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Spiked Wigner tensors 3
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k-way n-dimensional symmetric tensors (k � 3, n � 4)•  

•  
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One-Spiked model: perturbation of spherical spin glasses 4
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The null hypothesis (� = 0) is the spherical k-spin spin glasses model.
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One-Spiked model: Information goals 5
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One-Spiked model: Phase transition 6
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Theorem 1 Consider the one-spiked model such that u 2 Sn�1 is drawn ac-
cording to the spherical prior Usph. Then, there exist bounds �?

low < �?
high both

behaving as
p
2 log k + ok(1) as k ! 1 such that

• if � < �?
low then weak detection and weak recovery are impossible;

• if � > �?
high then strong detection and weak recovery are possible;

and it holds

(�?
low)

2 = 2 log k + 2 log log k + ok(1)

(�?
high)

2 = 2 log k + 2 log log k + 2� 4 log 2 + ok(1) ,

in the limit k ! 1.

<latexit sha1_base64="YWAiTK2vTPmFcEvjBJxN9VPU49E="></latexit>

�?
low ' �?

high ' �?
mle '

p
2 log k
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Interlude: Landscape of one-spiked tensor model 7

<latexit sha1_base64="xotdqZDjBiYtugQ2655OClmBVYU="></latexit>

• Computational gap: no polynomial time algorithm is known to achieve
weak recovery for

⁄ π ⁄comp = On

!
n

k≠2
4

"

and power iteration for MLE estimation fails for

⁄ π ⁄power = On

!
n

k≠2
2

"
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• (Ben Arous et al., 2019) showed that all the local maxima are either very close
to the unknown vector u (and to the global maximum) or they are on a narrow
spherical annulus orthogonal to u contained in |Èu, ‡Í| Æ �(⁄≠1/(k≠2)).

<latexit sha1_base64="OGhjvNpQYEM2yoNFEgXlHPF9ihM="></latexit>

• Random initialization ensures that |Èu, ‡0Í| = �(n≠1/2) and it will not be
trapped in flat regions as soon as ⁄ & n(k≠2)/2.

<latexit sha1_base64="eBEgXzRDyHOEPTe6haqqxg1quRc="></latexit>

• Population risk EfY (‡¢k) = ⁄Èu, ‡Ík has large flat regions on the orthogonal
of u. Note that most of the volume concentrates around this hyperplane.
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Multiple Spiked model: From Spheres to Stiefel Manifolds 8
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• Multiple spiked model of rank r � 1:

� = �r :=
rX

i=1

aiu
⌦k
i ,

where ui 2 Sn�1 are orthogonal unit norm vectors and a := (ai) 2 Sr�1 has
unit norm (hence the tensor �r has unit Euclidean norm).

<latexit sha1_base64="dBi6rjPj+2BMxrryjY1IrCD7Yio="></latexit>

Theorem 1 MLE b�r is unique a.s., it has rank exactly r, and it holds

b�r = b�⇥
rX

`=1

b↵`bx⌦k
` ,

where (b↵, bx) 2 argmax
n rX

`=1

↵`fY (x`)
o
,

subject to (↵,x) 2 Sr�1 ⇥ (Sn�1)⌦rs.t. x1 ? x2 ? . . . ? xr ,

and b� =
rX

`=1

b↵`fY (bx`).
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Multiple Spiked model: From Spheres to Stiefel Manifolds 9
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Denote

⇥n,r :=
n
(↵;x1, . . . ,xr) 2 Rr ⇥ (Rn)r : ↵>↵ = 1 and U>U = Idr

o
,

the manifold given by the Euclidean sphere times the standard Stiefel manifold.
Denote ✓ = (↵;U) a point of ⇥n,r, we define

ZW (✓) :=
rX

`=1

↵`hW ,x⌦k
` i =

rX

`=1

↵`fW (x`) .

<latexit sha1_base64="5F56OQo7LE/1pmSV7r7I3ojyi6s="></latexit>

The null hypothesis is introduced as the Stiefel k-spin spin glasses model.

<latexit sha1_base64="32dmTOCrT24FqZUpn3ljc1DIH7Q="></latexit>

Goal: Non-asymptotic tail bound of the maximum of this Gaussian process

M := max
✓2⇥n,r

ZW (✓)
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Two Spiked model: tractable Kac-Rice formula 10
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• (Azäıs and Wschebor, 2008) gives the Kac-Rice formula toolbox.

<latexit sha1_base64="3qXNJLVx1avJLZypF7ddA+oNQ0U="></latexit>

• It holds ZW = cos'fW (x) + sin'fW (y).

<latexit sha1_base64="eoPYfgr0PECwGLs3dlDFlKwiSnA="></latexit>

• Stiefel manifold (k = 2) is Mn =
�
(x, y) 2 (Sn�1)2 : x ? y

 
.

<latexit sha1_base64="KUOrsDvsDSn0OB4ofKXgKzOC76s="></latexit>

• By Kac-Rice formula P0(M > �n) is upper bounded by

<latexit sha1_base64="/0j8aook+Qhrk9cSaEESGGpChdM="></latexit>

vol(Mn)

Z +1

�n

Z 2⇡

0
E
h
Det

�
HessZW (',n)

� ���ZW = v, gradZW = 0

i
p(ZW ,gradZW )(v, 0)d'dv

<latexit sha1_base64="nbb7GwQTQ0UhNDpkkflZPwsqNIM="></latexit>

where vol(Mn) volume of Mn, gradZW ,HessZW Riemannian gradient and

hessian, p(ZW ,gradZW ) joint distribution.

<latexit sha1_base64="kSDxX6hSg97p7gU1/ae9HXEMSXk="></latexit>

• (Edelman et al., 1998) gives the Riemannian toolbox for Stiefel manifolds.

<latexit sha1_base64="lCdXX0hxMfd3L7uS1l2PRQ1AIPY="></latexit>

• For 1 ⌧ �n one has
P0(M  �n) = 1� on(1) .
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Multiple Spiked model: open questions and their lead 11
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• Give the landscape: compute the exponential growth rate of the number of
critical points (and local maxima) of ZY using Kac-Rice formula on S1 ⇥Mn,
as done by (Ben Arous et al., 2019) for the sphere.

<latexit sha1_base64="VRSCnC8o/ufHDkd4AkDkL1ESvtE="></latexit>

• Give the lower and upper bounds �low,high using the so-called “second
moment method” as in (Montanari, Reichman and Zeitouni, 2015).

<latexit sha1_base64="N3DBdHPKwcU2SOgUWIGkFGcH6rc="></latexit>

• Study larger models of rank r � 3 using Riemannian toolbox of (Edelman
et al., 1998).


