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Spaetime as a whole: in�nitesimal struture
� 1905 - Speial relativity. Einstein's piture of spaetime.Postulate. There exists a lass of distinguished systems ofoordinates of spaetime as a whole (R4 and not only R3!)in whih the mathematial laws of physis take the same form.They are alled inertial frames. Let (x , y , z , t) and (x ′, y ′

, z ′, t ′) beoordinates in two inertial frames.
• Free fall = straight linetrajetories.
• The speed of light isindependent of the inertialframes (Mihaelson-Morleyexperiment).

• A : (x , y , z , t) 7→ (x ′, y ′
, z ′, t ′) islinear.

• dx2 + dy2 + dz2 − 2dt2 = 0 i�
(dx ′)2 + (dy ′)2 + (dz ′)2 − 2(dt ′)2
= 0.Up to a multipliative onstant, A ∈ SO(1, 3).



Spaetime as a whole
� 1908 � Minkowski spaetime R1,3 : g(ṁ, ṁ) = x20 − x21 − x22 − x23

mhyperboli spae H

Unit future pointing vetors:ṁ : (x0, x1, x2, x3) Timelike path

m past of mms = m0 +
R s0 ṁr drfuture of m

� 1915 � General relativity. To inorporate gravity in the piture:spaetime = Lorentzian manifold.



Is Lorentzian geometry di�erent from Riemannian geometry?
� Loal objets. Levi-Civita onnetion, urvature, geodesis (a�neparameter)... are de�ned as in Riemannian geometry.
� Drastially di�ers in global aspets.

• Not a metri spae. Geodesi ompleteness does not preventpaths of bounded aeleration from exploding!
• Causality. Future and past notions assoiated with the onestruture.Pathologies: there an exist losed timelike paths; any ompatspaetime has a losed timelike path!Led to a very important ladder of ausality onditions.



Matter and geometry
� Einstein's equations. Ri − R2 g = T ,with Ri Rii tensor, R salar urvature and T the energy-momentumtensor, given by physis.
� Big bang, big runh � Inompleteness issues. (Hawking,Penrose. . . ) There exists an inomplete lightlike geodesi under thefollowing (physially reasonable!) onditions.

• Global/ausality ondition. (M, g) is globally hyperboli.
• Loal energy ondition. We have Ri(v , v) > 0, for any lightlikevetor �eld v .
• Existene of a trapped surfae. A spaelike 2-dimensional surfaestarts ollapsing.There are known onditions ensuringthe appearane of trapped surfaeswhen Einstein's equations are viewedas an evolution equation.

A trapped surface

"inward" light cones



Eletromagnetism and other �elds
� Elementary partiles and bundles. Most �eld theories are expressedin terms of pdes relating the metri on a spaetime and a onnetion ona (�nite or in�nite dimensional) bundle above it, e.g. Yang-Mills theory.The geometry of these bundles arry physial information.
� Conformal invariane. Maxwell equations for eletromagnetism,Yang-Mills �eld equations... are onformally invariant: they take thesame form if the metri g is replaed by Ω2 g , with Ω : M → R∗

+.
� Boundary matters. Many physial informations on a �eld an beseen at in�nity (i.e. de�ned by asymptoti properties/quantities).

• Conformal boundary: take Ω aordingly to bring bak ∞ at a�nite �loation�. (Done by embedding onformally (M, g) as aompat subset of a larger spaetime.) Notion used to de�ne ablak hole.
• Causal boundary: de�ned from the ausal struture only.



Relativisti random proesses: the model ase
� In Minkowski spaetime R1,3, are there intrinsi Markov proesses withtimelike trajetories? (Intrinsi = distribution invariant by the isometries.)

• If Xs = (ms , ṁs) ∈ R1,3 × H is ontinuous then ṁs is a Brownianmotion on H. (Dudley, 1966)
� What features of the geometry of R1,3 an this di�usion explore?The ausal boundary of R

1,3 is non-trivial: a pinhed ylinder
(R ∪ {±∞})× S2/ ∼.

• The Poisson boundary of Dudley's hypoellipti di�usion an beidenti�ed with the ausal boundary of Minkowski spaetime.(Bailleul, 2007)



Relativisti proesses on any spaetime
� Generalizations. (Franhi-Le Jan, 2007/2011; Bailleul, 2010)Random perturbations of the geodesi �ow onveniently de�ned on theframe bundle OM over M. Given Θ : OM → R+ (e.g. squared salarurvature), they have hypoellipti generatorL = H0 +

12 3
∑i=1 Vi(ΘVi).

� What features of the geometry an these di�usions explore?Open problems/onjetures.
• Position of the transiene/reurrene property of Dudley'sgeneralized di�usion in the ausality ladder.
• Under reasonable ausality onditions, the Poisson boundary of thedi�usion an be identi�ed with the ausal boundary of spaetime.(Veri�ed for Minkowski and two other families of spaetimes �Angst, 2010; Tardif, 2011.)



Matter and geometry: the inompleteness issue
• Geodesi and stohasti ompleteness are not equivalent.
• Some known non-explosion riteria (Bailleul-Franhi, 2011):� expliit and usable for a largely used lass of spaetime models(globally hyperboli),� general spaetimes: involve volume growth rate of somesub-Riemannian balls in OM.
• Explosion� Some known rough explosion riteria, using Lyapounovfuntion methods. (Bailleul, 2011)� Work in progress on the inompleteness of the random �ow.



Matter and geometry: typial gas partile
� Di�usion approx. of the general relativisti Boltzmann equation leadsto relativisti di�usions.One partile distribution funtion h(Φ0, ·): for any spaelikehypersurfae, with assoiated hitting time H , the density of

ΦH 1H<∞ is expliit in terms of h(Φ0, ·).L∗h(Φ0, ·) = 0(Bailleul, 2010)Conjetures.
• The funtion h(·, ·) is the Green funtion of the di�usion.
• The Poisson/Martin boundary of the di�usion is obtained fromrenormalized h(Φ0, ·) with Φ0 → ∞.

� Open problem. Assoiate random proesses to non-di�usive approx.to the general relativisti Boltzmann equation.



Strutures on a spaetime: open problems
� Conformal invariane.

• Can one onstrut interesting random lightlike paths?
• Construt a onformally invariant random (Markovian) dynamis.Does it onverge towards a point of the ausal boundary?

� Coloured partiles. In relation with di�erent �eld theories, an oneonstrut interesting random dynamis in some bundles over spaetime?(e.g. on SU(n), spin or Cli�ord bundles.)


