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Let Ω ⊂ Rd be a bounded open set with ∂Ω regular enough.

There exists a non-decreasing sequence (λk) of positive num-
bers going to infinity, and a family of smooth functions (ϕk)
forming an orthonormal basis of L2(Ω) such that{

−∆ϕk = λkϕk in Ω

ϕk = 0 on ∂Ω.

The sequence (λk) is called the Dirichlet spectrum of Ω.
What does it asymptotically look like?
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Weyl’s law

For any λ > 0, let us write

NΩ(λ) := ]{k ∈ N ; λk ≤ λ}.

(Weyl, 1911) : We have

NΩ(λ) ∼λ→∞ (2π)−dλd/2ωdVol(Ω).

Variants of Weyl’s law also hold for the Laplace-Beltrami operator
on compact manifolds, for operators ~2∆ + V in the limit ~→ 0...
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An alternative point of view on Weyl’s law

If Ω ⊂ Rd and r > 1, let us write rΩ for a rescaled version of Ω
where all the distances are multiplied by r .
If (λk) is the Dirichlet spectum of Ω, then the Dirichlet spectrum
of rΩ is

(
λk
r2

)
.

NrΩ(λ) ∼r→∞ rdλd/2ωdVol(Ω).

Here, we work in a fixed spectral interval, but let the size of the
domain go to infinity.
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Why is the large domain limit interesting ?
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The case of manifolds of constant negative curvature

(Abert, Bergeron, Biringer, Gelander, Nikolov, Raim-
bault, Samet, 2017) Suppose that (Xk) is a sequence of
compact hyperbolic manifolds whose injectivity radius goes
to infinity

NXk
(λ) ∼k→∞ Vol(Xk)f (λ).

Here, f is a function depending only on the spectral data of
the hyperbolic space.
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What is a quantum graph?

A quantum graph Q = (V ,B, L) is the data of:
• A connected graph (V ,B), where V is the set of

vertices, and B is the set of oriented edges or bonds.
If b ∈ B , we write b̂ for the reverse bond, and
ob, tb ∈ V for the origin and terminus of b.
• A map L : B −→ (0,∞) assigning a length Lb = L(b)

to each bond, and such that for all b ∈ B , L(b) = L(b̂).

A quantum graph will be called finite if the graph (V ,B) is finite.
If the graph is infinite, we will always suppose that all the lengths
and degrees are bounded from above and from below.
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What is a quantum graph? (2)

We may also add to the definition:

• For each b ∈ B , a potential Wb ∈ C 2([0, Lb],R), such
that W

b̂
(Lb − x) = Wb(x).

• For each v ∈ V , a real number αv .

In the sequel, we will often consider the case Wb ≡ 0, α ≡ 0.
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The Schrödinger operator on a quantum graph

In the sequel, we will work in the Hilbert space

HQ :=
{
f = (fb)b∈B ∈

⊕
b∈B

L2[0, Lb] such that

fb(Lb − ·) = f
b̂
(·) and

∑
b∈B
‖fb‖2L2([0,Lb]) <∞

}
,

whose scalar product we denote by 〈·, ·〉HQ , and with the subspace

H2
Q :=

{
f = (fb)b∈B ∈

⊕
b∈B

H2[0, Lb] such that

fb(Lb − ·) = f
b̂
(·) and

∑
b∈B
‖fb‖2H2([0,Lb]) <∞

}
⊂ H.

We define an operator HQ : H2
Q → HQ acting on ψ = (ψb)b∈B by

(HQψb)(x) = −ψ′′b(x) + Wb(x)ψb(x). (1)
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Thus defined, HQ is not self-adjoint: we need to impose boundary
conditions at each vertex.

Continuity: For all b, b′ ∈ B , we have fb(0) = fb′(0) =: f (v)
if ob = ob′ = v .
Current conservation: For all v ∈ V ,∑

b:ob=v

f ′b(0) = αv f (v).

We define the space

Hb.c.
Q :=

{
f ∈ H2 satisfying Continuity and Current conservation

}
.

Fact: The operator HQ with domain Hb.c.
Q is self-adjoint.

If Q is finite, then HQ has compact resolvent.
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Quantum chaos on a fixed quantum graph

Kottos and Smilansky (1997) showed numerically that the
eigenvalue spacing on some simple quantum graphs follow the same
law as in some random matrix models. This is supposed to hold for
all chaotic systems (Bohigas, Giannoni and Schmit conjecture,
1984).
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Some recent developments in the theory of quantum graphs

Counting nodal domains on quantum graphs
(Gnutzman-Smilansky-Weber ’03, Alon-Band-Berkolaiko ’18...)
Anderson delocalization on infinite quantum trees
(Aizenmann-Warzel ’05, Anantharaman-I.-Sabri-Winn ’20).
Colin de Verdière ’13 : Classification of semiclassical measures
on quantum graphs  No Quantum Ergodicity on a given
quantum graph.
Quantum Ergodicity on families of (larger and larger) quantum
graphs : Berkolaiko-Keating-Smilansky ’04 & ’07,
Bramall-Winn ’15, Anantharaman-I.-Sabri-Winn ’19 & ’20.
Kurasov-Sarnak (Work in progress) : No (non-trivial)
arithmetic progressions in the spectrum of quantum graphs.
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Benjamini-Schramm convergence for quantum graphs (1)

Let Q1 = (V1,B1, L1, v1) and Q2 = (V2,B2, L2, v2) be two rooted
quantum graphs with marked vertices v1 ∈ V1, v2 ∈ V2.
If r ∈ N, we denote by BQi

(vi , r) the set of vertices of Vi at a
graph-distance ≤ r from vi .

We define d(Q1,Q2) to be the infimum of the ε > 0 such
that

There exists a graph-isomorphism
φ : BQ1(v1, bε−1c) −→ BQ2(v2, bε−1c) such that
φ(v1) = v2.
If b1 is a a bond between two vertices of
BQ1(v1, bε−1c), then∣∣L1(b1)− L2(φ(b1))

∣∣ < ε.



Spectral asymptotics for large quantum graphs

Benjamini-Schramm convergence for quantum graphs (2)

We denote by Q the set of rooted quantum graphs, equipped with
the distance d . We write P(Q) for the set of probability measures
on Q, and C(Q) for the set of bounded continuous maps on Q.
If Q = (V ,B, L) is a quantum graph, it induces naturally a
probability measure in P(Q), obtained by choosing the root
uniformly at random:

νQ :=
1
|V |

∑
v∈V

δ(V ,B,L,v).

We say that a sequence of quantum graphs Qn converges in
the sense of Benjamini-Schramm to a measure P ∈ P(Q)
if νQn converges weak-* to P, i.e., if, for any F ∈ C(Q), we
have

〈νQn ,F 〉 −→ 〈P,F 〉.
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An example of Benjamini-Schramm convergence
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Consequences of Benjamini-Schramm convergence

Fact: If (QN) is a sequence of quantum graphs with uniformly
bounded data, we can extract a subsequence that converges
in the sense of Benjamini-Schramm.

Examples of functionals F one could take:
The degree of v .
The average of the lengths of the edges touching v .
The number of cycles in a ball B(v ,R), with R fixed.



Spectral asymptotics for large quantum graphs

Consequences of Benjamini-Schramm convergence

Fact: If (QN) is a sequence of quantum graphs with uniformly
bounded data, we can extract a subsequence that converges
in the sense of Benjamini-Schramm.

Examples of functionals F one could take:
The degree of v .
The average of the lengths of the edges touching v .
The number of cycles in a ball B(v ,R), with R fixed.



Spectral asymptotics for large quantum graphs

A priori, it is not clear that we can take spectral quantities.

If Q is a quantum graph, we denote by L(Q) the total length
of the graph and by Σ(Q) the spectrum of the Laplacian on
Q. We define its empirical spectral measure µQ by

µQ :=
1
L(Q)

∑
k∈Σ(Q)

δk .
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BS convergence and empirical spectral measures

Theorem 1[Anantharaman, I., Sabri, Winn, 2020]
Let (QN) be a sequence of finite quantum graphs with degree
and lengths bounded from above and below, converging in the
sense of Benjamini-Schramm to a measure P ∈ P(Q).
Let χ ∈ Cc(R). We have

lim
N→∞

∫
R
χdµQN

=
1
2

∫
Q

dP(Q, v)
∑

b;o(b)=v

∫ Lb

0

(
χ(HQ)

)
(xb, xb)dxb.

The theorem is still true if we have potentials and coupling
constants that are uniformly bounded.
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Proof (1) : The scattering approach to quantum graphs

Suppose that f = (fb)b∈B is an eigenfunction of HQ with
eigenvalue z 6= 0. For each b, we can write
fb(x) = a(b)e i

√
zx + a′(b)e−i

√
zx , with a′(b) = e iLbxa(b̂), so that

fb(x) = a(b)e i
√
zx + a(b̂)e i

√
z(Lb−x).

Now, for each vertex v of degree d , we write σvb,b′ := 2
d − δb,b′ .

The boundary conditions may then be rewritten as

a(b) =
∑

b′; t(b′)=o(b)

σ
(o(b))

b,b̂′
e i
√
zLb′a(b′) .
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Proof (2) : The spectrum of a finite quantum graph

Let us define the evolution operator U(z), which is a matrix of size
|B| × |B| defined as

U(z) = SD(z) ,

where D(z) is the diagonal matrix D(z)b,b = e i
√
zLb , and S is the

unitary matrix
Sb,b′ = δt(b′)=o(b)σ

(o(b))

b,b̂′
.

If ~a =
(
a(b)

)
b∈B , then we have

U(z)~a = ~a .

Therefore, z 6= 0 is an eigenvalue if and only if

det
(
U(z)− Id

)
= 0 .
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Sketch of proof (3)

Let z ∈ C with Im z > 0, and v ∈ V . We write
gz,v :=

(
HQ − z

)−1
(v , ·) for the Green’s function at v .

It satisfies −f ′′ = zf , so we may find coefficients ~a =
(
a(b)

)
such

that for any b ∈ B , we have on Lb

gz,v (x) = a(b)e i
√
zx + a(b̂)e i

√
z(Lb−x).

A simple computation shows that gz,v is continuous at v , and that
the coefficients ~a must satisfy

(
Id− SD(z)

)
~a = Λv , where Λv (b) :=

1
d(o(b))i

√
z
δo(b)=v .

We therefore have a =
∑∞

k=0
(
SD(z)

)k
Λv , so gz,v is continuous in

the Benjamini-Schramm topology.
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Thank you for your attention !


