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1 Introduction and Notation

Let QX denote the set of Radon measures

i=1

N
Q ={o=> e @I CX. t;#1;. Vi #j. NeNU oo}
i=1

N. Privault (=)

Laboratoire de Mathématiques, Université de Poitiers, Téléport 2-BP30179,
86962 Chasseneuil, France

e-mail: nicolas.privault@math.univ-poitiers.fr

J.-C. Breton

Laboratoire de Mathématiques, Université de la Rochelle, Avenue Michel Crépeau,
17042 La Rochelle, France

e-mail: jcbreton @univ-Ir.fr

C. Houdré
School of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332, USA
e-mail: houdre @math.gatech.edu

@ Springer



J.-C. Breton et al.

where X is a o-compact metric space with distance dy, and ¢, denotes the Dirac measure
at t € X. Let v be a diffuse Radon measure on X, and let P be the Poisson measure with
intensity v on QX Let the linear, closable, finite difference operator

D:L*(Q%, P)— L*(Q¥ x X, P®V)
be defined via
D, F(w)=F(wU{x}) — F(w), dP x v(dw,dx)-a.e.

where as a convention we identify w € Q¥ with its support, cf. e.g. [20, 22, 23].
In [1, 8, 27], Poisson tail estimates are obtained under the hypothesis

DF <K, PQ®uv-ae, and [DF|o@x 12(x.v) <& <00,

for some K > 0. While (modified) logarithmic Sobolev inequalities and the Herbst method
are used in [1] and [27], the methods of [8] rely on covariance representations ([4, 6]).
Recently the results of [6] have further led in [7] to estimates for Lipschitz functions of
stable random vectors. Even more recently, dimension free concentration is obtained in [9]
for the Euclidean norm as well as for various classes of functions of independent infinitely
divisible vectors having finite exponential moments.

In the present paper we first obtain new deviation inequalities on Poisson space via the
covariance method. Then, by replacing the bounds on DF and on || D F|| poc(ox 12(x.v)) DY
growth conditions, deviation results for Poisson functionals with infinite variance are given.

Let us briefly describe the content of the paper. In Sect. 2 we deal with Lévy measures
with finite variance, using the covariance representation method involving the Ornstein-
Uhlenbeck semi-group. This leads to general deviation results for Poisson functionals hav-
ing finite exponential moments. In Sect. 3 we obtain dimension free deviation estimates and
exponential integrability properties for random vectors of such Poisson functionals. Since
an infinitely divisible random vector can be represented as a vector of Poisson stochastic in-
tegrals, these results are then applied to derive deviation inequalities for Lipschitz functions
of infinitely divisible vectors. In Sect. 4, we study the particular case of quadratic Wiener
functionals, including the square norm of Brownian path, the sample variance of Brown-
ian motion and Lévy’s stochastic area. For such i.i.d. vectors, this also gives dimension free
inequalities in Euclidean norm, and large deviation estimates in £”-norm, p € [1, oo], recov-
ering tail estimates of [2] for non-decoupled Gaussian chaos of degree 2. In Sect. 5 we adapt
the method of [7] to prove other tail estimates under weaker hypothesis on the gradient. For
example, if v is the Lévy measure of an «-stable vector, the bounds on D can be replaced
by the growth conditions

sup |DFI<C'R and IDFI}wox 2 0y SCRT® R=Ry (L)
x€Bx(0,R) ’

where Bx (0, R) = {x € X : dx(0, x) < R} is the ball of radius R in X. Here, O denotes a
fixed arbitrary center in X, whose choice has no influence on the growth conditions (1.1).
This leads to an estimate of stable type for the deviation of F from one of its medians.

Let us now introduce some notation which will be used throughout the paper. The multi-
ple Poisson stochastic integral 1,,(f,) is defined for n > 1 as

L, (fo)(w) 2/ SoO1s - y)(@(dyr) — v(dyr) -+ (w(dy,) — v(dyn)),
Ap
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for every square-integrable symmetric function f, € L2(X, v)*", where
Ap={(x1,....x) € X" ixi #x;, Vi# j}.

For n =0 we let Iy(fo) = fo for any real constant fj. Recall the isometry formula
EL(fu) In(8m)) = 0 uzmy( fus 8m) 120x yon»

see [21], and recall also that every square-integrable random variable F € L?(QX, P) admits
the Wiener-Poisson decomposition

F= Zln(fn)
n=0

The operator D defined above is such that
D1, (f) (@) =nl, 1 (fu (%, X)) (@), P(dw)®v(dx)-ae, neN,

and in particular,

D.Li(f)(w)= f(x), v(dx)-ae.
We denote by Dom(D) the domain of D, i.e. the space of functionals F e L*(Q¥, P)
such that DF € L?(Q% x X, P ® v). Recall also that the Ornstein-Uhlenbeck semi-group
(Py)ier. is defined via

PL(f)=e¢"L(f), f.€L*X,v)", neN.

In the sequel we also use the integral representation of the Ornstein-Uhlenbeck semi-group
(P)ser, in terms of a probability kernel p,(w, d®, d®), cf. e.g. [26]:

P,F(a)):/ F(@Uo)p(w,dod,dd). (1.2)
QX xQX
When X =R", | - |, denotes the £7-norm on R”, p > 1. Assuming that

/ 1A lyl3v(dy) < oo,
an

any n-dimensional infinitely divisible (ID) random vector F = (Fy,..., F,) without
Gaussian component and with Lévy measure v can be represented as the vector of single
Poisson stochastic integrals

F= (/ yi(w(dy) —v(dy)) +/ ko (dy) + bk) (L.3)
{Iyl<1) (Ilyl>1)

1<k<n

for some b € R". Indeed, the characteristic function of F is given by

or(u) = E[e""] = eXp(i (b, u) + / (e —1—i(y, Mﬂ{\y\zsl))v(dy))
R?

ueR".
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2 Deviation Results from the Ornstein-Uhlenbeck Semi-group

As in [8], we need the following covariance identity on Poisson space, which is obtained
from the Ornstein-Uhlenbeck semi-group.

Lemma 2.1 Let F, G € Dom(D), then
Cov(F,G) = E|:/ e*‘/ DyFPsDva(dy)ds]. 2.1
0 X

Proof By orthogonality of multiple integrals of different orders and continuity of P;,
s € R,, on L*(Q¥, P), it suffices to prove the identity for F = I,,(f,) and G = I,,(g,):

E[L,(fu) 1, (g)] = n!{(fa, gn)LZ(X,v)”' :n’/ .fngndv®n
X”

:nz// Fu G, 3)8a (x, YV (@x)v(dy)
X Jxn=1

n/ ElL 1 (fu G YD -1 (8n (-, ¥))]v(dy)
X

1

—E[/ D),In(ﬁl)Dyln(gn)v(dy)}

n X

= E|:/°Oeﬂ1s/ Dyln(f")DyIn(gn)V(dy)ds}
0 X

_ E[ /me,s / Dyln(fn)PsDyIn(gn)v(dy)ds]. _
0 X

Using the covariance identity (2.1) and the representation (1.2) we first state a general
deviation result which slightly improves the one presented in [8]. In particular it will be
applied, in Sect. 3, to obtain deviation inequalities on product spaces for vectors of random
functionals. In this proposition and the following ones, the supremum on Q% can be taken
as an essential supremum with respect to P.

Proposition 2.2 Let F € Dom(D) be such that e’ € Dom(D), 0 < s < ty, for some ty > 0.
Then

P(F—E[F]zx)fexp(omin/h(s)ds—tx), x>0

<t<ty Jo

where

h(s) = sup

(0,0")eQX x QX

/ (esD)-F(w) _ l)DyF(w')v(dy)‘, s €0, 1). 2.2)
b

If moreover h is nondecreasing and finite on [0, ty) then

P(F — E[F]>x) < exp<— / h"(s)ds), 0<x<h() 2.3)
0
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where h™! is the left-continuous inverse of h:
hl(x) = inf{t >0:h(@) >x}, O<x<h(ty)).
Proof We start by deriving the following inequality for a centered random variable F:
E[Fe'| <h()E[e"], 0<s=<1. (2.4)

This follows from (2.1). Indeed, using the integral representation (1.2) of the Ornstein-
Uhlenbeck semi-group (P;); for P,D, F(w), we have

E[Fe'"] :EU e—"/ DyeSFPvDva(dy)dv]
0 X

:/ /me,U/(e.qD},F(m)_ 1)e.rF(w)
QX Jo X
x/ D,F(@&VU&)py(w,dd, dd)v(dy)dvP(dw)
QX xQX
o0
f/ / efvesF(a))
X Jo
<.
QX xQX

< sup
(0,0)eQX xQX

po(w,dd, d@)dv P(dw)

/ (ePF@ 1) D, F(@ U d)v(dy)
X

/(eSD’F(“’) - l)DyF(w/)v(dy)'E[eSF foce_“dv:|
X 0

= sup
(0,0)eQX x QX

/(esD,F(w) _ 1)DyF(w/)v(dy)'E[€SF]
X

which yields (2.4). In the general case, we let L(s) = E[e*F~FIFD] and obtain:

L/
L((SS)) <h(s), 0<s<f

which using Chebychev’s inequality gives:
t
P(F —E[F]>x) < exp(—tx +/ h(s)ds). 2.5)
0

Using the relation % (fof h(s)ds —tx) = h(t) — x, we can then optimize as follows:

t hl(x)
min / h(s)ds —tx :/ h(s)ds —xh~'(x)
0 0

O<r<ty

= /Xsdh"(s) —xh™'(x)

0
= - /-‘ h=1(s)ds, (2.6)
0
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hence
P(F—E[F]zx)gexp(—/ h_l(s)ds>, 0<x<h(ty). O
0

If h, is a non-decreasing function defined by (2.2) and h, is another non-decreasing
functions such that &, (t) < h,(t), t € [0, ty], then clearly we have

P(F—E[F]>x) < exp<— /xhl’l(s)ds>
0

5exp<—/ h;l(s)ds>, 0<x <hi(ty).
0

In the sequel we derive several corollaries of Proposition 2.2 and discuss possible choices
for the function 4, in particular for vectors of random functionals. For simplicity of notation
we will drop the indices in &, h, in general, and %(¢) will denote any function satisfying
(2.3).

Note that since

h(r)s/ 1D, Fllac [ — 1] _u(dy),
X

Proposition 2.2 recovers Proposition 3.3 in [8], which is obtained via a covariance identity
relying on the Clark formula. In the next proposition and following [9], we obtain a better
result by applying Proposition 2.2 with more careful bounds.

Proposition 2.3 Let F € L' (QX, P) and let K : X — R, be a non-negative function such

that
D,F(w) <K(y), yeX weQr. .7)
Then
t
P(F —E[F]>x) < exp(mi(r)l/ h(s)ds — tx), x>0
t> 0
where
K 1
h(t) = sup / 7|D),F(w)|2v(dy), t >0, (2.8)
weax Jx  K(y)
with
ek —1
=1
K

if K =0. If moreover h is finite on [0, ty) then
P(F — E[F]>x) < exp(—/ h—l(s)ds>, 0<x <h(ty). (2.9)
0
IfK(y) =0,y € X, we have:

2
P(F—E[F]>x) < exp(—%), x>0,
o
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with

&’ = sup |DyF(a))|2v(dy).

weQX JX

Proof Letting F, = max(—n, min(F,n)) we have e’/ € Dom(D), hence we may apply
Proposition 2.2 to F,, n > 1. Note moreover that since K is R, -valued, the condition
D,F,(®) < K(y), w € Q¥, y € X is satisfied. We have

h,(t) = sup

(w,0")eQX xQX

oDy Fn@) _
——D,F, D,F, Y (d
/X B D@D F@)viay

e K _ 1 ,
sup / o | DyE (@) Dy Fy (@) [v(dy)
X

=

(w,0)eQX xQX K(y)

1 ek —1 2 N2
=5 sup /7(|DyFn(w)| + | Dy Fy()?)v(dy)

(0,0)eQX xQX J X K(y)
el KO _ 1 )

< SUP/—ID Fy(w)|"v(dy)

weQX JX K(Y) Y

el KO )
=< SUP/4ID F(w)"v(dy)
weQX JX K@) ’

which allows us to conclude first for F,, — E[F,]. As n goes to infinity, F, converges to
F as. and E[F,] tends to E[F] by dominated convergence, which proves the result for
F — E[F]. O

Note that if K : X — R in (2.7) is not necessarily positive and F,e*" € Dom(D),
0 < s <t, for some £y > 0, then applying Proposition 2.2 and the above argument directly
to F yields:

<t<tqy

t
P(F—E[F]Zx)Sexp(Omin/h(s)ds—tx), x >0,
0

and (2.9) also holds provided # is finite on [0, t;).
Part of the next corollary recovers a result of [27] (see also [8]). This result is used in
Corollary 2.6 below as well as in the infinite variance case in Sect. 5.

Corollary 2.4 Let F € L*(QX, P) be such that DF <K, P ® v-a.e., for some K € R, and
I1DFll oo @x 120x.0)) < &. We have for K > 0:

IS}

/K xK 7%7%
P(F —E[F]=x)<e" 1—|—~—2 , x>0, (2.10)
a
and for K =0:
22
P(F—-E[F]>x)<exp{ —=—= ), x>0. 2.11)
22
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Proof If K > 0, let us first assume that F' is a bounded random variable. The function % in
(2.8) is such that

tK_l

h(t) <&

2
”DF”LOO(QX’LZ(XN)) 5 o

Applying (2.5) with @*(e'X — 1)/K gives
&2
P(F—E[F]>x) < exp(—tx + ﬁ(e’K —tK — 1)).

Optimizing in ¢ with t = K~'log(1 + Kx/&?) (or using directly (2.3) with the inverse
K~ 'log(1 + Kt/&?)) we have

X X a? xK
P(F — E[F]=>x) §exp<E — (? + F) log<1 + ?>>

which yields (2.12), (2.11) and (2.10), depending on the value of K. For unbounded F,
apply the above to F,, = max(—n, min(F, n)) with |DF,| < |DF|, n > 1. Then (2.10) fol-
lows since, as 7 goes to infinity, F, converges to F in L>(Q%), DF, converges to DF in
L*(QX, L*(X,v)),and DF, < K, n > 1. The same argument applies if K = 0. O

In case K < 0 and e¢'F € Dom(D) for all t > 0, Proposition 2.3 yields in a similar way:

|Q|
[N}

wf K\ EE &
P(F—E[F]=x) <"1+ = , 0<x<—?. (2.12)
o

|

If F is an infinitely divisible random variable in R", without Gaussian component and
with Lévy measure v, the representation (1.3) shows that for any Lipschitz(c) function f :
R" - R,
ID: f(F)(@)| = |f(F(wU{x})) — f(F(w))
= clFloUfx}) — F(o)l
=cllx|l (2.13)

where || - || is any norm in R”. Hence when X = R" and v has bounded support, Corollary 2.4
also recovers Corollary 1 of [6] with

K =inf{r >0:v({x € X : x| > r}) =0},

and @ = [, llyI2v(dy), ie.
2

X xK _%_%
P(f(F)—E[f(F)]EX)EefK(H-Tz) , x>0
co

On a product X ={1,...,n} x Y, where Y is a | - |[y-normed linear space, we have the
identification

QX QV x--- x QF, w=(w,...,0,) €,
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and
Dy F(w) = Z Licjy(F(@1, ..., -1, 0; U{y}, @41, ..., 0p) — a1, . --7wn))7
=1

i=1,...,n, y €Y. Proposition 2.2 can be directly applied with dv(i, y) = dv;(y), i =
1,...,n,y€Y,and

ht)y=|>" / 1Dy F lloo (€170 ™1 = 1)v; (dy) || (2.14)
i=1 7Y 0
orif vy =---=v,, with
h0y =5 [ (e = huian
Y
where
< "\ |Dg.y F DiyF
= sup Z| G.y) (0))|’ and f= sup | D y) (a))|.
©,y#0 ] |yly iw,y#0 [yly
In fact, a stronger result can be obtained as a corollary of Proposition 2.3.
Corollary 2.5 Let X = {1,...,n} x Y, where Y is a | - |y-normed linear space and

dv(i,y)=dvi(y),i=1,....,n,yeY. Let F: QX > Randlet ; >0,i=1,...,n, be
such that

DiyF(@) <Bilyly, i=1,....,n, ye¥, weQ".

Then
P(F — E[F]=x) sexp<rtn>i(r)1/0[h(s)ds - tx), x>0
where
h(t) = sup Xn: Wiy_l(Do.y)F(w))zvi(dy), 1>0. (2.15)

weQX ] JY Bilyly

If moreover h is finite on [0, ty) then

P(F — E[F]>x) < exp(—/ h_l(s)ds>, 0<x <h(ty).
0
If i =0,i=1,...,n,i.e. for decreasing functionals, we have:
¥2
P(F—E[F]>x)<exp|—z= ), x>0,
262

with
n

&2 = sup Z/(D(f,y)F(a)))%,-(dy)-
Y

weQX i=1
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Proof Apply Proposition 2.3 with K (i, y) = B;|yly, 1 <i <n,y €Y. O
As a consequence of (2.15), and if v; = - -+ = v,, one can take:
&2
h(t) = F/ Iy (P = 1)vi(dy), €0, 1], (2.16)
Y
with
" | Dy F (@) Dy F
@*= sup 1Dy F@)7 2(w)| , and B= su 1Dy F@)] (a))|.
weRX, y£0 3 lyly i,0,y#0 [¥ly
Taking
h(z)=Zﬁi/ Iyly (e — 1)vi(dy), t €0, 1], (2.17)
i=1 Y

allows us to recover the bound implied by (2.14) in this case.
For example, if n = 1 and

Fl(w)Z/un(y)(w(dy)—v](dy)),...,Fm(w)zfum(y)(w(dy)—vl(dy))
Y Y

are m (not necessarily independent) single Poisson stochastic integrals and F =
g(Fy, ..., F,), we have

B< sup g Crt 1 (), - s X At (7)) = 1, )|

X1 ooy X, Y70 |y|Y

The following statement is obtained from Corollary 2.4 on a product space, in the same
way as Corollary 2.5 is obtained from Proposition 2.3.

Corollary 2.6 Let X ={1,...,n} x Y withdv(i,y) =dv;(y),i=1,...,n,y€Y. Let F
be such that D ) F(w) < K, P®v;-a.e.,i=1,...,n, for some K € R and

Y D6 Fll gy, <@
i=1 L(QX,P)
We have for K > 0:
x _ @
K xK\ ¥ k2
P(F—E[F]zx) <14+ —= . x>0, (2.18)
and for K =0:
2
P(F—E[F]>x)<exp| —=——= ), x>0. (2.19)
2&2
Moreover if K < 0 and e'* € Dom(D) for all t > 0, then
x _ a2
X xK\ K k2 a’
P(F—E[F]zx)<e’(14+ = » O<x<-——. (2.20)
a
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3 Application to Random Vectors

We start by applying Corollary 2.5 and Corollary 2.6 to random vectors (Fi, ..., F;,) on the
product space Q¥ ~ QY x ... x Q¥ where X ={1,...,n} x Y and Y isa | - |y-normed linear
space. Corollary 2.5 yields

P(g(F,....F,)) —El[g(F,...,F,)]>Xx) Eexp(—/thl(s)ds>,
0

0 <x <h(ty), where g : R" — R, provided the function

ePilly 1

h(t) = -
© Billy

vi(dy) » 1e[0,10],

L®(QX,P)

> / (D g(Fi(®). ..., Fy ()
i=1 VY

is finite on [0, 7o), with §; as in Corollary 2.5. Several particular cases are now presented.
3.1 Random Vectors with Independent Components

If Fi,..., F, are n independent random variables defined on Q% = Q¥ x ... x Q7 with
Fi=F;j(w;),i=1,...,n,and g : R" — R, an £'-Lipschitz(c) function, we have

D y&(Fi,..., Fy)(w)]
= |g(Fi(w1), ..., Fi(w; U{y}), ..., Fulwy)) — g(Fi(w1), ..., Fy(wy))]
= clFi(wi U{y}) — Fi(wi)|
=c|DyFi(w)|.

Now we can take in Corollary 2.5:
n

h(r) <c? sup
weslegl: vy cBilyly

eCthilyly 5
(DyFi(w))"vi(dy), te€l0,10],

with
5 D, Fi(@)]
l yey, w,-EQY |y|Y
Moreover when v; = --- = v,, we can take in (2.16):
" |D, Fi(w)|? D,F;(w
a@%=c? sup Z—l ? (2 )l , and B=c su 1D, Fi(@)] )|.
0y#0 5 [yly ioyzo  Yly
3.2 Independent Vectors of Poisson Stochastic Integrals
Assume that Y is a normed linear space and that fy 1A |y|§vi(dy) <oo,i=1,...,n. If
G =g(Fy,...,F,) where g : Y" — R and F),..., F, are independent Poisson stochastic

integrals of the form (1.3):

F,«(wi>=f y(wi<dy>—vi(dy>>+f youdy) + b, 1<i<n,
{Iyly<1} {l

Yly>1}
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we have
Diyg(Fi,....,F)=g(F,....,Fi+y,....F) —g(Fi,..., Fy). 3.1

From Corollary 2.5 we have, denoting by (ey, ..., e,) the canonical basis on R”":

n

h(t) = sup _
wegx,; v Bilyly

—g(Fi(@)), ..., Fi(@), ..., Fy(@,)*vi(dy)

n

eBilyly _ 1
(gFi(wy),.... Fi(w)+y,..., F(w))

ebilyly _ 1 )
< sup (g(x + ye) —g(x)) vi(dy), (3.2)

rerr =/ Jy  Bilyly
which recovers Theorem 1 of [9] and (3) therein as a particular case. We may also take

n A 2 N
& = sup lg(x + ye;)) — g(x)] Cand B= sup lg(x + yei) g(X)I, (3.3)

2
x.y#0 5 Iyly i, y7#0 [¥ly

in (2.16). If g : Y — R is £!-Lipschitz(c), then 8 = ¢, and so (2.17) gives:
hy=cy / ¥y (€M = 1)ui@dy), 1 €10, 10]. (3.4)
=177

For g(x) =sup(xy,...,x,), withY =R, § =1 and

0, y <sup(Fy,..., F,) — F;,

E+y_sup(Flv"'5E1)a y>sup(Flv~'~7Fn)_E» (35)

D(i,y>g(F1,.--,Fn)==

i=1,...,n,yeR Hence (2.15) leads to

" Uyl

h(t) = sup Zf  GFI@D, e F@) + v, Fa(@)
weQX 7] /R [yl

—g(Fi (@), .., Fi(@), ..., Fy(@,))*vi(dy)

n 00 ty|

ebl 1

= sup Z/ (Fi +y —sup(Fi..... F)))’vi(dy)
weQX [ Z1 Jsup(Fi,....Fy)—F; |y|

<> /0 y(e” = 1)v;(dy). (3.6)
i=1

Note that in (3.3) the constants & and 8 can be computed in terms of the Lipschitz constant
of g with respect to the £!-norm. This however does not lead to dimension free estimates.
Next, we show, using (3.2), that dimension free estimates can be obtained when g is the
Euclidean norm on R”. The other results of [9] can similarly be generalized to the present
framework.
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3.3 Dimension Free Inequalities for Random Vectors

Dimension free inequalities for £2-Lipschitz functions of independent infinitely divisible
random vectors with finite exponential moments have been obtained in Corollary 4 of [9].
In the next proposition we extend this result to Poisson random functionals.

Proposition 3.1 Let f : R" — R be £2-Lipschitz(c), and let F = (Fy, ..., F,) be a vector
of independent random functionals. Let

D, F;
b wp DF@L
yeY, weQX Iyly
and assume that
h(r) =8 max &/ [yly (e — 1)v;(dy) (3.7)
i=1,...,n Y
2n
+—————— max ﬂ?/ Iy[3 (e — 1)v,;(dy)
E[|F — E[F]]2] i=tien’ " Jy v )

is finite in t € [0, ty). Then

P(f(Fl,...,F,,) > E[f(Fi.....F)l4c [2)_ VarF; +cx>

i=1
< exp<— / h’l(s)ds>, 0<x <h(t). (3.8)
0

Proof Define ¢ : R" — R by

¢ (x) =/ Ellx — G3]

where x|, is the Euclidean norm of x € R” and G is an independent copy of F. As in the
proof of Corollary 4 in [9], we have

2 Ry 4
6 +uey) — por)f < B Z GO u

— , xeR", uek.
Ellx — G?] D iy VarGy

Hence for ¢ (F), Corollary 2.5 applies with

" ePilyly _ 1 5
hy (1) = sup — o Dy (F (@) vi(dy)
weQX 2 JY Bilyly
" ePilyly — 1
< sup

 wenX i JY Bilyly

X (P(Fr, ..., Fi+ DyFyy ., F) (@) = ¢(Fy, .., F) (@) vi(dy)

[Pl 1 EGl(Fi(w) = G)’1 | 2|D,Fi(w)[*

EGlIF (w) — G|?] > it Var Gy

<8|D),F,«(w)|2 )vi (dy)

< sup S
weQX ] JY Bilyly
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etBilyly _ 1
<8sup max | ———|D,F;(®)*v;(dy)
weax =L Jy  Bilyly
2 n eBilly — 1

t 5 v~ SuP ————— D, Fi(w)[*vi(dy)
2 ket Var Gy eqx —'Jy Bilyly ’

1

t———— §/| I3 (e — 1)v;(dy), 1 €]0, 1]
zzkzlvaerigl:ﬁ v yY( ) y 0

< h(t).

Finally, Corollary 2.5 with the bounds

Elp(F)] <
and | f(x) — ELf(F)]| < cé(x), yields (3.8). O
Note that since for any Fi, ..., F,,

: 2 2 2
n min (E[|Fi|)* < E[|F[3] < n max E[|Fif’],

the function 4 in (3.7) is bounded independently of the dimension n when Fi, ..., F, are
iid.

For the Euclidean norm of independent infinitely divisible random vectors with finite
exponential moments, better results have been obtained in Corollary 3 of [9]. In the next
proposition we extend this result to Poisson random functionals.

Proposition 3.2 Let F = (F}, ..., F,) be a vector of independent random functionals, and
let
Dy F;
Bi= 1D, Fi(@)| =1,...,n, (3.9)
yeY, weQX |)’|Y

and assume that
hoy =8 max pi [ 1y = D)
i=1,..,n Yy
g max B [ e = 1)@
E[|F3]i=t.n " Jy
is finite in t € [0, ty). Then
P(I(Fl,.--,Fn)lzZZE[I(FI,...,Fn)Iz]-l-X)Eexp<—/ hil(S)dS>, (3.10)
0

0<x<h(t).
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Proof Let f(x) = (|x|, — E[|F|.])t, x € R". From [9] we have the inequality

bl 20l
Ix13 E[|F|2]

|f(x +ue) — fx)* < 8Jul? xeR", uek.

Hence for f(F), repeating the bounds in the proof of Proposition 3.1 we get

b =8 max i [ iy = 1)
i=l,...n %

,-3/ Iy (PP — 1)vi(dy), 1 €0, 1]
Y

Finally, using |x|» — E[|F|2] < (Ix L — E[|F D" and E[(|F |, — E[|F.D*] < E[|F|] gives

(3.10) for g(F) = |F|,. O
Similarly to Proposition 3.1, the deviation result of (3.10) is dimension free if Fi, ..., F,
are i.i.d.

Next, we obtain a dimension free deviation for the Euclidean norm of a vector of n
i.i.d. random functionals with bounded support. The non-identically distributed case is done
similarly, while for single integrals it is in [9].

Corollary 3.3 Let vi = --- = v, have bounded support in By (0, R), let F = (Fy,..., Fy,)
be ani.i.d. vector and let B = B, = - - - = B,, with the notations in (3.9). Then, for all x > 0,
; xBR
P(|F|2>x+2E[|F|2])<eXp(ﬂ_R_(,B_R+ﬂ2R2>l g<1—|— )) (3.11)
where

~2 _ gp2 28°R? / 2
ap=8p R/y|y|YV1(dy)+ ELF 2 Ylylyvl(dy).

Proof Apply Proposition 3.2 with
2 ( 1BR ) 2 e —1
h(z)s<8f||v<d)+7/|| (d)) <a ,
P ), o+ e [, @y "TBR

and compute explicitly the right hand side of (3.10). O

The following result yields an exponential integrability property, independent of n for the
£2-norm of infinitely divisible random vector whose Lévy measures have bounded supports.
The non identically distributed case is similar. For independent infinitely divisible random
variables an analog result is obtained in [9].

Corollary 3.4 Let F = (Fy,..., F,) be as in Corollary 3.3 then for all 1, with 0 < A <

B>R*/(ed%), we have:
E |Fl2 AF|
exp /3R log, AR < 00, 3.12)

with log, x = max(logx, 0), x > 0.
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Since &% given in Corollary 3.3 does not depend on the dimension, the condition on A in
the above corollary is also dimension free.

Proof This is a direct application of Lemma 3.5 below to (3.11), with

a:i, b= % , c:/?—R, A =2E[|F|2].
BR B2R? ax g
The next lemma is classical.
Lemma 3.5 Let X be a random variable such that for some a, b, c > 0 and A < 00:
P(X >x+ A) <exp(ax — (ax + b)log(1 +cx)), x>0, (3.13)

then for all . < b/e we have
E[exp(aXlog, (AX))] < +oo.
Proof Let A < c/e. We have, using (3.13)

Elexp(aX log, (A X))]

= /00 P(exp(aXlog, (A X)) > t)dt
0

o0
=/ P(aXlog, (AX) = y)e’dy

o0

o0
<1 +/ P(aXlog, (AX) > y)e’dy
0

(o]
<1+ / P(aXlog, (AX) > axlog, (Ax))a(l +log(rx))e™ €*) dx
1/x

o0
<1 +a/ P(X = x)e® 10200 (1 4 log(Ax))dx
1/x

§C+a/ exp(a(x — A) — (a(x — A) +b)log(1 + c(x — A)))
max(1/x,A)
x exp (axlog(ix)) (1 +log(rx))dx
<C+Ha /OO exp(au +a(u + A)log(A(u + A)))
max(1/A—A,0)
x exp(—(au + b)log(1 + cu))(1 4+ log(A(u + A)))du.

It then suffices to study the dominant term in the above integral:

o0
f exp(au — aulog(l + cu)) exp(au log(A(u + A)))du
max(1/A—A,0)

/oo < ( 1+cu >>
= exp| au —aulog| ——— | |du.
max(1/A—A,0) Au+A)
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Since lim,,_, o log( A::f:)) =log$ > 1, for A < c/e, the convergence of the integral follows
from
(o8]
/ exp(au — aulog(c/A))du < oo. O
max(1/A—A,0)

3.4 Random Vectors with Non-independent Components
First, we obtain the following from Corollary 2.6:

Corollary 3.6 Let f : R" — R be (>-Lipschitz(c) and let F = (F,,..., F,) such that
Z'}:l |D(i,y)Fj(a))|2 <K? PQv(dw, dy)-a.e.,i=1,...,n,for some K >0 and

Y DG Fi@) 2y, <&
hj=l L®(QX,P)
Then
, 52
o xK\ & k2
P(f(F) = E[f(F)]zx) <eX <1+Tz) . x>0 (3.14)
co

Proof Note that since f is £2-Lipschitz(c) we have for G = f(F):

(DG (@))* = (f (Fi(@U{GE D, -, Fi@U {6 D), .., Fu@U LG, 0)))
—f(Fi(@), ..., Fi(®),... F,())

<Y IFj(@U{i ) - Fi@)

j=1

n
= C2 Z |D(,‘,),)Fj (a))|2

j=1

So that |Dy;,,)G(w)| < cK and !, || DG (w) HiZ(y-U.) < c*&*, P(dw)-a.s., and Corol-
lary 2.6 applies to G. O

From Corollary 3.6 we can derive an exponential integrability result for the Euclidean
norm of a vector of arbitrary functionals on X ={1,...,n} x Y, provided vi =--- = v, has
support in By (0, R). This completes the sharper result stated in Corollary 3.4 in the case of
independent components. However, in the infinitely divisible case, it is slightly less sharp as
Corollary 3 of [24].

Corollary 3.7 Let vy = --- = v, have bounded support in By(0,R), and let F =
(Fi, ..., F,) be a vector of n (non-necessarily independent) random functionals. Assume
that

n

Z |Dgy Fj(@)

NE < &? < o0, PQvi(dw,dy)-ae.,i=1,...,n,
Yy

j=1
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and
> D6y Fi@)agy, <&* < oo,
b=l Lo(QX, P)
Then (3.12) holds for 0 < A < &@>R?/&*:
[Fl2 X Fl2
E | : 3.15
[exp( aR og, aR < 00 ( )

Proof First, note that | D ) F;| < a|yly <aR, since D yFj is zero for |y|y > R, v| being
supported on By (0, R). We can thus apply Corollary 3.6 and get

X X&R 7$7&2R2
P(f(F)—E[f(F)]Zx)Seﬁ<1+ i ) L xs0 (6
a
which is (3.14) with K = @R and ¢ = 1. Finally (3.15) follows from (3.16) as (3.12) follows
from (3.11) in Corollary 3.4. O

In the previous corollary, & is dimension dependent, unlike Corollary 3.4, so that the
exponential integrability is not dimension free in the dependent case. As an application of
Corollary 3.6 we obtain an upper large deviation bound in the dependent case, for random
functionals with bounded support.

Corollary 3.8 Let vy = --- = v, have bounded support in By(0,R) and let F =
(Fy,..., F,) be a vector of n (non-necessarily independent) random functionals. Assume
that

n

Z |Dii.y Fj (@)
v}

Then for any £*-Lipschitz(c) function f : R" — R, we have

5 log P(1f(F)| = x) 1
imsup —————————~ < ———,
X—>00 xlogx caR

<&? < oo, P®vi(dw,dy)-a.e.,i=1,...,n,
j=1

and

n
2
Y 1D i@y, < 0.

i,j=1

Lo°(QX,P)

When restricted to single Poisson integrals, the previous result recovers the upper esti-
mate of Corollary 4 in [24] in which a deviation result is obtained for the norm of infinitely
divisible vector with Lévy measure having a bounded support. See also [12] for related
results in the framework of large deviations for Poisson stochastic integrals.

4 Quadratic Wiener Functionals

The results of the previous section apply in particular to quadratic Wiener functionals since
they have infinitely divisible laws, cf. [17], and can be represented as Poisson stochastic
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integrals with finite variance. Note that exact estimates for the tail probabilities of (quadratic)
Wiener functionals have been obtained in [11], see also [5, 13, 18, 19]. Here we present
dimension free results for norms of vectors of independent quadratic functionals. In this
section we take X = R.

4.1 Second Order Wiener Integrals

It is well-known (see e.g. [17]) that every centered quadratic Wiener functional can be de-
termined by a symmetric Hilbert-Schmidt operator A : L>2(R,) — L?>(R.) with eigenvalues
(ax)ren and a complete orthonormal basis of eigenvectors (fi)rey in L2(R.). In particu-
lar it can be expressed as a second order Wiener integral J,(f>) with respect to a standard
Brownian motion (B;)er, , With

1 o) o) 2
h(ﬁﬁ=5§:w(<£ hAOdE> —1)
k=0

where the series converges in L>($2%), and £, has the decomposition

1 o0
fa= > kX:(;akhk ® hy,

converging in Lz(Ri). Note that J,(f>) is distinct from the double Poisson stochastic inte-
gral I,(f>). The variance of J,(f3) is

Var[J,(f>2)] = ||f2||L2(R2 Zak

In the sequel we consider a vector (J2 ( f2 ., J3(f3')) of mutually independent second
order Wiener integrals of f2', e Lz(R ) w1th respect to p0551bly different Brownian
motions. Denote also by (a,’;)keN the elgenvalues associated to J; ( fz) i=1,...,n.Foreach
i=1,...,n, Jé ( fzi) is infinitely divisible, integrable, and centered with Lévy measure

v,(dy)—l(}>0} Z me y/“kdy—i- {y<0) Z mefv/akdy, 4.1)

k,ak>0 k,ak <0

cf. Theorem 2 of [17]. Hence from (1.3), ]21' ( fzi ) has the representation

B = [ yean - ua. @2
—o0
as a single Poisson stochastic integral. Denote by
G e o= m(Ca). o= mapa
the maxima of the spectral radii associated to J) (f)), ..., J3(f3).

In the next proposition we apply Corollary 2.5 to obtain a deviation result for £!-Lipschitz
functions of quadratic Wiener functionals. Note that Corollary 4 of [9] (or Proposition 3.1
applied to Poisson stochastic integrals) would yield dimension free deviation results when
g is £*-Lipschitz, however with an additional range condition.
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Proposition 4.1 Let (J) (f, ., J7(f})) be a vector of independent second order Wiener
integrals. For any £'-Lipschitz(c) function g:

(8(H (D)o T3 ) — E[g(L () T ()] = x) < exp(—/o h‘1<s>ds),

x >0, where h™! is the inverse of the function

2
h(t) = - ZZ re(ap) t [0, ca)™).

11k01_6t|a|

Moreover,

P(g( (S, D) — E[g(1 (£,

I3 ()] = x)
2 1312, e
< exp(—i + —2L(R+) log(l ad >) 4.3)
ac a 2c Z, 1 ”fz ||L2(R2

1 log3 2
Sexp(——<1 — K) min(f, al >> x> 0. 4.4)
c 2 a4 1 e,

Proof From Corollary 2.5 and (4.2), (4.1), (3.4), we have

hoy ey [ e =
i=1Y "%

S T o
kO_

1lk0 1]

- 21,:1 = l—ctak 2 — = 1+cta,’;
a,i>0

_1 Zi tc (ak)2

== 1—ct|ak|

<0

For the second part of the Proposition, since

<) ZZ tc (ak) 2c%t Z Hfz ”Lz(R2)’

i=1 k=0 —cta)

€ [0, (ca)_l),

one can take

t
IOES .
cat +22 370 |1 f3 ||L2(R2
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from which (4.3) follows with explicit computations. Finally (4.4) comes from the following
elementary inequality:

log3 A? A
1—i min Ax,—x < Ax — Blog 1+_x
2 4B B

forall A, B > 0. O

Alternatively, and since lim,_, o, h~'(¢) = 1/(ca), we have for any & > 0
P(e(2(f): s (D) = E[g( (), - B3 (F))] = %)
<Ci(a,c,n,e)exp(—x((ca)”" —¢)), (4.5)

x > 0, for some constant Cy(a, c, n, ¢) depending on ¢, n and ¢. It follows that there is a
constant C,(a, ¢, n, ) such that

E[eMg(le(le) ..... J;(fﬁ’))l] < Cy(a,c,n,)) < o0, (4.6)

forall A < 1/(ac), and every £'-Lipschitz(c) function g : R” — R. In fact, (4.3) implies that
forall A < —1— -2 IIlele(Ra

1
E|:exp<a|g(J21 (D)o D) + 2 1og(1+ g (S (), J;(f;))|)>}

< Cs(a,c,n, A),

for some Cs(a, c,n, ) < oo. For the supremum of J2' (le), ..., J2(f3), which is a Lip-
schitz function with respect to the £°°-norm, hence with respect to the £'-norm, the previous
corollary can be strengthened by making use of (3.5).

Proposition 4.2 Let (le (le), . I3 () be a vector of independent second order Wiener
integrals. Then,

P(sup(J3 (f5), ..o, I3 (D) — E[sup(J3 (), ... I3 (£))] = x)

< exp<— /Xh’](s)ds>,
0

x >0, where h™! is the inverse of the function

h(t) = = ZZ t(a")l., t€l0,1/ay).

i=1 k=0
ak>0

Moreover,

P(sup(J3(f3), ..., I3 () — E[sup(J3 (f3), ... I3 (f))] = x)

n i2
X 221':] ||f2 ”LZ(R%») apx
<exp _—+—210g I+ n—
a (Cl+) 221 1 ||f2 “LZ(]RZ

log3 2
< exp(—(l — K) min( al x_)) x > 0. 4.7
2 ag 42 1 ”fZ”LZ(]RZ
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Proof Follow the lines of the proof of Proposition 4.1 starting from (3.6) instead of (3.4).

Note that in dimension one and for second order Wiener integrals, (4.7) above implies
the upper deviation bound of [18] (Example 5.1), since

ay =2 sup (fz,h ®h>L2(R3_)'

Il 2 g, =1

Counterparts of (4.5), (4.6) for sup(J21 ( le), ..., J3(f3)) can be derived in the same way.
Our next result is a first lower bound.

Proposition 4.3 Let (le( le), <. IN(f3)) be a vector of (centered) mutually independent
quadratic Wiener functionals. For any b € (0, 1), there exists x, > 0 such that

1-b - i —x/al
P(|(Jz‘(le)~--,Jz”(fz”))lmzx)2Tga’e x> x,

with @' = maxyey |af|, 1 <i <n.

Proof Let Fi,..., F, be n independent random variables with respective distribution
ID(m4,0,vy),...,ID(m,,0,v,). We may and do assume that {k : a,’; # 0} is finite for all
i=1,...,n, since the general conclusion can be obtained by convergence in distribution.

We have for x > 0:

P((F1, ..., F)loo=x) = P(Ji €{l,...,n}: [Fi| = x)
=1-P(F|<x, 1<i=n)

=1-[[PUFI<x.

i=1
Writing
F=F +F —m,

with

Fre=[ o, Fe=[ (;ywi(dyx m= [ yuan,
we have
P(F;<x)= /Ooo P(Ff <x+m;+y)dP(F~ =—y)
< /OOO P@i(lx +mi +y,00)) = 0)dP(F =—y)
= [ exptuttr mi+ yoomap ==,
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Here,

—y/aJr —)c/af.F
v ([x, oo))—/ Z L gy ~ N+/ £ 4y ~ d N °

2| | X—00 2y X—00 + 2x
where f(x) ~y_o g(x) means that lim,_ o f(x)/g(x) =1, and ai = max ,i o |a,’;|,
N' =#{k, aj, =a' }. Hence for all b" € (0, 1) there exists x; ,y > 0 such that

x/a_'*_

P(F; <)c)§exp<—a+N’+e2 (l—b)) X > Xip-

Similarly we have

—x/ai

_ _—»/ak ~ a N &
vi((=00, —x]) = / Z T dy ~ a-N.——,

witha’ = max; i - laj| and N' = #{k, ai = —a' }. Hence x;;y can be chosen such that
} ) efx/ai_
P(F; > —x) <exp (—aLNi (1— b/)>, X > Xy,
thus
) —x/a’
P(|F;| <x)§exp<—a’ (l—b/)>, X > Xip
For x > max{x; p, ..., X, p}. It follows that

n -e_x/“i
P((F1,..., Fleo>=x) > 1 —GXP<—ZI:al P (1 —b/)>,
and so for any b € (0, 1), there exists x, > 0 such that

1—b < . ;
P(|(F1,...,Fn)|wzx)zT;aw/a, X > Xp. _

Note that without the independence assumption on (le ( le), ... 3 (f3)), a similar ar-
gument leads to the estimate

—x/a

2x

P(|(J (D)o (D)o = %) Z al = b)

for any b € (0, 1) and x large enough. A version of Proposition 4.3 can also be stated for
sup(J21 ( f2‘ ), ..., JJ(f3)). Forn = 1, and for second order Wiener integrals, this also implies
the lower deviation bound obtained in Example 5.1 in [18].
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Proposition 4.4 Let (121 )y I be a vector of independent quadratic Wiener
functionals. For any b € (0, 1), there exists x;, > O such that

l=b& i
P(Sup(le(le),-..,Jz”(f{’))ZX)ZTzaie /% x> x,

. i _ . i .
with a, = MaX; ey i~ %> 1<i<n.

Proof We follow the lines of proof of Proposition 4.3. Let Fi, ..., F, be n independent
random variables with respective distribution ID(my, 0, vy), ..., ID(m,, 0, v,). We have for
x> 0:

P(sup(Fi,.... F) = x) = 1 = [ P(F <),
i=1

which leads to

- i 67X/ai+ /
P(sup(Fy.....F)=x)>1—exp| — ) a} S—(1=1)),
X
i=1

for x sufficiently large. Hence, for any b € (0, 1), there exists x; > 0 such that

b )
P(sup(Fy, ..., . Eaﬂre"‘/“Jr, X > Xp. -
Without the independence assumption on (J, (f3), ..., J3(f3)) we get
efx/aJr
P(sup(f2 (f2) - S5 (f) 2 %) Zar (1 =b)——, (4.8)

for any b € (0, 1) and x large enough. In the next corollary we derive an exact tail estimate
for the £,-norm of vectors of independent quadratic Wiener functionals, recovering, in the
special case of second order integrals, the result obtained in [2] for non-decoupled Gaussian
chaos, see also [14, Corollary 3.9].

Corollary 4.5 Let p € [1,00], and let (J2 ( f2 I3 (f3) be a vector of independent
quadratic Wiener functionals. Then

lim log P(I(J; (f3), -, (3] = x) _ _1.
x——+00 X a

(4.9)

Proof For any b € (0, 1), from Proposition 4.3 and Proposition 4.1, there exists x; > 0 such
that

7x/a

(l—b) Za<P (D, B3] 2 %)

P(|( (s B UD)|, = %)

X —M 230 ||f2||L2(R2 a(x — M)
§exp(— log<1+ —))
a a2 2 i g,

x > max(xp, M), with M = E[|(J; (), ... JZ(FDh]. |
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Note that for n = 1 and for second order Wiener integrals, the above result coincides with
Theorem 2.2 of [5] (see also [13] and [19]), since a/2 is also the strong operator norm of
the linear map canonically associated to f, i.e.

a=2 sup |<f2’h®h>L2(]Ri)|'

Ml 2, =1
A result of [5] states that
log P(su I (fii)] = x) 1
lim g Prer, [In ()] __ : 7 (4.10)
x—+00 X ZSU.p,E]RJr ”fm”Lz(]R'_ﬁ)

provided (J,,(f}))ier, is a process of m-th order integrals with a.s. continuous sample
paths (see also Remark 4.3 in [18]). It is clear that for n =1, m =2 and p = 400, (4.9)
and (4.10) coincide. However, (4.10) does not imply (4.9), since as is well known the
process (J,, (f))ier, cannot be jointly measurable and have independent components. For
the supremum of J)' (£)), ..., J3'(f;) we similarly have:

Corollary 4.6 Let (le ( le), ... I3 (f3)) be avector of independent quadratic Wiener func-
tionals, then

log P(sup(J}(f), ... BN =) _ 1

lim .
x—+00 X ay
Proof Apply Proposition 4.2 and Proposition 4.4. O

A left deviation estimate for sup(J21 (f2), ..., J3(f2)) can be independently obtained
from

P(sup(J) (f)..... B (f) <x) =[] P(J5(f) <x).
k=1
which can then be estimated from Proposition 4.4 or Proposition 9.17 of [11]. Counterparts
of (4.7) in Proposition 4.2, as well as Proposition 4.4, Corollary 4.6 and (4.8) can also be
stated for the left deviation of inf(J} (f2), ..., J3'(f»)), replacing @', by a’, i =1,...,n,
and a, by a_. Since

-==2 inf  (fr,h®h) g2

Wil 2 =1

this will imply the one-dimensional left tails of [18] (Example 5.1). For an arbitrary norm
Il - Il on R", we have

i=n

E Xi€;

i=1

lxll = < |x|; max [l
1<i<n

Hence,

1 1 n n
limsuplogP(II(Jz(fz),...,J2 ) EES - | |
e X amax <, |le|
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Similarly, since ||x|| > Cy.;|x| for some constant C}.; > 0 depending on the norm || - ||,

1 1 n n
hminflogp(ll(fz(fg),-..,12 (NN =x) _ 1 '
x—+00 X aCH.“

For the Euclidean norm, we also have the following dimension free deviation inequality
obtained from Proposition 3.2 for an i.i.d. vector. The independent but non identically dis-
tributed case is similar with more notation.

Proposition 4.7 Let (J21 (f2),..., J3(f2)) be an i.i.d. vector of second order Wiener inte-
grals, and let b € (0, 1). Then,

P(|(1 () ()|, = 2E[| (1 (f2). - T3 () ],] = x)

< e IDEtKy x5, (4.11)
and
P([(2(f2). - B ()], = 2E[| (52 (). - T3 (f2) ] = %)
<e U0z, xz%akb/z (4.12)
where
sz—%logb 8||f2||L2(R2<2 W)“ b)

4||f2||L2(R2 1-—52
GBI ( b? )
Proof Applying Proposition 3.2 with § =1 gives
P([(2 (£, ()|, = 2E[|d(J2 (fo), -, 3 () ],] = %)

X t
< exp(—/ h—l(s)ds> =, r?illl/ exp(—tx —i—/ h(s)ds), x>0 (4.13)
0 <t<l/a 0

where
h =4 Z/ e /dy + |Jz(f2)| ENLD? Z/ Jetdy
ak>0 ak>0
o [ / ! [0 20 /
+4 / 0 _ e~V gy 4 f 0 _ e~ Vag
k; B e A IV ATAIIE g e o ey
a; <0 a; <0
>, ta? 2 = 1
S
2 et @ & Ty
161l ra | SVENgr, ¢
< —
- a 1 —ta (E[|Jz(f2)|])2 ((1 —ta)? )
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Dimension Free and Infinite Variance Tail Estimates on Poisson Space

Letting

16]| 2112, 0 8l 21125 2
A= —2L ® and B= — 2O (R+)2,
a (E[l0/21D

we have

! 1 1
/0 h(S)dS < —A(lOg(l —t(l) +ta) + B(m —ta — E)

ta B (ta)?

= —Alog(l —1a) = (A+ Byta+ B = 5 (T

Taking t = (1 — b)/a, the min in (4.13) is bounded by

min exp(—tx +/ h(s)ds> < exp(—(l — b)g + Kb>
0

O<t<l/a

where

1-b

a _ _ h)2
Kb=/ h(s)ds:—Alogb—(A+B)(1—b)—i—Bl b_pld=b
0

b? 22

and (4.11) follows. Taking t = (1 — b/2)/a in (4.13) yields

min exp(—tx —f-f h(s)ds) < exp(—(l - b/Z)Z + K;,/z) < exp(—(l - b)§>’
0

0<t<l/a

x> 2K, and (4.12) follows. O
Note that the growth of K}, isin 1/b%, as b — 0.

4.2 Square Norm of Brownian Paths on [0, T']

An example of quadratic Wiener functional for which the coefficients (a;)ren can be explic-
itly computed is given by the (compensated) integrated squared Brownian motion

2

T T
br =f (B(t))*dt — —
0 2

2

on the interval [0, T]. In this case, from [10] or §3.1.1 of [17], we have a; = (Zkiﬁ, k>0,
and the above results apply with a = %2 and
00 2
>ai=
2
k=0
Letting (hL, ..., h%) be a vector of i.i.d. copies of bz, Proposition 4.1 states in this case that

for any £!-Lipschitz(c) function g : R" — R:
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P(g(br. . b7) — E[g(b7. .-, b7)] = x)

- w2 n nm? ) 4 8x
exp| — 0
SOP\T4er? T 372 BT G

log3\ . (n’x x°
SCXP(—<1—7> mln(W,m>>, X>O,

P(g(by,....0%) — E[g(b}.....0})] =x) < Ci(c.n, T, &) exp(—x(w?/(4cT?) — ¢)),

x > 0. It follows that

and for all ¢ > O:

for all A < %/(4cT?) and some constant Cy(c, n, T, L) < oo. For any b € (0, 1) we also get
the lower bound

n T2 —xr[2 2
P(|(b7.--.b7)| = x) = 2n(1 —b) e yar?).

for x sufficiently large, and from Corollary 4.5:

i 02PUOR. DDl zY
x—>-+00 X 4T?

pell, ool

For the Euclidean norm and from Proposition 4.7, we again obtain dimension free deviation
inequalities: for any b € (0, 1),

P09, 2B 0] 20 2o k). vz
and
T TATNREYE (TR B PR (L NS
where
: ! 2 _ 12
Kb=—%logb—T2<%+m>(l—b)+m%.

4.3 Sample Variance of Brownian Motion on [0, T']

A second example is given by the (compensated) sample variance of Brownian motion

T 1 T 2 T2
or :/0 <B(t)— ?/0 B(s)ds) dr — 3

on the interval [0, T']. From [10], or §3.3.1 of [17], a, = %, k>1,a0=0,a= i—; and

00 T2
a2=—.
2=
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Dimension Free and Infinite Variance Tail Estimates on Poisson Space

Letting (v}, ..., v’) be a vector of i.i.d. copies of by, we have from Proposition 4.1 that for
every £'-Lipschitz(c) function g : R” — R:

P(g(vy,...,05) — E[g(of, ..., 0%)] = x)

- 2x + nm? ) - 6x
exp| ——= 4+ —=1lo
=exp cT?  6T? £ cnm?

and for all ¢ > O:
P(g(ulT, o) — E[g(t)lr, RV b'})] >x)<Ci(e,n, T, ¢) exp(—x(nz/(cTz) —¢)),

x > 0. It follows that

forall A < 2/(cT?) and some Cy(c,n, T, 1) < 0o. For any b € (0, 1) we also get the lower
bound

T? 2,72
1 n —xn”/T
P(|(nT,‘..,nT)|oozx)zn(1—b)2xn2 ,
for x sufficiently large, and from Corollary 4.5:
log P(|(0}, ..., 0%)|, > 2
lim 08207 Dz _ T pell o0l
x—>+00 X T?

From Proposition 4.7, for any b € (0, 1):

21-b
P(|(obs . 0], = 2E[| (0} ... v2) ] = %) Sexp<_%x+m>, 20,

and

72(1 —b) 272
P(|(UIT,...,n’})}z—2E[|(U'T,...,U'})|2]Zx)sexp(—Tx>, 2 2Ky
where

K — 27141 b T? 2714+ 1 )(l—b)—i— T? 1 —b?
b= 3T T 3\ T Eler 6(Eljor)? b2

4.4 Lévy’s Stochastic Area

Let (B'(t), B*(t));er .» be a two-dimensional Brownian motion. Lévy’s stochastic area Sy
on [0, T'] is

T
Sr = % f (B'(0)dB* (1) = B*0)dB' (1)),
0
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cf. [15]. From Sect. 3.2.1 in [17], we have a; =
Proposition 4.1 applies and gives

(2k+l)7r k€Z,a=T/rand) ,a} =T?/2.

2

nmw

1 ny _ 1 n 2x 2 _n_x
P(g(S7.---.S}) E[g(ST,...,ST)]zx)f<1+nCTﬂ> exp< CT), (4.14)

x > 0. But since the Lévy measure of St has the analytic expression

vi(dy) = dy (4.15)

2ysinh %

(cf. page 175 of [15], §3.2.1 of [17] or Example 15.15 of [25]), direct computations can be
done and we have

Proposition 4.8 Let g : R" — R be £'-Lipschitz(c), and let (S, ..., S7) be an i.i.d. vector
of Lévy’s stochastic areas on [0, T]. Then,

; . X 4n Tx
P(g(S},...,ST) — E[g(S1 ,...,ST)] zx) < (1 + m) exp(—;).

The bounds in (4.14) and in (4.16) are not comparable, but they both converge to 1 as n
goes to infinity.

Proof Using the representation of Sy as the compensated Poisson stochastic integral

/ y(@(dy) —vi(dy)) (4.16)

and (3.4) derived from Corollary 2.5, we have

h(t) = ne f I (€D — 1)y (dy)

> Iyl 1
— tclyly _l d
nc/ ¥l (e )Zysmh zy &Y

———————dy

< 2nc
err)/T

/ en)/T _e—r[y/T

2 T oz
< ne t / g_%(T_Ct)dy
= T A

4nc*tT

<— T
< n(%—ct)’ 0<t<m/(cT),

using the inequality

Lew-vw2 1 g, 4.17)

| /\
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Dimension Free and Infinite Variance Tail Estimates on Poisson Space

for 0 < u < v. Hence

¥ T2 [ s T X
| nwas<-Z | — 2 as=—" x fanlog(1 .
/0 (s)ds < T /0 4nc®T + cms y ch+ " 0g< +4ncT> g

The above result can also be obtained from Theorem 1 in [6] in place of (3.4). Alter-
natively, we have lim,_,oc h™'(t) = 7 (cT)™" since lim,_, ;7y-1 h(1) = +o0. Hence for all
& > 0, we also derive as in (4.5)

P(g(S}, ey S;) - E[g(S}, s S;)] zx) <Ci(c,n, T,és)exp(—x(ﬁ(cT)_1 — 8)),

x > 0, for some constant C;(c,n, T, ¢) depending on T, c, n and ¢. This last inequality is
not dimension free. Nevertheless it yields

E[e)\\g(SlT,....S;l-ﬂ] < Cy(c,n, T, L) <00, (4.18)

for all A < /(cT), and every £'-Lipschitz(c) function g : R” — R. For any b € (0, 1), we
also get the lower bound from Proposition 4.3:

) nTe ™/
P(|(Sp..... 8F)| =x) = I v

)

for x sufficiently large. And from Corollary 4.5, for p € [1, oc], we have

lim log P(I(S7+ - SPp2%)
x=>F00 x T

where we replaced T by max; <<, T} for non identical variables S}l e S%l. It recovers a
univariate result of [3] and extends it to £”-norms of i.i.d. random vectors, independently of
their dimension.

For the Euclidean norm and from Proposition 4.7, we again obtain dimension free devi-
ation inequalities: for any b € (0, 1), we have

(1-b
—x

P(I(Sh .. S2)|, = 2E[|(Sh ... S2)],] = %) Sexp<— LK), x>0,

and

n " 1-b) 2T
P(!(S},...,ST)|2—2E[|(S},...,ST)’Z]Zx)Sexp(—%x), .

where

167> (1 —b)?

K, = —32logh —32(1 — b) +
’ b= =D+ Sy B

5 The Infinite Variance Case

In [7], deviation results have been derived for Lipschitz functions of stable random vectors.
In this section, we extend these results to general Poisson functionals under arbitrary inten-
sity measures. Deviations are now given with respect to a median rather than to the mean
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(which may not exist). For A in 5(X) (the Borel o-field of X), let vg(A) = v(AN Bx (0, R)),
where 0 denotes an arbitrary fixed point in X. The proofs of the forthcoming results are in-
spired by that of Theorem 1 in [7]: configurations are truncated and we will use the following
notation on the configuration space. For a fixed R > 0 and any w € QX let

wr =wN Bx(0, R), wip =wNBx(0,R) ={x ew:dx(0,x) > R}.
Given a stochastic functional F' on the configuration space, we also set
Fr(w) = F(wg) = F(o N Bx(0, R)),
and denote by y a non-negative and non-increasing function such that
P({o € Q¥ : 0N Bx(0,R)* #0}) <y(R),

for all R large enough. The next lemma will be used in the sequel. It allows us to control
m(Fg) —m(F) asin [7].

Lemma 5.1 Let F be a stochastic functional on the configuration space such that there ex-
ists a non-negative and non-decreasing function B (resp. non-increasing function y) defined
on R, such that for all R greater than a given Ry:

P(Fg —m(Fg) > B(R)) < 7(R). (5.1)

Then we have

m(Fg) —m(F) < B(R), (5.2)

1
RZmaX<R0,O ianfl/zmax<y_1(8),)7_l<§ —8))). (5.3)

Proof The case m(F) > m(Fg) being trivial, we consider henceforth m(Fg) > m(F). Let
0 <§é < 1/2 and assume

for all R such that

R>=y (3.
We have

0 ! § < ! (R)
S270=377

<P(F=m(F))—P(lweQ" : ot #0})
= ElFwguog<mF)) — Hagz]
< E[l{rwp)<m]
= P(Fr <m(F))
= P(Fr —m(Fg) <m(F) —m(Fg))
= P(—Fr —m(—Fg) =2 m(Fr) —m(F))
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where we used the fact that —m (Fg) is a median of — Fg. Consider the decreasing function
Hp(x) = P(—Fg —m(=Fp) 2 x), x€R,

and let Ig(y) =sup{z > 0, Hg(z) > y} denote its inverse. We have

m(Fg) —m(F) < Ig(P(F <m(F)) — P({w € Q¥ : 0y £ 9})) < IR(% - 8). (5.4)

(1

From (5.1) applied to — Fg, we have

Assume further that

7 3 1
Hr(B(R)) = P(—Fr —m(—Fg) > B(R)) <y (R) < 5 5.

that is finally IR(% -8 < ,3(R), and from (5.4):
1 -
m(FR)_m(F)EIR(§_8>§,B(R)~ 0

The next result provides a general deviation property for stochastic functionals with infi-
nite variance on Poisson space.

Theorem 5.2 Let F be a stochastic functional on the configuration space such that there
exists a non-negative and non-decreasing function B, defined on R, and a constant C > 0
such that for all R greater than a given Ry:

@) SUPycpy (0,R) |Dy F(w)| < B(R), P(dw)-a.s.
i) IDFIgr 120, < BRIV (R)

Then
P(F —m(F)>x) < (1+Ce)y o B~ (x/4),

N
* Zzﬁ(y (2(1+Ce>>>'

Proof Configurations are truncated to deal on the one hand with the functional restricted to
the truncated configuration and on the other hand with the rest of the configuration which is
controlled using the function y. We have

for all

P(F —m(F) >x) = P(F —m(F) > x, 0% =) + P(F —m(F) > x, 0 # )
< P(Fg —m(F) > x) + P({w € Q¥ : 0 # 0}). (5.5)

For the first term, in order to apply (2.10) in Corollary 2.4 (which provides a deviation result
from the mean rather than from a median), let

gx)=@—m(Fp)" Ar, xeR.
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Then E[g(Fr)] < rP(Fgr > m(Fg)) <r/2. Moreover if Fr > m(Fg) + r then g(Fg) >
g(m(Fg) +r) >r, hence

{Fr=m(Fg)+r} C{g(Fg) =r},
and
P(Fr —m(Fg) zr) = P(8(Fr) = 1) = P(g(Fg) — E[g(FR)] = 1/2). (5.6)
On the other hand, g(F%) satisfies
Dyg(Fr)(w) = [g(Fr(wU{y})) — g(Fr(@))| < |Fr(wU{y}) — Fr(@)| =Dy F(wr)|,

since g : R — R is Lipschitz(1). Thus

sup  Dyg(Fr) < (R) and  [IDG(FR)I2 wigx 12 < CV(RIB(RY,
YyE€Bx (0,R)

and from (5.6) and Corollary 2.4 we get

X >X/(2ﬂ(R))

B x/(2B(R)) P ————
P(Fp—m(Fg)=x)<e (H 2Cy (RB(R)

and taking x = 28(R) we have:

-1
Cy(R)> <eCy(R), (5.7)

P(Fr —m(Fgr) 2 2B(R)) < 6<1 +

and from Lemma 5.1 with E(R) = 2B(R), y(R) = Cey(R) and condition (5.1) given
by (5.7), we get:
m(Fr) —m(F) <2B(R),
i.e. using (5.7):
P(Fr —m(F) > 4B(R)) < P(Fr —m(Fr) 2 28(R)) < Cey(R),

i.e. for x > 48(R), we have

P(Fg —m(F) > x) gceyoﬂ”(%), (5.8)

under condition (5.3) which can be rewritten in terms of x as

x> max<2/3()/71(5))’ 2ﬂ<y71 (é(% a 8))))
yoB ' (x/2) < min(‘s LG - 5))
= "Ce\2 .

The optimal bound with § € (0, 1/2), being obtained for §, = m € (0,1/2), i.e. the
condition on x becomes

i.e.

o1
x>2Boy (42(1 +Ce)>' (5.9)
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The estimate (5.8), together with

Plloea o 20) <y =ros (3).

gives
P(F —m(F)=x) < (Ce+ )y o' (})
using (5.5), under the condition (5.9). 0

Note that in the hypotheses of Theorem 5.2 it is sufficient to assume

sup |DyF(wr)l < B(R), P(dw)-as.,
yeBx (0.R)

and

IDFRIG oo 120y < CB(R)Y(R),

instead of (i) and (ii). The next corollary presents a particular and more tractable case of
Theorem 5.2.

Corollary 5.3 Let F : Q¥ — R, and let
y(R)=1-— e—V({yGXidX(O,be})’ R >0,
and assume that

sup [DyFI<C'R and |DF|7wigx 120, < CRV(R),
Yy€Bx (O,R)

forall R > Ry > 0. Then

P(F—m(F)>x)<<l+&>y< ol ) x>2C’y*1<;>
- (C")? VYol 2(1+eC/(CH?) )’

On R" equipped with the Euclidean norm | - |5, consider an £2-Lipschitz(c) function f :
R" — R and a n-dimensional infinitely divisible random vector F = (Fy, ..., F,) without
Gaussian component and with Lévy measure v. Let us apply Corollary 5.3 to the random
functional G = f(F), where F is given as in (1.3) by:

F= (/ Yi(w(dy) —v(dy)) +/ yrw(dy) + bk) .
{lyl2=1} {lyl2>1} 1<k<n

For the gradient, we have if y ¢ w:

IDyG(w)| = [G(wU{y}) — G(w)]

=‘f</ u(w(du)—v(du))+/ w(du)+y+b>—f(F)'
{lul=<1} {luly>1}

<clylas
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since f is £2-Lipschitz(c), and we obtain |D,G(w)| < cR, for |y, < R. In this case, for
G = f(F) the conclusion of Corollary 5.3 reads

P(G—m(G)=x)<(1+ Ce)(l - exp(—v(iu eR": |ulp > %}))) (5.10)

When f (x) = |x|, is the Euclidean norm on R", Lemma 5.4 below also yields a lower bound
on P(|F — m|, > x) which has the same order as the upper bound (5.10).

Lemma 5.4 Let F be an infinitely divisible random vector ID(b, 0, v) in R". Then for all
m € R we have

P(|F—m|>x)> %(1 —exp(—v({u e R" : full = 2x}))), x>0 (5.11)
where || - || denotes any norm on R".

Proof We start by assuming that F is symmetric. Then, since F can be taken to be the value
F(1) at time 1 of a Lévy process (F(t))o<;<1 starting from F(0) =0, we have from Lévy’s

inequality:
- k k—1
P(IF| zx)=P< ZF(—) —F( ) zx>
n n
k=1
1 j j— 1
2 I<j<n n n
Hence

1
P(|F||=x) > liminf—P<max
n—oo 2

1<j<n

f(3)-r(5)

1 _ J ji—1
> —P|liminf max |F|=)—F > X
2 n—oo 1<j<n n n
> lP( max || F(s)— F(s7)|| >x)
-2 5€[0,1]
1
> 5(1 —exp(—v{u e R": Jul > x})) (5.12)

where (5.12) is a n-dimensional extension of Example 22.1 in [25], which relies
on the fact that if w on Ry x R" has a jump of | - |-norm greater than x, then
maxgepo, 17 |1 F(s) — F(s7)|| > x. In the general case where F is not necessarily symmet-
ric we apply the above to F' — G, where G denotes an independent copy of F, and use the
inequality

1 1 1
PAIF —m| zx)=ZP(IF —m|| zx) + S P(IG —m| 2 x) = S P(|F — G| = 2x).
forallm e R. 0
We now present several examples of Lévy measures v for which the function y can be

explicitly computed, and where F has infinite variance, i.e. fR" lylI>v(dy) = oo, but where
f(F) satisfies the above hypothesis for f an £2-Lipschitz(c) function.
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1. Let R" \ {0} be equipped with the measure given for B € B(R" \ {0}) by

V(B)—/ G(d%‘)/ 15(ré)
sn—1

where o is again a spherical finite measure. Since

|10ng

(5.13)

/ YEv(y) = o (5" < oo
{lyla=1}

and

v({|X|221})=f cr(al.>§)/DC |kzir|dr<oo,
n—1 1

v is a Lévy measure. Moreover f(‘v|2>” |y[3v(dy) = oo, hence F has infinite variance.
As before:

P({weQX:w;;é@}):l—exp(/ o (df) |1°§r|dr)
N (Irgl>Ry T
. logr
=1 —exp(—(r(S 1)/1; r—2dr)
<o(sr)LTIER )
R

Thus, choose y (R) =20 (5" 1) %. On the other hand,

IDF(F)I} o gx 1200 < / Alylv(dy)
{lyl2=R}

1 R
=—c? / o (d§) / logrdr + 2 / o (d§) / logrdr
sn—1 0 sn—1 1

=c’o(S"")(RlogR— R +2)
<Ry (R)/2.
2. Let X =R", with the finite (Lévy) measure v given for B € B(R") by

71/(2r)

v(B):/S”_ cr(d&)/ IB(rE) R dr. (5.14)

The infinitely divisible random variable given by the Poisson stochastic integral in (1.3)
is thus another example of a random variable without finite variance since

/ yBu(dy) =
{lyl2=1}
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Once more:

t(371/(2;1)
P(wS £ @) =1 —ex —/ o (d§) 7/dr>
(@f #9) p( sl : (Irgh=R) r*~/2m

| 0 671/(2r2)
<o(S"” / dr
( ) R 1227

| 1/R e—u2/2
=o(S" du.
U( )/0 V21 !

_os"h
Choose y(R) = T . Moreover,

IDF N g oy =€ [ Ivatay)
B(0,R)

) R 26—1/(2;1)
=c a(dg)/ r dr
/;"*‘ 0 r22m

) . R e—l/(2r2)
co(S" / dr
O

(o] e—u2/2 du

2 n—1
— (s / e fdu
( /R 21 u?

R —1/2R?) 0 ,—u?/2
:czo(S"_l)< ¢ — ¢ du)
N2 I/R V21
< cIR?y(R).

3. The above deviation results for f(F) with F as in (1.3) a stable or an infinitely divisible
random variable, and with Lévy measure either given by (6.1) or (5.13) or (5.14), con-
tinue to hold after minor changes for Holder continuous functions of order 0 < 7 < 1.
Indeed, for such a function f we have

IDy f(F), <clyly <cR", |y <R.

For instance in the case of the Lévy measure (5.13) we have

R
IDF W 20 = [ o) [ ronian

N

R
=c20(S”_1)/ r2h_2|logr|dr
0

1 R
= —cza(S”_l)/ r?~2logrdr +c20(S”_1)/ r*2logrdr
0 1

- 5 (Sn—l) R2hfl lOgR R2h71 N 1 N 1
o — .
=¢ 2i—1  Ch—12  Qh—12  2ht1

@ Springer



Dimension Free and Infinite Variance Tail Estimates on Poisson Space

We can thus apply Theorem 5.2 to G = f(F) with (up to multiplicative constants) the
functions:
logR

— ph —
B(R)=R" and y(R)= R

A similar computation yields in the case of the Lévy measure (5.14):

2 2,12k
IDFI,sox 1200y = c’lxly vr(dr)
@X.L2(vp))
{Ixl2<R}

c?

2w Jsn-t

< CZO,(Snfl)

=

R
o(d§) / PH=2o=1/2%) g
0

R2h—le—1/(2R2)
h—1)V27

Once more, Theorem 5.2 applies here, in the Holder continuous case, with up to multi-
plicative constants,

e~ 1/2RY)

RV27

Before turning to the case of stable intensity measures in the next section, we prove the
following lemma for a general intensity measure v, which is a generalization of Lemma 2
in [7].

B(RY=R" and y(R)=

Lemma 5.5 Let F : QX — R and an, a3, as, K > 0, such that

@) SUp,cx |ID,F(w)| < K <00, P(dw)-a.s.

) IDFIE g i) < 0 <00,k =2,3,4

Assume moreover a3 < 204/ K and K*ay/ay > 2. Let sy be the (unique) positive solution of

4 _ 4 sK
s(az—ﬁ>—ﬁ(6 —1). (5.15)

Let xg = 3so(cts — s/ K?). Then for all x < xo,

2
P(F—E[F]Zx)fexp(—wz_x—ou/l(z)), (5.16)

while for x > xo,

P(F — E[F]>x) <K ¥ (x ) Be), (K (5.17)
— X exp|l = — | =+ — ) 1o — ), .
= SRoP\ e T\ T ke )8 30,
with
K X0 n X0 n 3ay ) I+ K3x xé (5.18)
= ¢€X —_— — —_— (0] — . .
0= T T K T ke )8 30z ) 6(cr —as/K2)
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Proof From Proposition 2.2 we have

P(F—E[F]>x)< exp(— /x hil(s)ds>, 0<x<h(y), (5.19)
0

with & given in (2.2). Using the bounds | D, F| < K and

2 sK_]_ K — 2K22
e — 1 Zsu+ Sul+ = e 23 0<u<K s>0, (520

we have

2
h(s) < sup /(SIDyF(w)IIDyF(w')I+%IDyF(w)IZIDyF(w’)I
X

w,0 €Qy
K_1-5K—5°K?)2 3 ,
+ X3 |Dy F ()’ Dy F ()] |v(dy)
<s sup /lD F(w)||Dy F(a))lv(dy)+— sup /lD F(o)*| Dy F () |v(dy)
w,0' €Qy u)wEQX
ek —1—5sK —s*K?)2 3 ,
+ X3 sup |DyF(w)|”| Dy F () |v(dy). (5.21)
0,0 eQx J X

From Holder’s inequality, we have for p =g =2:

sup / |DyF ()| Dy F () |v(dy)

w,0'eQy JX
172 12
< sup {(/ |DyF(w)|2V(d)’)> X </ |D},F(a)/)|2v(dy)> }Saz,
w,0'€Qy X X
for p=3/2,q =3:

sup [ |DyF(w)]*|DyF(o)|v(dy)

w,0'€Qy J X

) 2/3 1/3
< sup {(/ ID‘-F(w)ISU(dy)> X (/ IDVF(w/)|3v(dy)) } <as,
3 wweqy x x

and similarly for p =4/3,q =4:

sup /IDyF(w)|3|DyF(w’)IV(dy)

w,0'€Qyx J X

3/4 1/4
< sup {(/IDyF(w)I4V(dy)> <f ID,VF(w/)I“V(dy)) }§a4-
w,0' €Qy X X
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From (5.21) we get

52 eSK—l—sK—%K2
h(s) Ssaz—i—?og—l— I (71
2
N Oy N Oy Q4 o K
_s(az—ﬁ>+5<a3—?)+ﬁ(e —1). (5.22)

Since we assume a3 < 2a4/K, the second summand in the right-hand side of (5.22) is
bounded by the third one for all s > 0. We may now end the proof as in Lemma 2 of [7]:

2
h(s) < 3maX(S<Ol2 — %)7 %(053 — %)7 %(651( _ 1))
— Q4 oy ook
= 3max<s<oz2 — ﬁ)’ F(e _ 1))

221

e

(% — 1), s> 80
where sy is the unique positive solution of (5.15) which is well defined since Ko, /ay > 2.
Hence, letting xo = 35 (02 — ay/K?) we may take

t

N R

11 1+K3t fort >
— 10! — or Xi
K £ 30(4 =70

which yields (5.16) and (5.17) from (5.19). O

for 0 <t < xo,

Lemma 5.5 will be used in the proof of Theorem 6.1 below to obtain a deviation result
under «-stable Lévy measures for all value of @ € (0, 2). The following lemma applies only
for o > 1, but will yield a slightly better range condition in Theorem 6.2, and is stated
without boundedness assumption on the 4th order moment.

Lemma 5.6 Let F : QX — R and ay, a3, K > 0, such that Ko, > 203 and

: 2
@) IDF g2y < @2 <00
(i) |DFI? <3 <00

L®(QX L3 (v)) —
(i) supycy |DyF(w)| < K <00, P(dw)-as.

Denote by s, the unique solution of

sK
¢ — I_ KZ—z ~1
Let also xo = 2so(a — a3/ K ). Then
x2
P(F—E[F]zx)fexp(—m>, 0 <x < xo, (5.23)
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and

X X o3 K<x
P(F — E[F]>x) <Kyexp ran z—i—ZF log 1+2— , Xx>x9, (5.24)

with

K K (20 2% Y 10g( 14 K=z % (5.25)
=X —X — —_— (o) — . .
0= &XP{ T kK "k ) 25 ) &asr—a3/K)

Proof As in the proof of Lemma 5.5, apply Proposition 2.2 with & given in (2.2) and
bounded by

ek —1—5K

h(s) <say + e

o3
using

e —1—5K 2
- - "y

et —1<su+ %2

, uel0,K],

instead of (5.20). We get

az) K —1 2s(ay — a3/ K), s <50,
h(s) <2max|s|lar— = |, ——a3 | < X )
K K? 2(es —1)a3/K , §>58p
which allows us to conclude as in the proof of Lemma 5.5. O

6 The Case of Stable Lévy Measures

In this section X = R" and | - |x stands for the usual Euclidean norm. Let 0 < & < 2 and the
stable Lévy measure given by

v(B):/ U(dé)/oolg(ré)r’l’”‘dr, B € B(R") (6.1)
sn—1 0

where o is a finite positive measure on S”~!, the unit sphere of R", called the spherical
component of v. We have

P({oeQ 0 #0}) =1-P({we Q" : 0 =0})

=1- exp(—/ v(dy))
{lyl2>R}
dr
= l—exp(—/ o (d§) 1+a>
sn—l {Iréh>R} T

n—1
=1 —exp(—a(s )Rw)
o

n—1
<O’(S )
~  «aR®

. (6.2)
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Thus we can take
o (Sn7 l)
aR”

in Theorem 5.2. Let f : R" — R be £2-Lipschitz(c). In case F is a stable random variable
represented by a single Poisson stochastic integral of the form (1.3), we have from (2.13):

y(R) =

, R>0,

1D (P gy = [ lyliviay
{lyl2=R}

202/ o (d§) r'=dr
sn=t {Iréla=R}

2 n—1
_¢ a(§ )sza
- 2—«

2¢?

2—«

IA

R*y(R),

hence Theorem 1 of [7] is recovered taking B(r) = cr and C =2/(2 — «) in Theorem 5.2,
i.e.

n—1 —a
P(f(F)—m(f(F))zx)s(sze )"(S )(i> , ©63)

-« o 4c

for all x such that

1
w2207 02207 (5

where F is a stable random variable with parameter «. The constant in front of x ™ in (6.3)
explodes as a goes to 0 or to 2. In fact, as noted in [7], the dependency in a~' of the
constant is sharp as « goes to O (take for example a symmetric «-stable random variable).
This explosion does not occur however when « goes to 2, and the aim of the next result is to
provide a deviation bound with such a non-exploding constant, for general random variables
on Poisson space under «-stable intensity measures. The proof relies on Lemma 5.5, and in
the particular case of stable random variables, this result also improves Theorem 2 of [7] by
allowing « to be arbitrary.

Theorem 6.1 Let o € (0,2) and F : QX — R such that
ID,F(w)| <clylx, P(dw)®v(dy)-a.e.,

with ¢ > 0 and v given in (6.1). Then we have

, 6.4)

3, 1)@
2 +oz)

P(F—m(F)zx)fo(S”’1)< e —

forall

x > 4dco (S"fl)l/a

3 4 2 8 2 4 S\
X<<§(l+2—a10g2—a>10g<1+2—a10g2—a>>v;v(6e)> . (6.5)
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Proof Using the notation of the proof of Theorem 5.2 we have
Dyg(Fr)(w) = |DyF(wp)| =clylx, P(dw)®v(dy)-ae.
where g(x) = (x — m(Fg))T Ar. Thus

sup D,g(Fr) <cR, P-as,
Y€Bx (0,R)

CZO.(Snfl) R2—a
2—«

(,‘30(5"_1) R3—a
3—«a

)

2
IDgFR I i 1200 <

3
||Dg(FR)||L°°(QX,L3(uR)) =

3

and

4 n—1
o (§") 4,
IDEFR)} oo o oy < ———— R

4—«a
We now apply Lemma 5.5 to vg and F with
2 Snfl 3 Snfl
K =R, aZ:L)sz"‘, a3:LR3*D‘7
2—« 3—«
LA Ji
4 -«
Using (5.6), (5.15) reads
2scR
@(scR) := e*R — 2sc —1=0.

For all o € (0,2), an elementary computation shows that ¢(log %) < 0 and
¢(2log ﬁ) > 0, hence

I 2 <socR <2I 2
0 SoC 0 ,
g5 =scR =2log —
so that for xy = 35 (a2 — %) = %sm we have
co(S"")R'"™ & log 2 <xo <ca(s"*‘)R‘*“L10g (6.6)
2Q—a) “2—a T 2—a 22—« ’

For

_ 12¢%0 (S" 1) R
r>2xg=———""—35
T o) —a)

0,

we get from Lemma 5.5:

P(Fg —m(Fgr) =2r) < P(g(Fr) — E[g(FR)]1 = r/2)

<“4;_CLHﬂﬂi%O+Jtﬂ_»(m
SR SR T\ 2R TP U —ore ) B T 6o (s )eRIw :
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with from (5.18) and (6.6):

X0 X0 o(s"h (4—a)xo
Ko=exp(— 22 4 (224392 ) )yge(q 42— %0
0 exP( cR+<cR+3(4—a)R°‘> Og( +3G(S”‘1)CR1‘“>
_C-w@-a)xg
120 (Sn—l)CZRZ—a

30(5" 1) 4 2 8 2
< 1 1 log( 1 1 :
—exP< re U TaTa %y )\ T %,

Hence under the condition

o(S" R < (6.8)
3(14 £ log 52 ) log(1 + 7 log %)
we get Ko <e and
2x0 < 12ca(5”*1)R‘*“Llog
0= 2—« 2—«o
2 Jog -2
< 4cR 1 Zz_a S 8 2
(14 5% log 72-) log(1 + 7> log =)
<R,
i.e. r > 2xo with » =2cR. Then from (6.7) and K < e we get
30 (S" 1 4 —a)R”
P(Fr —m(Fr) >2cR) < 2—({1+———)log| 1+ ———
( R m( R)_ C )_eXp( < +(4—O{)R°‘ og + 30’(5"_1)
4—a)R*\ ™!
< ¢? 1 (7
=¢ ( R TGE)
2 n—1
<3e a(S"7)
T 4 —-a)R¢
3 2 Sn—l
< L 6.9)
2R«
3,
= Ee ay(R), (6.10)

as long as (6.8) holds. In order to control P(Fg — m(~F ) > x) from (6.9), we need to control
m(Fg) —m(F). For this we apply Lemma 5.1 with 8(R) =2¢R, y(R) = %ezoey(R),

Ro=(2 (" 1+ * tog 2 Viog(14 2 tog 2 -
= — (0] (0] (o)
=127 2 Bo_q )BT T %0,

and (6.10). This yields, with x =4cR:

m(Fg) —m(F) <x/2,

@ Springer



J.-C. Breton et al.

and

3 a1 4c
P(FR—m(F)>x)<P(FR—m(FR)>x/2)<—eO(S )= =)

. f 2 1
R >max( Ry, Yy (8),y e 5—8 , (6.11)

for any given é € (0, 1/2). When x = 4c¢R, this estimate together with

provided

n—1 —a
Ploe Q¥ 0 #90}) <y(R) = %,

gives, using (5.5):

P(F —m(F)=x)=P(F —m(F) > x,0% =9) + P(F —m(F) > x, o # )

(") ( )(%) (6.12)

as long as (6.8) and (6.11) hold. Now, conditions (6.8) and (6.11) can be rewritten in terms

of x as
2 1/a
2—a>)

2
1
ogz_

3 . 4
X Z4C<EG(S l)<1 + 7w

((U(Sn—l))l/a (30_(Sn—1)62>1/‘1)
Xx > 4cmax i .
ad 2(1/2—68)

When e.g. § = 1/4, the range of (6.12) can be written

and

x>4cc7(S”71)l/a §1+ 4 Io 2 log{ 1+ 8 lo 2
= 2\ T %)) T T B,
4 5 1/
v;v(6e)> . .

Using Lemma 5.6 in place of Lemma 5.5, we can state a similar deviation result under a
slightly better range condition on x in case « € [1, 2).

Theorem 6.2 Assume that o > 1 and let F : Q¥ — R such that
|IDyF(w)| <clylx, P(dw)®v(dy)-ae.,
with ¢ > 0 and v given in (6.1). Then we have

P(F—m(F)Zx)SU(S”_1)<1+ 2>(4C)a, (6.13)

xO{
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forall

Va 2 1 4 1 /a
X 2400(5”_1) <(<1 + T a logz_a>log<l + T a 10g2—a>) \ (4e2)) .

(6.14)

Proof We sketch the modifications of the proof, following the argument of Theorem 6.1 and
applying Lemma 5.6 instead of Lemma 5.5 to vg and Fg, with

_ CZO.(Snfl)Rz_a a3_C3O—(Sn71)R3—a.

K: Ra ) -
¢ @ 2—« 3—«

Under the condition

1
o(S" )R < (6.15)
2(1 + 2301 10g 27101) IOg (1 + Zia 10g21a)
and since
20[3 1 1 40[3 1 1
I <xp < 1 ,
2R?2 —« Og2—a =Y = ¢R?2 —« OgZ—a

we have Ky < e and also xy < cR. Using (5.6) with r = 2cR > 2xy, we get applying
Lemma 5.6:

o3 263 R3
P(Fr—m(Fr)>2cR) <exp(2—(1+2 log( 1+

c3R3 a3

263 R3 -1
< ez(l += )
as

620{3
~ 263R3

2 n—1
_¢ a(S")
- 2R~

6201

=S5 v, (6.17)

(6.16)

as long as (6.15) holds. Finally, applying Lemma 5.1 with B(R) =2cR, 7(R) = e*ay(R)/2
and condition (5.1) given by (6.17), with x = 4cR, derive m(Fg) — m(F) < x/2, and

2 n—1
P(Fg — m(F) > x) < P(Fg — m(Fg) = x/2) < %(%) ,

provided moreover for any, 0 < § < 1/2,

R > max|y™! -l i l—
= v @y o5(379))) (6.18)

With x = 4cR, this estimate together with (6.2) gives, using « > 1 and (5.5):
P(F—m(F)=x)=P(F —m(F) > x,0% =9) + P(F —m(F) > x, oy # )

2 —a
50(5"-1)<1+%> (:7) : (6.19)
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as long as (6.15) and (6.18) hold. Now, conditions (6.15) and (6.18) can be rewritten in terms
of x as (6.14) withe.g. § = 1/4. O

Theorem 6.1 and Theorem 6.2 roughly tells us that the natural upper bound for the de-
viation of stable Poisson functionals is C/x® for some constant 0 < C < 400 and for x* of
order o (8" 1) ﬁ(log ﬁ)z. As in the finite dimensional case (see [16]), we present in the
following theorem another bound of order e~ (0 < ¢ < +00) when x* lies in an interval
of order

a(S"7h U(S"”)1 1
2—a  2-a R

as o becomes close to 2. This generalizes [16, Theorem 2] to Poisson functionals under a
stable intensity measure, and is reminiscent of Gaussian deviation.

Theorem 6.3 Let F : QX — R such that for some ¢ > 0,
ID,F(w)| <clylx, P(dw)®v(dy)-a.e.

with v given in (6.1).

1. Let ¢ > 0, then if «a is sufficiently close to 2,

2 —a)x®
P(F —m(F) = %) < (e + /o) exp(——mc)aa(sn,,)), (6.20)
provided
20 (5" (4c)" (8" o) log(55)
" log(4(1 + Ve)) <x* < . (6.21)

2—« 22— ) 3—«

2. Let b > 3, ¢ >0, and x such that (x /4c)* = bo (S”_l)ﬁ log ﬁ For a close enough
to 2 we have

P(F—m(F)>x)
o n—1 o n—1 _
- (4c)¥o (S )((lx n (2+8)exp((2+8)(40) o(S" g2 a))) 6.22)

x* x*

where g(x) = (% log Xl) log(% log Xl).

Note that (2) in the Theorem 6.3 improves Theorem 6.2 when x® is of order
o (8" Ny log 5.

Proof We follow [16] as in the proofs of Theorem 5.2 and Proposition 6.2 above. First,
using the same notation as before, we have:

P(Fgr —m(Fg) =21) < P(g(Fr) — E[g(FR)] = r/2) (6.23)

r/2
< exp(—/ h;'(s)ds>, 0<x <hg(ty), (6.24)
0
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with

o3 az ¢
hr(s) Sx(az— ?)s—l—ﬁ(e K _ 1)

CZU(Snfl)RZﬂ)( X CO,(snfl)lea
SCAC e LSy ) cAG AL S
2-0)3-w 3—a
since again

2 n—1

co (S

oy = 7( )Rz""
2—«o

_ C3U(Sn71) R37a

s K =cR
3—«

s a3

where (6.23) above comes as in (5.6) in the proof of Theorem 5.2 and (6.24) comes from
the proofs of Lemma 5.6 and Proposition 2.2. Following [16], for §, s, R satisfying

ek — 1 1)
< 6.25
csR T 2—« ( )
we have
CZO’(Snfl)sza
hrp(s) < (14+8)——————
R S (40 G m s
and

Yo B—a)2—a)y?
/0 hy (t)dt > 30 1 8)c0 (S RE (6.26)

for all y such that

B-)2Z—-a)y s
(148)c2a (S~ )R> —

where s satisfies (6.25). Taking for some A > 0, R* = % and y = Rc, since scR =
A/(1+6), (6.25) can be rewritten as
A
1+ 6)(31_+1s -1 - 8
( A T 2—-«
which is satisfied whenever
(148 et - 3
A" 2—a

Choosing § = %{2"_‘)&) which is positive for 0 <a < A < —log(2 — o) when « is close

enough to 2, we derive from (6.26) fora < A < —log(2 — )

cR A —
exp(—/ h,}' (z‘)dt) < e_% exp(#). (6.27)
0

But since

A 2
lim sup e_%exp(M>eﬁ =./e,

=27 < A<—log(2—a)
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for any € € (0, 1) and & close to 2, from (6.24) with r = 2¢R,

cR A
P(Fgr —m(Fg)>2cR) < exp(—[ h;‘(r)dr) < (JE+ §>e—m
0

(el ) e
for
n—1 o (8" Hlog
Next, control m(F) — m(Fg) using Lemma 5.1 with B(R) =2cR,
7R =(1+ ﬁ)exp(—zf(;—,f?)w)
and condition (5.1) given by (6.28) (with ¢ < 2). This yields
m(Fg) —m(F) <2cR, (6.30)
provided (5.3), rewritten as
R* Zmax(g(i’;_l), —202(5’:1) og 11/42_:/2) (6.31)
and (6.29) above both still hold. Equations (6.28) and (6.30) yield
P(Fr —m(F)>4cR) < P(Fr —m(Fg) > 2cR)
< <\/E n %) exp<—%w) (6.32)

provided (6.29) and (6.31) hold. Next, when (6.29) holds, (6.2) gives for « close enough
to 2:

. o(S" ) e (2—a)R”
P(wR;é@)S o R? SEGXP<—W>~ (6.33)

Finally, (5.5) together with (6.32) and (6.33) yields with x = 4c¢R,

2 —oa)x® )

P(F — E[Frl =z x) < (Ve +e) exP(‘W

as long as

log(1/(2 —a))

n—1 «
oDl _ . _ U)o (") S B =)

and

(6.35)

n—1 n—1 _
x“z(4c)“max<g(s ) 20(8"H) 172 3)7

@b | 2-a Pli e
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for any 0 < § < 1/2. Taking § = 1/4, conditions (6.34) and (6.35) can be rewritten as

20 (8" 1) (4c)” w _ 0(S"H(40)" log(1/(2 — a))
?105’(4(14-«/2))5)6 < 20— o

which yields (6.22).

We now deal with the second part of Theorem 6.3, still following [16]. Take for some
b >0, R* = b2 DIel/C-) an Jet A > 0. For « close to 2 and s¢R > log(1/(2 — a)) +
loglog(1/(2 — «)) + A we have

>
scR T Q2—a)eA+e)’

hence

oL (G —au
hlw) = — log(l M= +s)ca(S”—1)R1—°‘> (6.36)

whenever

(14+e A +e)co(S" et log(1/(2 — 0{))
2—a)3—a)Re!

For A > 0 small enough and b > 2, we have cR > uy, and integrating (6.36) over [uy, cR],
we obtain

cR
/ hy' (t)dt
1 1
<<1 + 9—) log(1+6cR) — ) - <<ﬂ + 9—R> log(1 + 6u;) — c%) (6.37)

with 6 = %. For « close to 2 and A, ¢ > 0 small enough, using (6.23), (6.24),

(6.37), we derive

u>u=

P(Fg —m(Fg) = 2cR)

cR cR
fexp<—/ h;l(t)dt> < exp(—/ h}l(t)dt>
0 uy

< 2+8)a (5"

RC(
xp((2+s)co<5" D (525 log(1/2 — @))) log (= log(l/(z_a)))>
RO(
n—1 n—1 _
E(Z—I—e;:a(S )exp((2+€)0(SRa )g(2 Of)), (6.38)

with g(x) = (% log %) log(% log %) and & some (new) positive constant. It is easy now to con-

trol m(F) —m(Fg) using once more Lemma 5.1 with E(R) =2cR, y(x)=a o (5" Hx79,
and condition (5.1) given by (6.38). This yields

m(Fgr) —m(F) <2cR (6.39)
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as long as

n—1 n—1 n—1 _
RQZU(S )’ PG )exp<30(5 )82 —a)

1/2 3. 4
s Re Re )5 / (6.40)

Then with x = 4¢R, (6.38), (6.39) yield

P(Fp—m(F)>x) <

2+e)a(s"h 2+e)a (" Hg2—a)
Ro exp Ro

as long as (6.40) holds. Together with (5.5) and (6.2), this gives

O(S"')<1 <(2+€)0(S"1)g(2—0l)>>

P(F—m(F)>x)< R ;+(2+8)6Xp R

for x = 4cR, that is (6.22) as long as (6.40) holds. This latter condition can be rewritten for
8€(0,1/2)and b > 3:

1 1 1 3 =
log —— >max| —, [ ———
2—a B2 g wsb’ \b(1/2—0)

which is obviously true for « close enough to 2 since «, b are bounded below and bbj is
bounded above. O
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