
KPZ IN A MULTIDIMENSIONAL RANDOM GEOMETRY OFMULTIPLICATIVE CASCADESI.F. BAILLEULAbstrat. We show in this note how the one-dimensional KZP formula obtained by Ben-jamini and Shramm in [BS09℄ an be extended to a multidimensional setting.1. Hausdorff dimension in a nested measure spae1.1. Dimension. Let (S,S, µ) be a measure spae and suppose given a nested family ofountable σ-algebras Sn = σ
(

Ai
n ; i > 1

), with Ai
n ∈ S disjoint up to µ null sets, and

µ(Ai
n) > 0 for eah i > 1 and n > 1. Suppose further that ǫn := sup µ(Ai

n) dereases to 0 as
n goes to in�nity. Given s > 0 and δ > 0, set for any measurable E ∈ S

Hs
δ(E) = inf

∑

µ
(

Aiα
nα

)s
,where the in�mum is over the set of overings E ⊂

⋃

α∈A Aiα
nα

of E, indexed by a subset A of
N

∗ × N
∗, and suh that ǫnα

6 δ for all α ∈ A. The quantity Hs
δ(K) inreases as δ dereasesto 0. Set

Hs(E) = lim
δ↓0

Hs
δ(E).Like in the usual de�nition of the Hausdor� dimension of a set, it is easy to see that if

• Hs0(E) < ∞ then Ht(K) = 0 for any s0 < t,
• Hs0(E) = ∞ then Hs(K) = 0 for any s < s0,so it makes sense to de�ne the dimension ζµ(E) of E as sup {s > 0 ; Hs(E) = ∞} = inf{t >

0 ; Ht(E) = 0}. As H1 oinides with µ, it follows that ζµ(E) 6 1, for any E ∈ S. So onlysets with null µ-measure have a dimension smaller than 1.Open question. Let us work in the spae S = C
(

[0, 1], R
), with its Borel σ-algebra andWiener measure. De�ne A

(j,k)
n as {

ω ∈ C
(

[0, 1], R
)

; ω
(

(j + 1)2−n
)

− ω
(

j2−n
)

∈
[

k2−n, (k +

1)2−n
)

}, for 0 6 j 6 2n − 1 and k ∈ Z, and set Sn = σ
(

A
(j,k)
n ; 0 6 j 6 2n − 1, k ∈ Z

).Let us all Wiener-Hausdor� dimension the above dimension of a measurable subsetof C(

[0, 1], R
). Compute the Wiener-Hausdor� dimension of the set of α-Hölder ontinuouspaths, for α >

1
2
.1.2. Frostman lemma. If (S,S) is R

d with its Borel σ-algebra, and Sn is the σ-algebragenerated by the dyadi ubes of side 2−n, then the above de�nition of dimension oinideswith the usual Hausdor� dimension, up to a multipliative onstant 1
d
; see setion 2.4, Chap.2, in [Fal03℄. We adopt the above de�nition of dimension for the sequel. Like its lassialounterpart, the above set funtion Hs(·) an be shown to be an (

R+∪{∞}
)-valued measureDate: April 15, 2011. 1
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R
d, Bor(Rd)

). The Eulidean bakground will not appear anymore exept under the formof the nested family (Sn)n>0.Given two points x, y ∈ R
d, de�ne the ball B(x, y) as the smallest dyadi ube ontaing xand y, and de�ne their �distane� as µ

(

B(x, y)
). De�ne aordingly the ball Br(x) = {y ∈

R
d ; µ

(

B(x, y)
)

6 r}. Working exatly as in theorem 4.10 and proposition 4.11 in [Fal03℄,one an prove the following proposition.Proposition 1. For any Borel set E with 0 < Hs(E) < ∞, there exists a onstant c and aompat set K ⊂ E with Hs(K) > 0 suh that
Hs

(

K ∩ Br(x)
)

6 crsfor all x ∈ R
d and r > 0.It follows lassially that the following version of Frostman lemma holds in our setting.Given any non-negative measure ν on (

R
d, Bor(Rd)

), de�ne its s-energy as
Is(ν) =

∫∫

ν(dx)ν(dy)

µ
(

B(x, y)
)s .Theorem 2. If E is a Borel set with 0 < Hs(E), then there exists a non-negative measure

ν with support in (a ompat subset of) E suh that It(ν) < ∞, for all t < s. This is inpartiular the ase if s < ζµ(E).Remark. The work [RV10℄ ontains in setion 5.1 a similar, though di�erent, notion ofdimension in a metri measure spae.2. A dimension-free KPZ formulaLet Dn =
⋃2dn

k=1 An
k be the dyadi �partition� of the unit ube of R

d by losed dyadi ubesof side length 2−n. Given m < n, eah An
k is a subset of a unique Am

k(m). Let W be a positivereal-valued random variable with E[W ] = 1, and let {

(W n
i )2nd

i=1 ; n > 1
} be an iid sequeneof random variables with ommon law the law of W . De�ne the measure µn by its density

wn(x) with respet to Lebesgue measure. It is onstant, equal to ∏n

m=0 W m
k(m), on eah An

k .We adopt as in [BS09℄ the notation ℓ for µ
(

[0, 1]d
). It has expetation no greater than 1.Proposition 3. Almost-surely, the measures µn onverge weakly to some random measure µ,whih does not harge any dyadi hyperplane. It is almost-surely non-null if E[W log W ] < d.Proof � The proof works exatly as in the 1-dimensional proof, with 2d independent opiesof ℓ rather than only two. �The next result generalizes Benjamini and Shramm's result [BS09℄ obtained in a one-dimensional setting.Theorem 4. Let E be any Borel set of [0, 1]d. Denote by ζ0 its dimension as de�ned aboveusing Lebesgue measure, and let η be its dimension using the random measure µ. Supposethat E[W log W ] < d, and E[W−s] < ∞, for all s ∈ [0, 1). Then ζ is almost-surely a onstantand satis�es the identity

2ζ0 =
2ζ

E[W ζ ]



KPZ IN A MULTIDIMENSIONAL RANDOM GEOMETRY OF MULTIPLICATIVE CASCADES 3The above onditions are satis�ed by an exponential of Gaussian with a small enoughvariane.Proof � The proof mimiks word by word the proof of [BS09℄. Write |A| for the Lebesguemeasure of a Borel set A. Set, for s ∈ [0, 1], φ(s) = s − ln2 E[W s]. Note that sine thenotion of dimension introdued in setion 1 is no greater than 1 the funtion φ is aninreasing homeomorphism from [0, 1] to itself.a) Lemma 3.3 beomes here: E
[

µ
(

B(x, y)
)s]

6
∣

∣B(x, y)
∣

∣

φ(s), for all x, y ∈ [0, 1]d.Note that the balls B(x, y) are always dyadi balls; suppose the given ball belongs to Dn, so
∣

∣B(x, y)
∣

∣ = 2−nd. Then, we have by the independene in the onstrution of µ

E
[

µ
(

B(x, y)
)s]

= 2−nd
E[W s]nd

E[ℓs] 6 {2−nd}φ(s) =
∣

∣B(x, y)
∣

∣

φ(s)
,as 0 6 s 6 1, so E[ℓs] 6 E[ℓ]s = 1. It follows diretly that we have almost-surely φ(ζ) 6 ζ0.b) The proof that φ(ζ) > ζ0, theorem 3.5, works identially, replaing the usual energy ofa measure by its above modi�ation, and using the version of Frostman lemma providedin theorem 2. A straightforward adaptation of the proof that E[ℓ−s] < ∞ if E[W−s] < ∞,given in [BS09℄, gives the same result in our setting. Note also that a di�erent hoie ofHölder oe�ient is needed to prove that the sequene νn

(

[0, 1]
) is uniformly boundedin some L

p. �Note that the above theorem does not ome as a surprise and should atually hold on muhmore general state spaes than [0, 1]d. It should be interesting in partiular to investigatewhat happens on random trees like Galton-Watson trees, and tree-like objets like randomfratals. Referenes[BS09℄ I. Benjamini and O. Shramm. KPZ in one dimensional random geometry of multipliative asades.Comm. Math. Phys., 289(2):653�662, 2009.[Fal03℄ K. Faloner. Fratal geometry. John Wiley & Sons In., Hoboken, NJ, seond edition, 2003. Mathe-matial foundations and appliations.[RV10℄ R. Rhodes and V. Vargas. Multidimensional multifratal random measures. Eletron. J. Probab.,15:no. 9, 241�258, 2010.Statistial Laboratory, Center for Mathematial Sienes, Wilberfore Road, Cam-bridge, CB3 0WB, UKE-mail address : i.bailleul�statslab.am.a.ukURL: http://www.statslab.am.a.uk/~ismael/


