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INTRODUCTION

Let (&;);en+ be a sequence of independent identically distributed random variables with rather smooth distribution
function F'. We consider the empirical process given by

1 n
& (1) = NG D [loon&) = FO). (0.1)

i=1

It is well known that, for uniformly distributed random variables &;, 1 <i < n, the empirical process §,f] weakly
converges, as n — +00, to a standard Brownian bridge W, on [0, 1]. In fact, the same result holds for a sequence
of i.i.d. random variables (&;); with smooth distribution function F. In this case, the limit process is a general-
ized Brownian bridge W3, i.e., a continuous Gaussian process with independent increments with the covariance
function

F)ANF(Gs)—F@)F(s).
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More precisely, denoting by = the weak convergence, we have (see [1], Theorem 14.3):
L@ = LWR), n— +oo, 0.2)

where the convergence in (0.2) holds in ID(R) (the space of cadlag functions equipped with a Skorokhod-type
topology), and £(X) denotes the distribution of X.

In this paper, we study the behavior of the suprema of empirical processes and their asymptotic distributions.
Clearly, (0.2) immediately implies the weak convergence

E(sup;f(t)) = E(sup W?(t)), n— —4o00.
teR teR

Our aim is to strengthen this convergence to the convergence in variation. In the sequel, we denote the latter by

. [l1e]] denotes the (total) variation of a signed measure u, while 14 is the restriction of p to a measurable

set A.
Note that the set Z(R) of all signed measures on R is a Banach space, provided that it is equipped with the

variation norm || - ||. We also denote by L5 the convergence in measure (L.

Since the distribution of the supremum of a Brownian bridge is absolutely continuous (see [6]), the conver-
gence in variation of sup,.g ¢F (¢) is equivalent to the convergence in L'(R) of the densities of sup,.p ¢ (¢).
Thus, this implies a local limit theorem for this distribution.

In the setting of the classical invariance principle of Donsker—Prokhorov (i.e., in the case of linear piecewise
processes X, constructed on the basis of (&;);), such a stronger convergence in variation f(X,) BN f(Xx) is

also proved in [5], Section 20, and in [2], [3] for a large class of functionals f for which the key is the existence
and nondegeneracy of some directional derivatives. For example, the smooth functionals and supremum- or
integral-type functionals belong to this class. However, in the case of empirical processes, the problem is much
more complicated. For instance, in the uniform case, even for the simplest functionals of estimation f;,(x) =
x(to) (with 19 # 0, 1), the law of estimated empirical process f,(¢,) is atomic and cannot, in principle, converge
in variation to the Gaussian law of Wg (to).

For this reason, we deal with specific functionals of interest and begin, in this paper, with supremum-type
functionals. The main result is:

THEOREM 1. Let (&)i>0 be a sequence of i.i.d. random variables with continuous distribution function F,
and let ;‘f be the related empirical process given by (0.1). Then, as n — +00, we have

[,(sup ;f(t)) 2 [,(sup Wg(t))

teR teR

and
E(sup|§f(t)|) i E(sup|W2(t)|).
teR teR

As far as we know, these limit theorems are the first results stating a local limit theorem for suprema of
empirical processes.

The proof of the second part of Theorem 1 is similar to that of the first part with easy modifications and will
be omitted.

Since the laws of sup, g ¢,/ (f) and sup,.p WI(,l(t) do not depend on the distribution F, it suffices to prove
Theorem 1 for a Gaussian i.i.d. sequence, for which the calculations are easier. We denote by @ the distribution
function of the standard normal law, and by p(t) = \/#2_” exp(—t2 /2) its density.

The sequel is thus devoted to the (long) proof of Theorem 1 for an i.i.d. standard Gaussian sequence (&;);~o.
In order to derive such a convergence in variation, we apply the so-called superstructure method relying on the
behavior of the laws of empirical processes near admissible directions for the limit law (of a Brownian bridge).
For a complete description of this method, we refer to [5]. In particular, we fundamentally use the following
result:
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THEOREM A ([5], Theorem 18.4). Let {P,, n € N} be a sequence of probability measures defined on the Borel
o-algebra Bx of a complete separable metric space (X, d). Suppose that P, = Ps. Moreover, suppose that, for
Poo-almost all x, there exist an open ball V centered at x, a number ¢ > 0, and a family (G,.., n €N, c € (0, ¢])
of measurable transformations of X such that the following five conditions are fulfilled:

(1) forall c € (0,¢) and § > 0,

lim Pn(Z | d(Gn,c 2, Goo,c2) 2 5) =0;
n——+400o

(i1) for every c € (0, €), the mapping G o ¢ is Poo-almost everywhere continuous; moreover, suppose that

p(S,c)=supd (z,Goo,cz) >0 asc— 0

zeS

for all open balls S;
(iii) hmc—)Omn—)oo”PnG;,}; — Pyl = 05

@iv) forall § € (0, ¢),

lim / |2 10,5100 & = Mo.51000 - || Pa(d2) =0,

n—-+400
V(x)

where @, ;(c) = f(Gp,cz) withn € N and c € (0, ], and A[0,8] 1S the restriction of the Lebesgue measure
to the interval [0, §];

(v) for all § € (0, €), the mapping z — )\[07,;]<pg0172 of V into Z(R), the Banach space of signed measures on
R with the total-variation norm, is Pso-almost everywhere continuous.

Then

Pf 'S Pl n—> 4.

Since the empirical processes ¢, lie in the Skorokhod space ID(R), we are going to apply Theorem A to
X =Dg(R), the subspace of D(R) defined below), to the laws P, of ¢, and P of a Brownian bridge w?, and
to the functional f(x) = sup,.p x(¢).

We first define suitable transformations (G, ). and a single € > 0 for Ps-almost every x. Then we show
that the conditions of Theorem A are satisfied.

The rest of the paper is organized as follows. We begin with a precise description of a setting for application
of Theorem A and then check that all the conditions are satisfied. The proof of conditions (i) and (iv) in Sections
1 and 4 are lengthy and complicated.

Notation and setting

We recall some notation for the Skorokhod space. The space of sample paths of the empirical processes (0.1) is
the Skorokhod space D(R). However, since ¢&,(t) — 0 as t — £00, we rather consider the subspace

Do(R) = {x e D(R) | t_l)irinoox(t) = 0}

as the sample space.
We equip this space with a complete separable topology brought from the usual Skorokhod space D([0, 1])
by the bijection ® from R to ]0, 1[. We refer to [1] for a detailed study of the Skorokhod space D([0, 1]). We
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denote byV its inverse and define the following Skorokhod metrics on Dy (R):

dor(x,y) =do(x oW, yo W),

for x, y € Dp(R),
dr(x,y) =d(xoW,yoW), or x, y € Do(R)

where dy and d are the usual Skorokhod metrics on ID([0, 1]) given by

do(x,y) = inf( sup |x(A(1)) — y(1)| + sup |A(t)—t|>,
AN\ 1e[0,1] tel0,1]

At — A
d(x,y)=inf [ sup |x(k(t)) - y(t)| + sup log’ > ‘ ,
AEA te[0,1] . t,\'€<[(t),1] t—s

x,y € D([0,1]), A ={x: [0, 1] — [0, 1] nondecreasing continuous bijection}. Moreover, by convention, we set

xoW(0) = tli_r)r(l)x oW(t) = S_])ir_noox(s) =0,

xoW(1) :}EH)C oW (t) :S_l)igl_loox(s) =0.

Since d is a complete metric for ([0, 1]), one easily sees that (Dp(R), dr) also is a complete separable metric
space. But, since dy and d define the same convergence on D([0, 1]), we will henceforth work with the simpler
metric do R.

The first step consists of the definition of the transformations G, . and G .. For n € N*, we consider

1 n
Gl (1) = —= D [LcoonE +c/v/m) — 2(1)]. (0.3)
i=1

More precisely, since the support of P, is measurable, we define G, . globally as follows: G, .x is given by
(0.3) if x =& (w) € Supp(P,) and equals O if x ¢ Supp(P,). Note that, in fact, G, . act as translations on the
underlying Gausian variables &;, 1 <i <n.

The asymptotic transformation is chosen to be the mere translation

Goocx(t) = x(t) — c®'(1).

Applying the Skorokhod representation theorem (Theorem 6.7 of [1]), we can suppose that we are in a
probability space (2, F,P) where the weak convergence (0.2) turns into the almost sure one: ¢, —> Wg a.s.
in Do(R), n — +0co0. Moreover, since Wg is a continuous process, the convergence also holds for the uniform
metric (see [1], p. 124).

However, note that when we apply the Skorokhod theorem, the nth empirical process now is constructed on

the basis of the nth line of a random array (&1 1, ..., 5,,,,,), instead of the nth first terms of the sequence (&;);en.

In our study, this is not a cumbersome point, since we work with the triangular arrays of order statistics.
Anyway, when we deal with probabilities involving the vectors (§1,1, ..., &,.,), the probabilities remain the

same if we replace (51,1, e, 5,,,,,) by (&1,....&,), since the laws of these vectors coincide. Henceforth, we

forget the tildas in the array (51,1, e, én,n) and denote by (51", ..., &) the triangular array of order statistics of

(&1, 8n).

Localization

For a function f: X — R, we denote Argmax (f) ={r € X, f(t) = max;ex f(s)}. If Argmax (f) consists of a
single point, we denote the latter by argmax (f).

The study of Argmax of G, x and G cx for x =, or x = Wg has some importance in the proof of
Theorem 1. In order to ensure the argmax to occur at finite points, we use the following localization procedure
of choosing, in Theorem A, an open ball V (x) and a single ¢ > 0 for Py-almost all x.
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For Py-almost all x, #Argmax (x) =1 and argmax (x) € R (i.e., the maximum does not occur at +00; see
[6]). For such x, we define

V2

suREx(t), Vx)={yeDygl|dor(x,y) <e}.
te

e:=¢e(x)=

Then, for w € Q(x) := (Wg)_l{V(x)}, we have that Wg(a)) € V(x) and do,R(Wg(w),x) < ¢. This ensures
thatGoo,c(W(?> (w)) takes positive values, so that its argmax does not occur at £00.

Since by the Skorokhod representation theorem ¢, — Wg in Dp(R) almost surely as n — 400, for n =
n(w) large enough, we have that ¢,(w) € V(x) for x € Q(x) and that G (£n(w)) takes positive values, so
that its argmax does not occur at £o0.

The following sections are devoted to the study of conditions (i)—(v) of Theorem A.

1. FIRST CONDITION

In our setting, condition (i) of Theorem A can be rewritten in terms of the process ¢,:

Ve>0, lim P(dor(Gne(tn), Gooe(Cn)) >e) =0, (1.1)

n—-+o0o

where do r denotes the Skorokhod metric on Dy(R). Note that, for ¢+ € [0, 1],
1 n
V() = — (1 D& —r),
Lno W (1) NG ; 0.1(®(E))

1 n
G0 W) =—= 3 (10 (P& +¢/Vi) —1).
i=1

‘We have

dO,R(Gn,c(é'n), Goo,c(é‘n)) = dO(Gn,c(é'n) oW, Goo,c(n) o \Ij)

rEA

= inf { H % ; (1[o,m (P& + /) — At — 1o, (PED) + z) (1.2)

+c®' (W(1))

+ [|At —t||oo}.

‘ o]

We estimate infycp by the appropriate A, that cancels the indicator terms in (1.3). Precisely, let A, be the
piecewise linear function in A given by

A,,d)(&{’):d)(&{‘—k%), i=1,....n and A,(0)=0, A, (1)=1,

so that
Lo <c1>(g{’ + %)) =10 (®EM) for 1<i<n.

Moreover, ||A,t — ]l is obviously reached at some ¢ = ® (&) and can be estimated by

Ant —tlloo = sup |)\nq>(§in) - CD(%—,‘n)|

1<ign
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= sup |DE +c/V/n)— DED]

1<i<n
<c/vn,
since @ obviously is 1-Lipschitz. Thus, almost surely
|Ant —tlloo — 0, n — +o0. (L.3)

Using (1.1), (1.3), and (1.3), it now suffices to show that, for all e > 0,

. Cc ’ _
nl}rﬂ@?(ﬁ ot =1 = -0 (lll(t))Hoo > e) —0.
First, note that
—W ()22
(oW (t)=————0 ast—0ort— 1.
2w
Fix [a, 1 —a] C]O, 1] such that, for ¢ €]0, 1[\[3c, 1 — 3],
(@ o W)(1) <e/(20). (1.4)

Denoting, for simplicity,

C s/
Ap(t) =Apt —t — ﬁd> (v(®),

we have

P(ﬁ sup |An (1) >s> <]P><ﬁ sup |An(D)] >s>
t€[0,a]

ref0,1] (1.5)

+]P>(ﬁ sup |An(r)|>s)+1P(ﬁ sup |An(t)|>s>

tela,1—a] te[l—a,l]
and we begin to study three terms on the right-hand side of the inequality. We need the following:

LEMMA 1. We have
P- lim sup | ) — @EH|=0.

n—>+001i<n

Proof. The statement follows from the inequality

1
sup [ ) — OED] <= +2 sup
Isisn nooigign

@(si")—i‘

and from the Glivenko—Cantelli theorem applied to the uniform order statistics ®(§/"), 1 <i <n.

First, we deal with the first summand on the right-hand side of (1.6). For 7 € [0, «] and n large enough,
we have

C
J/n sup )\t—t——CD/\IJ(t)’
tef0,a] " NG ( )

< sup |t —t|+c sup | (V(@))]
tel0,a] t€[0,a]
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< sup S| ®ED — DED| + /2 (1.6)
{i | ®(&") or @& )el0,al}

< sup N

{i | ®(&)€el0,20]}

+¢&/2 (1.7)

n L _ n
¢<Ei+ﬁ> @)

where, by Lemma 1, for n large enough, the supremum in (1.6) is bounded by that in (1.7). Now note that,
for n > (c/a)? and for indices i such that ® (") <20, we have

o(1) < @(s,-" +in) COEN+——=<2u+a=3a, te[e & +c/Vn]

Vn Vn

Therefore, by the choice of « in (1.4), we have that ® o W(®(¢)) < &/(2¢) and we can estimate the first term
on the right-hand side of (1.7) by

Eibe/ Vi
Jn cb(s,-" + %) —®E)| =V f (1) dr
&
§ e/
=Jn / D o W(P(r))dr
& (1.8)
& +e/vn
<WVn / %dr
g

For n large enough, (1.7) and (1.9) imply that

c
Jnosup |Agt —t — —@'(W(1))| <e.
t€[0,a] " NG ( )
Thus, the probability
c
PlJn sup |t —t— —=0'(V(@))|>e
{ r€l0,a] " NG ( )

is zero for n large enough as the probability of an empty set.

The same is true for the third summand relative to the probability of the supremum over {f € [1 — «, 1]}.
It remains to deal with the second term relative to the supremum over {f € [o, ] — «]}. Roughly speaking,
note that, for r = ®(&/"),

c c c \2
Dot — 1 — ﬁcb/(\y(r)) = Q" +c//n) — DED) — %cp/(gi") ~ (ﬁ) o (ED).
Let us do this more precisely. First, the extremum of A, — 1 over [®(&), ®(§ )] is achieved at P (&) or

at @(S{ﬁrl). Using the previous notation A, (t), we rewrite

An(t) = dgt — 1 — —= @ (E) + —= @/ (E") — —= /(W (1))
n n n

Vn Vn Vn
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and first take the supremum over [®(&]"), P(§ )]:

c
ViAo SV |Ant — 1t — —=D'(E]) +cl|@'EH — W), (1.9)
’ \/E 00,1 ’
where we denote
I-lloc,i = Iloo, f0 @m0, 1 = sup {-}.

xe[®EN, DE ]

Then we take the supremum over the indices i such that ® (&) € [, | — a]. We need the following:
LEMMA 2. For every finite interval [a, b], we have

P- lim  sup |§, —¢&|=0.

n—400  1<i<n
£ &l <la)
Proof. Indeed, we have
-1 —1
sup |'£:ir:-1 - 'i:in| = sup |CD (CD(%-ZE&-I)) - (CI)(.{-‘I”))|
1<ign 1<ign
§1.80 elab] 6160 €la.b]

(1.10)

S w@-h[d»(a),@(h)](li‘%g | P& — ‘D(%")|)a

<ikn

where 7 = wf A (r) denotes the modulus of uniform continuity of a function f on an interval A. Since o!
is continuous on [®(a), ®(b)], (2) follows from (1.11) and Lemma 1.

The second term in (1.9) can now be handled as follows:

sup [ O'EH DW= sup sup | D' (§]) — @'(s)]
1<i<n ’ 1<i<n 56[5;1*5;:-1]
i1 EhHel.1-51 i1 EHel.1-51

n n
< Wo/ R sup |§i+1 _Si | )
1<i<n
PeEheld.1-%)

where the latter tends to 0 by (2), since @’ is uniformly continuous.
Next, we deal with the first term on the right-hand side of (1.9). The supremum is achieved

— either at ®(&/") and is equal to

&' +c//n

=n (®'(1) — @' (&) dr;

ny _ n _ & n
\/’7 )\ncb(gi ) CI)(S, ) ﬁ¢ (El )

since @ is uniformly continuous, the latter term is arbitrarily small for large values of n uniformly
with respect to 1 <i < n;

— either at d>($f+1) and is equal to

c

V| ®(EL ) — PEL ) - NG

(&)
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n ¢ n ¢ l(gnh
=n CD( it1t ﬁ) —®EL ) — ﬁcb (&)
§lte/vn
=n (@'(r) — @'(&]") dr
&l e/
i [ wws(l g2 a
i+

= 61 — 87+

=cwe R\ [§iy1 —& |+ i)
Since @' is uniformly continuous, by Lemma 2 the latter expression tends to 0 as n — +o0, uniformly
with respect to the indices 1 <i <n for which ®(£') €[5, 1 - %].

Finally, (1.9) tends to zero uniformly with respect to all i for which ®(&") € [«/2,1 — a/2]. Therefore,
we have

lim P(ﬁ sup

n—+00 tela,1—a]

Ayt — 1 — —— @ (W(t ‘>)—0
n \/E ( ()) z¢ ) =0

Gathering all the intermediate results from (1.6), we get that condition (i) of Theorem A is satisfied.

2. ITEM (ii)

In our setting, this point is straightforward. The function G . is the translation z + z — c®’ and, thus, is
continuous. Moreover, since @’ is bounded, we have

doR(Goo,cx,x) =d(Goo,cx oW, x 0 W) < |G, cXx 0 W —x 0 Wl = c||CI>/ oW|oo—>0
as ¢ — 0, uniformly in x € Dy(R).
3. ITEM (iii)
The purpose of this section is to prove that

lim Tim, - 4oo|| PaG;y & — Pu|| = 0.
c—0

But from expressions (0.1) and (0.3) we have

Pn :£(®n(§15 ---7%_}1))7 PnG;i-:ﬁ(@n(sl +C/\/E7 a‘i:n —'—C/\/ﬁ)),

where ®,: R" — D(R) is defined by
1 n
Onts o)) = —= ; (1)—o0u (x1) — @(1)).

We then derive

PGyl = Pull < | L1+ c/N/m, .. En+c/m) — LEL ... &)
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n

n
<f (= -2) —TTpeo| dxi -+ dx
J 111 (l \/ﬁ) E 1 n
<c

where the last majorization follows from the following lemma (Lemma 20.1 of [5]) applied to the function
I(t)y=t:

LEMMA 3. For [ in the Cameron—Martin space Hi, define

z;’,:ﬁ(z(%) —z(i;1)>, 1<i<n.

Then we have the estimate

dxy -+ dxy < elll’ll 20,1

/ [Tp(xi—cty) =P
i=1 i=1

Rn

From this, condition (iii) immediately follows.

4. ITEM (iv)

In this section, we study condition (iv) of Theorem A. We have to prove that, for P.-almost all x and
all 6 € (0, ¢),

n——+o0o

lim / Ios9nt = osgal.| Pa(de) =0 @1
1%

where

@n.z(c) =sup(Gpcz(t)), neNU{oo}, ce€(0,4],
teR

and V =V(x) is defined in the localization procedure.
Since P, = Pxo, We obtain (4.1) if we show that, for Ps.-almost all z, the convergence z, — z implies

) _1 —1
ngglm H)»[o,a]%,,zn = AM0,81%00.2, | =0- 4.2)

LEMMA 4. Let h, and h be measurable mappings of X into R. Let P,, n € NU {+o00}, be probability
measures on X. Suppose that P, = Py, and h,(x) — h(x) for Px-almost all x. Then

n—-+0o0o
X X

lim h, dP, =/h dPeo.

To show the convergence in variation (4.2), we shall use the following result of Davydov [4] for
one-dimensional image measures:

PROPOSITION 1. Let f,: [0,1] = R, n € NU {00}, be a sequence of absolutely continuous functions such
that

= /n(0) = foo(0),

= S f& in L1([0.1]),

- fio#0 ae.
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_1 var _
Then )\.[O’l]fn = )\.[O’l]fool.

Unfortunately, Proposition 1 cannot be directly applied in our setting, since (4.2) is concerned with the asymp-
totic distance in variation of two sequences of measures, whereas Proposition 1 deals with a single converging
sequence. Hence, we introduce an auxiliary image measure A[O,&]‘PO_OI wo and split the study of (4.2) into two parts

TP

. _1 _1 _
A HMO*“‘/’oo,;n —HOAP o || = 0, (4.3)
. _1 _1 _
Jlim Huo,a]wn,gn 03195, o | =0 (4.4)
Proposition 1 (or, at least, Proposition 2) is applicable for both. In this section, || - || denotes the variation norm

on 2 (x), the sub-probability space related to V (x) in the localization procedure.

4.1. Derivatives

In order to apply Proposition 1 (or Proposition 2), the first step consists in calculating the derivatives of the
functions @y ¢, ¥oo,¢,» and ¢ Wy This is the purpose of this section.

4.1.1. Derivative of ¢y ¢,. First, {, obviously reaches its maximum at some a.s. unique point &;. Similarly, for
almost every ¢, G, ¢, reaches its maximum once at another point §; + ¢/ /n (with a priori different index j).

We now calculate the derivative of ¢, ;, at almost all ¢ for which the uniqueness at Argmax holds. Let ig be
the index (almost surely well defined) realizing the argmax, that is,

" c
argmax G, &, = S,-O + —.

Jn

For d near enough to ¢, G, 4¢, reaches its maximum at Ei'(’) + d/\/n with the same index ig. Then we have

@n,g, (d) = P, (€)

/ .
= lim
QDn,g‘n (C) d1—>c

d—c
0@ d/E) — O+ /)
o _dh—r>nc\/ﬁ d—c 4.5)
= _CD/(S['(Z) +C/\/E)

= —'(argmax (G cln)).

4.1.2. Derivative of ¢o,z,- In order to calculate the derivative of oo ¢, , We rewrite

n
Poo.t, (€) = sup (£ (1) — @' (1)) = sup (L Z 1) — @)} - Cq>/(t)>-
teR teR \/ﬁ i=1

The function Geo & = & — ¢®’ reaches its maximum almost surely once at a finite point. Indeed, since w €
Q(x), the supremum must occur at a finite point. Since, for t > \/n/c, Goo ¢y is an increasing function with
zero limit at 400, the maximum must occur at some ¢ < /n/c. However, for all 1 < \/n/c, Goo &, is obtained
by adding positive jumps at the points & to a decreasing function. Therefore, the local maxima occur at the
points &;. Next, it is easy to see that, for almost all ¢, the local maxima do not coincide and that the global
maximum is thus unique. Therefore, argmax (G« &) is well defined for almost all c.
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For such c¢p, denote 1) = Si’(’) = argmax (G oo,y ¢n). Then we have

0.2, (C0) = Goo.colu(t0) = % — Jnd(t0) — co® (1)

LEMMA 5. For any fixed n, let ¢, — cq and t, € Argmax (Goo,cp;‘n). Thent, — ty.

Proof. Since t, belongs to the finite set {§]', ..., &)}, from any subsequence (t,),, we can extract another
subsequence (z,) ,» converging to some f. To simplify the notation, we always write 7,, instead of 7,». We first
show that 75, = 19.

Note that (¢,(fp)), must converge to {,(fxo): this is obvious if ¢, is continuous at fs, or, by the right-
continuity, if (7,), decreases to . Since we can always supppose that 7, /' fx O 1) \( to (by passing, if
necessary, to a subsubsequence), it remains to consider the case where 7, increasingly converges to foo. In this
case, we have

gn(tp) = G(ts) = Cn(teo) — 1/\/5 as p — +00
and, for p large enough,
Cn(tp) — Cpq)/(tp) < n(leo) — Cpq)/(too)'

This is a contradiction to 7, € argmax (Goo,cp ¢n). Thus, (¢,(p)) p must converge to ¢, (fx). Now, since
Goo.cpon(tp) = Ca(ty) — cp® (1)) = u(t) — ¢, @' (1)
for all ¢, taking the limit as p — oo yields, for all ¢,
En(too) — ¢ @' (to0) = & (t) — ¢ @' (1),

that is, 7 € argmax {Goo,cn} = {fo}. This justifies the convergence of the whole sequence (), to 1.

Now
50,6, (€p) = Gooc, En(tp) = Goo,c, (i)
implies
$00.2,(€p) = P00,,(€) = Goo.c,&n(10) — Goo cln (o) = (¢ — ¢p) P (10).
Similarly, @oo,¢, (€) 2 Goo,c8n(tp) implies

00,6, (Cp) = ¥00,£,(€) < Goo,c, ntp) — Goo,cln(tp) = (¢ — ¢p) D' (1)
From both inequalities we get
(¢ = ¢cp) P (10) < Poo,z, (Cp) — Poo,z, (€) < (€ — cp) @' (2p).
Finally, for almost all ¢, we have

Wz, (€) = = (19) = — @ (argmax (Goo,c ). (4.6)

4.1.3. Derivative of Poo, WY In this section, the first step consists in proving that #Argmax{Goo,cW(%} =1 for

almost all c. Calculations similar to those for ¢ ¢, allow us to to derive the expression of the derivative given
in (4.7).
For c=0, G0 wo = Wg has an almost surely unique argmax (see [6]).
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Since @' € H(} (the subspace of Cameron—Martin space of functions vanishing at infinity), the function & is
an admissible direction for Wg, and we have [,(Wg —cd) K [,(Wg). Since

I = P(#Argmax (Wg) = 1) = Pyyo (x | #Argmax (x) = 1)
and {x | #Argmax (x) = 1} is measurable in the space C(R) of real continuous functions, we also have that
P(#Argmax (W3 — c®') = 1) = ng—czb/ (x [#Argmax (x) =1) =1

that is, Wg — ¢®’ has a unique argmax,
Since

(@,0) > Goo e Wa(w) = Wi (w) — ¢’

is bimeasurable, using the Fubini Theorem, we derive that, almost surely,
#argmax {Goo,ch} =1

for almost all ¢ € [0, §].
To adopt the calculations for ¢, to the function ¢ wy> we need to revise Lemma 5. Let 79 =

argmax (G oo, ¢q Wg).
LEMMA 6. Let cp — co and t), € Argmax (Goo c, Wg). Then t, — to.
Proof. Let 1(tp) =[to — 1, to + 1] be a nighborhood of #y. One easily sees that, for ¢ sufficiently near to cy,

sup (W (1) — c®'(1)) = sup (WR(t) — c®'(1)).
reR tel(to)

For p large enough, we thus have 7, € I () and from any subsequence (z,/) we can extract another subsequence
(tp7) which converges to foo. We finish the proof as in Lemma 5.

Finally, we finish the calculations as those for <p’oo’ & and obtain that, for almost all c,
@/ wy (€)= = (argmax (Goo,c WQ)). 4.7)

4.2. Convergence of image measures in (4.3) and (4.4)

4.2.1. The case of K[o,a]wo_ol, ¢,- 1n this section, we apply Proposition 1 to derive (4.3). Recall that we work
on a probability space given by the Skorokhod representation theorem on which the weak convergence (0.2) is
strengthened to the P-almost sure

160 — Willoor —> 0, 1 — 4-00. (4.8)

Since the functions

Yooz, (€) = Sng Goo,c6n (1) =sup ((n () — CCD/(l‘)),
te

teR
— 0 _ 0 /
Do w0 (€) = SUP Goo W (1) = sup (W (1) — c@' (1)),
@ teR teR

obviously are 1-Lipschitzian, they are absolutely continuous, with the derivatives calculated in (4.6) and (4.7).
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We can now apply Proposition 1. Indeed, since, first, ¢, — Wg, uniformly, we have that @u g, (c) —>
woo’wg (¢) for all c¢. Second, since

Ghoz, () = —@' (argmax (Goo,cn)).
gpéqwg () = — @' (argmax (Goo,c W3)),
and the function @’ is continuous and bounded, it suffices to prove that
argmax (Goo, c§n) —> argmax (Goo (W), 1 — +o00.
Now we need the following elementary result:

LEMMA 7. Let f, and f be real functions such that f, — f uniformly and #argmax{f} = 1. Then, for any
sequence (ty), with t, € argmax{ f,}, we have

t, — argmax f, n— +o00.
Moreover; on the set of functions reaching their maxima only once, argmax is a continuous function.
Since the following argmax’s are unique, applying Lemma 7, we get that
argmax {¢, — c®'} —> argmax {W$ — c®'}, n— +oo
for almost all ¢. Using the dominated convergence theorem, we easily get the convergence of the derivatives

(4.6) to (4.7) in L'([0, 8]).
Finally,

gpéqwg (¢) = —®'(argmax Goo,cW((I);.) #£0 ae.,

since argmax Gog, ¢ g is finite and &’ vanishes only at 00 for w € Q(x).
We can thus apply Proposition 1 and derive (4.3): almost surely on €2(x),

_ var _
)\’[078]9000174-" — A[O’S](poolwg’ n — +o00. 4.9)

4.2.2. The case of Ajo,51¢, éﬂ. Let us now prove (4.4), that is,
. -1 _ -1 =
pJm 120,619, ¢, = 20619 o ll =0-

We again use the convergence (4.8). The functions ¢, ¢, and ¢, 0 are absolutely continuous with derivatives
given by (4.6) and (4.7), respectively. The case of ¢_ W has been derived in Section 4.2.1. Next, note that
¢n,z, can be specified on the subsets where argmax G, ¢, is identified. More precisely,

g ()= [ﬁ — VD E + c/\/ﬁ)]lA,. (), (4.10)
i=1

where

Ai:={c€[0,8] | argmax Gy c{p =& +c//n}.
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The set A; is a finite union of open intervals

pi
A= U I,‘J
j=1

with the union of their closures equal to [0, 6]:

Pi pi
Ai:UIi,j, [O,I]ZUILJ'-
j=1 Jj=1

The restrictions of ¢, ¢, to those intervals are absolutely continuous (see expression (4.10). Since the values of
¢n,t, coincide on the common ends of any two adjacent intervals I; ;, the absolute continuity of ¢, ;, follows
from the following elementary lemma:

LEMMA 8. Let ay <--- <ap, and let f: [ai,ap] — R be such that f|i4; a1 = fi, where every f; is an
absolutely continuous function on [a;, aj+1] with derivative g; and fi(aj+1) = fi+1(ai+1). Then f is absolutely
continuous on [ay, a,) and

X

f(X)Zf(a1)+/g(t) dr

aj
with derivative
p—1

8= gi(") g4, (x).

i=1

The last hypothesis of Proposition 1 cannot be verified (at least, easily) for the function ¢, ;, of (4.4).
Therefore, we use instead the following version of Proposition 1 with the last hypothesis satisfied for ¢y, .
The proof of this proposition can be found in [3], p. 44-45.

PROPOSITION 2. Let, for n € NU {o0},
far (2%100,81,F x B(0,8]),P®1) — R, Q*eF, Q*CQ,

be such that
1. Yo € %, AN|(w), Yn = Ni(w), fa(w, ") is absolutely continuous;
2. fu(w,0) RN foo(®, 0) on Q%;
3. fa(w,9) N foolw, 8) on QF;
4. Yo € %, INy(®), Yn > N3(®), £ fu(w,¢) > 0 r-a.e. for c € (0,);
P®).
5. %fn(a),c) — %foo(a),c) on Q*.
Then
— _ P
|A10.51 fa (@, ) ™" = Ajo.51 foo (@, ) | —> 0

on Q*.

We apply this proposition to the functions f, = ¢, and foo = Poo, WY with Q* = Q(x). First note that
their absolute continuity (necessary for condition 1) is already known.
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Next, for ¢ =0, we have

¢n.g, (0) =supu(t) and . 0 (0) =sup W (0).
teR teR

Since &y — Wg uniformly, we still have g, (0) —> o, g (0).
For condition 3, we use condition (i) of Theorem A already justified in Section 1:

P- lim dor(Gn,clns Goo,ctn) =0 for all c € [0, €].
n—-+o0o

Together with the uniform convergence of ¢, to Wg, we derive

P- 1lim dor(Gn,cén, Goo,c Wg) =0. 4.11)

n——+0o

We obtain the same convergence for the uniform norm (instead of dpr) as follows. First, recall that by the
definition of the Skorokhod metric dy g on R we have

do R (Gn,cns Goo,c WS) = do(Gn,cln 0 W, Goo WG 0 W).

Note that
Goo.c WO oW =W} —cd oW,

where Wg is a standard Brownian bridge (on [0, 1]) and that ®' o W can be extended to a continuous function

on [0, 1] vanishing at 0 and 1. Thus, Goo,ch oW is a uniformly continuous function. By the definition of dj,
we can choose A, € A([0, 1]) such that

|GrctnoW = Goo,cWg 0 W o hn| o g1y + I3 — idlloc 0.1y “4.12)

<2do(Gncln oW, Goo WG 0 W).

From this we derive that, for all ¢ € [0, 1],
Geln 0 W(t) = Goo,c W 0 W(1)| < |Gipeln 0 W (1) = Goo,c Wey 0 W (hnt)]
+ |G oo, e W§ 0 W(hnt) — Goo c W 0 W(1)|
<2y +wg wooyr (At —11)
where, for simplicity, we denoted
dy = do(G,ctn oW, Goo c W 0 W).
By (4.13) this gives

|Gn.ctn oW —Goo WS oW ||Oo’[0’1] <2y +wg 0oy g (2dn). (4.13)

Since Goo,ch o W is uniformly continuous, for all e > 0, there exists o > 0 such that
P{wcw,cwgow,R(Zdn) > e} <Pld, > a/2}.

The convergence of WG WY oLI/,]R(zd") in probability now follows from (4.11). Finally, from (4.11) and (4.13)
we deduce that

|Gt — Gooc WS oo 5= | Groctn oW — Goo WG 0 W _ 1, — . (4.14)
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as n — +o00, and condition 3 now easily follows for the functions ¢, ¢, .
The condition 4 follows from the expression (4.6) of (p;l’ I Indeed, (4.6) ensures the a.e. nondegeneracy of

the derivatives for w € Q(x).
Next, to see the convergence of the derivatives, we first establish the convergence
argmax (G, -{,) —> argmax (GOO,CW(?,), n— +o00.

Since both

GoocW3(1) = W3 (1) — c®'(1)
and

1 n
Gl () = —= D [M-con (& +¢//n) — ()]
i=1

are bimeasurable as functions of (w, c¢), the Fubini theorem, together with (4.14), yields

A®P) {“ Gn.cln — Goo,cW((I);. HOO > e} — 0, n— +o0.

LEMMA 9. Let X,, and X be B-valued random variables, where B is a Polish space. If X, N X in B and
f: B —> R is continuous, then f(X,) ip) f(X).

From Lemmas 7 and 9, we derive that
P
argmax G &, ﬁ argmax GOO,CW(?,
as n — +oo. Since @’ is continuous, we also have
’ AQP 0
@' (argmax (G c8n)) — @' (argmax (Goo,cWg)), 1 — +00,

', in measure A @ P.
n,Wg

Finally, we can apply Proposition 2 to get a weakened version of (4.4):

that is, ¢ G @

Pox
290, n— 400, (4.15)

-1 -1
H)”[O,S]QD,,IH N X[O’S](poo,Wf%
where Pq(y) is the restriction of P to 2 (x).

4.3. Conclusion on condition (iv)

Gathering convergences (4.9) and (4.15), we prove condition (iv) of Theorem A. By the dominated conver-
gence, from (4.9) one easily derives that

E[Hkq)gol’{n — Aw;{wg HIQ(X)] —0, n— 4o0.

Next, since
-1 -1 -1 -1
E[rgy}, - wmwgum)] <e+2Plwe@ | i} - 2 ol > e},
from (4.15) we derive that

HnE[HMp,;; =2yl lfz(x)] Se.
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Then, letting ¢ — 0, we get

lim E[||x<pnj§n —20 ||1Q(x>] —0.

n—+00

Finally,

lsz(x)] < H"E[H)\(pn_,én — Ao,

lsz(x)]

im0l — 20y oo

=0.

T, [ |2, — 20,

Condition (iv) of Theorem A is finally fulfilled.

5. CONDITION (v) OF THEOREM A

The purpose of this section is to prove the continuity of the mapping
zeV(x)r— )L[O’(;](pgol’z
Ps-almost everywhere. Letting z, — z, we will apply once more Proposition 1 to

Poo,z, (€) =sup (2, (1) — ¢ @' (1)), Poo.2(¢) =sup (z(1) — c®'(1)).
teR teR

First of all, in order to calculate, as in Section 4.1.3, the derivatives
Pho-, (€)= —@'(argmax (z, — c®)), ¢}, .(c) =—d'(argmax (z — cD")) (5.1)

and to be able to apply either Proposition 1 or Proposition 2 for deriving the convergence in variation of
related image measures, we have to choose z,, and z such that, for almost all c,

#argmax (z, — c®') = #argmax (z — c®’) = 1.
Here the condition #Argmax(z,) =1 cannot be directly verified. However, we can avoid this problem by

replacing condition (v) of Theorem A by the following weaker one:

(V') the application 7 € Xy — )»900_0171 is continuous for some measurable Xy C X such that P,(Xp) =
Poo(Xp) = 1.

Indeed, a carefull reading of the proof of Theorem A allows one to replace condition (v) in Theorem A

by (V).
Here we take A to be the subset of functions from D(R) that reach their supremum only once. We have
P, (X)) = Poo(Xp) =1 and we now prove (v') applying Proposition 1:

— Since z, — z in D(R), the first condition is easily satisfied.
— In order to obtain the convergence of the derivatives (5.1) in L'([0, 8]), it suffices to prove that, for ¢
such that #argmax{z — c®'} =1,

argmax {z, — c®'} — argmax (z — c®’), n— +oo.

However, since P,-almost all z are continuous and since z, converge to z in I, the convergence
Zn — 7 also holds uniformly. Since the argmax of z is unique, the convergence of the argmax’s follows
from Lemma 7.
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— @n.;(c) is given by (5.1) and is thus nonzero, since @' vanishes only at +oo, whereas argmax (z —
c®’) is necessarily finite for z € V (x).

Finally, Proposition 1 can be applied, yielding

-1 var -1
A0,81P00,2, — M0,81%00, 2

whenever z, — z in Xy. Condition (v’) is thus satisfied.
All five conditons of Theorem A are proved, and this proves Theorem 1.
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