
n =

(
4π2n

3

)`/2 ∫
T3
δ0(T(`)

n (x))Φ
(
j̃acT(`)

n
(x)

)
dx, Φ(M) :=

√
det(MMT)

(surface area, length of dislocation lines and number of phase singularities)
• For ` = 1, 2, 3, we define the total variation

V(T(`)
n ;T3) :=

(
4π2n

3

)`/2 ∫
T3

Φ
(
j̃acT(`)

n
(x)

)
dx, Φ(M) :=

√
det(MMT)

(see e.g. Fonseca, Fusco & Marcellini (2004); De Philippis (2012))
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Digression: Gaussian Analysis

• For k ∈N and x ∈ R, the k-th Hermite polynomial is

Hk(x) = (−1)kex2/2 dk

dxk
e−x2/2;

{
(k!)−1/2Hk

}
k≥0

forms a complete orthonormal system of L2(γ), γ(dz) = e−z2/2
√

2π
dz

• For any generic separable Gaussian field G,

L2(Ω, σ(G),P) =
⊕

q≥0

Cq, i.e. F =
∑
q≥0

proj(F|Cq),

where Cq is the q-th Wiener chaos associated withG (Wiener chaos expansion)

• (Fourth Moment Theorem, Nualart & Peccati, 2005) Let q ≥ 2 and {Fn}n≥1 ⊂ Cq.

Fn
LAW
−−−→ Z ∼ N(0, 1) ⇐⇒ E

[
F4

n

]
→ E

[
Z4

]
= 3 (n→∞)

• (Peccati-Tudor Theorem, Peccati & Tudor, 2005) for chaotic vectors, joint conver-
gence is equivalent to marginal convergence
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Nodal Sets of Arithmetic RandomWaves

• We study the local geometric functional

L (`)
n := H3−`

({
x ∈ T3 : T(`)

n (x) = 0
})
, ` = 1, 2, 3

• The nodal surface area (corresponding to the case ` = 1) has been investigated

L (1)
n = H2

({
x ∈ T3 : Tn(x) = 0

})
, Nn →∞

• (Rudnick & Wigman, 2008) For all n ∈ S(3),

E
[
L (1)

n

]
=

√
4π2n

3
2
√
π

• (Benatar & Maffucci, 2019) AsNn →∞,

Var
[
L (1)

n

]
∼

4π2n
N2

n

8
375

• (Cammarota, 2019) AsNn →∞,

L̃ (1)
n :=

L (1)
n − E

[
L (1)

n

]
√

Var
[
L (1)

n

] LAW
−−−→

1
√

10

(
5 − χ2(5)

)
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Nodal sets of Arithmetic RandomWaves

Theorem I (Notarnicola, ALEA (2021))

For integers 1 ≤ ` ≤ k, we set α(`, k) := (k)`κk
(2π)`/2κk−`

.

(Expected Volume) For all n ∈ S(3), E
[
L (`)

n

]
=

(
4π2n

3

)`/2 α(`,3)
(2π)`/2

(Asymptotic Variance Law) AsNn →∞,

Var
[
L (`)

n

]
∼

(4π2n)`

N2
n
· Ξ(`), Ξ(`) =

4α(`, 3)2

3`(2π)`

(
` ·

1
250

+
`(` − 1)

2
·

76
375

)
(Limiting distribution) AsNn →∞,

L̃ (`)
n

LAW
−−−→

(
` ·

1
250

+
`(` − 1)

2
·

76
375

)−1/2

Y(`)M(`)(Y(`))T =: L (`)
∞ ,

where Y(`)
∼ N`(9`−4)(0, I`(9`−4)) and M(`)

∈ M`(9`−4)×`(9`−4)(R) is given by

M(`) =
−1
50

I5` ⊕
−1
25

I 5`(`−1)
2
⊕

1
25

I 5`(`−1)
2
⊕

1
50

I 5`(`−1)
2
⊕
−1
6

I 3`(`−1)
2

.

• for ` = 1, we recover the results by Benatar & Maffucci (2019) and Cammarota

(2019): Ξ(1) = 8/375 and L (1)
∞

d
= 1
√

10

(
5 − χ2(5)

)
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Outline of the proof of Theorem I

• follows a common strategy relying on Wiener chaos expansions exploited in a
series of works [among others: (Kratz & León (2001); Marinucci, Peccati, Rossi
& Wigman (2016); Cammarota (2019); Marinucci, Rossi & Wigman (2020)]

• (Area/Co-Area formula) Both P-a.s and in L2(P),

L (`)
n =

(
4π2n

3

)`/2 ∫
T3
δ0(T(`)

n (x))Φ
(
j̃acT(`)

n
(x)

)
dx, Φ(M) =

√
det(MMT)

• (Wiener chaos expansion) In L2(P),

L (`)
n =

∞∑
q=0

L (`)
n [2q], L (`)

n [2q] := proj(L (`)
n |C2q)

• (Berry’s Arithmetic Cancellation) L (`)
n [2] = 0,∀n ∈ S(3) (see Theorem I’ for an

analytic version of this phenomenon)
• (Dominance of the 4th Wiener chaos) AsNn →∞,

L̃ (`)
n = L̃ (`)

n [4] + oP(1)

based on the estimate
∫
T3 {rn(z)}6 dz ≤ cN−7/3+o(1)

n (Benatar & Maffucci (2019))
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Detour: Berry’s Random PlaneWaves (M. Berry, 1977, 2002)

• Berry’s random plane waves (BRW)
{
bk(x) : x ∈ R2}are isotropic Gaussian Laplace

eigenfunctions on R2 (with eigenvalue −k2) with covariance function

ρk(x − y) = J0(k‖x − y‖),

where J0 indicates the zero-order Bessel function of the first kind

• BRW are obtained as the local scaling limit of ARW on the two-torus, that is,
for every fixed x = (x1, x2) ∈ T2,

r(2)
n


√

k
4π2n

· 2πx

→n→∞ J0(k · ‖x‖) = ρk(x),

r(2)
n being the covariance function of ARW on T2

• (M. Berry, 2002) Writing Lk(D) := H1 {x ∈ D : bk(x) = 0},

E [Lk(D)] =
area(D)

2
√

2
· k, Var[Lk(D)] ∼k→∞

area(D)
256π

log(k · area(D))

(see also Nourdin, Peccati & Rossi (2019) for a rigorous installment of such
estimates using Wiener chaos techniques)
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An Abstract Cancellation Result

• Consider ` i.i.d Gaussian fields
{
(X(i)

0 (z),X(i)
1 (z), . . . ,X(i)

k (z)) : z ∈ Z
}

i=1,...,`
and

J(u1, . . . ,u`) :=
∫

Z
δu1 (X(1)

0 (z)) · · · δu` (X
(`)
0 (z))Φ(X(z)) µ(dz),

where Φ(M) =
√

det(MMT) and X(z) = (X(i)
j (z))i, j;

D(i) :=
1
k

k∑
j=1

∫
Z

{
X(i)

j (z)
}2
µ(dz) −

∫
Z

{
X(i)

0 (z)
}2
µ(dz) , i = 1, . . . , `

Theorem I’ (Notarnicola, ALEA (2021))
The projection of J(u1, . . . ,u`) on the second Wiener chaos is given by

J(u1, . . . ,u`)[2] =
α(`, k)

2
·

∏̀
i=1

γ(ui) ·
∑̀
i=1

(
u2

i

∫
Z

H2

(
X(i)

0 (z)
)
µ(dz) + D(i)

)
.

In particular, if ui = D(i) = 0 for every i = 1, . . . , `, then J(0, . . . , 0)[2] = 0.

• yields a general description of Berry’s cancellation phenomenon observed in
various models of random eigenfunctions (Marinucci, Peccati, Rossi & Wigman
(2016), Dalmao, Nourdin, Peccati & Rossi (2019), Cammarota (2019), etc.)
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1 Arithmetic RandomWaves

2 Nodal Volumes of Arithmetic RandomWaves

3 Total Variation of Arithmetic RandomWaves
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Total Variation of Arithmetic RandomWaves

We study the total variation of multiple ARW on T3 asNn →∞

V(T(`)
n ;T3) :=

(
4π2n

3

)`/2 ∫
T3

Φ
(
j̃acT(`)

n
(x)

)
dx, Φ(M) :=

√
det(MMT), ` = 1, 2, 3

Theorem II (Notarnicola)
(Expected total variation) For all n ∈ S(3),

E
[
V(T(`)

n ;T3)
]

=

(
4π2n

3

)`/2
2`/2

Γ`(2)
Γ`( 3

2 )

(Asymptotic Variance) AsNn →∞,

Var
[
V(T(`)

n ;T3)
]
∼

(4π2n)`

Nn
Λ(`), Λ(`) = `

2`−1

3`
Γ`(2)2

Γ`( 3
2 )2

(Central Limit Theorem) AsNn →∞, Ṽ(T(`)
n ;T3) LAW

−−−→ N(0, 1)

The proof of Theorem II is based on the use of zonal polynomials & matrix-Hermite
polynomials (combinatorics, multivariate statistics, etc.)
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n ;T3) LAW

−−−→ N(0, 1)

The proof of Theorem II is based on the use of zonal polynomials & matrix-Hermite
polynomials (combinatorics, multivariate statistics, etc.)

September 8, 2021 16 / 22



Total Variation of Arithmetic RandomWaves

We study the total variation of multiple ARW on T3 asNn →∞

V(T(`)
n ;T3) :=

(
4π2n

3

)`/2 ∫
T3

Φ
(
j̃acT(`)

n
(x)

)
dx, Φ(M) :=

√
det(MMT), ` = 1, 2, 3

Theorem II (Notarnicola)
(Expected total variation) For all n ∈ S(3),

E
[
V(T(`)

n ;T3)
]

=

(
4π2n

3

)`/2
2`/2

Γ`(2)
Γ`( 3

2 )

(Asymptotic Variance) AsNn →∞,

Var
[
V(T(`)

n ;T3)
]
∼

(4π2n)`

Nn
Λ(`), Λ(`) = `

2`−1

3`
Γ`(2)2

Γ`( 3
2 )2

(Central Limit Theorem) AsNn →∞, Ṽ(T(`)
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Matrix-Hermite Polynomials (Chikuse, 1992)

• (Zonal polynomials, A. James 1961) Let k, ` ≥ 0. A partition κ of k (written
κ ` k) is given by

κ = (k1, . . . , k`), k1 ≥ k2 ≥ . . . ≥ k` > 0, k1 + . . . + k` = k.

Let S ∈ M`×`(R) symmetric. Zonal polynomials Cκ(S) are symmetric polyno-
mials in the eigenvalues of S, verifying the relation

{tr(S)}k =
∑
κ`k

Cκ(S), k ≥ 0

E.g.: C(1)(S) = tr(S),C(2)(S) = 1
3

(
tr(S)2 + 2 tr(S2)

)
,C(1,1)(S) = 2

3

(
tr(S)2

− tr(S2)
)
,

etc.

• (Matrix-Hermite polynomials, Chikuse 1992) Let X = (Xi j)i, j ∈ M`×n(R),
matrix-Hermite polynomials (M.H.P) H(`,n)

κ are defined by the generalized Ro-
drigues formula

H(`,n)
κ (X)γ(`,n)(X) = 4−k

(n
2

)−1

κ
Cκ(∂X∂XT)γ(`,n)(X), κ ` k,

where ∂X := (∂/∂Xi j)i, j. This is to be compared to Hk(x)e−x2/2 = (−1)k dk

dxk e−x2/2.
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Connection toWiener Chaos

Theorem II’ (Notarnicola)
For integers 1 ≤ ` ≤ n, let X ∼ N`×n(0, I` ⊗ In).

(i) ∀k ≥ 0, κ ` k, we have that H(`,n)
κ (X) ∈ C2k.

(ii) (Matrix-Chaos expansion) Let µX =
∑`

i=1 δλi(XXT ). For every F ∈ L2(Ω, σ(µX),P),

F(X) =
∑
k≥0

∑
κ`k

F̂(κ)H(`,n)
κ (X), F̂(κ) =

(
4−k

(n
2

)−1

κ
k!Cκ(I`)

)−1

E
[
F(X)H(`,n)

κ (X)
]

In particular, we have that proj(F|C2k+1) = 0.

(iii) (Projections of radial functions) If F(X) = f0(XXT), then

F̂(κ) =
1

2n`/2Γ`( n
2 )

(−2)k

k!Cκ(I`)

∫
R>0

f0(R)L( n−`−1
2 )

κ (R/2)etr (−R/2) det(R)
n−`−1

2 ν(dR),

where L(γ)
κ denotes the generalized Laguerre polynomial of order γ > −1.

(iv) In particular, for F(X) =
√

det(XXT) ∈ L2(Ω, σ(µX),P), one has that

F̂(κ) = 2`/2
Γ`( n+1

2 )
Γ`( n

2 )
(−2)k

k!

(n
2

)
κ

k∑
s=0

∑
σ`s

(
κ
σ

)
(−1)s ( n+1

2 )σ
( n

2 )σ
.
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κ denotes the generalized Laguerre polynomial of order γ > −1.

(iv) In particular, for F(X) =
√

det(XXT) ∈ L2(Ω, σ(µX),P), one has that

F̂(κ) = 2`/2
Γ`( n+1

2 )
Γ`( n

2 )
(−2)k

k!

(n
2

)
κ

k∑
s=0

∑
σ`s

(
κ
σ

)
(−1)s ( n+1

2 )σ
( n

2 )σ
.
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Outline of the proof of Theorem II’

• (Relation between Laguerre and Hermite polynomials, Hayakawa)

H(`,n)
κ (
√

2X) = (−2)−k
(n

2

)−1

κ
· L( n−`−1

2 )
κ (XXT), ∀κ ` k, k ≥ 0

• (Matrix-polar factorization)

X = R1/2U, R = XXT > 0, U = (XXT)−1/2X ∈ O(n, `)

Here, O(n, `) =
{
Y ∈ M`×n(R) : YYT = I`

}
is the Stiefel manifold.

• In a random setting, if X ∼ N`×n(0, I` ⊗Σ), then the density of the pair (R,U) is
given by

f(R,U)(R,U) =
1

Γ`( n
2 )

1
2n`/2 det(Σ)−`/2 det(R)

n−`−1
2 exp

(
tr

(
−

1
2

UΣ−1UTR
))

If Σ = In, then R ∼Wishart(`,Σ) and U ∼ Uniform(O(n, `)) are independent
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Outline of the proof of Theorem II

• Expansion of total variation in M.H.P: in L2(P)

V(T(`)
n ;T3) − E

[
V(T(`)

n ;T3)
]

=

(
4π2n

3

)`/2 ∑
k≥1

∑
κ`k

Φ̂(κ)
∫
T3

H(`,3)
κ

(
j̃acT(`)

n
(x)

)
dx,

where Φ̂(κ) are the projection coefficients associated with
√

det(XXT).
• (Dominance of 2nd Wiener chaos) AsNn →∞,

Ṽ(T(`)
n ;T3) = Ṽ(T(`)

n ;T3)[2] + oP(1)

• The 2nd Wiener chaos component admits the exact representation

V(T(`)
n ;T3)[2] =

(
4π2n

3

)`/2
Φ̂((1))

∫
T3

H(`,3)
(1) (j̃acT(`)

n
(x)) dx

• Establish asymptotic variance law for the 2nd Wiener chaos component

Var
[
V(T(`)

n ;T3)[2]
]
∼Nn→∞

(
4π2n

3

)`
2`

Γ`(2)2

Γ`( 3
2 )2

`
2Nn

and prove subsequent Gaussianity for it.
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Concluding Remarks & Bibliographic Items

• universal limit theorems for both geometric quantities in the sense that they
are independent of the spectral measure µn as consequence of Linnik’s problem
in dimension three (vs. non-universal on the two-torus via the dependence on
the fourth Fourier coefficient of µ(2)

n ; e.g. Dalmao, Nourdin, Peccati & Rossi
(2019); Peccati & Rossi (2016); Rossi & Wigman (2018), etc.)

• non-Gaussian limit theorems for nodal sets of ARW are consequences of 4th
chaos projections and compare to dimension two (Marinucci, Peccati, Rossi &
Wigman (2016); Dalmao, Nourdin, Peccati & Rossi (2019))

• absence of Berry cancellation phenomenon for the study of the total variation
due to non-negligible variance bounds of second chaos projections

• Gaussian fluctuations for the total variation are to be compared to those of
occupation densities / Leray measures of ARW (e.g. Oravecz, Rudnick &
Wigman (2010); Peccati & Rossi (2016))

• the use of matrix-Hermite polynomials provides an alternative approach for
the asymptotic study of total variations; efficiently exploit the matrix structure
of Jacobians; study of orientation statistics on Stiefel manifolds
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THANK YOU FOR YOUR ATTENTION!
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