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Résumé
FRONTIERE DE POISSON D’UNE DIFFUSION RELATIVISTE

Cette thése a pour objet I’étude du comportement asymptotique d’une diffusion définie sur I’espace /temps
de Minkowski. Le pendant analytique de ce probléme est la détermination de I’ensemble des fonctions bornées
du noyau d’'un certain opérateur différentiel d’ordre 2. Utilisant des méthodes probabilistes (équations
différentielles stochastiques, couplage), on donne une description explicite de cet ensemble de fonctions. On
donne dans le meme temps une toute autre démonstration de ce résultat, dans ’esprit de travaux sur les
marches aléatoires, préexistant. On montre par ailleurs comment la géométrie de 1’espace se refléte sur le
comportement asymptotique de la diffusion. En un sens, une trajectoire (aléatoire) typique finit par se
comporter comme un trajectoire de lumiére.

Abstract
Po01SSON BOUNDARY OF A RELATIVISTIC DIFFUSION

In this thesis, we study the asymptotic behaviour of a diffusion defined on Minkowski’s spacetime. The
analytic counterpart of this problem is to determine the set of bounded functions belonging to the kernel
of some second order differential operator. Using probabilistic methods (stochastic differential equations,
coupling), one gives an explicit description of this set of functions. In the same time, one give a completely
different proof of this result, in the spirit of preexisting works on random walks on groups. Besides, one
shows how the geometry of spacetime reflects on the asymptotic behaviour of the diffusion. In some sense,
a typical (random) trajectory eventually behaves as a light ray.

Mots-clef: probabilités, diffusion, opérateurs hypoelliptiques, équations différentielles stochastiques,
couplage, espace/temps de Minkowski, groupes, marches aléatoires

Keywords: probability, diffusion, hypoelliptic operators, stohastic differential equations, coupling,
Minkowski’s spacetime, groups random walks
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Chapter 1

Introduction

L’objet de cette thése est I’étude du comportement asymptotique d’un processus aléatoire défini sur ’espace/temps.
On commence par motiver la description d’Einstein de l’espace/temps comme un espace lorentzien (1). Ces
espaces admettent une famille naturelle de mouvements aléatoires continus, C! par morceaux, qui fut décrite

par Dudley, dans [Dud66]. Le processus que I'on étudie est 1'unique processus C! de cette famille (2). On
donne au 3 une description de la méthode que 'on a employée pour décrire exactement le comportement
asymptotique de ce processus. Le point 4 décrit comment on peut compactifier ’espace d’état du processus et

voir que celui-ci converge vers un point du bord. Une toute autre explication du comportement asymptotique

du processus est donnée au 5, en termes algébriques.

1 — La géométrie de I’espace/temps — La mécanique classique comme la mécanique relativiste
reposent toutes les deux sur le choix d’une classe de cartes lisses de ’espace/temps, pour lesquelles on
postule la validité du principe suivant.

PRINCIPE DE RELATIVITE. Les équations qui décrivent les lois de la nature en fonction des coordonnées
dans espace/temps conservent leur forme dans n’importe laquelle des cartes privilégiées.

Deux a priori sont & la base de la mécanique classique.

a) Il existe une carte dans laquelle une particule soumise & aucune force est animée d’'un mouvement de
translation uniforme.

b) Le temps est une notion absolue.

Identifions I'espace/temps & R x R3 & travers la carte donnée par le postulat a). On préfére, dans un
cadre physique, le terme référentiel au terme carte. Le Principe de Relativité et le postulat b) nous disent
que les seuls changements de référentiels privilégiés sur R x R3 sont de la forme

(t,z) ERxR®— (t,ta+p(z)) € R x R?,

oll ¢ est un isomorphisme de R? et a un vecteur de R®. Cette classe de référentiels sur espace/temps forme
la classe des référentiels galiléens.

L’usage de cette classe présente des difficultés connues de longue date. En mécanique classique, on
décrit toutes les interactions & 'aide de fonctions dites d’énergie d’interaction potentielle, qui dépendent
des positions des particules mises en jeu. Dans tous les cas, les équations dynamiques qui en découlent
décrivent des phénoménes ou les interactions sont instantanées. Or ’expérience tend & montrer que non
seulement il n’existe aucune interaction instantanée, mais qu'’il existe en plus une vitesse maximale finie de
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propagation des interactions. On montre que cette vitesse est celle de la lumiére dans le vide. On la note
traditionnellement c. Le fait que c soit finie contredit de facon flagrante la loi usuelle de composition des
vitesses, qui découle des postulats a) et b) 1. D’autres difficultés plus subtiles sont inhérentes au modéle
galiléen.

Il faut attendre 1905 et l'article d’Einstein intitulé “Sur I’électrodynamique des corps en mouvement”,
[Ein05], pour voir proposée une alternative au modéle galiléen de ’espace/temps et voir disparaitre la notion
de temps absolu.

On peut résumer les choix d’Einstein aux deux postulats suivants :

1. 11 existe un référentiel de l’espace/temps dans lequel la vitesse de la lumiére (dans le vide) est finie.
2. Aucun interaction ne va plus vite que la lumiére.

Identifions espace/temps & R x R? & travers le référentiel du postulat 1. Le Principe de Relativité détermine
(théoriquement) I’ensemble des référentiels admissibles sur ’espace/temps ; il postule en outre que la vitesse
de la lumiére est la méme dans tous ces référentiels. On la note encore ¢. On peut donner de ce fait et du
postulat 1 une formulation mathématique.

Notons A I’événement consistant en I’émission au temps t4 d’un signal se propageant & la vitesse de la
lumiére depuis un point de coordonnées (x 4,54, 24) 2. Notons B I’événement consistant en la réception du
signal au temps tp, & la position (xp,yn, 25). La distance entre (xa,y4,24) et (xp,y5,25) est d’'une part
égale & \/(zp — x4)2 + (y — ya)? + (25 — 24)? et d’autre part & c(tp — ta), puisque la vitesse du signal
est constante, égale & ¢c. On a donc

Aty —ta)? — ((JJB —x4)*+ (yp —ya)® + (2B — ZA)Q) =0.

Sil’on repére les événements A et B dans un autre référentiel admissible par leur coordonnées (s, 'y, y's, 24 )
et (ts, 2’5,Y, 23), on doit aussi avoir

Aty — ) = (¢ — 2a)* + (Y — ¥a)* + (25 — 25)*) =0,
puisque la vitesse de la lumiére y est aussi constante, égale & c. En ces termes, le postulat 2 signifie que
Aty —ta)® = ((x —24)* + (yp —ya)® + (28 — 2B)*) > 0
si, et seulement si,
Aty =) = (' — 24)% + (yp — ¥a)* + (25 — 25)°) > 0.
Aussi I’espace/temps R x R? est-il naturellement muni de la forme quadratique
q(ta z,Y, Z) = 02 tQ - (mQ + y2 + 22)7

de signature (1, —3). Elle permet d’associer & chaque point A € R x R? le (demi-)cone C~%(A) de sommet
A formé par les événements B influencables par A : C>%(A) = {B € R x R3; ¢(B — A) > 0}. Avec ces
notations, la classe des référentiels admissibles est ’ensemble des C*°-difféomorphismes f de R x R? tels que

q(B—A) >0 < q(f(B)— f(4)) >0. (1.0.1)
On pose ¢ = 1 dans la suite, ce qui revient & prendre (ct, z,y, z) comme coordonnées sur R x R3.
Les trois types suivants de transformations vérifient cette condition.

ID’aprés le Principe de Relativité, cette vitesse ¢ est la méme dans tout référentiel en translation uniforme (par rapport au
référentiel canonique donné par le postulat 1). Choisissons un tel référentiel, en translation uniforme dans la direction z, allant
4 vitesse v. Si ’on envoie depuis le centre du référentiel mobile un signal allant & la vitesse de la lumiére et se propageant dans
la direction z, le signal doit avoir la vitesse ¢, vu depuis le référentiel canonique (Principe de Relativité), alors que la loi de
composition des vitesses nous dit que le signal a pour vitesse ¢ + v. L’égalité ¢ = ¢+ v ne peut avoir lieu que si ¢ = 4-oc0.

2(ta,zA,YA,24) sont les coordonnées du point A dans le référentiel donné par le postulat 1.
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e Les translations de R x R3.
e Les dilatations € € R x R3 +— A( € R x R?, A # 0.
e Les isométries de ¢ : SO(1,3) = {g € GL(R*) q(g(¢)) = q(¢), V£ € R x R?}.

t
SO(1,3) est un groupe de matrices dont l’algébre de Lie so(1,3) = {(2 ]é) CER M € 80(3)} est

engendrée par deux sortes d’éléments :

01 0 0 0 0 1 0 0 0 0 1
1 0 0 .
e les boosts Ei = 0 05 , By = 1 05 et B3 = 0 05 , ou O3 est
0 0 1
lapplication nulle de R3,
0 (0) 0 (0)
o les rotations spatiales infinitésimales : £, > = (0) _01 (1) 8 , Bz = (0) 8 8 (1)
0 0 0 -1 0 0
0 (0)
0 0 0
3=l 0 0 1
0 -1 0

On doit & Zeeman [Zee64] la preuve du fait qu’il n’y a pas d’autres transformations satisfaisant la relation
(1.0.1) que les composées de transformations du type précédent.

THEOREME 1 (Zeeman, [Zee64]). Toute bijection de R x R? satisfaisant la relation (1.0.1) quels que
soient les points A et B est la composée d’un nombre fini de translations, de dilatations et d’isométries de
la forme quadratique q(°).

On ne retient en pratique que le groupe des isométries affines de ¢, engendré par les translations et les
isométries de g. On note Gy ce groupe. L’espace/temps, muni de sa forme quadratique ¢ et de son groupe
d’isomeétries affines, est noté R1:3.

2 — Mouvement aléatoire naturel — Ce groupe de transformations de ’espace/temps agit sur I’ensemble
des courbes v : RZ? — R3 non nécessairement continues, en envoyant y sur ¢ o+, si ¢ € Gg. C’est dans ce
fait que géométrie et probabilités se rencontrent.

Donnons-nous un mouvement aléatoire, défini par une famille {IP¢}¢cg1.s de probabilités donnant la loi
d’une trajectoire issue de £. Que doit-on imposer & cette famille pour que I'image par ¢ € Gy d’une trajectoire
issue de ¢ ait méme loi qu'une trajectoire issue de ¢(&), quel que soit p € Gy ?

Intéressons-nous plus particuliérement aux courbes aléatoires continues dont la composante temporelle
croit strictement dans un certain référentiel (donc dans tous).

Dans ’espace/temps euclidien ou le groupe Gy est remplacé par le groupe Grya des isométries affines
euclidiennes, le temps est le méme dans tous les référentiels ; on le choisit comme paramétrage des courbes
aléatoires, que 1’on peut supposer commencer au temps 0. Cette simplification faite, on cherche quelles
lois sur C(RZ°, R?) sont invariantes par ’action des isométries affines euclidiennes. On ne peut apporter de
réponse simple & cette interrogation sans imposer quelques conditions sur la nature du mouvement aléatoire®.

3Noter que ce théoréme ne recquiert aucune régularité a priori de la part de f.
4Qu’on pense aux processus de Markov, aux processus non Markoviens comme ceux qui dépendent de tout leur passé, etc.
Leurs structures sont trés différentes.
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On obtient une réponse satisfaisante si l'on se restreint aux diffusion de Feller-Dynkin®. Dans ce cadre, on
lit sur le générateur L de la diffusion l'invariance des lois du mouvement par ’action des isométries :

{V(pe OEucl , V? € R3, QD*(]P’?) ZPSO(?)} = {Wpe GEual ,V f EC?O(R?’), L(foy) = (Lf)oga}.

L est un opérateur différentiel du second ordre, & coefficients continus. L’invariance de L par les translations

nous dit que ses coefficients sont constants. En utilisant la transformation de Fourier et I'invariance de L

par I'action des isométries euclidiennes, on montre alors que L doit étre un multiple positif du Laplacien®.

THEOREME 2. Les seuls opérateurs différentiels d’ordre 2 sur R3, positifs, invariants par l’action des
isométries affines euclidiennes sont les multiples positifs du laplacien.

Soit ¢ > 0 . L’opérateur cA est le générateur du processus {we¢}i>0, 00 {ws}s>0 est un mouvement
brownien sur R3.

D’autres mouvements aléatoires dans R3 ont une loi invariante par ’action des isométries.

o Changeons d’espace d’états et regardons l'espace tangent & R3 : TR? ~ R3 x R3. Les isométries

— —
euclidiennes agissent naturellement sur TR en envoyant un point ( £ ,v) sur (¢( £ ), (v)). On définit
par exemple une diffusion sur TR?, invariante par cette action, en posant

— — s
Es=E&o0+ wpdr, v =19+ Wy,
0
ott {w, },>0 est un mouvement brownien sur R3. 1l en va de méme si 'on remplace w par un mouvement

brownien sur la sphére 7.

e A I'opposé des processus continus, un processus sautant a intervalles de temps constants, selon une loi
radiale, a aussi une loi invariante par 'action des isométries. Un mélange de sauts et de trajectoires
browniennes aura encore cette propriété.

La situation sur R'3 différe radicalement du cas euclidien. D’abord en ce que la notion de temps
dépendant du référentiel, on ne peut ’évincer du probléme comme on I’a fait dans le cas euclidien. Plus
fondamentalement, on cherche a modéliser ’évolution dans 1’espace/temps d’un phénomeéne aléatoire réel.
Ce phénomeéne ne pouvant se propager plus vite que la lumiére, il lui correspond une courbe {&}s>0 =

—
{(t(s), ¢ (s))}s>0 dans R13 ayant les deux propriétés
1. t(s) est une fonction continue, strictement croissante de s,
— — 3
2.V0<7<s, [€(s) = ()] <t(s) —t(r)(®).

Cette courbe est dérivable en presque tout s. On va s’intéresser aux trajectoires de classe C' correspondant
4 un phénoméne se propageant i une vitesse strictement inférieure a celle de la lumiére :

VO<r<s, |€(s)— €(r)] <t(s)—t(r),

511 s’agit des processus de Markov continus, dont le domaine du générateur contient 1’ensemble des fonctions de classe C*,
a support compact. Cette dénomination est celle adoptée par Rogers & Wiliams dans [RWO00], Chap.3.

6La tranformée de Fourier transforme I’opérateur différentiel L en I’opérateur de multiplication par un polynéme de degré
2, qui ne doit dépendre que de la distance a l’origine, & cause de I'invariance de L par les isométries.

"Pour cette diffusion, {&s}s>0 est récurrente en dimension 2 et transiente dés lors que la dimension est supérieure ou égale a
3. Anticipant sur les problémes 3 venir, on peut montrer que cette diffusion sur R3 x S? n’a pas d’autres fonctions harmoniques
bornéees que les constantes.

8(Ces propriétés, valables dans le référentiel canonique donné par le postulat 1, sont valables dans tout autre référentiel
admissible.
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soit .
Vis>0,q(&(s)) >0,

si 'on note {£(s)}>0 la dérivée de {€(s)}s>0. Sous cette condition, on peut reparamétrer la courbe ¢ de
fagon & avoir ¢(&s) = 1, quel que soit s > 0.
Notation — On note {cg, €1, ...,£4} la base canonique de R13.

DEFINITION 3. L’hyperboloide {(t,?) =¢ e RY3; g6 = 1} a deux composantes connexes. On note H
celle qui correspond a t > 0. Tout point de H\{eo} s’écrit de fagon unique (chp, (shp)o), p >0, o € S%. Le
couple (p, o) forme les coordonnées polaires du point (chp, (shp)a).

La proposition suivante peut étre prise comme définition de la géométrie de ’espace hyperbolique®.

PROPOSITION 4. La restriction de q a chaque espace tangent est définie négative. Cela fait de H une variété
riemannienne d courbure constante, égale & —1 : H est un modéle de l’espace hyperbolique de dimension 3.

H étant une demi-sphére unité de la forme quadratique ¢, est invariante par ’action d’un sous-groupe G
de Gg, d’indice 4. Ce groupe G est appelé le groupe de Poincaré : c’est le produit semi-direct du groupe
S0y(1,3) des isométries directes de ¢ laissant H stable!C et du groupe des translations de R*3 (dont I’action
est triviale sur I’ensemble des vecteurs vitesses). Toute isométrie de H provient de I'action sur H d’une
isométrie de ¢ ; G agit transitivement sur H.

On note AY le Laplacien sur H. C’est un opérateur invariant par les isométries de H.

La courbe (aléatoire) {55}520 sur H déterminant la courbe {&;}s>0, via la relation

§s=§0+/osérdT,

on est ramené & determiner 'ensemble des mouvements aléatoires sur H, continus, dont la loi est invariante
par action de G. Il n’existe pas plus que dans le cadre euclidien de description simple de cet ensemble. Si
I’on se restreint & la classe des diffusions de Feller-Dynkin sur H, on obtient une description analogue & celle
du théoréme 2.

THEOREME 5. Les seuls opérateurs différentiels d’ordre 2 sur H, invariants par laction sur H des isométries
de q sont les multiples positifs du laplacien AH.

Soit ¢ > 0. L’opérateur cA™ est le générateur du processus {wet}i>0, 0l {ws}s>0 est un mouvement
brownien sur H.

D’autres mouvements aléatoires sur H ont une loi invariante par ’action de G.

e On peut contruire sur H des courbes aléatoires de classe C I dont la loi est invariante par ’action de
G : il suffit par exemple, partant d'un point donné £, de choisir la direction U selon la probabilité
uniforme sur S? et de parcourir linéairement (ou pas !) I'unique géodésique définie par £ et U.

e Abandonnant ’hypothése de continuité, un processus de Poisson {55}520 sur H, de loi de saut radiale,
définit un processus {(55, fs)}s>0 sur H x RY3 dont la loi est invariante par I'action de G.

Comme le remarque Dudley, [Dud66], p.259, un tel processus pour les vitesses semble adéquat, si l'on
songe & une particule gardant une vitesse constante entre deux chocs aléatoires la faisant changer de direction.

On peut en fait donner une description exhaustive de ’ensemble des processus de Markov cadlag sur H,

donnés par des noyaux de transition {Pt (f , )} >0 fem vérifiant les conditions

9Voir [Ive92], Chap.4.
10Cest 14 une définition de SOg(1,3), qui est la composante connexe de Id dans SO(1, 3).
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1. Conservation de la masse — P;(¢,H) = 1, quels que soient ¢ > 0 et £ € H.

2. Invariance par P’action de G — Pour toute isométrie g de H, tout point f € H, tout borélien A de
H et tout temps t > 0,

Rappelons qu’on note (g¢,€1,€2,3) la base canonique de R x R3 ; ¢y € H.
DEFINITION 6. Une mesure ! invariante par toute isométrie de H laissant ¢ stable est dite radiale.

On définit sans équivoque la convolution de deux mesure radiales i et v en posant pour tout borélien A
de H

pxv(A) = /V(Ag)u(déx

ol Aé = TS(A), et T est n'importe quelle isométrie de H, choisie continiment en fonction de &, qui envoie
€ sur &y. La propriété 2 permet de réécrire la propriété de Markov sous la forme

PS * Pt = P3+t.
Aussi, chaque probabilité P;(gg,.) 2 est-elle infiniment divisible :

Vn>1, Peg,.)=Pe(eg,.)* - *Pr(eo,.).

Karpelivich, Schur et Tutubalin ont donné dans [KT§59] une caractérisation de I’ensemble des probabilités
radiales sur H infiniment divisibles, analogue au théoréme de Lévy-Khinchin. Comme son analogue réel, cette
caractérisation se formule en termes de transformée de Fourier. Le role des fonctions e, vecteurs propres
du laplacien associé aux valeurs propres —\?, est joué par les fonctions sphériques

. sin(Ap) : p
F = , F =1, F =—, 1.0.2
A (&) sh(p) x(€0) 0(&) shp ( )
oll p est la distance hyperbolique de € & € et A un nombre complexe tel que |Sm(\)| < 1. La fonction Fy
est la seule fonction radiale vecteur propre de A¥, associé & la valeur propre —(1 4+ A?). La transformée de

Fourier d’une probabilité radiale u est définie pour |Sm(\)| < 1 par la formule

A = / Fi () (). (10.3)

TuforiME 7 (Karpelevich, Schur, Tutubalin, [KTS59]). Une probabilité radiale est infiniment
divisible si, et seulement si,

log i) = (1 + A%)a — /(1 - FA()Q(df),

ot v > 0 et Q est une mesure positive, radiale, telle que

P’ :
/ L) <.

Notons {55}520 le processus de Markov cadlag dont {Ps}s>0 est la famille des noyaux de transition. La
caractérisation de Karpelevich, Schur et Tutubalin des noyaux de transition Ps; admet un pendant dynamique
dans lequel {&}s>0 est décrit comme la solution d’une équation différentielle stochastique conduite par un
mouvement brownien et un processus de Poisson. Cette description dynamique de {55}520 permet de voir
le processus comme la “composée” d’'un mouvement brownien sur H et d’un processus de saut radial sur H ;
elle est détaillée dans la premiére partie de "appendice Dudley’s results, p.88.

117] est sous-entendu ici comme dans la suite que 1’on considére une mesure Borélienne, o-finie.
12Qui détermine P; (&,.), quel que soit & grace a la propriété 2 et 4 la transitivité de l’action de G sur H.
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3 — Comportement asymptotique - Si le comportement asymptotique de {€s}s>o est difficile &
appréhender avec les seules informations sur {53}520 données par le théoréme de Karpelevich, Schur et
Tutubalin, on peut tout de méme obtenir une bonne description du comportement asymptotique de {55}520
4 1’aide de la seule propriété 2 d’invariance.

THEOREME 8 (Dudley, [Dud66], Theorem 9.2, p.261, [Dud73|, Theorem 3, p.3552). e Le pro-
cessus {&s}s>0 est transient.

e Notons (ps,0s) les coordonnées polaires de &. La direction oy de & converge lorsque s tend wvers
Uinfini.

On donne une preuve de ces théorémes dans I’appendice Dudley’s results, p.88. Il est difficile de
pousser plus loin l'investigation sur le comportement asympotique du processus {(fs, 55)}S>0 sur H x RY3,

sous les seules conditions 1 et 2, et Dudley laisse les choses en I’état en 1974(13).

On notera dorénavant u, = (&,&,) € H x R,

On regarde ce processus comme une variable aléatoire définie sur un espace mesurable (2, F), & valeurs
dans C(R>° H x R3). Cet espace mesurable porte une famille de probabilités {Py, }.,cnxr:.2, donnant les
lois de {us}s>0 lorsque les trajectoires sont issues des points ug € H x R3. On peut définir des applications
mesurables 6; : Q — Q. ¢t > 0, telles que

U (Ht (w)) = Ugpt(w),

quels que soient s > 0,t > 0,w € Q. Ces opérateurs 0; sont appelés des shifts.
D’un point de vue formel, c’est dans la tribu

7({us}) = ﬂ o(us;s =2 t)

t>0

que se trouvent les informations sur le comportement asymptotique de la diffusion {us}s>0. Cette tribu
s’appelle la tribu asymptotique du processus {us}s>o.

La tribu asymptotique contient une sous-tribu intéressante : la tribu invariante. Elle est formée de
I’ensemble des événements de T({us}) invariants par les shifts 6, :

Inv({us}) ={Z e r({us}); Vt>0, 0;'Z = Z}.

PROBLEME. Peut-on trouver un variable aléatoire Y, a valeurs dans un certain espace (un ensemble discret,
une variété, une espace de Banach...) telle que, sous chaque probabilité Py,

o les tribus 7({us}) (ou Inv({us})) et o(Y) coincident a des ensembles P.,,-mesure nulle pres,
o la loi de'Y est connue ?

Ce travail de thése apporte une réponse & ces deux problémes lorsque le processus {55}520 sur H est un
mouvement brownien. Le théoréme de Karpelevitch, Tutubalin et Schur donne 'ordre de généralité de ce
choix : on n’examine que les processus continus répondant aux exigences de conservation de la masse et
d’invariance par ’action de G. On gagne en contre-partie tous les outils du calcul stochastique.

Le premier bénéfice d’un tel choix est la redémonstration quasi-immédiate du théoréme 8 de Dudley
sur le comportement asymptotique de {55}520. On montre en effet que ses coordonnées polaires (ps, 05)s>0
vérifient les équations

13 A 1a recherche de conditions plus générales encore, Dudley abandonne dans I’article [Dud73] I’hypothése d’invariance des
noyaux de transition par les isométries de H et donne des conditions plus faibles sous lesquelles la direction o5 du mouvement
&s sur H converge (que {{s}s> soit on non transient).
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S
ps = po +wh +/ coth(p,) dr,
0

JS:E(/ dr)’
OShpr

ol w” est un mouvement brownien réel et ¥ un mouvement brownien sur la sphére S?, indépendant de w”.
On lit sur ces équations que ps > po + wf + s, tend vers l'infini plus vite que 3, et que donc le changement
de temps OS S}f—; converge lorsque s — +o0.

Second bénéfice : on peut reformuler le probléme précédent en termes analytiques, faisant intervenir le
générateur différentiel de { (¢, &)}

s>0°

. A?f .
Lf(§,¢&) = — 7t O: ().

Oc f (5) y désigne la différentielle de f par rapport a &, dans la direction £.

PROBLEME BI1S. Déterminer ’ensemble des fonctions bornées h, définies sur R>0 x (]HI X R1’3) (resp.
H x RY3), telles que (05 + L)h =0 (resp. Lh =0).**

Cette reformulation est effectuée dans la section 2.2.1. On y montre qu’une fonction bornée vérifiant
léquation (0s + L)h = 0 est indépendante de s ; elle vérifie donc ’équation Lh = 0. Aussi n’y a-t-il
qu’un seul probléme analytique. D’un point de vue probabiliste, cela signifie que toute I'information sur le
comportement asymptotique de la diffusion {us}s>0 est contenue dans la tribu invariante Inv({us}).

DEFINITION 9. Une fonction h: H x RY3 — R, de classe C?, telle que Lf =0, est dite L-harmonique.

L’objectif de la partie 2 est de décrire I’ensemble des fonctions L-harmoniques bornées. Cette
description est donnée au théoréme 11.

La stratégie — Rappelons une définition.

DEFINITION 10. Une fonction L-harmonique positive h est dite minimale si les seules fonctions h'
L-harmoniques, positives, telles que 0 < h' < h, sont les fonctions \h, avec 0 < A < 1.

On va trouver un ensemble {h*},c4 de fonctions L-harmoniques minimales, indexé par un certain en-
semble A, et une probabilité 7 sur A, tels que la fonction 1, identiquement égale & 1, est le barycentre des
fonctions h® :

1= /ho‘ul(da). (1.0.9)

Utilisant des résultats de Choquet sur la représentation intégrale dans les convexes compacts, on déduit de
l'identité (1.0.4) que toute fonction L-harmonique bornée est de la forme

W) = / B () () (da),

ou H est une fonction sur A, borélienne, bornée.

14Remarquer qu’on ne suppose pas h de classe C2. Une fonction h vérifiant la relation Lh = 0, au sens des distributions, est
automatiquement de classe C2. On régle ces questions de régularité dans la section 2.2.1.
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Quelles sont ces fonctions h® ? — La convergence de {0;}s>0 vers un point limite oo, € S? nous
fournit une identité du type (1.0.4). La variable 0., admet sous chaque probabiblité P, , ug € H x R?, une
densité o € S — h7(ug) par rapport & la probabilité uniforme do sur S?, strictement positive. Pour chaque
o € 2, la fonction u € H x RY3 + h(u) est L-harmonique, et

VYu € H x RY?, lz/h”(u)do'.

Mais les fonctions h? sont-elles extrémales 7 .
Soit ¢ une rotation de R3. Pour ¢ € H, de coordonnées polaires (p, o), on note p(€) le point de H de
coordonnées polaires (p, p(c)). Cette transformation est une isométrie de H. Utilisant la relation

h?O((€,€) = h7((¢71(€), 071 (9))),

valable quels que soient p € O(R3?), o € S?, (é,&) € H x RY3, et l'invariance de L par I'action de ¢! sur
H x R'3, on voit que I'une des fonctions h° est minimale si, et seulement si, toutes le sont. On peut donc se
contenter de voir si la fonction h°!(.) est minimale ou non'®. On peut reformuler la définition d'une fonctions
harmonique minimale sous la forme

(%) : het(.) est minimale si, et seulement si, les seules fonctions h, bornées, vérifiant l’égalité L(h®1h) =
0, sont les constantes.

On peut construire une diffusion {(és, fs)}s>0 sur H x RY3 dont le générateur infinitésimal est

€
fo L)
h#t
Cette diffusion a méme loi que la diffusion originelle, conditionnée par I’événement (de probabilité nulle)
{0oo = €1}. On parle de diffusion conditionnée ou de h°! -processusi®. On notera P! sa loi.
Dans ce cadre, le lien mentionné plus haut entre fonctions harmoniques bornées et tribu invariante donne
de la phrase (%) une version probabiliste.

(K') = he1(.) est extrémale si, et seulement si, la diffusion conditionnée a une tribu invariante triviale.

Un argument simple de martingale montre que la tribu invariante est, sous chaque probabilité P!,
uo € H x RY3, engendrée par les variables aléatoires de la forme

I
Jim f(us)

otl f est une fonction borélienne, bornée, allant de H x R!:3 dans R(!7). En somme, on montre que la fonction
he1 n’est pas extrémale si l'on trouve une fonction qui converge (presque sirement) le long des trajectoires
de la diffusion conditionnée vers une variable aléatoire dont la loi n’est pas triviale.

On choisit un autre paramétrage de H que les coordonnées polaires pour examiner le comportement, de
la diffusion conditionnée. L’application

P

[z +y2+1 2P +y? -1 @ m2>eH
2y ’ 2y Ty y?

¥ (y, (@1,...,32)) € RZO X R? > <

est une isométrie entre I’espace R>? x R?, muni de la métrique riemannienne

<U7 V>Eucl

UVeR? (y,2) e RO xR*, (U, V)(ya) = 2

)

15Rappelons qu’on note {eo,£1,£2,63} la base canonique de R x R3.
160n rappelle dans I’appendice h-transform, 4.2, p.94, le lien entre conditionnement et h-processus.
17Cette limite existe bien Py -presque stirement, quel que soit ug € H x R1:3,
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et (H,q).

On utilise le demi-espace R>? x R? comme paramétrage de H. Dans ces coordonnées, la fonction
het ((y,x),€) est un multiple de y* et la diffusion conditionnée est régie par un systéme d’équations dif-
férentielles stochastiques.

dys = ysdwg + gysd&

dzy = ysdw§7
dgs = ¢((ys; Z‘S)),

ol w¥ et w” sont deux mouvements browniens réels indépendants. On montre que la fonction

R ((6,6) = ql&,20 + 1)

converge presque stirement le long des trajectoires de la diffusion conditionnée vers une variable aléatoire
RZl ayant une loi non triviale. La fonction L-harmonique h®' n’est donc pas extrémale.

On retrouve & cette occasion un résultat de Dufresne identifiant la loi de Dintégrale [} e”~* du, ot w
est un mouvement brownien réel et ¢ une constante > 0.

La variable aléatoire RS} admet sous P' une densité ¢/ € R — hj'(u) par rapport & la mesure de
Lebesgue. Les fonctions u € H x RY3 + ' (u), £ € R, sont toutes L""' -harmoniques. On a donc une famille
{h*'hj' }ser de fonctions L-harmoniques. L’une de ces fonctions h°'hj' est-elle minimale ?

A la différence de h°t, qui est > 0, chacune de ces fonctions h'hS' s’annule sur le fermé {(¢,&) €

P c17 €1
H x R'Y; ¢ < q(€,e0+¢1)}. Etant donné ¢ € R, on définit donc opérateur L"™ "' f = W
L

Pouvert complémentaire {(&,&) € H x R3; £ > g(£,e0 +e1)}, ainsi que le h¥1h3*-processus correspondant.

sur

. €1 hE1 . 2 . o e
On montre que les fonctions L" ' "¢’ -harmoniques, bornées, sont constantes (i.e. h°'hj" est minimale) en
utilisant un couplage des trajectoires du h®' h;'-processus.

Couplage -~ L’dée ici mise en oeuvre est simple. Oublions un instant le A1 hj'-processus et considérons
une diffusion!® sur R”, de générateur noté L, définie sur un espace mesurable (2, F). La formule d’Ttd
montre que pour une fonction L-harmonique bornée h, le processus {h(us)}s>0 est une martingale bornée.
On a donc

h(’u,o) = Euo [h(uT)},

pour tout temps d’arrét 1. Aussi, étant donnés deux points ug, u1, SUPpOsSONs avoir trouvé

e une probabilité P, ,, sur (2 x Q, F ® F), deux processus {us}s>0 et {u}}s>0, de lois respectives Py,
et Py, , sous Py 4, ,

e deux temps aléatoires T et T" tels que T (resp. T”) est un temps d’arrét par rapport a la filtration
engendrée par {us}s>o (resp. {u}s>0), et ur = u/p,, Py, u,-presque strement.

Alors, on aura
h(uo) = Euo[h(ur)] = Eug uy [h(ur)] = Eug,u [A(ug)] = Eu, [A(ug)] = h(ur).

La difficulté dans ce genre d’argument réside dans la construction méme du couplage (la probabilité Py, ., ),
qui doit nous assurer que les trajectoires {us}s>0 et {u)}s>0 se rencontrent, ce qui n’a rien d’immédiat dés
lors que l'on quitte R.

18De Feller-Dynkin.
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La situation est tout de méme assez bonne pour que l'on puisse réaliser le couplage de mouvements
browniens sur une variété & courbure de Ricci positive!® ! Sous I'impulsion de W. Kendall et Cranston (entre
autres) I'étude de tels couplages pour des diffusions elliptiques a donné de nombreux résultats intéressants2°.

Dans notre cas, 'utilisation de cette méthode est a priori embarrassée par la non ellipticité des opérateurs
L, L' et Lh"'h" et les complications que le cadre non elliptique?! apportent. Peu d’études ont été menées
dans le cadre hypoelliptique®?. Ben Arous, Cranston et W. Kendall examinent dans [BACK95] la diffusion
plane (ws, [, wy dr), ol w est un mouvement brownien réel, ainsi que la diffusion (W, A,) sur R3, ou W
est un mouvement brownien plan et A, son aire de Lévy stochastique. W. Kendall prolonge avec C. Price
l’étude du premier exemple, dans [KP04], en considérant aussi des intégrales itérées du mouvement brownien.
Cependant, & ce jour, aucun résultat général sur le couplage de diffusions hypoelliptiques ne semble avoir
été obtenu.

Dans 'usage qu’on en fait ici, ce n’est pas tant le couplage en soi qui nous intéresse que son application
a P’étude des fonctions harmoniques. Cela nous donne quelque latitude. Avant de coupler des trajectoires
de la h°'hj'-diffusion, on montre qu’une fonction thlhjl—harmonique bornée ne dépend a priori que de
deux coordonnées y et &°(= q(£,e9 + 1)) ; on n’aura donc & coupler que ces deux coordonnées pour la
LR _diffusion.

Cette propriété des fonctions L"™':' -harmoniques provient de le propriété analogue pour les fonctions
L' -harmoniques bornées. On obtient cette derniére en utilisant un couplage, ou plutot un quasi-couplage.

Profitant de ce que les fonctions L""' -harmoniques bornées sont naturellement uniformément continues
(section 2.2.2), on montre que 'on peut trouver pour chaque € > 0 non pas un couplage exact (ur = ul),
mais un couplage assez bon pour que |h(ur) — h(u)| < €, ce qui nous donne

|h(u0) - h(ul)} S Bug,u Hh(uT) - h(UITf)H <e,

et donc h(ug) = h(u1), puisque € > 0 est arbitraire. On peut définir un tel couplage dés lors que ug et u;
ont les mémes deux coordonnées y et £'0 (section 2.2.2).

On remarquera au 2.2.2 que I’on se raméne & coupler deux trajectoires d’une diffusion plane de la forme
{(zs, 10 + [ 2 dr)} o, O 2 est une diffusion sur R, récurrente positive. Cette situation ressemble donc &
celle étudiée par Ben Arous & al. Leur méthode, cependant, ne fonctionne pas dans ce cas. On résume notre
approche dans I’appendice 4.4, Coupling of a hypoelliptic diffusion on R?, p.100.

L’approche esquissée ci-dessus permet de donner une description de I’ensemble des fonctions harmoniques
bornées, et par 14, de la tribu invariante de la diffusion {(&,,&,)}, ., sur H x Rb3.

THEOREME 11. 1. Toute fonction L-harmonique, bornée, est de la forme
/ he (RS () H (0, £) dode,
S2 xR

ot H est une fonction borélienne, bornée, sur S? x R.

2. Notons

0o = lim oy
s— 400

et
Rl = lim q(&s,60 + 0c0)-

s——+00

Etant donné ug € H x RY3, les limites précédentes existent P, -presque sdirement et la tribu invariante
Inv({us}) coincide avec la tribu o(ooc, RI>),  des ensembles de Py, -mesure nulle pres.

19Voir [Ken86).

20Consulter par exemple [Cra91], ot Cranston utilise un couplage pour obtenir des estimations du gradient de fonctions
harmoniques sur certaines variétés riemanniennes.

21(est-a-dire non riemannien.

€
22QQui est delui des opérateurs L, LMY et LhYhe' | On définit ce terme dans la section 2.2.1.
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DEFINITION 12. Pour des raisons historiques, on appelle frontiére de Poisson de l’opérateur L, sur
le domaine H x R3, ’ensemble des fonctions L-harmoniques bornées.

4 — Une description géométrique de la frontiére de Poisson de . — 1l est naturel de se demander
si I'on peut donner de ce théoréme une version géométrique. L’espace H x R'3 est-il naturellement muni
d’un bord & 'infini O(H x RY3) tel que

o les trajectoires {us}s>o convergent P, -presque stirement vers un point u., € (H x R13),

e les tribus Inv({us}) et o(uos) coincident & des ensembles de P,,-mesure nulle prés,

quel que soit ug € H x R3 ?

Une telle situation arrive par exemple lorsqu’on étudie le mouvement brownien sur une variété de Cartan-
Hadamard & courbure sectionnelle bornée et inférieure a une constante —¢ < 0. Une telle variété V, de
dimension n, admet une compactification naturelle.

Des coordonnées polaires (p, o), p > 0,0 € S?, sont bien définies sur V dés lors que ’on choisit un point
de base sur V(?*). On identifie deux courbes {v;};>0 et {7/}:>0, quittant tout compact, et données en
coordonnées polaires {(p¢,0t) }ez0, {(p1,07)},5,, si les directions oy et of de v et y; convergent toutes les
deux vers un méme point o, de S*~!. Cette relation d’équivalence permet d’ajouter & V un bord & l'infini,
OV, homéomorphe & S~ !, ott un point de OV correpond & ¢ € S*! §’il est dans la méme classe que la
géodésique {(¢,0)}i>0, issue du point de base, avec pour vitesse initiale o.

Toute géodésique s’avére converger vers un point du bord. Dans ce contexte, le mouvement brownien
{ws}s>0 sur V converge vers un point 0, de 9V(?*). On doit & Anderson [And83] la premiére démonstration
du fait que o(0s) et Inv({ws}) coincident & des ensembles de P, -mesure nulle prés, quel que soit la
condition initiale wq (il démontre en fait un résultat plus fort)?®. En ce sens, le mouvement brownien sur V
finit par se comporter comme une géodésique®®.

La situation dans notre cadre lorentzien différe radicalement. La notion de distance entre deux points
n’est méme pas bien définie : que signifierait ’égalité

1
d(0,e0 +¢1) = inf{/ Vg, 3e)lds 5 70 =0, m =Eo+€1} =0,
0

alors que les deux points 0 et €9 + ¢ dont distincts ?
Il nous faut tenir compte de la structure lorentzienne. Introduisons pour cela un peu de vocabulaire.

DEFINITION 13. e Une courbe de classe Ct, v : RZY — RY3 | s v, est dite temporelle si q(5s) > 0,
quel que soit s > 0.

e On dit que c’est une courbe de lumiére si q(ys) = 0, quel que soit s > 0.

e Etant donné un point £ € R, on note C>0(¢) = {¢ € R'; ¢(¢ — &) > 0} le futur (chronologique)
de & ; c’est ’ensemble des points de l'espace/temps influencables par & & Vaide d’un signal allant
strictement moins vite que la lumiére.

o On note aussi CZ°(¢) = {¢ € RY3; q(¢C =€) = 0} le futur causal de & ; c’est l'ensemble des points de
Uespace/temps influengables par &.

237] s’agit des coordonnées exponentielles.

24Voir par exemple Prat [Pra75], Kifer [Kif86], ou Ancona [Anc90].
25 Ancona donne dans [Anc90] des généralisations de ce résultat.
26Le théoréme 7.3 de [Anc90] donne une version quantifiée de ce fait.
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e De la méme maniére, on définit le passé chronologique de &, C<°(¢), comme {¢ € RM3; ¢(¢—¢) <0},
et le passé causal de &, C<°(¢), comme {¢ € RY; q(¢ — &) <0}.77

Dans la suite, toutes les courbes considérées seront de classe C!.
Remarquons que deux points & et & de H x R!? sont égaux si, et seulement si, ils ont méme passé :

{¢ =& = {cE) ==} = {c€) =Cc=°(9)} %)
Remarquons aussi que si {7;}:>0 est une courbe causale, les ensembles CS(+;) croissent avec t :

si0<s<t, CSOys) € CSyy).
Au vu de cela, il peut sembler honnéte de définir la relation d’équivalence suivante.

DEFINITION 14. Deuz courbes causales {:}i>0 et {7;}i>0, quittant tout compact, sont dites équivalentes

st
U C<O ,Yt U C<O
t>0 t>0

En somme, on identifie deux points infiniment loins §’ils ont méme passé. On appelle bord causal la
classe d’équivalence de chemins obtenue. On le note 9. (H x RY?).

On peut munir la réunion disjointe de H x R*? et de d.(H x R!:%) d'une topologie qui coincide sur H x R*¢
avec la topologie originelle et qui fasse de 9.(H x R*9) le bord de H x R4,

On peut définir un tel bord sur une variété lorentzienne. Il est cependant loin d’étre évident que 'on
pourra donner une description de cet ensemble de classes d’équivalence en termes géométriques simples??
Cette construction souffre de plus de défauts théoriques déja notés dans article originel [GKP72] de Geroch,
Kronheimer et Penrose sur le sujet. On peut cependant mener & bien cette approche en utilisant une idée
proche.

Seule la structure causale spécifiée par les cones CSO(¢), ¢ € H x RY3, importe dans la construction
précédente. Supposons donnée une autre variété V ou les notions de courbe temporelle, causale, de cone passé
(chronologique, causal)... sont bien définies, en des termes analogues & ce qu’on a vu sur RY3. Imaginons
avoir une application ¢ : R1"® — V, respectant ces structures :

{¢ecs9} = {v(Q) € CS2(p(9)) },

des équivalences analogues ayant lieu pour C<%(¢(€)), C%(p(€)) et C=0(¢(£)).

Si p(RY3) est relativement compact, et (et V) bien choisie, on pourra identifier le bord causal de R*3
(ou de ¢(R13)) & une partie du bord de p(R'?) dans V.

C’est une telle construction qui est faite dans la section 3.1, ou le role de V est joué par l'univers
d’Einstein. Le bord (causal) de R!? s’identifie & un cylindre S? x [—oo, +00] ott 'on identifie S? x {—oc} et
S? x {+oco} & un méme point. On note C ce bord, et p le point S? x {£oco}. On montre que C s’identifie
naturellement & une certaine classe d’équivalence de géodésiques de lumiére. Le théoréme suivant donne une
description géométrique de la frontiére de Poisson de L sur H x R':3,

THEOREME 15. Soit ug € H x RY3,

1. Le processus {&s}s>o0 converge Py -presque sirement vers un point £« € C\p. En ce sens, {s}s>0
finit par se comporter comme une géodésique de lumiére.

2. Les tribus Inv({us}) et 0(éx) coincident a des ensembles de Py, -mesure nulle pres.

270n adopte la notation non traditionnelle C>9(¢), etc. pour rappeler qu’il s’agit 1a de véritables cones affines de RS :
YA >0, ¢ €C70(E), £+ A(C —€) € C7O(6).

8On a des équivalences analogues avec les ensembles futurs.

290n entend par 14 montrer que ce bord est homéomorphe a telle ou telle variété.
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5 — Une description algébrique de la frontiére de Poisson - On a indiqué aprés le théoréme
7 de Karpelevich, Schur et Tutubalin, que I'on peut décrire la partie {53}520 d’un processus relativiste
{(és, fs)}s>0 général sur H x R comme la solution d’une équation différentielle stochastique conduite par
un mouvement brownien et un processus de Poisson. Le véritable cadre de cette interprétation est le groupe
S0q(1,3) dont la (demi-)pseudo-sphére unité est un espace homogene, et le théoréme de Karpelevich, Schur
et Tutubalin le reflet d’un théoréme décrivant tous les processus de Lévy sur SOy(1,3) (voir 'appendice
Dudley’s results, 1, p.88).

Appelons {9, 1,e2,¢3} la base canonique de R, Trois champs de vecteurs, H1, Ha, Hs, sur SOg(1,3),
invariants par translation a gauche, y jouent un role particulier. Ils sont donnés par leur valeur en l’identité
; respectivement

e [, échangeant €( et €1, envoyant €9 et €3 sur 0,
e [5: échangeant € et 9, envoyant €1 et €3 sur 0,

e E3: échangeant £¢ et €3, envoyant ;1 et &5 sur 0.3

Dans 'identité (1.0.5) comme dans tout le manuscrit, la convention de sommation d’Einstein est adoptée.
Aussi,
H;odw! = Z H; o dwl.
j=1.3
Le mouvement brownien sur H apparait comme la projection sur H ~ SOq(1,3)/S00(3) de la diffusion
{gs}s>0 sur SOy(1, 3) solution de I’équation différentielle stochastique

dgs = Hj o dw!, (1.0.5)

ott les w’ sont des mouvements browniens indépendants3'. Plus simplement, {gseo}s>0 €st un mouvement
brownien sur H. Si I'on identifie SOy (1,3) et ’ensemble OTH des repéres orthonormés directs de H, les
champs de vecteurs H; sont les champs de vecteurs horizontaux canoniques sur O1H, et la construction
précédente du mouvement brownien sur H la construction de Eells et Elworthy.

Comment, en ces termes envisager la diffusion {(&,&)}, ., sur H x R4 7
=

Fixons s > 0. Suivant McKean, considérons g, comme la limite (presque sire) du produit
J J
H exp((w(iﬂ)s _w(,i+1)s)Ej),
i=1l..n—1 " "

lorsque n — +o00 (voir [McK69], Chap.4.8). .
Notons e = (g,¢) un point de SOg(1,3) x R3, et posons e; = (gs,&s), avec gseo = &s. La description de

McKean justifie moralement l'approximation 2 ci-dessous.

€54ds — (gs+d57 £s+ds) =~ (gs+ds; fs + ésds)
2 (gS exp((wirdS — wg)Ej),ﬁs + fsds)
Si 'on munit SOy(1,3) x R3 du produit semi-direct

(9.4, &) = (99", &+ 9¢),

30Ces trois champs de vecteurs sont les boosts, déja apparus au 1.
311 ’opérateur %(H f + H22 + H%) est hypoelliptique. On peut aussi obtenir le mouvement brownien sur H en projetant sur

H la diffusion ellitpique solution de I’équation dgs = V; o dwg + V]-kdwgk, ot les champs de vecteurs Vj; sont les champs sur
S00(1, 3) associés aux rotations infinitésimales F1 2, E1,3, E2,3 de R? ; ces matrices sont définies p.8.
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I'identité précédente s’écrit
€s54ds = (gs,fs) (eXp((wierS — wg)Ej),é‘odS) .

Notons E; = (E;,0), j = 1..d, Pextension naturelle de E; & SOy(1,3) x R'3, et Ay = (0,0). Notant exp
I'exponentielle sur le produit semi-direct SOg(1,3) x RY3, on a, avec des notations claires,

exp((dg,€)) = (1d,0) + (dg, &) + %(dgz’,gﬁr dgé) +--- .

Aussi,

: U , o 1 . o
exp((w;rdS —wl)E; + Aods) = (I1d,0) + ((wngdS — wg)Ej,sods) + 5(((wi+ds — wg)Ej)Q

~ (exp((wngds —w!)E;), eods + o(ds)).

,O((w;dS — wg)ds)) + -

Ainsi, _ o B
€oids € exp((w;rdS —wl)E; + Aods)
Le processus {es}s>0 sur SOp(1,3) x R doit donc, au vu du théoréme de McKean, étre solution de

I’équation différentielle stochastique _
des = Vj odwl + Vids, (1.0.6)

ou Vj(e) = eEj et Vp(e) = eAy. On vérife directement que cette équation est la méme que le systéme
dgs = Viodw!, dé, = ¢'ds.

On notera Pe, la loi de la diffusion solution de I'équation (1.0.6), correspondant a la condition initiale ey € G.
On peut donc voir la diffusion {(&,&)}, ., sur Hx R comme la projection sur H x R"* d’une diffusion

sur le produit semi-direct SOy(1,3) x RY3, invariante & gauche. Ce groupe n’est autre que le groupe de
Poincaré G des isométries affines de la forme quadratique ¢(3?).

C’est un fait classique (et le théoréme 113 le montrera) qu’étant donné ey = (go,&) € G, les tribus
Inv({&}) et Inv({gs}) coincident & des événements de Pe,-mesure nulle prés ; il en va donc de méme pour

Inv({(&s.&)}) et Inv({(gs, &)}). Aussi s'occupe-t-on de la diffusion {(95755)}@0 = {es}s>0 sur G. Cette
diffusion étant engendrée par des champs de vecteurs invariants par translation & gauche, la suite {e, }n>0
est une marche aléatoire sur G. Le théoréme suivant raméne 1’étude du comportement asymptotique de la
diffusion {es}s>0 & celle de la marche aléatoire {e, },,>0. Il fait partie du folklore sur le sujet.

THEOREME 16. Soit eg € G. Les tribus Inv({e.}) et Inv({e,}) coincident a des ensembles de Pe,-mesure
nulle prés.

e Sous I'impulsion de Furstenberg ([Fur63]), I’étude du comportement asymptotique des marches aléa-
toires sur des groupes s’est développée dans de nombreuses directions, pour venir prendre sa place naturelle
dans V’étude des processus de Lévy sur des groupes. Poursuivant les travaux d’Azencott ([Aze70]), Raugi
donne dans [Rau77] une description achevée, en termes algébriques, de ’ensemble des fonctions harmoniques
bornées (pour la marche aléatoire) sur un groupe localement compact, sous certaine hypothése de moment
sur la loi des sauts ([Rau77], théorémes 8.4 et 13.4). Sa méthode s’applique ici, et la partie 3.2.1 est con-
sacréee i l'exposé d’'une démonstration algébrique d’un analogue des théorémes 11 et 15, dans 'esprit des
travaux de [Rau77]. Les notions d’algébre nécessaires y sont rappelées.

32La composante connexe de 1'identité, plus précisément.
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Notons ¢ = NAK la décomposition d'Iwasawa d'un élément g € SOq(1,3), associée au sous-groupe
commutatif maximal A = {A = diag <(:}}$ EEZ;) ,Idg) it € R}. Tout point (g,&) de SOp(1,3) x R13
s’écrit de fagon unique

(ga 5) = (Nv T(SO - 51)) (Aa u(60 + 51) +veg + U)Eg)(K, 0)7
la mutliplication étant celle du produit semi-direct.

THEOREME 17 (Raugi, [Rau77]). Soit eg = (go,&) € SO0(1,3) x RY3, et {e,}n>0 la marche aléatoire
sur SOo(1,3) x RY3, issue de eg, e, = (gn,&n). Notons g, = N, A, K, la décomposition d’Iwasawa de g, .

1. Dans la décomposition
(gns&n) = (N, rn(e0 — €1)) (An, tun(g0 + 1) + vz + wyes) (Kn, 0),
les suites {Np}n>0 €t {rn}n>0 convergent Pe,-presque strement.
2. La tribu invariante Inv({en}) est engendrée, sous Pe,, par les variables aléatoires Noo €t roo.

La matrice N, dépend d’un vecteur h., € RZ2. La correspondance entre les quantités algébriques
(hoo, oo ), d’une part, et les quantités géométriques (oo, R72°), d’autre part, est explicite.

PROPOSITION 18. Le vecteur ho est la projection stéréographique de la direction asymptotique oo € S? de
{&}sz0-

1+|hool|?
Onaroo=7+‘\/§| Rz

Aussi le résultat de Raugi démontre-t-il de maniére totalement différente le théoréme 11.



Chapter 2

Asymptotic behaviour of the relativistic
diffusion

2.1 The framework

2.1.1 Geometric preliminaries

Let d > 2. Note {eo,¢1,...,e4} the canonical basis of R x R?, and (£°,¢%, ..., £%) the coordinates of a point
¢ € R x R? in this basis. The vector space R x R¢ is endowed with a quadratic form

0@ = ()" = ()" + -+ (€)7)

To distinguish the usual Euclidian space R'*¢ from (R x R?, ¢), we shall note R? this latter space.

a) Isometries of ¢

o The set of affine isometries of R!*¢, is well known. The set of direct linear isometries is a subgroup SO(1, d)
t

of GL(R'*?), with Lie algebra so(1,d) = {(2 j) sceRY Ac so(d)}. Any direct affine isometry ¢ of

RY? can be uniquely written
EeRY, (€)= g(&) +1,

for an element g € SO(1,d) and b € RY4. Note ¢ = (g,b). The group of direct affine isometries of R4 is
the semi-direct product SO(1,d) x R%¢, with product:

(9,b)(g",b") = (9g', b+ gb").

DEFINITION 19. (Id,0)’s component of the set of affine isometries of RV is called the Poincaré group,
and noted G.

Notation

o Write SOy(1,d) = exp (so(l, d)); this is Id’s component in SO(1,d). The Poincaré group is equal to
SOO(I, d) x Rbd,

DEFINITION 20. The unit pseudo-sphere of RY¢ has two components; we note H = {§ € R, q(¢) =
1, €2 > 0} that corresponding to positive £°’s.

22
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b) Models of H

e One can write H = {(chp, (shp)o); p > 0,0 € S*"'}. The pair (p, o) is said to be the polar coordinates
of the point (ch(p), (shp)o) € H.
The g-norm of the velocity of a curve v, = (ch(ps), (shps)os) € H is

(I(’.VS) = —(PE + ||d8||1251uc15h2p8)7

so ¢ induces a Riemannian metric on H, given in (p, o) coordinates by the (0,2) tensor: dp?+ (sh?p)||do||%,.;-
There coordinates are the Riemannian exponential coordinates associated with the point ¢g € H. Given
o € S?71, the path {(p,0)}ecr is a geodesic.
Note that these coordinates have bad behaviour at p = 0; they parametrize H\{e¢}.
e Endow the half-space R>*4~1 = {(y,2) e RY; y > 0, € R?"'}, with the Riemannian metric defined
at a point (y,z) € R>? x R? by
<X7 Y>E 1
(X, Y)(%w) = 73/2 i,

One can check by a direct calculation that

PROPOSITION 21. The restriction to H of the following application is an isometry between (H,q) and the
half-space (RZ%4=1 (- .) ).

1 1 2
(607615 "'afd) € Rl’d 'w—> <£0 _é-l ) 506_ 517' o 7€0£_d£1> S ]R>O’d_l- (2].]_)

Its inverse is given by the formula

(2.1.2)

2 241 2 2_9q -
(1 (o1 mae)) B0 (B LI m | fo) e
where |x| is the Euclidian norm of x € R4~1.

1

The image under 1) of the level hypersurface y = constant is the intersection of the hyperplan £ — ¢! = ;

with H.

e Halfspace coordinates associated with a basis of SOy(1,d) — Given g € SOy(1,d), we define
coordinates on H by setting (y,x) = 1 (gfl (5 )) . These coordinates are said to be the halfspace coordinates
associated with g.

c) Description of the geodesics of H, sphere at the infinity, action on this sphere

i) Adopt polar coordinates on H. We see on definition 20 that SOg(1, d) is the set of direct isometries of H
and that it acts transitively on it. It also acts transitively on the set

{(§,V)eTH; { € H, V € T¢H, —¢(V) = 1}.

4) As a non parametrized path, the geodesic {(p, o)} ¢cr is the intersection of H with the 2-dimensional
vector space (g9,0) C R, The intersection of (g9, ) with the null cone is the line R (9 + o). The geodesic
{(p, o)} per is said to have asymptotic direction o € S~1. From 1), if v is a geodesic started from &, in
direction V, there exists some g € SOy(1,d) such that

§=g(eo) and V = g(e1).
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The isometry g sends the null line R (g9 + 1) to another null line R (g 4+ ¢). This line R (g9 + o) is the
intersection of the null cone with the 2-dimensional vector space (g9, V) C R*%. So, the point o € S~ ! is
uniquely determined by the geodesic «. One says that v has asymptotic direction o.

The set of asymptotic directions is S~ 1.

#43) In our framework, H is seen as a set of velocity vectors. As a translation does not change the speed
of a path, and an isometry g € SOy(1, d) sends the path v to g(v), we define the action of an affine isometry
(g,b) € G on the set S?~! of asymptotic direction by the formula

oesi !, (g,b).0 = o,

if g(R(go 4+ 0)) = R(ep + 0’).

2.1.2 Relativistic diffusion

a) Brownian motion on H

1) Brownian motion on H is defined as the diffusion whose infinitesimal generator is half of the associated
Beltrami-Laplace operator A" (indeed, the associated martingale problem has a unique solution). Define
the d’Alembertian operator O = 8520 — 02 — .= 852(1_1 on RY4. One can show that (Helgason [Hel84],

Theorem 3.5, p.257), given a smooth function f on H, extended radially on a neighbourhood of H to a

function f(rm) = f(m), m € H,r > 0, then

A" f(m) = Of(m).

The invariance of [J by the action of the isometries of R explains why A is also invariant under the
action of (the restrictions to H of) these isometries. Brownian motion on H has the same invariance: for any
¢ € H and any isometry o of H, the image by ¢ of a Brownian motion started from ¢ has the same law as a
Brownian motion started from o(€) .

Notation — Note P¢, the law of Brownian motion on H, started from &.

A more dynamical approach consists in looking at Brownian motion on H as the solution of a stochastic
H

differential equation, generating a diffusion with generator AT.

#t¢) Using polar coordinates

In (p,0) coordinates (on H\{eo}), A™ has the expression
1 2
ARf =02 f + (d— 1)coth(p)d, f + FAS s
p

where A" is the Laplacian on S?~! (associated with its natural metric induced by the ambiant Euclidian
space RY). A Brownian motion started from any point of H, except ¢, is thus located by its coordinates
(ps,0s)- These coordinates are solutions of the stochastic differential equation

d—1 (*
ps = po +w? + ?/ coth(p,.) dr,
0

S d
GS:E(/ 2u )’
o sh Pu

where w” is a real Brownian motion and ¥ a Brownian motion on S?~!, independent of w”.

The first part of the following proposition gives, in our framework, a more precise version of the general
transience theorem 8 of Dudley. It already appears in [PraT75].
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PROPOSITION 22 (Asymptotic behaviour of the speed {55}320). 1. Let SO € H. Given ¢ > 0,
there exists P -almost surely a constant C(w) such that for all s >0,

050 << Lt s+ o).

2. Let & € H. The direction o of & Pg, -almost surely converges to a point 0o € Sé-1,

3. The law of 0o, when the diffusion is started from eq, is the uniform probability on the sphere S¢~1.
When the diffusion is started from another point than g, the law of 0o is the image of the uniform
probability on S¥1 by any isometry of H bringing o to the initial point of the trajectory.

<1 1. On the one hand, as coth> 1, the usual comparison theorem on one dimensional stochastic
differential equations, as Theorem 1.1 p.437 of [TW89], tells us that

d—1

Ps = po +wh + s.

One the other hand, since

ds
e2rs — 1

d(ps—wg’— d;%) . d;I(cotan(ps)—l)ds:(d—l)

and p, > po+w’ +s > S, for s large enough (law of iterated logarithm, LIL), {p, — w? — 425} ,50

converges.
du

. . . S
2. Ts a consequence of point I since the integral [; Tz, converges as s — +00.
u

3. Use an isometry to bring the random trajectory started from the point £o to a trajectory started from
€. This process {§5}3>0 is a Brownian motion since A™ is invariant by the action of the isometries. For

the same reason, the law of {§3}5>0 is invariant by the action of any isometry fixing £y (the rotations

of R?); so, the law of o € S?~! is invariant by any rotation. The uniform probability is the only such
probability on S¢~1. >

411) Using half-space coordinates

Hyperbolic Laplacian is given in these coordinates by the formula

NAH 2
=L @2 4 402

d—2
2
o 9 ray t0y) = 5 Y0y

So, the diffusion solving the equations
d—2
d s = sd y—— sd )
Ys T Yl = Ty s S (2.1.3)
dzrs = ysdw?,

where w? is a real Brownian motion independent of the (d — 1)-dimensional Brownian motion w?®, is a
Brownian motion on H. The process {ys}s>o0 is explicit.

y_d—1
Ys = Yo evsT 2

S
Ts = X —l—/ yrdwy .
0

S

(2.1.4)
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We see on equations (2.1.3) that both y, and x,; converge; the first to 0 and the second to a random
point .. The law of z, is easy to identify.

Suppose the diffusion is started from a point (yo, 7o) € R>%¢~L. If one looks at the point &, in exponential
coordinates associated with (yo, o), we saw in proposition 22 that the asymptotic direction o, of &5 has the
uniform probability on S¢~! as law. So, the law of x, is the image of the uniform probablity on S¢~! by the
function which associates to a direction V' € S%~! the point 2., € R? which is "at the end" of the geodesic
started from (yo, 7o) in the direction V. It has a good expression if one uses on R?~! polar coordinates
centered at o, and noted (r,a), a € ST72. Note o(da) the uniform probability on S¢~2.

2
Plyo,z0) (T(Toc) € 7+ dr, afzs0) € v+ dar) = ﬁlmodra(da).
0

This formula shows that the law of z., has a smooth density with respect to Lebegue’s measure dx on
R?~1, depending smoothly on ((yo,z¢),z) € (R>0 x R71) x RI~1.
Remark — Back to polar coordinates, this implies that the law of 0., has, under any Pg,,a smooth density

h?(€y) with respect to the uniform probability on S%~!, depending smoothly on (&, 0) € H x S¢1.
This is a well known fact that, for a fixed o € S*~1, h7(.) is a A"-harmonic function. As h® depends
only on &y, it is also an L-harmonic function.

b) Relativistic diffusion

DEFINITION 283. Let {£,}.>0 be a Brownian motion on H, started from ¢y € H. Let (s € R'¥. The
relativistic diffusion on H x RY<, started from ((o,Co), is the process {(&s,&s)}s>o0, where

£s=<o+/:§;dr.

Notations

o We shall note P ¢, ., the law of the relativistic diffusion started from ($o,Co) € H x RL4.
e Given s > 0, we note Ps((o,Co),.) the law of (&, &) under Py o)

e Finally, for £ € RY?, we write h,(£) = s€.

PROPOSITION 24 (Support of Ps((£0,%),.)). For any (£0,&) € H x RV and any s > 0, the support of
PS ((507 60)7 ) i8
{(f,f) cH xRV 6+ C’oanull(hs(H))} :

where ConvHull(hs(H)) is a notation for the conver hull of hs(H) C R,

< Fix s > 0.
1) As the Brownian motion on H is an elliptic diffusion, for any continuous path {7, }o<r<s in H, and
any € > 0, we have

]P’é0 ( sup d(ér,'yr) < 6) > 0.

0<r<s

So, the support of PS((éo, &), .) is the closure of the set of points (¢,¢) € H x R4 of the form ¢ = v,
and ¢ = (o + [, ~ dr, for a continuous path {y, }o<r<s in H.
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2) As the Brownian motion {£,}.>¢ can go from one open set of H to any other one in an arbitrarily
small amount of time with positive probability, we see that the heart of the proof is to show that
{fos Yrdr; v :[0,s] — H, continuous} = ConvHull(hs(H)).

3) Taking constant 7’s, one sees that

ConvHull(hs(H)) C {/ yrdr; v : 0, $] o H}
0

4) Reciprocally, the convexity of ConvHull(H) implies that for any n > 1,

n—1

Z"/Ls € ConvHull(H),

n

7=0
n—1 1 s
since each ;. € H C ConvHull(H). As %Z%— - —/ v, dr, the result follows. >
n - n n—+oo 8§ 0
7=0

¢) The relativistic diffusion as the projection of a Brownian motion on a group

e Following Eells and Elworthy, one usually constructs Brownian motion on a(n oriented) Riemannian
manifold (M, g) of dimension n as the projection of a singular diffusion on the bundle OM of direct orthonor-

mal frames of TM. Precisely, there exist canonical horizontal vector fields {H;};—1.., on OM such that the

differential operator Z H? on OM induces the Laplacian AM on M, in the sense that if we denote by 7 the
i=1
natural projection OM — M, we have for all f € C?(M),

O H)for=(a"f)om. (2.1.5)
i=1
These vector fields are defined as follows. Note (z,e) = (z, (e1,...,€,)) a generic element of OM. Given
j €{1,..,d}, one defines a motion {(x5,e;)} in OM by asking that df; = e;(s), and e should be transported
parallely along {z;}. One defines a vector field H; on OM looking at the infinitesimal motion of all the
points, according to the preceding rule. These are the canonical horizontal vector fields.
e In our situation, H being the half unit pseudo-sphere of R¢, a point in OH is an orthonormal frame
of R, So OH can be identified with the set of orthonormal bases (g%, g'..., g%) of R\, with ¢° € H, and
the natural projection is g € OM — ¢° € H. The horizontal vector fields H; are:

0 0 1 (0
0 1 (0) 0 0
where the FE;’s are the matrices F; = Lo - , By = 1 , and so on: F; exchanges
0 O4_1 .
(0) . O4-1

€0 and ¢; and sends the other basis vectors to 0.

These left invariant vector fields give rise to the left invariant differential operator H? + ... + H3 on
O(1,d). If go belongs to SOy(1,d) (that is if (g{, ..., gd) is a direct basis of T,oH), the diffusion {gs}s>0 on
O(1, d) solution of the following stochastic differential equation remains in SOy(1,d).

dgs = goBy 0 dw) + ... + g.Eq 0 dw? = g, E; o duw,

where Einstein conventions on summations are used, and where the w?’s are real independent Brownian
motions.
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By construction, {g%} s> is a Brownian motion on H.

So, the natural framework to construct the relativistic diffusion seems to be SOg (1, d) x R*?, the equations
of motion being

dgs - gsEz o dw;a

2.1.6
dés = g% ds. (2.1.6)

One has a more synthetic view of these equations by seeing them as describing a motion on the Poincaré
group G. B

Set E; = (F;,0), for i = 1..d, Ey = (0,¢¢), and define the left invariant vector fields V;, i = 0..d, on G,
by the formulas

Vi((9,9)) = (9, €)E;, i = 0..d.

It is elementary to see that equations (2.1.6) are equivalent to

d((95:€)) = Vil(95,€)) © dw + Vo ((95,€s)) ds. (2.1.7)
The differential generator of the diffusion {(gs,&)},,, on G is
1K,
52% + Vo. (2.1.8)
i=1

This algebraic framework will be useful in the section 2.2.2 to establish a uniform continuity property
of some functions. It will be fully used in section 3.2.1 where we study the random walk {(gn, &)}, -

Notation — Note P, ¢,) the law of the diffusion {(g;,&s)} _  on G, started from (go, ).

s>0
We determine its suppport using the support theorem, as exposed in Theorem 8.2, in [TW89]. Recall its
content.
Note |.||r the uniform norm on C([0,T],G).

THEOREM 25 (Stroock-Varadhan). If ¢, i = 1..d, are piecewise smooth, continuous controls, and
©(t; (g0, &0)) the solution to the equation

d(p(t)) = Vi(p(t))didt + Vo (e(t))dt, ©(0) = (g0, &), (2.1.9)

on G, one has

VT >0, Plgyen) (190 6) — (51 (90.60)) I < & | w—gllr <) — 1, as 6\, 0. (2.1.10)

PROPOSITION 26 (Support of the diffusion {(g;,&:)},., on G). Let (go,%) € G. The support of the
diffusion {(gs,fs)}s>0, started from (go,&o), is

{(9.0) € G5q(¢ — &) = 0}.

< The inclusion C is obvious since the path {£,}s>0 is timelike. To establish the reverse inclusion, we
can suppose § = 0. We must understand why for any point (g,§) € G, with ¢(£) > 0 and any product
neighbourhood Vi x Vs of (g,&), we can find smooth controls #',...,¢%, defined on an interval [0, 7],

such that the path {(g(s),£(s)) solving the equation

}ogng
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d(g(s),&(5)) = Vi((9(5),€(5))) 9" (s)ds + Vo ((9(s), £(s)) )ds, s € [0,T], (9(0),£(0)) = ((¢0; -+ €a+1), 0),
satisfies (g7,&r) € V1 X Va.

Fix (g,£) € G.

1) First, find a smooth timelike curve v = {¢(s) }o<s<r on RV, with ¢(s) = d‘g—(:) € H, defined on
an unprescribed interval [0, T, such that »(0) =0, (0 ) = €0, (T) = ¢ and ¢(T) is not far from &.

Such a curve exists.
The parallel transport in H of 1, ...,e4 along {¢(s) }Se o.7) defines the lift {92} sepo,m of {¢(s) }SE[O T

to SOu(1,d)(~ OH). It gives us a unique d-uple of smooth functions on [0, 7], (1(s), ..., pa(s)) such

that o
d(p(5)) = (95)'wi(s) ds.
2) Solving the equation on G

d

d(y(s)) =Y _Vi(¥(s))wils)ds + Vo (v(s))ds, $(0) = (co, ..., €a),

i=1
provides a function ¢ such that ¢(7T) is of the form
p(T) g o gt oD _(9° 9" - g7 @)
0 0 0 0 1 0 0 0 0 1 )
where (¢!, ..., g%) is an orthonormal basis of TyH. This basis has no reason to be near (gl, e gd). The

geometry of H allows to change a little ¢ (i.e. the ¢;’s) so that ¥(T) should be near (9,€)-
The following proposition can be seen as a statement on the geometry of homogeneous spaces; see the
book of Berger, [Ber03], p.641.

PROPOSITION 27. Let £ € H be given. We can obtain any orthonormal basis of T:H by parallel
transport of a fixed orthonormal basis of Té]HI along loops contained in an arbitrarily small neighbourhood
of £ € H.

3) We take advantage of this fact to add to the path ¢ a small loop at its end along which one parallel

transport maps (g', ..., g?) to (g*,...,g%). For 0 < & < 1, define ¢ by ¢, = P(14c)s7, for s < > and

b describes thg loop for ﬁ <s < 1.1 ¢ is small enough, ¢(1) remains near {. The lift of & provides
the expected ¢'. >

2.2 The asymptotic behaviour of the diffusion

2.2.1 From probability to analysis
a) Analytical properties of the differential generator of the diffusion

From a semi-group viewpoint, the diffusions { (&, €s)} 50 and {(gs,&) } o, on HxRY and G are caracterized
by their differential generators, respectively

ARF(E€)
2

Lf(E.€) = +Ocfe.e(©), J € CR(H x RM),

and

d
=SV Rf FecR©)
i=1
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Both operators are linked. If the function f(g,¢) depends only on ¢° and &,

Lf=Lf. (2.2.1)

DEFINITION 28. A differential operator L’ is said to be hypoelliptic if for any distribution v such that L'v
is of class C*°, v is itself of class C™.

Hormander gave a criterion to show that a large class of second order differential operators are hypoel-
liptic.

THEOREM 29 (Hoérmander, [Hor67], [Koh73], p.61). A differential operator L' on a manifold of

dimension n, in Hormander form : L' = ZVf + V', where the V; and V are smooth vector fields, is
i=1

hypoelliptic if the Lie algebra generated by the V; and V has rank n at every point.

Notation — Let Haar be a (left) Haar measure on G. Write L* the L2(Haar) adjoint of L.

The vector fields V; being left invariant have null divergence, and

/ F(v25)Haar = / (V2f)gHaar, F.3€C(G),

d
~ 1
dL* =) V2 -
an 2i:1 i 0

PROPOSITION 30. The differential operators L—0, and L* — 95 on G x R>C are hypoelliptic.

< The brackets between the E; and A, are given by the following relations, where we note, for
1<p<qg<d, Epyy = (Epg,0), where exp(tE,q) is the rotation of angle —t in the 2-dimensional vector

space (g,,2,), and for 1 < i < d, A; = (0,;).

B, Ej] = Ej, [Ei, Ag) = Ai, [E;, A)) = Ao,
As the family {Ei, Ejk, Zg; 1=1d,1<j<k<dl= 0..d} is a basis of the Lie algebra of G,
Hormander’s theorem ensures the hypoellipticity of L— 9, and L* — §,. >

Notation — Note {]55}520 the semi-group of the process {(gs,&s)}s>0 on G and {Ps}s>o that of the
process {(&,80)} ., on H x Rb4,

o It follows from the hypoellipticity of 05 —L that for any bounded function fon g, the function P, fv((g, £ ))
is a smooth function of (s and) (g,&). From relation (2.2.1), P, f is a smooth function on H x R if f is
any bounded Borel function on H x RY¢. We can write

Pif(9.€) =/gﬁs((gf%(9’,€’))f(g’,£’)HaaT(d(g’,f’))-

Proposition 30 ensures that ps((g,£), (¢/,€')) is a smooth function of (s, (¢,£)) and (s, (¢',¢')), separately.
Remark that the left invariance of the vector fields V; implies that the functions py are left invariant:

V(g:€) €6, p:((9,6)(9:€):(g:(9",€)) =Ds((9.), (¢',€)).

So, it is jointly continuous in (s, (g,£), (¢',¢')).
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b) Asymptotic behaviour of the diffusion
Notation — Up to now, we noted (£,£) a point of H x R4 and {(€s,&5)}s>0 the relativistic diffusion. Tt
will be shorter to note u a generic point of H x R and us = (&, &,), in formulas.

Add an extra point 9 to H x R¢, and define ) as the set of paths w : R*® — RZ? x (H x RY? U {9})
such that there exists an o > 0 such that

o for s < o, w(s) = (s,0),

o for s > a, w(s) = (s,us), us € H x RLH4.
Note F the o-field generated by the evaluation maps w — w(s). For ¢ > 0, the map

Oy : (,F) = (0, F), 0(w)(s) =w(s+1t),

is measurable.
Given u € H x R?, one can define the law P, of the relativistic diffusion started from u as a probability
measure on (2, F) (charging the set of w’s such that a = 0). For r > 0, define P, ,, as the image of P,, by

the measurable map

w={(s,us)}s>0 (1) —

where
for s < r,w'(s) = (s,0),
W'(r) = (r,u), (2.2.2)
for s > r,w'(s) = (s, us—r).

So, Py, = P,,. We shall simply write P, for P ,,.

Tail and invariant o-fields From a formal viewpoint, the information on the asymptotic behaviour of
the process {us}s>0 = { (&, &s)}s>0 is contained in its tail o-algebra

T({us}) = ﬂa((ésags);s = t).

This o-algebra gets some real sense in a probabilized framework.
Among the events Z of 7({u,}), those that are invariant under the shift operators

{z e T({Us});ﬂle =Z, forall t >0}, (2.2.3)

form a o-algebra called the invariant o-algebra, and noted I nv({us})2.
The problem of the determination of these o-algebras takes some precise sense in a probabilized frame-
work.

Recall we note P, the law of the relativistic diffusion {(és, fs)}s>0 started from ug € H x Rb4,

PROBLEM. Can one find a random variable Y, with values in some well known set (a discret set, a manifold,
a Banach space...) such that under each P éo.60)

o the g-algebras 7({us}) (or Inv({us})) and o(Y) coincide up to Pz . -null sets,
e the law of Y is known ?

This probabilistic problem has an analytic counterpart.

lus can be equal to 9.

2Remark that {0;'Z = Z} <= {17 00: = 15}.
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c) Harmonic functions and Poisson boundary

DEFINITION 31. o Given a second order differential operator L' on some manifold M, a C? real function
f on M is said to be L'-harmonic if L' f = 0.

e For historical reasons, the set of bounded L'-harmonic functions on M is called the Poisson boundary
of (L',M).

1) The following classical proposition establishes a bridge between the invariant o-field, one the one hand,
and the Poisson boundary of (L, H x R"%), on the other hand 3.

PROPOSITION 32 (Correspondence Probability /Analysis). Any bounded L-harmonic function h on
H x RY? is of the form

h(u) = E,[X], (2.2.4)

for some bounded Inv({u,})-measurable random variable X .
Reciprocally, for any such random variable X, the formula (2.2.4) defines an L-harmonic bounded func-
tion.

< Given a bounded L-harmonic function h, define the Inv({us})-measurable random variable X =
lim h(us) , when it exists, 0 elsewhere.

s——+o0

For ug € H x RV, {h(us)}s>0 is, under P,,, a bounded martingale, and h(ug) = E,, [X].
Reciprocally, given an Inv({us})-measurable bounded random variable X, the measurable bounded
function h : u+— E,[X], satisfies the identities

Psh(u) = Eufh(us)] = Ey [Eus [X]] =Eu[X 00] = Ey[X] = h(uv).

So it follows from the point after proposition 30 that A is smooth and L-harmonic, since it does not
depend on s. >
Remarks

1. The function u — E,[X] is still L-harmonic if the random variable X coincide, under each probability
Py, with an Inv({us})-measurable random variable, up to P,, null sets.

2. Given a compact K, set Tk the exit time from K, and For1, = o(us;s > Tk). It is clear form the
proposition that the o-algebras Inv({us}) and (| F>r,, where the intersection is over all compacta,
coincide under P, , up to P,,-null sets.

1) There also exists an analytic analogous of the tail o-algebra.
For s > 0, set

s),

a((r, Up);T

]:2'8 = a(ur;u < s), T{;
s<r), ]-";; =o((r,ur);s

NN

]:;'S = a(ur; r).
For each s > 0, we have ]—";'S C ]-";; Actually, this inclusion is an equality in the following sense.

LEMMA 33. Let so > 0 and ug € H x RY? be given. For any s > 0, the two o-fields 7:;'3 and .7-';; coincide
up to a class of Ps, v, -null sets.

3See [Pin95], Theorem 1.2, p.436, for instance.
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<1 There is no problem for r < sy. Suppose s > sg.
We have to see that we can recover the time process {(r, u,)},>s from the knowledge of {u,},>s. Note
(pr, o) the polar coordinates of &,.. Since

dp, = dwf + coth(p,) dr,
d{p)r = dr, and (p), — (p)s is an FI -measurable random variable, we can recover the time/space
process {(r, u,)}r>s from the observation of {u,},>s. >
As T({us}) = ﬂ}';'s,
s>0

PROPOSITION 34. Given so > 0 and ug € Hx R4, the o-fields T({us}) and ﬂ]-';s‘ coincide up to a class
520
of Psy vy -null sets.

The o-field ﬂ]-';s‘ is the invariant o-field of the time/space diffusion under the action of the shifts 0,
s=>0
t> 0.

THEOREM 35. Any bounded (s + L)-harmonic function h on RZ x H x RY? s of the form h(s,u) =
E(s,w[Y], for some bounded random variable Y such thatY is indistinguishable from a 7({u,})-measurable
random variable under each P(; ), s > 0,u € H x R4,

Reciprocally, for any bounded 7({u,})-measurable random variable Y, the function h(s,u) = E(s,u Y] 4s
(0s + L)-harmonic.

<4 Let h: R x H x R — R be a bounded (9, + L)-harmonic function. Set Y = lirll h(s,us), when
this limit exists, 0 elsewhere. This is an ﬂ};z'—measurable random variable.

s>0
Given s9 > 0,u9 € H x R, the process {h(s,us)}s>s, is under Py, ., a bounded martingale; it
converges P, ,,-almost surely toward Y, and h(so,u0) = E(s,,u)[Y]- From proposition 34, Y is under
Ps,.u, indistinguishable from a 7({us})-measurable random variable.
Reciprocally, given a 7({u,})-measurable random variable Y, 5o > 0 and uo € H x R"%, proposition
34 justifies the first following equality, where s > s¢.

Eso,u0 [Y] =Esy,u0 [Y o 98*80] = Esy,u0 [ESO,uo [Y | fé?]] = Es,u0 [E&us [Y]]
So the function h : (sg,ug) € RZ? x H x RV s Eg, ,, [Y] satisfies the equation

h(s0,u0) = Esg,ue [P (8, us)], (2.2.5)

for any s > sg > 0. We saw in proposition 30 that the operator d; + L is hypoelliptic. It follows from
Hormander’s theorem that h is smooth and from the equation (2.2.5) that it is (95 + L)-harmonic. >

443) The preceding correspondence immediately gives some fruits.

THEOREM 36. Any bounded (05 + L)-harmonic function on H x R does not depend on the time s, and
so is L-harmonic.

COROLLARY 37 (Tail and invariant c-algebras). For any ug € H x R, the o-algebras 7({us}) and
Inv({us}) coincide up to a class of Py u,-null sets.
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We give a proof of theorem 38 for bounded (9; + L)-harmonic function. The preceding results on

asymptotic o-algebras hold true for the diffusion {(gs, fs)}s>0 on G, and its time/space version.

THEOREM 38. Any bounded (05 + Z)—harmonic function on R>® x G does not depend on the time s, and
so is L-harmonic.

To prove this theorem, we use a Harnack inequality, shown in theorem 71. You should read the following
proof after reading section 2.2.4. See [Anc90], Corollaire 3.2, p.35, for the same result with the operator
0s + A on some good Riemannian manifold.

< Let 0 < e <1 and h be a bounded (95 + Z)—harmonic function. For anye € G, r > 1

h(s+¢e,e) — h(s,e) /{pr c(e,€’) — p,(e,€') }h(s + r,€') Haar(de'),

S0
(s +,0) = h(s, @)] < IhlaclBre(e:) = B (e, It (raar- (2.26)
Using the left invariance of p, we see that
||§T—E(e7 ) - ﬁr(e7 ')”]Ll(Haar) = ||ﬁ7’—6(1da ) - ﬁT(Ida -)H]Ll(Haa'r)-
The function (t,€') € R>° x G — py(Id, €') is (9, — L*)-harmonic. This hypoelliptic* operator is defined

on the product group R x G, and left invariant. Harnack’s inequality stated in theorem 71, and remark
1 following it, assert that there exists a constant C' such that

Vr>1,Ve' €G, p-_c(Id,€) < Cp.(1d,e). (2.2.7)
So, inequality (2.2.7) means that if P,_.(Id,.) puts some mass m on some set, P,(Id,.) puts at least
some mass & on that set. So, the variation distance between these two probabilities is <1 - & < 1.

This distance is equal to 3 f lpr—<(1d,.) — pr(Id, ) ||lL1 (Haar)-
Thus, for any e € G,

~ ~ 1
Hpr—s(e7 ) pT ||]L1 (Haar) Hpr—s(ld’ ) pr Id ||]L1(Haa7‘) = 2(1 o 6) <2
Derriennic’s 0 — 2 law, [Der76], p.118, states that under the preceding condition
Hﬁr—s(ea ) pr H]Ll(Haar) r——4o00 0.
So, the inequality (2.2.6) gives
|h(s+¢,e) — h(s,e)| = 0.
As this is true for any € > 0, the conclusion follows. >

d) How can one find the Poisson boundary of (L,H x R%4) ?
Recall the definition of a minimal non negative L-harmonic function given in the Introduction.

DEFINITION 39. A non negative L-harmonic function is said to be minimal if any L-harmonic function g
such that
O<gs<f

is proportional to f.

4See proposition 30.
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The following reformulation is immediate.

LEMMA 40. A non negative L-harmonic function h is minimal iff the only bounded functions f satisfying
the relation L(hf) =0 are the constants.

i) We shall apply Martin’s method ([Mar41]), as used in the study of the heat operator (see the book
[Doo01] of Doob, Chapter XIX, for instance).

We are going to find a set {f*}aca of L-harmonic functions, indexed by some set A, and a probability
v1 on A, such that the function 1, identically equal to 1, can be written

1:/Af°‘ v1(da) (2.2.8)

Using Choquet’s theorem on integral representation in convex compacta, we shall see (in 2.2.4) that the
identity (2.2.8) implies that any L-harmonic bounded function h is of the form

h = / feH (o) 11 (da),
A
for a bounded Borel function H on A; H is uniquely determined by &, up to vi-null sets.

1) What are these functions f ? - The convergence of {0 }s>0 toward a random point oo, € S41,
provides an identity of the form (2.2.8). We noticed in the remark following point b), p.26, that o, has
under P, a density h%(u) with respect to the uniform probability on S?~!, which is jointly conitnuous in
(o,u), and which is an L-harmonic function of u, for fixed o € S?!. Tt satisfies the identity

Vue H x RY, 1:/ h?(u) do.
gd—1

But are these functions A% minimal ?

Let ¢ € O(R?). For £ € H, with polar coordinates (p, o), note () the point of H with polar coordinates
(p,(0)). This application is an isometry of H. Using the relation

W ((€,€) = 17 (7 (), 071()), (2.2.9)

1 on H x R, one sees that one of the functions A% is minimal

and the invariance of L by the action of ¢~
iff they are all minimal®.

We choose to work with o = ;. Using the halfspace coordinates on H, the function h"((y,a:),g) is
proportional to y@ 1.

The appendix h-transform, p.94, recalls how one can construct a diffusion on H x R"¢, with differential

generator
€1
Fo L(h®*h)
h#t
and give an interpretation of this diffusion in terms of the original one. This new diffusion is called the
conditioned diffusion, or the h*'-process. From an analytical viewpoint, L""" is hypoelliptic, so the link
between bounded harmonic functions and invariant o-algebra stated in Corollary 32 still holds.

=L""h,

LEMMA 41. h®' is minimal iff the h® -process has o trivial invariant o-algebra.

5Note that the function h” depends only on &.
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Notation — Note PS! the law of the conditioned diffusion, started from ug € H x R

Using halfspace coordinates on H, the operator L" has the expression

2 .
D = L@+ 001+ Sy, f + DS ).

So, the evolution of the Markov process with generator L™ is determined by the following stochastic
differential system.

d
dys = ysdw? + iysds,

dzs = yadu®, (2.2.10)

dés = € ds = w((ys, a:s))ds.

where wY is a real Brownian motion and w” a (d — 1)-dimensional Brownian motion independent of w?.
We get a better insight of the evolution of &, by changing coordinates in R"?. Take the coordinates
associated with the basis g’ = {—e1,e0 + €1, 2, ...,€4}-
Note (£0,¢1,...,¢'%) the coordinates of a point ¢ € R? in the basis

/

g
In these coordinates, the equation

dgs = ¢((y37 xs))ds

takes the form

ds
delt = =
£0 = o
et = 7|x5|2 i 1d$, (2.2.11) £ MRgz + Rg® = Rez + Re
2ys
g_w
d¢y = ds, 7 =2.d.
S
Notation - From now on, we use g’ coordinates on R'¢, and halfspace coordinates on H. So, a generic

point u € H x RV is denoted either u = (£,€) when no coordinates are needed, or u = ((y, z), (¢, ...,&'?)).

The equation for ys has explicit solution:

y, d—1
ys:yOewsJr ER

It comes from the first equation of (2.2.11) that the process {£)}s>0 converges P5! -almost surely to & +
-+ JoT e —“2" dr. This random variable has a non trivial law. So, A" is not minimal (as well as all the
h?’s). Note
£1 10 1 > Y ek
Rl =& +— e rT 2 dr,
Yo Jo

We shall see, in the next section, that RSl has, under any P!, a smooth density h°!(u) with respect to
Lebesgue’s measure:

b
ueH xR a<b, PR E [a,b]) = / St (u) de,

2

SHere and in the sequel, we use the notation 92 for 831 +..+0z7, |-
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£ € €1
and that any hj'(.), £ € R, is an L" ' -harmonic function of u: % = 0. So, h°*h3' is L-harmonic.

1 o s . .
As o= = q(&, €0 + 1), RS, has a coordinate free expression

R = lir+n q(&s,e0 +€1).

i14) Note PJ the law of the h?-process, started from u € H x R, Let g € SOy(1,d) be a basis of R1¢
of the form {e¢, o, g>2}("). Using g-halfspace coordinates on H® and {—g1, 9o + g1, 91, g2, ---, ga }-coordinates
on R%?, the h?-process is the solution of the system (2.2.10), (2.2.11). So, the random variable

R7 (&) = q(&s,60 +0)

P7-almost surely converges, whatever v € H x R, Tts limit R7, has, under P, a smooth density h?(u)
with respect to Lebesgue’s measure on R.

b
P7(R2, € [a,b]) = / hg (u) d.

We show that, given o € S¢~1, ¢ € R, hy(.)is an L’ -harmonic function; so h® h{ is an L-harmonic function.

The main result of this section is the following theorem.

THEOREM 42. The L-harmonic non negative functions h°hj, o € S4=1 ¢ € R, are minimal, and for any
ue H x RLd

1= / h hg (u) dodl.
Sd—1xR

It is enough to consider the case o = €.

Organization of the end of this chapter — We show, in section 2.2.2, that bounded L""*-harmonic
functions depend only on y and ¢’°, using a coupling argument.

L1 “harmonic bounded functions share the same property. We use another coupling, in section 2.2.3,
to show that L"'":" has no non constant bounded harmonic functions, and prove theorem 42.

2.2.2 hfi-process and bounded L"'-harmonic functions
a) Dufresne’s integral

The operator L"™" has the expression
Rl Yo 2 d :
L f= E(aw +0,)f + §yayf + O f(£);

as L, it is a hypoelliptic operator on H x R"¢. Indeed, suppose L f = % is of class C>°, then L(h®1 f)

is C* (since h°! is C*), so h®! f is smooth; since h°! is positive, [ is smooth.
Similarly, L""" — 0, is an hypoelliptic operator on R>® x (H x R4).

For the he'-process { ((ys, zs),€}) } 5, started from ((y, z),£’),

w}‘—i—%s

Ys =ye s

and
1

1 [° y_d—
520 _ 5/0 + 5/ efwrder dr
0

"The notation g3 is for a (d — 1)-uple {g2, ..., ga}-
8See 2.1.1, b).
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converges P51 -almost surely as s — -+o0o, whatever u € H x R4,
As L' is hypoelliptic, corollary 32 says that, given ¢ € R, the function

hy i u € H x RV PE Ry > ),

. € .
is smooth and L" ' -harmonic.

One sees on the expression
€1 €1 /0 1 [t —wy 4=ty €1 e _w¥_d=1,. 0
h>é(u):Pu § +§ e T dr 24 :IP’U( e WrT2 drgy(g_g ))
0 0
that h<), is identically equal to 1 on the half space {(£,6); €—€° <0} Set
Foo y_ d—1
Git)=P </ e T T Ndr > t> . (2.2.12)
0

Then,

hey(u) = G(y(£ - €7)). (2.2.13)
Since h;e is smooth, G is also smooth; it satisfies the following differential equation on the open half space
{(€,€); £—¢€° > 0}, traducing the L""' harmonicity of h<,. For our comfort, we shall write /(&) = £ — £".

2D G fyaie)) + (245 1) @ uaie) =
that is
6"+ (2= 3) =0 @211
We find
672/r
G'(r) = =C—3=1r>0, (2.2.15)

or G(s) = Cf+°° e_:l/r dr, for s > 0, where C is such that G(0) = 1, and G = 1 on RSC. The identification

S
of this law is a result of Dufresne. The preceding simple proof is new.

PROPOSITION 43 (Dufresne, [Duf90], [Yor92]). Let w be a Brownian motion . For 0 < a <b < oo,

[e%) B a1 be_z/u
]P(/O e~ dse[a,b[):C(d)/a o du,

where C(d) is a normalisation constant.

In our context, d is a dimension. The fact that it is integer has no importance in the preceding. So we have

shown that for any ¢ > 0,
0o b
P </ e~ Ws=CS Jo [a7b[) — C(C)/ u—1—2ce—2/u du.
0 a

Yor and Matsumoto give an extensive study of the laws of exponential functionals of Brownian motion in
[MYO05a] and [MYO05b], giving a completely different proof of this result.
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Remark: We used corollary 32 to justify that h;g is smooth. Hormander’s theorem is the heart of the
proof of the equivalence stated in corollary 32. This theorem is difficult. As concerns the smoothness of
hgg, it seems irrelevant to use such a strong result to obtain such a simple fact. We give a simple proof of
the smoothness of h;e in the appendix Back to Dufresne’s integral, in section 4.3, p.96, based on an
integration by parts formula.

b) Bounded L""'-harmonic functions

The aim of this subsection is to show that bounded L""'-harmonic functions depend only on y and ¢’°. This
goal is achieved in theorem 42.

This property of bounded L""'-harmonic functions will come from the following two results.
1. Let up = ((Yo,z), (Zo,&?1)) and uy = ((Yo,z), (Zo,£7")) be two points in H x R'¢ with the same y
and £° coordinates.

THEOREM 44 (Coupling theorem). Pick an e > 0 We can couple two h®'-processes, started from
ug and ug, such that after the coupling time,

° §S = és and
o &£ =6+ C1gt Foog? + -+ cagl,

where Cy is a (random) constant and ca, ...,cq (random) constants such that |¢;| < e, i = 2..d.

2. Recall we can see the diffusion {us}s>0 on H x R"? as the projection of a diffusion {(gs,&)} ., on
the Poincaré group G of affine isometries of R, with generator L described in equation (2.1.8).

THEOREM 45 (Uniform continuity theorem). Bounded L' “harmonic functions are right uni-
formly continuous.

These two results will be used in the proof of theorem 42.

i) The coupling FixY; € R>? Z; € Rande > 0. Let ug = ((me)7 (2075'21)) and u, = ((Yo,g), (Zo,§/>1))
be two points of (R0 x R?~1) x R gith the same y and £’ coordinate. We shall couple two trajectories
started from o and wuy.

Consider the system

d d

dys = ysdw? + §ysds, dy, =y dwf + §gsds,
dzrs = ysdw?, dz, = gsdy‘:,
de = E, de" = E, (2.2.16)

Ys - Y,

24241 3 +y?+1
e — x‘;# ds, det = % ds,
Ys - Y,
de>? = 22 g, de>? = L g,
Ys =¢

with initial conditions ug and u,, respectively, where wY is a real Brownian motion, and w®,w® two R4~1
Brownian motions. The processes w¥, w”, w* and {us}s>0, {u,}s>0 are defined on some measurable space
9 9 =ZU» S =

(Q,F).
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Remarks

1. Since ug and u, have the same y-coordinate, and {ys }s>0 and {y_}s>o are driven by the same Brownian
motion w?, we have Y, =Ys, for all s > 0.

2. As £ = &, we also have ¢° = ¢, for all 5 > 0.

Define on (Q, F) the filtration {F,}s>0 generated by {us}s>0 and {u,}s>0: §s = o ((ur,u,); r < s).

Given w¥ and w”, independent, we construct a Brownian motion w” and an {§s}s>o-stopping time T

such that if one notes P71 | - the law of the solution of the system (2.2.16), one has Py 4, -almost surely

e T is finite,

o for s > T, §S = ¢,, and £ =&+ g Heg? + -+ cag'®, where Oy is a (random) constant and
2, ..., ¢q (random) constants such that |¢;| < e, i =2..d.

i.a) To make things clearer, we first consider an analogous of system (2.2.16), where x is one dimensional,
as well as £’22. We note ¢'? instead of ¢’>2. The solutions {us}s>0, {¥,}s>0 of the modified system live in
(R% x R) x (R x R?).
Note P72 , ~the law of the couple {(us, gs)}s>0 solution of the system (2.2.16), when w” is independent of
w® and wY.
Set
T=inf{s>0;z, =z, |§;2 S e},

with the convention that inf ) = +o0o. The random time T is an {Fs}s>o0-stopping time.

THEOREM 46. T is Pt . -almost surely finite.

U0,Ugy
Taking this theorem for granted, set, for s > T', w, = w,. Then, the two stochastic differential equations
of (2.2.16) are identical for s > T, and z, = =, and é’f — €2 is constant, with absolute value smaller than
e, fors>T.

Proof of theorem 46

Note &2 instead of &22. Write z, = %y;s% The objective is to show that the RZ-valued process
{(2:, €% = €%+ [ zudu)} P;i ,, -almost surely reaches the set {(2,2) € R?; 2 =0, |Z]| < ¢} in a finite
time. - B

LEMMA . {zs}s>0 s a diffusion, which is recurrent positive.

< Use formulas (2.2.16) and It0’s formula to get

dzs = (dw? — dw?) — zsdw? — gzs ds

The differential generator of {zs}s>0 is

2422, d

fro— el
It has a unique invariant dprobability, which has a density with respect to Lebesgue’s measure on R,
proportional to (2 + 22)~271(%). >

9We know from differential equations arguments that an invariant probability has a smooth density with respect to Lebesgue’s
measure dz on R. Note it m(z). It must satisfy the relation

(2 i m(z))” =~ (m(=)',
2422

If we note u(z) = =FE-m(z), u satisfies the equation u”(z) = —%(ﬁu(z))’, i.e., up to an additive constant u'(z) =

—gﬁu(z). So, u(z) = (2 + z2)_%, and m(z) is proportional to (2 + zz)_%_l.
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So we can look at its successive excursions outside {0}, of heigth > 1. Write
So = inf{s > 0; z, = 0}

and

Sp=inf{s > 8S,_1; sup |z, >1 and z; = 0}.
Sn—1<u<ss

Because of the Strong Markov Property, the excursions {zs}s, ,<s<s,, 7 = 1, are idependant and identical

10

in law. So are the integrals { [, 5 " Zudu}n>1. So, using the following well known criterium'® we are brought

back to show that the random variable |, ;0 ! z, du is integrable and that the support of its law is non lattice.

PROPOSITION. Let p be a probability on R having a moment of order 1. Let {X,}n>1 be a sequence of

independent random variables, of law p. Then the random walk ZXk is recurrent in the closed
i=1 n>1
subgroup generated by the support of p if, and only if, [zp(dz) = 0.
We first show that the integrability condition is fulfilled.

LEMMA 47. E: [|f:01 zu du]] < +o0.

uo,Ug

< To evaluate this mean, we cut the integral in two parts: the first corresponding to the integral of z
between Sy and the first time H when {z;}s>0 hits 1, and the second part f 51 2z, du. We show that

€1
EUO sUg |:

H S1
/ Zy duH < 400, and E74 ‘/ Zy, duH < +o0.
So H

The first one is easy to handle. For any = € R, note P, the law of {zs}s>0 started from z. Since
|zs| <1 on [Sy, H],

€1
]EUD »Ug |:

The second integral | 51 2y du is handled as follows.
Note 79 = inf{s > 0 ; zs = 0} the hitting time of {0} by {zs}s>0, and ¢°(z,y) the Green function of
{zs}s>0 killed at time 9.

B u, [/HSl 2 du] = [/OT 2 du] = /O+O° (1, y)y dy.

We can find an explicit formula of the Green function ¢°(x, ).
Let ¢ be a smooth function on R>?, with compact support. Let b > 0 such that supp ¢ C (0,b). Note
70,5 = inf{s > 0; z5 € {0,b}}. Consider first the system

H
/ Zy duH < Eo[H] < +oo(*).
So

2 + 22
") - —zf( ) = —¢(2), (2.2.17)

f0%) =0, f(b7) =0,

with unique solution the function [~ ¢%°(z,y)¢(y) dy, where g% (z,y) is the Green function of {z,}
killed at time T1op; then we let b — +00. The dominated convergence theorem justifies the equalities

108ee [Chu01], Theorem 8.3.4, p.251, for instance.
11 The diffusion {zs}s< @ is uniformly elliptic and has bounded drift. See [Bre92|,Theorem 16.24, p.359.
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+o00 To T0,b
0 = zu)du] = lim 2y) du
/O g(%y)@(y)dy—Ew[/o Pl(2u) du] bLme[/O #(zu) du]
+oo

+oo
2 0:b dy = / li dy.
yJim g (z,9)e(y) dy ; bJng *(2,y) ply) dy

System (2.2.17) can be solved explicitly, as it is a first order equation in f’. The set of solutions of the
equation

2422, d _
5 u(2) — eulz) = —¢(2)

is found by the method of variation of the parameters. Any solution is of the form

2 - d
u(z) = M2+ 22)% +2(2+22)% / % (2.2.18)
o (2+472)2
where ) is a real constant.
Using the boundary conditions in (2.2.17), we find
b r)dr
+o00 , fo (2 +u? fo 2))d du .,
/ 9"z, y)p(y) dy =2 ; / (2+u®) du
0 fo@+u ) 2 du 0 (2.2.19)

—2/0r(2+u2)%/0u%du

Jo@+u?)? 12+ r2) " o(r) dr du
bﬂ+oo fo 2—|—u2)%du

We have

“+oo
= /0 (2+r2)_%<p(r) dr.
We deduce from equation (2.2.19) that ¢°(z,y) = 2(2+y )’% $Ay(2 + u2)% du. We see on this

formula that
Sy —+oo 0
I —
Bt g [/H ZudU} —/O g (L,y)ydy < oo,

as soon as d > 2 (12). >
As noted, it remains to prove that the closed group generated by the support of the law of |, SSO ! 2y du is
non lattice to end the proof of the proposition 46 when d = 2.
LEMMA 48. The closed group generated by the support of the law of f;}l zy du s non lattice.

<1 We can suppose Sy = 0.
Let a > 0. Let ¢ : [0,1] — R be a continuous function such that

* ©(0) =0, p(1) = —e <0,
e (t) = 0 only for ¢ = 0 and some t; near 1,

=1,
. m[g)i]lsa( s)|

Ofogpr Ydr ¢ aZ.

123ee the appendix Coupling of a hypoelliptic diffusion in R?, 4.4, p.100 , for a generalisation of these calculations.
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The support theorem 25 asserts that, for any n > 0, the event

{ sup |z — @(r)] < 77}
rel0,1]

has positive probability. If one chooses 7 > 0 small enough,

e 5 is close to ty,

e max |z| >1,
T’E[O,Sﬂ

o fosl 2. dr is near fol o(r) dr.

Reducing 1 > 0 if necessary, we have Uosl 2 dr — fol @(r)dr| < dist (fol o(r) dr, aZ), and fosl 2 dr ¢

aZ. So, fosl 2, dr cannot belong with probability 1 to some subgroup aZ. >
i.b) Coupling in dimension >3 — Note z',...,2?"" the coordinates of x € R*"". Recall Pg} , is the
law of the diffusion solving system (2.2.16), where w¥, w®, w® are independent. We note (w?®)', ..., (w®)*™*

the (d — 1) coordinates of w” (resp. (w®)’ for w?®).
First, use the coupling theorem 46 to find a Pg; , -almost surely finite {Fs}s>0-stopping time 77 such
that ) )
2 = by, and [€, 2 — % = <.

From that time on, set (w®)" = (w”)', (w”)”? remaining independent of (w*)”* and wY. For s > Ty,
l'=2! and §'82 — €% is constant, with an absolute value less than or equal to &.

We have Yy, = Y1u- Then, using the strong Markov property, look at the processes {(gs, z?,éﬁ)}

Z

S}Tl
and {(ys, 22, 52)}52:5' We can use the coupling theorem 46 to couple the second coordinate 22 of x, with

2
s*

After that time T, set (w®)? = (w”®)?. Then, for s > T,, we have

T

1 _ .1

2
s — Tg

o and 22 = 22,

° §'S - 5;3 is constant, with an absolute value less than or equal to e.

Repeat this procedure to couple each coordinate of z to the corresponding coordinates of x, using theorem
46. After the coupling time Ty_1, z, = z; and for each j = 2..d, §’SJ — &% is constant, with an absolute value

less than or equal to . As Y, remained equal to ys during the construction of the coupling, §S = és from

. !/ - .
the time Ty_1 on, and fsl — ;1 remains constant.

Thus, we have shown the following theorem.

THEOREM 49 (Coupling theorem). Let ¢ > 0 and up = (éo,fo) and uy = (éo’éo) be two points of
H x RV such that & and §0 have the same y-coordinate, and 5,0 = §’8. We can find
e a probability filtered space (2, F, {35}520,}?2}720),
o paths space adapted random variables {us}s>o and {ug}s>0, on (Q, F, {Fs}s>0),
o an {Fs}s>o0-stopping time T,

such that
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1. the law of {us}s>o under P7L s PGL, and that of {u,}s>0 is P!,

2. after the coupling time T, §S = ¢, and §, =&+ Cigh + g+ + cag'?,
where Cy is a (random) constant and ca, ...,cq (random) constants such that |¢;| < e, for every i = 2..d.

We need two ingredients in the receipe of the proof of theorem 55. The first one is the preceding theorem,
the second one is a uniform continuity property of L""*-harmonic bounded functions.

To get this property, we go up to the group G, where the diffusion {(gs,&s)},., defined in 2.1.2 lives.

Its generator was noted L. A function f defined on H x R"“ naturally extends to G by setting f((g,£)) =
f(geo, &). For smooth functions f on G, set

L(bf)

Dy =
f==0

We establish in this paragraph a uniform continuity property for L"** “harmonic bounded functions. Precisely,
being on a non-commutative group, we must distinguish right and left uniform continuity. We show in
theorem 53 that any bounded L' -harmonic function h is right uniformly continuous: given e > 0, there is
a neighbourhood V. of Id in G such that

Vee G,Ve €V., |h(ee')—h(e)| <e.

#) Uniform continuity Notation — We shall write e = (¢,£) € G. Note { P2 (e, de’)} ., the transition
kernels of the L -diffusion.

Recall that we defined in 2.1.1 the action of an element e = (g, &) of G on S~ 1:
(9,8).0 = 0" if g(R(eo + 0)) = R(eo + o).

LEMMA 50. Each element e € G can be written e = ee, with e fiving €1 € S?1, and € in a compact
subset G of G.

< Let e = (g,&) € G. Writting e = (Id, £)(g,0), we can drop (Id, £) apart. Use the halfspace model of
H to describe the set of isometries of H. It is well known that
e any isometry of H can be uniquely written as a product
g=tAr,
where t is a translation in a direction of the form (0,7) € R>% x R4~1, X is the isometry (y,x)
(\y, Az) and r is a hyperbolic rotation with center (1,0),
e the set of hyperbolic rotations with center (1,0) is isomorphic to the compact group SO4(R).
Each transform ¢, \ leaves €1 fixed, not r. Take e = (t\,€) and € = (r,0). >
Notation — For e € G, L, denotes the left translation on G: Le(e’) = ee’.
LeEMMA 51. The kernel ]3;51 is left invariant by any e in G that fixes e1: for any such e and any compactly

supported smooth function f, _ B
P (f)oLe = P (f o Le).

< Write e = (t),€), with ¢, X as in the preceding lemma. Recall h** is a multiple of y?~*. For any
§cH,

het o Le(€) = b7 (e(€)) = 17 (t(M(€))) = X~ h7(€). (2.2.20)
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The identity of the lemma is the integrated version of the identity

(1) ora= Hi o1 = HORERR) S MR Lt o). )

The first equality traduces the left invariance of L by any left translation, the second comes from
identity (2.2.20). Here, f is any smooth function on G with compact support. We get from (2.2.21)

ﬁfl(f)ong (eichslf) Ongeichsl (fOLg) :]Btal(fOLg)-
>

Notation — Note 55 (e, ') the density of the measure PF* (e, de’) with respect to a Haar measure Haar(de')
on G. It is a continuous function of (e,e’)(!3).
Because any bounded L""'-harmonic function satisfies

hie) = /ﬁl (e,e') h(e')Haar(de'),
we have for any e € G,

|h(e) — h(e€)| < ||h]ls /g‘f)?(e,e’) — p7* (e€,€')|Haar(de'). (2.2.22)

Let e = e@ be the decomposition of e given by lemma 50, with e and e! fixing ;. Lemma 51 justifies
the first equality

/‘ (e, e pl ee, e |Haa7° de /| e,gfle’) —]7611(gflefé,gfle/ﬂHaar(de’)

(2.2.23)

:/|15?(67 a) — pi* (€€, a)|Haar(da).
g

LEMMA 52. The function € € G — sup/ |07 (€,a) — p7* (€€,a)|Haar(da) converges to 0 as € — Id.
GJG

ecg
< Let U be a compact neighbourhood of Id € G, and ¢ > 0. The family of probabilities {]515 ‘(ee, )} <& scu
is tight. Let G be a compact subset of G such that for any € € é, eclu,
P (68,G) > 1—e.
Then,
/ |7t (€,a) — pi'(ee,a)|Haar(da) < 2e + / |pit(e,a) — pi*(€e, a)|Haar(da) (2.2.24)
g

As e, € and a are in compact subsets of G and the function p{*(.,.) is continuous, pj* (€, a) and p}* (€€, a)
are bounded by a constant when € € G, € € U and a € G. So, the function

(e,e »—>/| —p5'(ee,a)|Haar(da)

13See section 2.2.1.
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is uniformly continuous. Since it is null on G x {0}, we get from (2.2.24)
lim / |7t (e,a) — pi*(ee,a)|Haar(da) < 2¢
e—Id g
As ¢ > 0 was chosen arbitrarily, the statement of the lemma follows. >

The inequality (2.2.22), together with lemma 52, show that

THEOREM 53 (Uniform continuity theorem). Any bounded L' “harmonic function is right uniformly
continuous.

The notation e will no longer refer to the decomposition of lemma 50.
c) Bounded L"'-harmonic functions The usefulness of theorem 53 appears in the following lemma,

which roughly says that a bounded L"*'-harmonic function h(( ¢) does not vary much if ¢ remains near &
and ¢ moves in the pictured “ellipsoid”.

0 <g/>2> — ]Rg’2 4+ +Rg'd

g

Figure 2.1: Trace on RY? of a neigbourhood eV of e = (¢,¢) € G

LeEMMA 54. LetV be a neighbourhood of Id € G.

1. Lete = (g,&) € G . Identify € to 0 on the straight line £ +Rg't. The intersection of & + Rg'l with eV
contains an interval (a(y),b(y)) with the property that a(y) — —oo and b(y) — +0o as y — +00.

2. For ¢ € RY4 identify € to 0 in & + (g'>2). There erists a constant € > 0 depending on V only, such
that for any e = (g,&) € G, the intersection of & + (g'>2) with eV contains the Buclidian ball B(0,¢).

< 1) For any two e = (9,&) and e = (g,§) in G, ee = (gg, & + g§).

V contains a product neighbourhood V; x| —¢, e[} T4C SOy(1, d) x RY?, for some . We need to examine
the set g.] — e, e[t Fd.

9€=E90+ &g+ + 0

1 |z +y°+1 z
y’ 2y ’
2 2
m;ifjﬂ]—as[. We can take a(y) = Ey—H and b(y )—5y2—;r1.
2) Let V be a unit tangent vector to the halfspace hyperbolic space R>? x R4~! located at point (y, z).

It has the form y(u,v) € R x R*"!, where u? + [v|gua = 1. Note (y,z) the halfspace coordinates of g°.

In the basis g’, ¢° has coordinates ( ) The set g] —¢,e[**NRg’* contains the segment
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Since ¢ : R70 x R%~! — H is an isometry, each ¢’,i = 1..d, is of the form Dy, , ¥ (y(u,v)) for some
(u,v). So,
{§1g1 + ... +§dgd ; €] - 5,5[d} = D¢ (yBra(0,¢)),

where Bga(0, €) is the open Euclidian ball of R? with center 0 and radius e. In particular, for v € R?™1,
[v] < e, the vector D, )% (y(0,v)) belongs to {€'g" + ... + &%g%; € €] —¢,e[?}. In g'-coordinates

2 2 2 2
+y - +1 +y2 -1
D(y,m)@b(y(u,v)) = <<$,U> + (1 - |x|27yy2> yu, <$7/U> + <1 — |x|27yy2) yu, v — U§> 5

SO D(y@)w(y((), v)) has g’-coordinates ({x,v), (xv), v), which shows the second point of the lemma. >

The coupling of theorem 49, together with the uniform continuity theorem 53, are used with lemma 54
to prove the following result on L" "¢’ -bounded harmonic functions.

THEOREM 55. Any L"™' -harmonic bounded function only depends on y and €£°.

< Let h be a bounded L""-harmonic function, considered as a L' -harmonic function. Let n >0
be given. Because of the right uniform continuity of h, there exists a neighbourhood V of Id € G such
that for any e € V,

Veed, |h(e) — h(e5)|

<n
Take two points of G, eg = ((g3, -, 95), o) and ey = (g0 -, g3), ;) with g7 and g0 (€ H) having the
same y-coordinate, and §80 =&p.
Using the coupling time constructed in theorem 49, and the stopping time theorem, we can write, for

any s > 0,

h(eo) — h(ey) = Eeefygo [h(eT+S) - h(§T+s)]'
The stopping time T" was constructed to ensure that

_ 1 2 3 10 /1 12 13
€T4s = (((yTJrsaxTJrs)agTJrsngJrsagT+s)7( T+s)ST+s>ST+s> T+s))

and
_ (( ) 1 2 d ) ( /0 5/1 é42 5/3 )
§T+5_ YT+s;, LT+s ’QT-i-s’gT—',-s’gT—'rs ) T+57—T+s’—T+s’—T+s 9

for some (g}, ..., g% ), and ( - 97, ) that have no reason to be equals, but with |§§+S — &2

1
gT—i—s’
and |§ﬁ+s — &7, | less than or equal to . Yet, there exists an isometry p of R* C R"? such that

gT—i—s P =9T+s-
Note er, p = (g, , P&, ,)- Since the function h(((y, ), g%, g%, g?’),ﬁ) does not depend on ¢', g%, g3,

h(§T+s p) = h(§T+s)'
All the more, we have
_ /1 /2 /3
eryop = (9745, &r4s + C18" + 287 + c38”),
for some (random) constants C1, and |ca|, |c3] < .

As {y, }r>0 diverges Pe'-almost surely to +o00, we know from lemma 54 that for s large enough, yr
is large enough to ensure that

erisp € erysV.

Applying the bounded convergence theorem, it follows that

[heo) = hleg)| < B o, [ lim_[h(ers) = hler.,)]

N
=

Since n > 0 is arbitrary, the result follows. >
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d) Toward a second conditioning

Fix ¢ € R. The function
hgt ug — =9 h3y (uo) =
is L' -harmonic in the open halfspace {(£o,&) € H x RV ¢ — €0 > 0},

Notation — For ¢ € RM?, define
a(§) =0-¢°.

hyt (uo) = yo%lymgo»o = —y0G (yoar(&0)) (*). (2.2.25)
Yoax(Qo

We can see that bounded L"*":'-harmonic functions depend only on y and £° from the following
observation.

Notation — For ¢ < ¢, note 7,_ the translation of length ¢ — ¢ in the direction g’°.

LEMMA 56. If h is a bounded L"™'"¢' -harmonic function , then h o 7y_y is a bounded L" "M -harmonic
function. This correspondence is a bijection.

So, given ¢’ < ¢, and h a bounded L"*""¢' -harmonic function,
L(hslhz,lh o Tz,g/) =0.

Thus, if h is a bounded L"he' “harmonic function, the function

£
2 [ WOk o) (ar

—2—n

is a bounded L""'-harmonic function'®; so it depends only on y and ¢"°. Its limit hj'h, as n — +oo, also
depends only on y and £’ as hy' only depends on y and £°, so does h.

COROLLARY 57. Let ¢ € R. Bounded L" "' “harmonic functions only depend on y and £°.

Notation — Note P51* the law of the L' "' -diffusion, started from uj.

Sum up. We want to show that the function ' h;' is a minimal L-harmonic function. This amounts to
show that the constants are the only bounded L""*":' -harmonic bounded functions. Since such functions only
depend on y and £, we shall obtain the result if we can couple these two coordinates for L™ 1" -diffusions
started from different points.

The process {(ys,£.)} happens to be a diffusion, under P!, whatever ug € H x R%%. We shall show in
propositions 63 and 64 that two independent trajectories of this process couple naturally, which will provide
the conclusion.

The constant ¢ € R is fixed in the next subsection.

4G was defined in equation (2.2.12).
157 is < 27 [|h]|ccPEL (RS € [€— 277, 4]) < 27 |A|oo-
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2.2.3 A representation formula

a) Bounded LM*h' ~harmonic functions

First, see what the h$'-transform L"*'"¢" of L*"" looks like. It is defined on the open halfspace
{a>0}={(£.¢) eHxR"; a() = (- £ >0},

The transform adds a drift!®

29 he el G 2
Yo Dol 5 _ 2G(W0) ¥ 900G (yoc) 5 <(1 —d) + —) Oy

2
2 h7 YoG' (o) Yoo

to L""". So, we have, for f € C5°({a > 0}),
thlh‘} _ y(% 82 82 2 d 9 b :
f = 7( oo T Oy ) f + @ 3~ L) yo | Oyo f + Ogo f(&0)-

The evolution of the h®! hj'-process is determined by the following stochastic differential system.

2 d
i =i (= (51))

dzrs = ysdw?,
ds

d 0 _ =,
&= (2.2.26)
dé—ll — |‘/L’S|2 + yz + 1d$

S 2y5 ?

) j—1
dei =2 gs, j=2.d.
Ys

It is defined until its explosion time S, defined as the infimum of its exit time from all compacta and
inf{s > 0;a(&s) = 0}.
Notation — We shall write a5 = (&) = ¢ — £2°.

As explained in the preceding paragraph, we are interested in the behaviour of the process (y,£°). We

have
0 __ .
é-s - e — Qg

s0, we see on (2.2.26) that
FAcT 58. The process {(ys, as) togs<s 15 a diffusion.
Notice that since das = —f < 0, o decreases.
i) Preliminary remarks
LEMMA 59. d(ysa,) = (ysas)dw? + (1 — (£ — 1)(ysas)) ds.

< Use It6’s formula.

2 d d
+ asysdw? + o <— - (5 - 1> ys> ds = (ysas)dw? + (1 - (5 - 1> ysas) ds.

Qg

—ds

d(ysas) =Ys

S

>

16We saw in the equation (2.2.14) that “—;G”(u) + (‘%“ - 1) G'(u) = 0.
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COROLLARY 60. e The process {ysasfo<s<s is a positive recurrent diffusion on R>Y.

e The (h®'hj')-process ]P’Eu{f—almost surely does not explode, for every starting point ug € H x R4,

The density'” of the invariant probability of the diffusion {ysa}s>o is proportional to t—de—% 18,

The equation governing the evolution of y; is integrable. Use It ’s formula to differentiate

" da d—1
—wl-2 [ ot dsts

Ys€ Yuu = YsZs-
With d 9
dzs = —zgdw? + (— — ) zsds
2 ysQs

and

d(ys, Zs> = —Ys2s ds,
one finds

d(yszs) = 0,
that is
ys = yoe i Y20 T s (2.2.27)

As we know the invariant probability of the positive recurrent diffusion {ysas}s>0, the ergodic theorem
gives us an almost sure equivalent of the integral

/S du foootf(dﬂ)e*%
0

= s+ o(s
Yu Oy fooo t—de*% ( )

2
Js° =@t T gt d—1

An integration by parts gives i Ta = %=, so that the LIL and formula (2.2.27) provide a precise
o tmde Tt dt

estimate of y;.
PROPOSITION 61. We have almost surely: log(ys) = 5ts + o(s).
As awaited,
LEMMA 62. {as}s>0 almost surely decreases to 0 as s — +oo.

< As {as}s>0 decreases,

{{as}s>0 does not tends to 0} = U {vs>0, a, >

n>1

)
g
On the event {Vs > 0, as; > %}, Yss — —+00, since y; — —+o0o. But we saw that the diffusion

{ysas}s>0 is recurrent positive. It follows that the event {Vs > 0, as > %} is of null probability, for
any n > 1, and {a,}s>0 decreases to 0 almost surely. >

17With respect to Lebesgue’s measure on R>0.
2 4 2
18This density m(t) must satisfy the equation (4-m(t))” = ((1 — (£ -1)) m(t)) . If we note u(t) = L-m(t), u must satisfy

2
the equation u”'(t) = ( t% —%}u(t))/, i.e., up to an additive constant u’(¢t) = {t% — % u(t). This gives u(t) =t~ (=2 e~ 7

2
and m(t) =t~%e~ t. We left the constant apart.
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To investigate the system, we will take (y%, as) as coordinates rather than (ys, ). Set by = y% We

have
d( L > = dbs = —bsdw? + b (51 - bs> ds,
Yss 2 (2.2.28)
das = —agbgds,
or
d
dbs = —bsdw¥ +bs | = —bs | ds
2 (2.2.29)

as = age” Jo budv,

The diffusion {bs}s>0 is positive recurrent on R>Y.

#4) An automatic coupling

In this paragraph,

1) we show that two independent copies of (b, a), started from different points, meet with probability 1.
So, two independent copies of (y, «), started from different points, meet with probability 1.

2) This implies that L"*":" has no non constant bounded harmonic functions only depending on y and
a (or y and ¢9).

1) For (b, ap) € R7? x R>9, write P, o) the law of the diffusion (b, o), started from (b, cvg), defined
on the canonical space 2 = C(R?% R?). For w € Q and R > 0, note Tr(w) = inf{s > 0;logas(w) < —R}.
As log as = log g — fos b, dr, and b, is continuous, > 0, Tg is (almost surely) a strictly increasing, continous
function of R.

PROPOSITION 63. The process {bry, } r>0 s a recurrent diffusion.

< On the one hand, {—log(as)}s>o0 being an additive functional of {bs}s>0, it is well known that
the time transform of b by the inverse of — log(a) remains a diffusion. On the other hand, since b is
positive recurrent, one can invoke the ergodic theorem and find some constants 0 < ¢ < C' < 400, such
that one has almost surely ¢s < —logas < C's, from a random time so(w) on. So, for R large enough

(=),
R R
— <Tr < —.
C s
Then, the recurrence of {bs}s>0 implies that of {br, }r>0. >

It remains to use the following elementary result to prove point 1).

PROPOSITION 64. Let {P,},cr>0 be the family of laws associated with a recurrent diffusion on R>?. Let
zo # x1 € R7? and Py, ,, be the law of a couple (r,t') of independent diffusions with laws {P,},er>o0, started
from zo and x1, respectively. Then, Py, ., -almost surely, inf{s > 0;rs = 1} < +o0.

< Map the state space R>? on R by the scale function to get two independent recurrent diffusions T
and ¢’ on R, in natural scale. These are continuous local martingales with brackets increasing to +-oo
as time goes to +oo. So the local martingale ¢ —t/, whose bracket

—1) =@+ ) — +oo,

has the trajectories of a Brownian motion; in particular, it hits 0 in a finite time. Since the scale
function is injective, r and ¢’ coincide at that time. >
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G

Figure 2.2: Coupling of two independent trajectories of (b, «)

The preceding two propositions show that two independent copies of (y, «), started from different points,

almost surely meet at a positive time'®.

2) Let us see why this fact implies that the differential generator of (b, &) has no non constant bounded
harmonic functions.

Let (o # (1 be two points of R>? x R>? and P, P¢,, be the laws of the diffusion (b, a) started from (o
and (; respectively. The system

(Q xQFF, {U((FSa?/s);S < t)}tgo’PCmQ =P, ®PC1)

describes the evolution of two independent copies of (b, «), started from (, and (;. The applications ¢ and
v, Q x Q — Q, are the first and second projection, respectively.
Set
To(w,w') = inf{s > 0;rs(w,w’) € ¥y joof(w,w')}

and
T1(w,w') = inf{s > 0;r}(w,w") € 1[0, toof(w,w)}.

These random times are not stopping times with respect to the o-algebra {o((xs,t});s < t)},5,- Yet, the
preceding tells us that they are finite P¢, ¢, -almost surely. As a consequence, the sets

Q0 ={w €Q; To(w,w') < +oo, P¢,(dw) — a.s.}
and
Q={weQ; Ti(w,w) <400, P¢, (dw') —a.s.}

verify
]P)C1 (Ql) = ]PCO (QO) =1

Though Ty(w,w’) and T;(w,w’) have no reasons to be equal, the monotonicity of {logas}s>o implies that
one has P¢, ¢,-almost surely

XTo(ww/) (U), w/) = xlT‘l(w7w/) (U), w/)'

19 Actually, they meet at arbitrarily large times.
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PROPOSITION 65. Let h be a bounded function, harmonic with respect to the differential generator of the
diffusion (y,«). Then h is constant.

< Let w’ € Q. The application w € Q — Ty(w,w’) is a {o(rs; s < t)}i>0 stopping time, Py, (dw)-
almost surely finite, and {h(ri(w,w’))} 5, is @ {{o(xs; s < t)}i20,Ps,(dw)} bounded martingale. The
stopping time theorem applies.

mm=/Mm@mwwwamx

integrating with respect to P¢, (dw’), one gets

60) = [ Bt (:0) P (o) (2:2.30

In the same way, one can show that

h(C1) = / B(E 1y ) (06" oo o (e, du). (2.2.31)
AS 17, (w0 (W, W) = 17y (w,wr) (W, W), Py ¢, (dw, dw')-almost surely, h(¢o) = h(C1). >

Since any bounded L1 harmonic function depends only on v and €9, that is on y and «, such function
is an harmonic function with respect to the differential generator of the diffusion (y,«); so it is constant.
So, the L-harmonic function h*'hj' is minimal. We saw in 2.2.1 that this implies that any function h7h{,
o € S 1 ¢ ¢ R, is minimal.

THEOREM 66. The functions h°hg, o € S1~1,¢ € R, are L-harmonic minimal functions.

b) A representation formula

From the probabilistic meaning of the functions h° and hj and the facts on h-transform recalled in appendix
4.2, this theorem gives us a decomposition of the constant function 1 as a mean of L-harmonic minimal

functions:
1= / h°hg dodl
Sd—1xR

Let up € H x RY? and o € S9!, Choose a basis g € SOq(1,d) of R of the form {eg, o, g>2}?°.
We saw in point ¢ of 2.2.1 that if one uses g”-halfspace coordinates on H and {—g¢7, 9§ + 97,95,..-,99 }-
coordinates on RY4 the law of RZ, under P7 has exactly the same expression as that of R} under P7!,
using the usual halfspace coordinates on H and g'-linear coordinates on RY“. Note (y, ) the g7-halfspace
coordinates of a point & € H. Remarking that é = q(ﬁ,ao + a), equation (2.2.13) and Dufresne’s result
(proposition 4.3) provide a coordinate free expression of the law of RZ, under P . The following theorem

give the unconditional version of this result.
PROPOSITION 67 (Unconditional law of (04, R7)). Let ug € H x R4,

1. The limits

0o = lim oy, and RIx = lim (&, €0+ 0o0)
s—-+00 s$—-+00

exist Py, -almost surely.

20The notation g>2 is for a (d — 1)-uple {g2,...,94}-
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2. Note do the uniform probability on S 1.

Puy (0 € do, RI € L+ dl) = h7h{ (uo)dodl

. d .
h? (ug) q(&0,c0 + 0) B q(&0,20 +0)
B q(éo,ifo-i-d) (f—q(fo,ifoﬁ-d)) P < 2[—(](&),80—}—0) dalﬁ>q(éo7ao+a)d€
(2.2.32)

We shall use the classical method developped in the parabolic context to deduce from this identity a
representation formula for the Poisson bounday of (L, H x R*%) (see Doob, [Doo01], Chap.XIX, or Ancona,
[Anc90], p.37, and the references given there). Before, we need to establish a compactness result in the set
of L-harmonic bounded functions. Actually, since the good framework is the group G, we first establish the
result for L-harmonic bounded functions.

2.2.4 Poisson boundary of (L,H x R:%)

a) Compactness matters

In this paragraph, we shall use a result of Bony to obtain Harnack’s compactness principle for L-harmonic
functions. Here is the result we would like to use.

T
THEOREM 68 (Bony’s Harnack Inequality [Bon69]). Let L' = ZVZZ +V be a differential operator
i=1
on a connected manifold M of dimension n such that the V;’s cannot be null all at the same time. Suppose
the Lie algebra L(V;) generated by the V;’s has rank n at every point. Then, for anycompact K contained g
a chart {x'}, every point yo € M and every multi-indez p, there exists a constant X\, depending on K, {x"}
and p, such that every non negative L’'-harmonic function h satisfies

| < M(yo). (2.2.33)

Before giving its proof, recall Bony demonstrated in [Bon69], Corollary 5.2, the following fact.

PROPOSITION 69. If the V;’s are not null all at the same time and rank(Vy, ..., V.., V') = n, everywhere, then
there exists a basis of the topology made up of open sets U for which the Dirichlet problem

for f € C(0U) find u € C*(U) NC(U) such that L'u =0 on U and ujg = f
has a unique solution. These open sets are called elementary open sets.

Here is Bony’s proof.

< Let zp be a point in K. On the one hand, one knows that given two relatively compact open
neighbourhoods @ € O’ of xp, small enough to be in a chart, and a multi-index p, there exists a
constant ¢’ such that any L’-harmonic function h satisfies?!

Ph(z), _ ,
S < .
;1618| s | <e . h(z)dx

On the other hand, one knows that when we are in an elementary open set U/, one has
o) > 5 [ (a2 o)
u

where 18 (S] reen runction O e operator — on w1 respect to € measure axr .00, 1
here g is the G function of the operator L’ U with respect to th dx 2. So, if

21This is a quantitative version of Hérmander’s theorem on hypoellipticity.
22The existence of g% is proved in Bony [Bon69].



CHAPTER 2. ASYMPTOTIC BEHAVIOUR OF THE RELATIVISTIC DIFFUSION 55

we could suppose o, O and O’ to be in an elementary open set and g (yo, 0’) > ¢’ > 0?3, we would
have the Harnack inequality

OPh(x) d

| < Wh(yo)-

sup
zeO OxP

The hypothesis on the rank of the Lie algebra is made so as to give us the Strong Minimum Principle
and, with it, the fact that g%(.,xo) being > 0 somewhere must be > 0 everywhere; in particular
94 (yo, o) > 0. The continuity of g4 (yo,.) gives us a neighbourhood O' of zy and a positive constant
c” such that gfg{(yo, O') = ”. ¢ is determined as soon as O, O, p and the coordinates x are chosen.

To obtain Harnak inequality not just for yo, @, O, in an elementary open set, use connectedness of M
and compacity of K. >

d
~ 1
This argument cannot be applied without any change to our situation, where the operator L = 3 Z Vf + W
i=1
on G is such that rank(ﬁ(Vl, cny Vd)) < dim G. Yet, the rank hypothesis is made to ensure the positivity of
g% (yo, z0). We get this positivity thanks to the support theorem 25.

Given piecewise smooth, continuous controls, ¢¢, i = 1..d, and ey € G, the equation

A(p(t)) = Vi (lt)) didt + Vop(6))dt. (0) = eo. (2.2.34)

is the control equation associated with the ¢‘’s and ey. We note ¢(., eq) its unique solution.

DEFINITION 70. Let U be an open set of G and let eg € U. A point z is said to be in the future of e
in U if it is of the form p,(t;eq) for some t > 0, for some controls ¢¢, and if ¢,([0,t];e0) C U*). A set
S is said to be in the future of ey in U if each of its points is in the future of ey. The future of ey is its
future in G.

So, suppose eg and O are in an elementary open set U and @’ is a subset of the future of eq in U. If
one takes z in O, ¢,(.;e9) spends a positive amount of time in O’. Choose € > 0 small enough for the e-
neighbourhood of ¢,([0, t]; €g) to be included in U, and the ball B(z,c) C O'. Thus, by the support theorem
25, the diffusion {e;}, started from e, spends a positive amount of time in (0’ with a positive probability,
before leaving U; that is

glé{(eo, 0') > 0.

Without loss of generality, we can take O’ smaller and suppose g (eg, O’) > ¢/ > 0.

Now, suppose K is a compact in the inside of the future of eg in G. Let zp € K and ¢, (.; ep) a solution
of (2.2.34) such that ¢,,(T;eq) = zo for some T' > 0. One can find a finite sequence eg, e1, ..., €, of points
of ¢4, ([0,T]; e0), elementary open sets U;, i = 0..s — 1, open sets Oj, i = 1..s, such that {e;} and O;, are
included in U;, Oj,; is in the future of e; and e;1 € O; ;. The conclusion of Bony’s Harnack inequality
applies in each U;. If one takes p = 0 in (2.2.33) for i = 1..s — 1 and use (2.2.33) with p for ¢ = s, one has the
result not for K but for a neighbourhood of zy € K. The compacity of K then yields the following version
of Bony’s result.

THEOREM 71 (Harnack’s Inequality). Let K be a compact of G, located in the future of a point ey,
small enough to be in a chart {€'}, and p be a mutli-index. There exists a constant \, depending on K, {e'}
and p, such that every non negative L-harmonic function h satisfies

sup| OPh(e)
eellz Oe

| < lambda h(ep).

The smallness restriction is not a real one since any compact K can be covered by finitely many charts.

239%(?/07(9’) > ¢’ means inf{gg(yo,x); ze0'} ="
24We note ¢, to recall this function is associated to z.
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Remarks

1. Notice that since we are on a group, and L is left invariant, the preceding construction gives the same
constant A if we replace ey by eep and K by eK, whatever e € G. It provides a proof that

COROLLARY 72. Any bounded L-harmonic function is right uniformly continuous.

It also shows that any non negative L-harmonic function has a growth comparable to the growth of
the volume of balls on G.

2. This result is also true with L replaced by the heat operator L—0,.

We determined the future of eg in proposition 26; so, Harnack’s inequality and Ascoli’s theorem justify
the

THEOREM 73 (Harnack’s compactness principle). Let {hy},>0 be a sequence of L-harmonic functions.
If there is a point ey € G such that the sequence {hy,(eg)}tn>0 is bounded, then {h,}n>0 has a subsequence
that uniformly locally C* converges on C~%(eq) 2°. The same result holds for L-harmonic functions with
C?%(uo).

b) Intregral representation of L-harmonic bounded functions.

In this section, we use Choquet’s representation theorem to obtain an explicit description of the set of
bounded L-harmonic functions. The method is classical in the parabolic contect (see for instance Doob,
[Doo01], Chapter XIX, or [Anc90], p.37, and the references therein). It provides a description of the invariant
o-algebra under any P, , ug € H x R%.

The following lemma will enable us to define a compact, convex set, adapted to the situation.

LEMMA 7T4. Forn €N, set u,, = (g9, —neg) € H x RY4. Then, for any o € S~ and ¢ € R,

Z h?h3 (un) < 4o00.

n=0
< Since we found an explicit expression of h”hJ in equation (2.2.32), we read on the formula

2

0 ) = (0 ) ()

the convergence of the series. >

Choose a sequence of positive numbers p,, such that an =1 and set v = anéun. The set of
n>=0 n=0
LL*(v)-integrable functions contains the set of bounded functions. We note (f,v) = [ fdv. Set

C, ={h > 0;h L —harmonic , (h,v) < +oo}, K, ={h € C,;(h,v) <1},and K} = {h € C,; (h,v) = 1}.
(2.2.35)
C, is a cone and K, and K} are convex subsets of C,. The functions h?hj are in C,. Endow C, with
the topology of uniform convergence on compacta.
As a consequence of Harnack’s inequality 71, the only h € C, such that (h,v) = 0 is the zero function.

25By “uniformly locally C* converges”, we mean that, for any p > 0, all the derivatives of h of order < p uniformly converge
on compacta.
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ProrosiTIiON 75. K, is compact.

<0 The topology being metrisable, we check that any sequence of points of K, has a convergent sub-

sequence. Since (h,v) = anh(un) =1, for h € K,, every h € K, satisfies h(uy) < p%' Fix n. The
n>0

compacity principle 73 enables to extract from any sequence {h,} of points of K, a subsequence that

uniformly locally converges on C~%(u,,). So, a diagonal extraction provides a subsequence uniformly

locally converging on UC>O(un). The choice of the u,’s was made so as to ensure that C~>°(u,,)
n=0
increases to H x R4, This limit belongs to K, because 0 < (lim hp,v) < lim (hp,v) < 1. >

PROPOSITION 76. C, is a lattice with respect to its own order.

<1 This is so because the set of non negative L-harmonic functions is itself a lattice with respect to its
own order and if we have 0 < b’ < h, with h € C, then b’ € C,. >

In this context, Choquet’s representation theory?® applies.

THEOREM 77 (Choquet’s representation theorem). 1. Any point h of K. can be uniquely written
as

h= /@ yun(dh),

where yy, is a Borel probability supported on the set of extremal points of K.

2. Associate to each non null h € C,, firstly, the point (h—hy> € K1, then the probability fih o O the set
of extremal points of KL. The application

heC, — ﬁh = <h, V>,u, h (2.2.36)

(h,v)

is a lattice isomorphism between C, and the set of probability measures on KL (27). In particular, if
h < k' then i, < fips; so i, = Flipe, for some Borel function F, bounded fi-almost everywhere.

As 0 < (h7hJ,v) < +o0, for all 0,4, one can rewrite the integral representation (2.2.4) as

hohg
1:/ ——Lt _(h°hG,v) dodl,
o (o, ) RE)

writing the function 1 as a mean of extremal points of K.
The preceding decomposition is the unique Choquet’s representation of 1 in K, :

fiv = (h7hg,v) dodl.

As (kRS ,v) is a positive continuous function of o and £(*®), any fi1-almost sure equality is a (dodl)-almost
sure equality.
Let f € C, be any (non null) non negative L-harmonic bounded function. Since

o f<||fllscl, we have fiy = Ffi .1, for some function F on S?~! x R such that one has (dod/)-almost
everywhere 0 < F' < 1,

26 A5 explained in Choquet, [Cho69a] and [Cho69b], Phelps, [Phe66], or Becker [Bec99).

s . . 4 d /
2"Endowed with its natural lattice structure: if f = ﬁ and g = %, % =fAg.

281t does not depend on o.
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o [if1 = Ifllccta = || flloc(h7RhT,v) dodl,

we deduce from theorem 77 that

hohg
£=400) [ Gngay F o O e (0715, ) do

One sees one this expression that f is of the form
/h"h‘ZF(a, 0) dodt

for some Borel function F, bounded (dodf)-almost everywhere.
Conversely, for any ((dodf)-almost everywhere) bounded Borel function F on S?~! x R, the function

/ F(0, O)hh dodl > 0
Sd-1xR

is bounded and L-harmonic. This provides a complete description of the Poisson boundary of L.

THEOREM 78 (Poisson boundary of (L,H x R“?)). Any bounded L-harmonic function is of the form
/ F(o, O)h7 () () dode,
Sd—1 xR

for some bounded (Borel) function F on SY~1 xR. Reciprocally, such a formula defines a bounded L-harmonic
function.

The description of the invariant o-algebra of the diffusion {(£,&,)}s>0 given in theorem 11 follows from
proposition 2.2.4.
Indeed, given a bounded I m)((é,s, &;))-measurable random variable X, the harmonic function (proposi-
tion 2.2.4)
(£,6) eH x RM — B [X]

is of the form
[ wEonEore. o dode,
Sd-1xR
for some bounded measurable function F on S~ x R. That is,

V(£€) e HxRY, B¢ [X] =B [F(000, RZ)].

Let (£0,&) € H x R1 be given. Since the process {E¢. ¢, [X]},o, is under P; . abounded martingale, it

almost surely converges to X, and F(c.., R72°); so, both quantities are Péo ég—almost surely equal.

CoROLLARY 79 (Invariant c-algebra of the relativistic diffusion). For any (éo,ﬁo) € H x R4, the
o-algebras Im;((é}s,fs)) and O'(UOO, R"°°) coincide up to Py . -null sets.

oo



Chapter 3

(GGeometric and algebraic representation
of the Poisson boundary of L

3.1 A geometric description of the boundary

3.1.1 Introduction

a) Vocabulary — The following definitions are the natural extensions to manifolds of the concepts

defined in R-"—1,

e In an n-dimensional vector space identified with R"™, any linear transform of the null cone of the
quadratic form (2°)? — (21)? — ... — (#"71)2, is called a Lorentzian cone. The inside of this cone is

{x e R (29)% — (21)2 — ... — (2"~ 1)2 > 0}.

o A Lorentzian manifold (M, q) of dimension n is a n-dimensional manifold equiped with a (0, 2)-

tensor ¢ with constant signature (+, —, -+, —).

e By a ‘path’, we mean a C' path.

e A causal path ~ : I — M, with values in a Lorentzian manifold (M, ¢) is a path whose speed is always
non spacelike : ¥V s € I, q(¥s,%s) = 0, that is, 7, is in the closure of the inside of the Lorentzian cone

of g7, m- If ¢(s,%s) > 0 for all s € I, the path is said to be timelike.

The null cones of g1, i are made of two half cones. One of them is arbitrarily called the future cone,
and the other, the past cone. We suppose we can make a smooth choice of future cones, on the whole
M; so, we can speak of a future-oriented causal curve 7 if its speed is everywhere in the closure of
the inside of the future cone. Such manifolds are said to be causally orientable — cf. O’Neill [O’N83],

p-194.

e By past of a point x € M, we mean the set of points y € M such that there exists a future-oriented
causal path from y to x. It is traditionaly denoted J~(x). In R~ the past of a point x is the
closure of the inside of the inferior lightcone with vertex x. If v is a future causal path, the sets J~ (),

are increasing with ¢.

e For A C M, the set J~(A) = |J J () is called the past of A.
z€EA
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b) What happens to future-oriented causal paths leaving every compact of some Lorentzian
manifold ? — The causal structure of a Lorentzian manifold (M, ¢) provides, under causality conditions
(see [GKPT72]), a equivalence relation on future-oriented causal paths, leaving every compact, that allows to
give M a boundary.

Identify two future-oriented causal curves v and +/, leaving every compact, if the increasing sets J = (vs)
and J~ (%) converge to the same set (i.e. U I (vs) = U J7(71)). Yet, such a definition is meaningless if,

s>0 s>0
for example, all points (or some) have the same past. So it seems reasonable to define such a relation just

for Lorentzian manifolds enjoying the following property of “separation of points by their past”.

(SP) Two points are equal iff they have the same past!.

@%’

Figure 3.1: Past of a path

If a Lorentzian manifold (M, ¢) has this property, the set of all equivalence classes of future-oriented causal
paths leaving every compact is called the causal boundary of (M, q) 2. To be useful, this construction
recquires a good understanding of the causal structure of the Lorentzian manifold.

There is another standard method to attack the question if one is only interested in lightlike hypersurfaces,
null geodesics, causality, or other conformal structures.

In good situations, one can embed (M, ¢) conformally in a relatively compact subset of a Lorentzian
manifold (M,@.If the embedding is good enough, one can identify the causal boundary of M C M as a
subset of the set of points of M C M, limits of future-oriented causal paths leaving every compact of M.

Einstein universe Ein,,, defined in the next section, will play the role of M for R1"~!. We will note C
the conformal boundary of R1"~! C Ein,,. We will see in theorem 88 that

e any point of C, except one special point p, is the limit of a lightlike geodesic of R1"~1,

e C can be identified with the causal boundary of R~ 1,

1 Globally hyperbolic Lorentzian manifolds have this property.

2We can define a similar object using the future I (vs) of curves, past-directed, leaving every compact. Both boundaries
can be used simultaneously to give M a larger boundary, as made in Geroch, Penrose, [GKP72|, or in Hawking & Ellis [HET73],
section 6.8, where much information on the subject can be found, among others, the definition of the topology of this larger
boundary and the fact that, sometimes, it does not have any reasonable differentiable structure.
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o a trajectory {&s}s>0 almost surely converges to a point of C\{p}.

In that sense, {{;}s>0 eventually behaves as a lightlike geodesic.

In a first time, we construct Einstein universe with no reference R™~!. The link between the two spaces
will be done in subsection 3.1.3.

3.1.2 Einstein universe

a) Définition In the usual Riemannian conformal framework, the sphere S™ has the property that all
the simply connected constant curvature Riemannian models conformally appear as open subsets of it: it
is naturally endowed with its Riemannian metric of constant curvature +1, the complementary of a point
has in its conformal class the flat metric on R™, thanks to the stereographic projection, and a half-sphere
is conformally equivalent to the hyperbolic space, with constant curvature —1. Einstein universe can play
the same role in the Lorentzian framework, the constant curvature models being Minkowski space, de Sitter
space and Anti-de Sitter space, with curvature 0,1, —1, respectively. We will only deal with Minkowski’s
space, exhibiting a stereographic projection.

DEFINITION 80. Endow R%*t™ with the quadratic form
q2,n(x) — —2I0$n+1 + (.1?1)2 _ (.1?2)2 L (In)Q,

expressed in the canomnical basis (£0,€1,...,Ensent1) of R2T™. Endowed with this quadratic form, R**™ will
be denoted R*™.

A vector with ¢*>™ null norm is said to be null.

Note C?™ the lightcone of R*™, made up of all null vectors. C*"™\{0} is a smooth manifold. Its tangent
space at a point v € C?™\{0} is denoted T,C*"™.

DEFINITION 81. A plane E is said to be totally degenerated if the quadratic form ¢>™ is null on E.
The following lemma is an elementary lemma on quadratic forms.

LEMMA . C?" has totally degenerated planes. They are all generated by vectors v and v', where v € C?"
and v' € T,C*™"\{0} is a null vector.

These planes play a special role in the description of the lightlike geodesics of Einstein universe, described
in proposition 85.
Let 7 : C%™ — RP"™*! be the restriction to C%™ of the canonical projection of R2+™\ {0} in RP"*1. Write

Ein, = 71'(02’”);

this is a hypersurface of RP"*1. Let v € C?™ and set p = 7(v). The restriction of the quadratic form
" to T,C?™ has signature (0,+,—,---,—), where 0 is for the v-direction. Since v is in the kernel of ,
T,Ein, bears a Lorentzian cone, C(p), image of the lightcone C(v) of qlzj’,fcgyn, by T,m. This cone C(p) is
well defined:

Tym(C(W')) = Tom(C(v)), if 7(v') = 7(v).

It depends smoothly on p. This smooth distribution of Lorentzian cones gives Ein,, a natural conformal
Lorentzian structure.

DEFINITION. Einstein universe is this Lorentzian manifold together with its conformal structure:

(Eing, {C(p)}pemin, ).
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Remarks

e The Anti-de Sitter space of dimension n + 1 is defined as the projection in RP"*! of the open set
{x € R**": ¢®>"(x) > 0}. Ein, is the topological boundary of this subspace of RP" 1.

e Ein, is causally orientable3.

The Einstein universe has a rich conformal group of transforms, inherited from the preceding construction.

Actually, they are completely described by the following rigidity theorem *.

THEOREM 82 (Liouville). e PO(2,n) acts transitively on Ein,, and respects its conformal structure.
e PO(2,n) acts transitively on the bundle of lightlike directions over Ein,,.
o Any local conformal transformation of Ein, is the restriction of the action on Ein,, of a unique element

of PO(2,n).

b) Lightlike geodesics of the Einstein universe — In the framework of conformal Lorentzian
geometry, the notion of geodesic is not well defined generally; yet, that of lightlike geodesic is a well defined
geometric notion.

PROPOSITION 83. Let gy be a Lorentzian metric on Ein,, with the a(p) ’s as null cones. Let f : Ein,, — R
be a smooth map, and e*f gy a conformal metric on Ein,,. Any lightlike go-geodesic v : I — Ein,, can be
reparametrised to give an (€2 go)- lightlike geodesic.

< Let V be the Levi-Civita connection associated with go and V’ be the Levi-Civita connection
associated with e2/gy. One has for every vector fields V, W on Ein,,

VyW =VyW + (V./IW + (W.S)V = go(V. W)V,

where Vf is the gradient of f with respect to the metric go. So, if v : I — Ein,, is a gy-lightlike
geodesic, V4¥ = 0, and

Vid = Viy +2(3.£)7 — 90(%, )V = 2(3-£)7,

since 4 s null. We see on this equation that it suffices to make a time change (depending on f and )
for the newly parametrised path to be a (e?/ go)-geodesic. Precisely, if y(s) = (t(s)),

VL = t"(s)4(t(s)) + (t'())* V4
= 1" ()5 (t(s)) +2(t'(5))*(5-£)5 (¢(5)).

So, take a solution of the equation t”(s) + 2(t’(s))2(~'y,f) (t(s)) = 0. >

(3.1.1)

DEFINITION 84. A 1-dimensional manifold I’ C Ein, is said to be a lightlike geodesic if any point £ of
T has a neighbourhood U such that T'NU is of the form v(I) for some (ezfgo)—geodesic ~v : I — Ein,,.

Remark — The proof makes it clear why the notion of geodesic is not a conformal notion, except that of
lightlike geodesic.

In our case, there is a simple geometric description of lightlike geodesics.

30ne can find a non vanishing timelike vector field on Ein,, which implies the causal orientability (cf. O’neill [0’N83],
p.194). TIndeed, if one looks at Ein, as the image of the quotient of S' x §»~1 ~ §r*+1 N 02" by the antipodal map
(z,y) € St x S"1 = (—z, —y) € S! x S*~1, the image of 9, in Ein,, is a smooth timelike vector field.

4See [Fra02| for instance.
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PROPOSITION 85. Any lightlike geodesic running through the point w(v) is of the form w((v,v') N C2’”),
where v’ € T,C>™ 4s a null vector. In short, the non parametrized lightlike geodesics are the projections in
Ein, of totally degenerated planes of R?>™; they are topological circles.

< This proposition is proved in subsection 3.1.4. >

DEFINITION. Let p be a point in Ein,. The set of all lightlike geodesics running through p is called the
lightcone of p and denoted C(p).

From the preceding proposition 85, one sees that if p = 7(v) and v* is the orthogonal of v with respect
2,n
to ¢, then
C(p) = m(C*>™" not).

For example, if p = 7(£)), C(p) = 7(C?" N{xp4+1 = 0}). The cone C(p) is the infinitesimal version of C(p).

From its simple geometric description, one sees that

ProprOSITION. C(p)\{p} is a hypersurface, diffeomorphic to RxS"~2. C(p) is compact and has a singularity
at p. Ein,\C(p) is dense in Ein,.

Remarks
e C(p) does not separate Ein,,.

e Notice that C(p)\{p} is foliated by lightlike geodesics: any point of C(p)\{p} belongs to a unique
lightlike geodesic.

C
Figure 3.2: The lightcone of p

3.1.3 Where does Minkowski’s space hide ?

The reason of the introduction of the Einstein universe, while speaking of the Minkowski space R~ is
that one can see R!""~! as a dense subset of Ein,, having the same geometry as R1""~1. In a (pseudo-)
Riemannian framework, we would use the notion of isometry to give a precise meaning to this sentence. In
a conformal framework, the notion of isometry is replaced by that of conformal equivalence.

DEFINITION 86. Let (E,{Cg(p)}per) and (F,{Cr(p)}pecr) be two manifolds with smooth distributions of
Lorentzian cones on their tangent spaces. They are said to be conformally equivalent if one can find a
smooth diffeomorphism ¢ : E — F which maps the tangent cones on E on the tangent cones on F':

VpeE, T,o(Ce(p) = Cr(ep)).
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Choose a point p = m(v) € Ein,,.

PROPOSITION 87. The dense open set Ein,\C(p) is conformally equivalent to RV"~1. In that sense, Ein,,
provides a compactification of R¥"~1 in which C(p) is its boundary.

< Because of the homogeneity of Ein,,, we can suppose p = 7(&p), so that
C(p) = 77(02’” N{zp+1 = O})

One defines a stereographic projection. We note gy the usual Lorentzian quadratic form on R%"~!

¢ E ) = (€ - (€ (D7), (8-12)

Let i : (Rbn=1 gbn=1) — (R%" ¢*") be the identification of R = RY"~! to (g1, ...,&,,). This is an
isometry. The map

jrax e RV gt (g 2)8 + 2i(x) + E,py € C27 (3.1.3)

is well defined and maps the lightcone of R'"~! to the lightcone of T},)C?", proving that the map
moj is a conformal mapping ®. The map 7o} is called a stereographic projection. The only points of
Ein,, that are not in the image of 7 o j are the projection in Ein,, of the points of C?" with x,,,1 = 0,
i.e. C(p). >

Remark that ¢>" (j(z)) = 5¢""!(x).

From now on, we identify R*"~! and 7 o j(R\'""~!) C Ein,,, where 7 o j is the stereographic projection
constructed above. The point p = () being fixed, we note C instead of C(p).

Write (g, ...,€n_1) the canonical basis of Rt~
The following proposition gives a more precise image of this embedding. Recall the geodesics of R1"~1
are straight lines, run linearly.
THEOREM 88. 1. For any non lightlike geodesic £ +Ruv of Rb™~1 & 4 tv converges to p as t — +oo0.
2. Any point in C\{p} is the limit of a lightlike geodesic of RL'"~1. More precisely,

o Let v € RV~ be an isotrope vector. There is a lightlike geodesic A, of C such that for every
lightlike geodesic & + Rv, with direction v, & + tv converges to a point of A,\{p} as t — +oo.
This lightlike geodesic of Ein, depends only on the direction Ruv of v.

Identify the set of null directions with S*=2: if Rv =R (g9 + ), 0 € S"~2, say that v has direction o.
We note A, = A, if v has direction o € S"2.

Let 0 € S" 2 and v =e0+ o € RV 1. This is a null vector with direction o.

o Two v-directed geodesics & + Rv and £ + Ruv converge to the same point iff £ is in the affine
hyperplane & + v*.

The function q(v,.) is constant on & + v, note £ € R this constant. We note p,(¢) € A, the limit of
&+ Ro.

o Any point of A, is the limit of a lightlike geodesic & + R (gg + o), for some & € RLn—1L,

5The map 7 is injective on j(R"~1).
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3. A natural parametrization of C\{p} — The map
(0,0) €S x R p,(£) eC C\{p}
s a diffeomorphism.
4. Asymptotic future of a point — Let £ € RV~ be given,
Co(¢) = {Ce R (¢~ ¢) =0}

its lightcone, and
) ={¢CeR"™ 1 g(C-¢) >0}

its future.

e CO)NC = {ps(q"" " eo+0,8)); 0 € S} is diffeomorphic to ST,
o C20(6) N (C\{p}) = {po(0); L= ¢"" M (eo +0,6) }.

In both statements, A is the closure of A C Ein,, in Ein,,.

5. Let c €S2, L € R.

(a) Note J~ (ps(€),R1""1) the causal past of py(£) in RL"1:
T (po(0), RV 1) = {C€RV"TH; 3y RZ = RV, causal , 70 = ¢, lim v, = po(€) }.
Then, J~ (po(£),RV"1) = {¢ e RM"1; ghn=1(( g0 4 0) < L}

(b) J=(ps(0),RL*=1)NC = {p,(r); r < (}.

6. Given a path {ys}ss0 in RV write v, = (ts,7505) € RZ0 x RZ0S2. [fry — 400, 0; — 6 and
ts —rs — le R: then Vs — p@(e) € C\{p}

7. (a) Every timelike path {vs}ser in RV future-oriented and inextensible®, converges toward a point
of C

(b) Let 0 € S"2 and ¢ € R.

Vs — po(l) iff 7" (5,80 +0) — L

s——+00 s——+00

If no such o and ¢ exist, then v, — P.
S

— 400
(c) If vs — po(€) then J~(vs) fond {¢ e RbL 5 ¢' (¢ eo + 0) < U}; if vs — p, then
J_(’Ys) _ ]Rl,n—l.

s—-400
So, we can identify C with the causal boundary of R¥"~1, as defined in the introduction of
this part.
<1 The proofs are given in subsection 3.1.4. >

The results of the preceding sections can be restated in this framework.

6That is, I is an interval of R, the time component 79 of ~; increases, and y : I — R»™~1 has no proper C' extension.
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THEOREM 89. 1. Let u € H x R™. The process {&s}s>0 Py-almost surely converges to a random point
¢ of C\{p}. In (0,£) coordinates, this random point has under P, o low with density h”h] (u) with
respect to do df, proportional to

he () ( Q(é,go—i—o) )dexp<_ q(é,so—i-o)
)

(](57604-0) é_Q(faf()‘f'U 2(—(](5,504—0’)) 1E>Q(§,50+0).

2. For any u € H x R, the o-algebras Inv({us}) and 0(éx) coincide up to Py-null sets.

3. Any bounded L-harmonic function is of the form u v E,[F(£x)], for a Borel bounded function F on
C.

3.1.4 Proofs of the geometric claims

Recall (20, ...,n41) is the canonical basis of R?™, (gq,...,e,_1) that of R¥™~! whose natural Lorentz
quadratic form is denoted ¢'"~!. The map i : R\"~! — (g1,...,&,) is the linear identification of R"
with (€1,...,,) sending €; on &;41.

First, we show that the lightlike geodesics of Einstein universe have the simple description given in
proposition 85.

PROPOSITION 90. The lightlike geodesics of Ein,, are the projections in Ein, of totally isotrope planes of
]RQ’”’.
The proof makes use of the conformal embedding of R ~! in Ein,, as a dense subset, with boundary
C. We identify R~ with its stereographic projection.
< Using the transitive action of PO(2,n) on the bundle of lightlike geodecis over Ein,,, we are brought

back to show that the lightlike geodesic ¢t € R — t(gp + 1), (locally) ambeds into the projection of a
totally degenerated plane of R*". We see on formula (3.1.3) defining j that j(v(R)) = 7 ((€n11,81 +

§2>). >

Proof of theorem 88 — Let v € RV~ ! Set 4, = a+sv € Rb"1, s € R. The curve v is a geodesic of
RY™~1. The image of v by j is the curve of C?™

i(vs) = s2¢"" N (v) o +25(¢"" (@ v) €0 +i(v)) + 2i(a) + ¢ (@) Eo + Enr (3.1.4)
1. If v is not null, ¢*"~1(v) # 0 and

lim m(j(7s) = lim w (5% (0) 8 + 25(¢"" 7 (a,0) B +i(v)) + 2i(a) + 4" (@) + i

s—+00 s—-+00 (315)
= lirf 77(50 + 0(5_1)) =7(g0) =p.
2. From now on, v € RY"~1 is a null vector. So, we have
lim 7(j(vs)) = m(¢"" " (a,v) &0 +i(v)). (3.1.6)

s——+o0

As noticed after proposition 3.1.2, C\{p} is foliated by lightlike geodesics. The precise formulation of this
fact is

c\fpt= I n(RE+i(so+0)) = I As\{pk (3.1.7)

oeSn—2 oeSn—2
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which comes from the description of the lightlike geodesics of Ein,, and the definition of C. We read on the
formula (3.1.6) all the results stated in point 2.

Remarks
— We see on the formula (3.1.6) that the map (o, ¢) — p,(£) is injective.
— Proof of 6 — Any point m € RV"~! can be written

m = ql,nfl (

m, 0 + om)eo + Sm(c0 + om),

with 0, € S"~2 and s,, > 0. Using the formula (3.1.5), one sees that
W(j(m)) = W(2Sm{ql7n71 (m7 €0+Um)80+i (€o+0m) }+{2q1’n71 (m, 80+0m)51+q17n71 (m7 €0+0m)2€o+8n+1})-

We read on this formula that if a sequence {m,,},>0 of points of R =1, satisfies Sm, — +00, Opy, 0
pP—T00

o and ¢""

My, (1, 0m, ) B ¢, then {m,},>0 converges toward p,(¢).

Any sequence {m,},>0 leaving every compact, with {s,,,},>0 bounded, converges to p.

3. Set
¢:8"? = C\{p}, o — 7(i(c0 + 7))
the smooth map that associate to o the point of C, limit of the lightlike geodesic passing through 0, with
direction o. ¢ is a diffeomorphism on its image.
Set
o(t, ) RV SR, ¢ ¢+ teg.

The element of O(2,n) whose action on Ein,, induces the translation ¢(¢,.) on R1"~! C Ein,, has matrix

1 ¢t 0 --- 0 ¢
1 0 -+ 0 2
0

0 :

1 0

1

We see on this expression that one can extend this smooth flow of translations to a smooth flow of transforms
of PO(2,n), ¢(t,.), acting on Ein,,.

LEMMA . The flow {¢(t,.) }ter preserves each lightlike geodesic of C, and is transitive on each A, \{p}.

< Since a point p,(£) is the limit of a lightlike geodesic {vs}s>0 = {a + s(eo + 0)}s>0, With ¢ =
ql,n—l (a7 €0+ U)
6(tpo(0)) = lim ¢(t,7s).

But ¢(t,vs) = mo j(vs + teg). So,

o(t,ps(0)) = SETOOQS(t, Vs) = w(ql’”_l (a +teo,e0 + 0)eo + ifeo + 0)) ( |
3.1.8
- ﬁ((e +t)eo +ileo + 0)) = po(£+1).

So, the flow preserves each leaf of C and the transitiveness of the action comes from the formula (3.1.8)
and the description (3.1.7). >
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Since p(0) = p,(0), formula (3.1.8) reads
ol 0) = po(l),

and the assertion of point 3 comes from the flow property of ¢.

4. The first point is a direct consequence of the preceding one. The second point comes from the fact
that

CE) = | JOE + t=0).

t>0

5. 5.(a) Given ¢y € RM~1 with ¢""~1(o,e0 + o) < 4, find a timelike path from (o to the hyperplane
{¢*"~1(.,e0+0) = £}. It hits the hyperplane at (;. Then, follow the unique lightlike geodesic with direction
o, passing through (;. The concatenation of the two paths is a path from ¢ to p,(¢). So, J~ (pg (0), le’l) D
{g"" 1 (,e0+0) <l

On the other side, if ¢""~*((o,0 + o) > ¢, po(£) cannot be in C> N (C\{p}), since C>° N (C\{p}) =

{pa(l); L= g (e0+0,60) }-
5.(b) is a direct consequence of 5.(a)

7. The proof of the point 7.(a) relies on an algebraic lemma.

LEMMA 91. PO(2,n) acts transitively on the pairs of points of Ein,, that are not on the same lightlike
geodesic.

< Since any pair of points of Ein,, that are not on the same lightlike geodesic is of the form (7 (u), 7(v)),
with u and v null vectors, not orthogonal, we are brought back to show that O(2,n) acts transitively
on the set of such pairs (u, v), that is, O(2,n) acts transitively on the set of planes of signature (+, —).
This is a well known (elementary) fact.

>

Let {7s}s>0 be a timelike path in RY7~1 future-oriented and inextensible. The points vy and p are not
on the same lightlike geodesic of Ein,,; from the lemma 91, we can find an element 7" of PO(2,n) that maps
vo and p to —eg and e respectively. We show the statement 7.(a) for the path T o v, with T'(C) instead of
C. It implies the original statement.

We still note ~ the path T'o~. Set C<%(gg) = {¢ € Rb"1; b1 (¢ — o) < 0}.

Since v is timelike, the problem now takes place in the diamond D = C>%(—¢¢) NC<Y(gy) C RY"~ 1L,

€0

c'(g)

A

- —€0

One can easily show the following lemma.

LEMMA 92. The family {C”°(m — teg) NC<(m +teg); m € RVt > 0} is a basis of the topology of
RLA—1_7

"The statement is true in a much greater generality.
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DEFINITION 93. We call a neighbourhood of m of the form CZ%(m — teg) N CS%(m + teg) a diamond
neighbourhood of m, noted D(m,t).

Note Cl(~y) the set of points of the past lightcone of ¢ that are in the closure of v, and suppose Cl(7)
contains two distinct points p; and ps. Let D(p1,t1) and D(p2,t2) two diamond neighbourhoods of p; and
p2, respectively, that do not intersect.

Since « is a timelike path, and p; € CI(y), for any s > 0, the point v, € C<%(p;). All the more,
since p1 € Cl(v), the path v enters D(p1,t1) at some time ; in particular, there is a time s; such that
vs; € C70(py — t1€0). No timelike path started from a point of C>%(p; — t1¢) can exit from this set. So, v
remains in C>%(p; — t169) NCS°(p1) C D(p1,t1), from that time on. Thus, since D(p1,t1) and D(pa,t2) do
not intersect, pa cannot belong to Cl(v).

We note v the unique point of C in Cl(~).

7.(b) i) Let 0 € S"72, [ € R, be given, and {7s }s>0 be a timelike path such that ¢''"~*(vs,e0+0) it ‘.

As {ys}s>0 is timelike, the function s € R2? — ¢""71(v,,e0 + o) increases. So, from point 5.(a), the
point v, belongs to the past of p,(¢) in R¥" 71 and from 5.(b), yoo € {po(r); r < ¢}.

Should s be equal to some p,(r), with r < £, then ¢""~! (75,0 4+ ) would remain < r, from 5.(a),
contradicting the hypothesis. This shows that ., = p,(¢).

11) Reciprocally, suppose that v, = p,(f), for some o € S"~2? and ¢ € R. We know from 5.(a) that
g (ys,60 + 0) <<, for all s > 0. This function of s increases to a limit r < ¢. Point %) shows that
Yoo = Po(r), 80 7 = £. Thus, given 0 € S*~2 and / € R,

Vs — po(l) iff ¢""H(vs,e0+0) — L. (3.1.9)

s—-+00 s§—-+00
Since v must converge to some point of C (7.(a)), we conclude from (3.1.9) that v4 B if we cannot
§— 100

find some o € S"~2 and ¢ € R such that (3.1.9) holds.

7.(c) Recall the definition of T given at the beginning of the proof of point 6.(a). If ¥ — p, then
T(vs) — €0 and the past of T(7s) in the diamond C>°(g5) N C<Y(y) converges to the whole diamond. In
particular, any point of the image by 7" of the half line vy + R>%¢( eventually belongs to the past of T'(vs).
So the whole half line 7o + R*%¢ is included in J~(v); but J~ (7o + RZ%) = R} ~1, s0 J~(y) = Rb—L

Now, let v be a timelike path such that -, T ps(€). We can find a timelike path {p;};>0, with

Po = 7o, which is eventually contained in the plane generated by €3 and o, and equal, in this plane, to

pt := (ch(t) — £)o +sh(t)eg
Using point 6, we see that the path {p;}:>0 converges to p,(¢), and that

C<0(pt) t_TOO {C c Rl,n—l 1 n— 1((750 —|—O') < g}
Any point T'(p;) eventually belongs to C<°(T(v,)) N ZOD, since

1C<0(T(75))0107 - 1C<0(T(pg(i)))ﬁD

pointwise, and T'(p;) belongs to C<°(T'(p,(¢))) N D. So, p(R>Y) belongs to J~(v), and J~ (v,) increases to
J_( ( Rln 1) {CERln 1 177, 1(C,€0+0)}.
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3.2 An algebraic description of the boundary

The preceding section gives a geometric description of I mj({us}) In this section, we provide an algebraic
description of I mj({us}) The way toward an algebraic treatment of the problem begins with the identifica-
tion of the diffusion {us}s>0 as the projection of the diffusion {(gs,&s)}s>0 on the Poincaré group of affine
isometries, with transition kernel {ﬁs ((9,€)..)

bigr}s}O-

We can make an algebraic study of the stochastic differential system driving {e;}s>o by discretizing the
time, looking at {ens}n>0, for a fixed § > 0. Because the vector fields generating the diffusion {es}s>0 are
left invariant, the sequence {e,s},>0 has the law of a random walk on G, with jump law }55(Id, .). As concern
the set of L-harmonic bounded functions, we do not lose any information in that discretization.

PROPOSITION 94. Let § > 0. A bounded function is L-harmonic iff it is harmonic for the random walk on
G, with jump law Ps(Id,.).

This proposition is proved in section 3.2.1.

A lot of work was done to understand the long time behaviour of random walks on groups. Developping
the work of Azencott [Aze70], Raugi succeeded in giving an algebraic description of the set of bounded
harmonic functions associated with a random walk on a locally compact group, with denumerable basis.
This part gives his description of the set of bounded L-harmonic functions, through the study of the random
walk.

We recall some definitions and basic facts about random walks on groups in section 3.2.1. Section 3.2.2
describes the main algebraic tool we shall use: the Iwasawa decomposition of the semisimple group SOq(1, d).
Using that decomposition, we examine the behaviour of several “coordinates” of the random walk in sections
3.2.3 and 3.2.4, before giving an explicit description of the invariant o-field of the random walk in section
3.2.5. Then, we compare in section 3.2.6 the algebraic description of I m}({en}), given by Raugi’s method,
with the geometrical one obtained in the preceding section.

In the following, we note G = SOq(1,d) x R4,

3.2.1 Random walks on groups

a) Subadditive functions and moments of a measure on G

DEFINITION. A Borelian function f: G — R is said to be subadditive if
Vee €g, flee) < fle)+ f(e).
The function f is said to be a jauge if there exists a constant C' € R such that
Ve e eg, f(ee)< f(e)+ f(e)+C.

The fundamental example of jauge is the jauge associated with a compact neighbourhood V' of Id,
generating G(%):
Veed, fy(e)=inf{n>1; ecV"} <.
In our group G = SOy(1,d) x R?, any compact neighbourhood V' of Id generates G. So, we drop the
assumption "V generates G” in the following.
The importance of this example comes from the following fact.

Sg: Uvn

neN



CHAPTER 3. GEOMETRIC AND ALGEBRAIC REPRESENTATION 71

PROPOSITION 95 (Guivarch’ [Gui76], p.52). Let V' be a compact neighbourhood of Id € G. For any jauge
f, there ezists a constant C, depending on V and f, such that

f<Cfv.

As a consequence, all the jauges fy are equivalent: if V' is another compact neighbourhood of Id, there exists
constants ¢(V, V') and C(V, V') such that

(V. V) fy < fur <C(V, V') fv.
As a result, if p is a non negative measure on G, and p € N, [ fy (e)Pu(de) is finite iff [ fv:(e)Pu(de) is
finite.

DEFINITION 96. Let p € N. A non negative Borel measure p on G is said to have a moment of order p
if

[ #vterutde) < ox.
This definition does not depend of the choice of the compact neighbourhood V of Id.

Remark — If ||.|| is any algebra norm on Mi44(R)(%), log ||.|| is subadditive. It follows from proposition 95
that if a measure p on G has a first moment, log||.|| is integrable with respect to p. All norms on Mj44(R)
being equivalent, the result holds for any norm.

PROPOSITION 97. The measure Py(Id,.) has moments of any order.

< We choose a particular V. To describe it, identify SOq(1, d) with the set of orthonormal frames on
H. Set _ . .
V= {(577?’) €©H7 d(é-,go) < 1}710

and ~
V=VxB,

where B is the unit Euclidian ball of R'*4. We have
V" ={(€,R) € OH ; d(£,20) < n}.

We shall prove that one has

Z p((V™))nP < +oo,

n>2
for any p > 0, which implies that
[ vterutde) = u(v)+ Y (Vv < .
n>=2

The proof relies on the following elementary fact.

LEMMA 98. Letq>1,g¢€ V4. The set {99:9 ¢ V24} contains V.

9That is, we have ||ab|| < [|alll[b]|, for any matrices a, b.
10The notation (£, R) € OH means that £ € H and R is an orthonormal basis of TSH'
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Notations — We note [2] the integer part of 2, and set ¢, = [2] — 1.

Let n > 18. Given &,¢’ € B, the point

(91,0) -+ (9gn>0)(9gn+1+€) (9gn+2:0) - - (93¢0 0) (930, +15 &) (934,425 0) - - - (90, +3,0),

belongs to V™ and is equal to

(91~ 99qu+3: 91 9gu & + 91 YguGqn+1 - 93¢, ')

We conclude from lemma 98 that
V3L o (17%.3 + 17%.3) cvn.

The inclusion _ _ _
Vin x (an.B + Vq".B) cvn,

will be sufficient to meet our purpose.
So,

() < (Vo x (VB + V0 B)) ) < (70)° x R4 ({(9.) € G5 € ¢ (V.8 + V™ .B)}).
(3.2.1)

We majorize both terms of the right member of inequality (3.2.1) separately.

a) The first one is equal to Prq (gl ¢ ‘N/q"). Noting (p1, 61) the polar coordinates of the first vector of

g1 and P, the law of a Brownian motion on H started from ¢y,

Piq (91 ¢ ‘7‘1") <P (p1 2 qn) <P ( sup ps = qn>
s€[0,1]
We estimate this probability using the comparison theorem on the equation dps = dw?+ %co‘ch( ps) ds,
noting that coth(p) < 2 as soon as p > 2. Precisely, one has

sup ps < sup wld M2,
s€0,1] s€10,1]
where w(@~1-2 is a Brownian motion with drift (d — 1), started from 2. Note P{* ") its law. Using

formula 1.1.4 in [BS02], p.197, it follows that

_ _ 1, (gn—d—1\ 1 (g 10 oy, dn—3+d
Piioy( sup ps > gn) <PV (sup w02 > q,) < 2/ (7)+5€(d vy (7) ’

s€[0,1] s€[0,1] V2 V2
(3.2.2)
o2
with f(z) = i/h . One concludes from this estimate that
> Pu (g1 ¢ 17‘1") n? < oo, (3.2.3)

n>2
for any p > 0.
b) The second member is equal to Ed (51 ¢ Vin B + 1~/q".B).

To deal with it, we use the following lemma, whose proof is analogous to that of proposition 24.
d denotes the hyperbolic distance in H, and By(eg, R) = {¢ € H; d(eo,() < R}.
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LEMMA 99. Let R > 0. For any continuous path {55}56[071] contained in Bp(eo, R), one has
1
/ &sds € C’onUHull(BH(so, R)) c RY.
0

LEMMA 100. Coanull(BH(go,qn)) CV®.B+V®™.B
O In dimension d = 1, we see on figure 3.3 that the inclusion of the statement holds. In greater
dimension, any point & of ConvHull(Bu(eo, ¢n)) is in the plane (o,&), where the 2-dimensional
result applies.

Figure 3.3: The dashed zone is in Vi B+ Vi B

O
So, we have
I ({(975) €G;¢¢ ‘7q"-B+‘7q"-B) <P ( Sup ps = qn> :
s€[0,1]
We use the same formula of [BS02] to obtain
3 B (gl ¢ Vin B+ %.B)n? < o0,
n>=2
for any p > 0. Together with (3.2.3) and (3.2.1), this inequality proves the result. >

b) Harmonic functions
Let u be a probability on G.

DEFINITION 101. Let e € G. Any random sequence {e,}n>0 of points of G such that there exists a sequence
{e,}i>1 of #id G-valued random variables, with law 1, satisfying the relation

e, =ee;..e,,Vn>1

is called a random walk on G with jump law p, started from e.
If we do not specify e, it means that we toke e = Id.

Given eg € G, note P4 the image probability of u®N" by the application

(el,eg, ) — (eo,eoel,eoeleg, ) S QN.

If e,, is the nt" coordinate on GV, the sequence {en}n>0 is under PL a right random walk on G.
A p-harmonic function is a function constant in mean along any trajectory of a right random walk with
jump law p. Precisely,
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DEFINITION 102. A Borel p-integrable real function h on G is said to be u-harmonic if for any e € G,

/h(ee’)u(de’) = h(e).

It is immediate to see that

LEMMA 103. The function h is harmonic iff {h(en)}n>0 is a martingale with respect to the filtration
generated by {en}n>0.

Dealing only with p-(right) random walks, we shall talk of harmonic functions, with no more references
to u, without any risk of confusion. We shall note Pe, instead of P4 . We shall say “random walk” for “right
random walk”.

We now prove the proposition stated in the introduction of this part.

PROPOSITION 104. Let 6 > 0. A bounded function is L-harmonic iff it is harmonic for the random walk
on G, with jump law Ps(1d,.).

< e An L-harmonic function obviously defines an harmonic function of the random walk.

e Let h be a bounded function, harmonic for the random walk. Setting Y (w) = lim h(e,(w)) when
this limit exists, 0 elsewhere, we define an Inv({e, })-measurable random variable. As Inv({e,}) C
7({es}) and 7({e,}) and Inv({e,}) coincide under each Pe,, up to Pe,-null sets (Thereom 38), propo-
sition 82, and the remark following it, shows that the function e — E¢[Y] is L-harmonic. This function
is equal to h. >

PROPOSITION 105. 1. Any bounded harmonic function h is Tight uniformly continuous.

2. Right periods of a bounded harmonic function — Let ey € G, and h be a bounded harmonic
function on G. One has Pe,-almost surely, for any e € Supp(u),

li n = i n).
oL ene) = L hlen)
Remark — The result of proposition 26 shows that Supp p is a semi-group.

< 1. We already obtained this property as a corollary of Harnack’s inequality (theorem 71). We give

here a simpler proof.

Let ¢ > 0. Let V bg a compact neighbourhood of Ide G. B

On the one hand, P (.,.) inherits from the left invariance of the vectors fields generating {Ps(.,.)}s>o0

the invariance property:

pi(e,e) =pi(e te).
On the other hand, the family {P;(8,.)}scy is tight. Let K be compact subset of G such that
veeV P(& K% <e.

Then, for any e € G, e € V,

|h(e€) — h(e)| = ‘/{ﬁl((eg)_le’) —p1(e”'e’) }h(e') Haar(de')

| A

< 2¢ellh|loo + ‘/K{ﬁl (e 'a) — pi(a) }h(a) Haar(da)

= ‘/{ﬁl (e 'a) — p1(a) }h(a) Haar(da)
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Since p; is continuous'!, one can use dominated convergence theorem in the integral and obtain the
existence of a neighbourhood V C V of Ide G such that

Ve e G, sup |h(e€)—h(e)] <2|h|lwe+e,
%

which shows the result.

2. Remark that

ey | | Y- (h(ene) = h(en) Pilde)] = 3 (Beqll¥(ens1)] ~ Beylh(es)) < +cx.
nz=0 n>0

It follows that for ;4 ® P-almost all (e,w) € G x Q,

lim h(e,e) = lim h(e,).

n—-+4oo n—-+4oo

Because of the right uniform continuity, we actually have a stronger result:

Pe,-almost surely for all e € Supp(p), lim h(e,e) = lim h(e,).

n—-+o0o n—-+4oo

3.2.2 Iwasawa’s decomposition of SOy(1,d)

One can consult the book of Knapp [Kna02] for a general statement of Iwasawa’s decomposition of semisimple
Lie groups, as well as for basic definitions.

The Lie algebra of SOy(1,d) is

so(1,d) = {(S Z) L ceRLAc so(d)}.

Three subalgebras of so(1,d) play an important role.

0 1 (0
e a: the commutative algebra generated by the boost « = [ 1 0  (0) |(*?). a is a maximal
(0) (0) 0Oa—
commutative subalgebra of so(1, d).
0 O th
e n={X€so(l,d); ad(a)X = X} = 0 0 th |;heRI!
h —h 041

FAcT 106. 1. n is an Abelian subalgebra of so(1,d), of dimension d —1: [n,n] = 0.
2. nis an ideal of n @ a.

0o .. O

o b= : so(d)
0

11See the remarks following proposition 30.
12We note 04_; the (d — 1) x (d — 1) null matrix.
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Set
ch(t) sh(t) (0)
o A=exp(a) = sh(t) ch(t) (0) |; te€R p;itisacommutative subgroup of SOy(1,d) made up

t
) (0) 1a
of hyperbolic rotations.

LT t
! +h 22 e " d-1\ (13
N =exp(n) = % 1— % th | heR (*3). (3.2.4)
h —h Idg—1

o K = eap(t) = {<((1)) (21)) L Ac SOo(d)}.

PROPOSITION 107. 1. A normalizes N.

2. For any ¢ € RY and any N € N, we have (¢}, — e}, NC) = (e — 7. ¢).
Q1. Let X enand A=e € A

ta ta t
AeXAfl — et X et — eAd(e )X ead(e )X e X cN.

0 0 th .
2. Forn=[0 0 'h | e€n,tnleg—c1)=0,s0, e (gg—e1)=(c0—¢1). >
h —h 041

The following decomposition is a special case of Iwasawa’s decomposition of semisimple Lie groups. A
proof can be found in [Kna02], p.374.

THEOREM 108 (Iwasawa). The multiplication N x A x K — SOq(1,d) given by (N, A, K) — NAK is a
diffeomorphism.

Notations

— To distinguish the elements of SO (1, d) from those of so(1, d), we shall use bold letter or capital letters
for the elements of the group and usual letters for those of the Lie algebra.

— It will be useful to define the projection mar : SOg(1,d) — N by mar(g) = N, if g = NAK is Iwasawa’s

decomposition of g. This map is smooth. We give analogous definitions of 7 4 and 7.

Let {ey}n>0 be the random walk on G, with jump law P, (Id,.). Note e, = (gn,&n) € SOy(1,d) x R4,
We will use Iwasawa’s decomposition of SOy (1, d) to understand the behaviour of g,. If we set

gn = NnAnKn7
ch(tn) sh(t.) (0)
with N, € N, A, = [ sh(t,) ch(t,) (0) | € A, K, € K, we shall show that = ", —2=1 and that

{Np}n>0 converge.

13|p| is the Euclidian norm of h € R4~1
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3.2.3 Behaviour of 4,, and N,

a) Behaviour of {4, },,>0 — The hyperbolic rotation 4, is determined by ¢,,. One has a clear understanding
of the behaviour of the sequence {t,},>0 if one looks at g,, as an element of OH.

Let {£.}.>0 be a Brownian motion on H, started from ey € H, and {£,, {€1(5), ..., £4(5)} }s>0 be the path
in OH obtained by parallel transport of the frame {e1,...,e4} along {55}520. For any s > 0, the frame
{&s,1(5), ...,eq(s)} of R+ belongs to SOy(1,d); in particular, g, has the same law as {&,,e1(n), ...,ea(n)}.
So, one can write

€n = Ny A, Ko,

i.e.

gn = NnAngOa
since K,e9 = 9. Using the second point of proposition 107, one obtains
(g8 —et,6n) = (e — €3, NpApeo) = (e — €%, Aneo) = et

Write és = ch(ps) + sh(ps)fs € RY4 using the polar coordinates (ps, ;) of és. We saw in proposition 22
that
® P, = %s + o(s),

o (e%,05) = 0L, almost surely converges toward a limit 0.  such that |01 | < 1.

AS a consequence,
* * 1 1- 0717.
<50 - 517§n> = Ch(pn) - Sh(pn)on = —2 e’r + 0(1)

1
B Sl = e

5 ™ 4o(l) =etn,

PROPOSITION 109 (Behaviour of {t,},>0). One has the almost sure convergence L= - —L
n—-—+00

b) Behaviour of {N,},>0 Notations - {g,}n>0 is a random walk on SOy(1,d), with jump law
v(.) =Pa(g1 € .). Write
gn = Yl'“Yna

where the Y;’s are iid, with law v. As a corollary of proposition 97, we have the
COROLLARY 110. The probability v has moments of any order.

The identity
gnt+1 = gnYn+1

can be written as

Nn+1An+1Kn+1 - NnAnKnYn+1 - N77,An7TN(KnYn+1)7T.A(Kn}/n—i—l)ﬂ-lc (Kn}/n—i—l)

3.2.5
:(N71An7TN(K7LYn+1)A;1) (A’ILT‘-A(KTL}/’IL—F:[))TF’C(KTL}/’IL—F:[)' ( )

Since A normalizes N, A,mr (K, Yni+1)A, 1 € N, and the right hand side of (3.2.5) is the unique Iwasawa
decomposition of g, 1.

NnJrl = NnAn’]TN(KnYnJrl)A;l (326)
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So, we will get the convergence of the sequence {N,,},>0 if we can show that

Tim ||Td — A, 7oar (K, Yoy ) AT Y™ < 1. (3.2.7)

hp

If one writes mar (K, Yn4+1) = €, one has

_ tn o tn
Anﬂ'N(Kn}/n—Q—l)Anl = ead(e hn) = e’ hn,

because of the definition of A". We see on the explicit formula (3.2.4) for ¢*""» that since lime = < 1, the
inequality L
Tim [|Td — Apma (Kn Y1) A Y™ < 1

is equivalent to L )
lim || Ay ]| ™ < 1.

We see on formula (3.2.4) that this last condition is equivalent to lim || ||# < 1.
For each n,
lle" | = llmar(Kn Yot < EUI])CHWN(KHH)H-
€

Contrarily to the non iid sequence {e""}, 0, the sequence { sup [|[mn(KY,41)[|}, 5, is iid. An elementary
KeK ~

lemma asserts that one has almost surely
N 1
lim { sup H7TN(KYH+1)||}" <1
Kek

if log(sup ||mar(KY1)||) is an integrable random variable.
Kek

We know that log||Y7 || is integrable!*. Or, since my4(KY1) = KYi7c(KY7)™!, and K is compact, there
exists constants C,Cy > 0 (depending only on the norm we use) such that

[T a(KY1)[| < Ch||[KYA| < Cof YA,

for all K € K. Now, if one chooses the norm ||(a;;)|| = max]|a;;|, we see on the explicit formula
¥

(cht) (14 1) — she) 4 (shi) (14 187) — (che) B o
e = | () (she) (1 142) (she) A+ (ebr) (1 1A5)

e th —e~th Idg_;
that ||e”|| < |le"et®]|; so, for any K € K,
A (EYD| < [rava(EY)| < CofYa-
The conclusion comes from the integrability of log || Y1l

PROPOSITION 111. The sequence { Ny }n>0 almost surely converges.

14Remember the remark following the definition of the moment of a measure on G.
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3.2.4 Back to the group G = SOy(1,d) x R*4

The convergence of { N, },>0 is analogous to the convergence of {0,}s>0, in the diffusion framework. We
now find the equivalent of R7s>. To make things easier to handle, we make a change of basis.

Set a = diag (\/i5 G _11> ,Idd1>.

LEMMA 112. The application o, : (g,€) € SOy(1,d) x R'*4 i (aga™', af) € aSOy(1,d)a™! x R*4 s q
group isomorphism.

<
(0a-(8:€)) (palg’, &) = (aga™",af)(ag'a™", at’) = (agg'a™", af + ag¢’)
= 0. ((g.9)(g,¢))
>

We shall note G* = aSO(1,d)a"! x R'*% and u® the image of 4 by the isomorphism ¢,. The sequence
{@a(en)}n>0 is a random walk on G, with jump law p®. We note P2 its law, if it starts from e € G*. We
shall note y; its jumps, so that e, = ey;...y,.

Decomposition of G* — G is non longer a semi-simple Lie group, as SOy(1,d) is. Its semi-simple part
aS0y(1,d)a"! has a Lie algebra equal to
t 0 V2h!
0 —t V2| ;teR, hkeRIT (¢) €so(d—1)
V2k V2h  (c)
Note

aso(l,d)a™ =n" @ a® @ €,
Iwasawa’s decomposition of aso(1,d)a™".

e a° =Ra% =Rdiag(l,—1,04-1),

0 0 2
o n% = {X c a,so(l,d)a—l;ad(aa)X — X} = 0 0 (0) ‘he Ré-1 ’
(0) V2h 044

o £% =qata L.
The corresponding groups are

o A% = {diag(et, et 1,..,1); t € R},

1 |k V2'h

o No = 0 1 (0) |; heRILE
(0) v2h Idg

o K% =akKa .

The Lie algebra ad operator is ad((g,€)) (g, ¢") = (9, 9], 9¢' — 9, 9'€).
The subvector space
1 =R @ n? g a®
of g is a subalgebra of the Lie algebra g® of G¢, and R%*! @ n® is an ideal of 9. Define
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° ha —_ Rler D na7

e 0% =Regg®n?,

® 0% = (e1,...,eq) B a’,
so that 0¢ =02 ©09.

9% and 9% are Lie subalgebras of g%, with associated groups D* = N x Reg and D} = A* X (e1, ..., €4),
respectively. 9% is the Lie algebra of the group R'T? x A@ A%

Since ¢ € ker(h),Vh € n?,
ereo®h — (eh,erso) e D*.

So (D“,.) is isomorphic to (0%, +).
The application
D x DY x K* —§G*, (d_,dy, k) —d_d;k (3.2.8)
is an isomorphism of analytical manifolds. Note p* the projection on D*.

THEOREM 113 (Convergence theorem). The component p®(e,) = (e, r,e0) € D% of the random
walk {e,}nz0 on G%, with jump law p®, converges Pg -almost surely, for every ey € G*.

<1 1) The convergence of {e/"},,>o was proved above (3.2.3).
i) An elementary calculus shows the following lemma.

LEMMA 114. Let (e",re0) € D and d = (e, r &) (eﬁo‘a, (O,§1,§>2)). We have

p* (d (eh,reo)) = (eﬁﬂih, etr + b(d)) ,

for some real b(d) depending only on d. So, d acts on the eo-part of D as an affine transform. Note
it fa(.).
Now,

ent1 = dppikni1 = epyny1 = dikpynyr = dyma (kn}’n+1)7‘7C (kn}’n+1)a

so that

dp 11 = mpa(eoy1)mpa(k1y2)...mpa (Knyn+1)- (3.2.9)
Note p? (e,,) = p® (d,,) = (€, 7€0). Formula (3.2.9) tells us that

Tn = fﬂ'Da(yl) °© fﬂ'Da(k1Y2) -0 fﬂ'Da(kn—1Yn)(0)'

Note fﬂ'Da (kn,lyn)(r) = anr + bn and write

M (s (Kn—1yn)) = (ao" bln)

the matrix of fr, . (k,_,y.,.)-
Set, for e € G,
be) = sup log | M (mpe (ke)) .
keKe
where ||.|| is the endomorphism norm. X* being compact, the supremum is finite.
LEMMA 115. For any e, e’ € G%, f(ee') < f(e) + f(€).
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O For any k € K¢, e, e’ € G,
Tpa(kee') = mpa (mpe (ke)mica (ke)e') = mpa (ke)mpa (mia (ke)e').

The inequality of the lemma is a direct consequence of this identity. O

The function ¢ being subadditive, is bounded by a multiple of a jauge (proposition 95). Since u® has
a first moment, and ¢ > 0, one has

[ étentae) < o

so, for any ¢ > 0,

> e =pe) < .

p=>1
As we have
> P(log||M (rpa(kp-1¥p)) [ = pe) <Y P(d(yp) = pc) =D (¢ =pe) < o,
P22 p=2 p=2

this implies that L
T | M (e (k1) /7 < €,

for any ¢ > 0. Thus, one has Pg_-almost surely
i || M (e (k1)) /7 < 1. (3:2.10)

In particular, L )
lim |b,|» < 1.

Now, as

ar bi\  fan—1 bn—1) fan bn) _ (ar---an bi+aibz +aragbs +ar---an—1by
0 1 0 1 0o 1) 0 1 ’

T 1 —d-1
and aj - a, = €', we have lim||a; ---ay||» =e” 2 <1;s0
Tpn = b1+ arby + a1azbs + a1+ an—1by

converges as n — +0Q. >

Notation — Note (N, 7s) the Pg -almost sure limit of {(Ny,75)}n>o0.

We are now ready to determine the Poisson boundary of the random walk {e, },>0 on G.
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3.2.5 Poisson boundary of the random walk

Noting that a bounded Borel function h on G is p-harmonic iff the function h o ¢ ! is p®-harmonic, a
description of the set of bounded p%-harmonic functions gives a description of the set of bounded p-harmonic
functions. So we consider the situation in G* and note {e,},>0 the p®random walk started from Id; note
P® its law.

The sequence {ee, },>0 is under P* a random walk started from e.
Notations e Note Y (e, w) the P“-almost sure limit of the sequence {p® (ee,(w))}, . Y(€,w) = (Noo; Toog0)-

e Let h be a bounded p®-harmonic function on G*. We note Zj, (e, w) the P%-almost sure limit: 1151_1 h(een(w)).

n—-—+00

THEOREM 116 (Poisson boundary of the random walk). For any e € G%, the o-algebras Inv({e,})

and 0(Too, hoo) coincide up to Pe-null sets. With different words, the Poisson boundary of the random walk
{en}nz0 on G* (or G) can be identified with G* /DT AK*.

LeEMMA 117 (Fundamental lemma). It suffices to show that any bounded D -left invariant p*-harmonic
function is constant.

< Since Inv({e,}) is generated under PZ by the random variables of the form Zj,(e,.), we show that,
under the hypothesis of the statement, any such random variable coincide with a measurable function
of Y(e,.), up to P%-null sets.

As h is right uniformly continuous (Corollary 72), there is a measurable set 1 C €, of P%-probability
1 such that Vw € Q;, Ve € G, the limit Z,(e,w) exists.

So, given e € G, we define a random variable setting

pe(€/,w) = Z(eY (e/,w) e, w).

This random variable is shift invariant as a function of w, and D*-left invariant as a function of €'.
We conclude from our hypothesis that it must be P*-almost surely a constant function of €’. Note c(e)
this constant.
It is elementary to check that the application e € G* — ¢(e) is measurable. For w € €, for any
e, e € Ge,

Z(eY(e',w) e/, w) = c(e).

Taking e = Y'(e/,w) yields Z(e',w) = ¢(Y (¢/,w)). >
It remains to show the main point.
PROPOSITION 118. Any bounded D -left invariant u®-harmonic function is constant.

< 1) The proof relies on a
LEMMA 119. Let e € G®. Suppose x € G* is such that one can write xee,, = ee,Xx,,, where the
sequence {x), }n>0 has P-almost surely a converging subsequence. Then, for any u*-harmonic function

h, one has
h(xe) = h(e),

for any e € G°.
O a) We first show that property 2 of proposition 105 holds with the set

TS ={e=(9,6) € G q(a™'¢) = 0}(*)

instead of the support of pu* (which is a semi-group).

15This set is equal to the image by ¢, of the support of the diffusion {es}s> on G, started from (Id, 0).
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11 is the time 1 of a family { P2 (e, )} s50.0cge Of (smooth) transition kernels, associated with a left

invariant stochastic differential equation on G*.16

u® = P(1d, ).

~ a1
We know from proposition 104 that for any p > 1, h is P¢(Id,.)-harmonic. Note Pe,” the law
P
of the P{(Id,.)-random walk started from ey, € G*, and T'¢ the support of P¢(Id,.), which is a
P P P
semi-group. Applying proposition 105, one gets
a,t . .
Pe,” -almost surely,Ve € T?, limh(e,e) = limh(e,);

this implies that

IPg,-almost surely,Ve € Y, limh(e,e) = limh(e,).
P

Then, use the right uniform continuity of h to say that

g, -almost surely, Ve € U T¢, limh(epe)=limh(e,).
p>1 "

The set U5, T¢ is exactly the set T%,. It enjoys the property that (7%) (Tgo)f1 =g
P

b) Now, let x € G* as in the statement. We can write
- -1
limx;, =st,

with s,t € 7%, for some increasing subsequence {n,},>0. Then, for any n > 0,

h(xee,) = h(xee,t) = h(ee,x),t).

Using the right uniform continuity of h, one gets the P%-almost sure equalities

lim h(xee,)= lim h(xee,,)= lim (ee,,x; t)
e pl.mh ”;mh . (3.2.11)
= lim (een,s) = m (ee,s) = Lm (een),
and taking mean
h(xe) = h(e).
O
2) For d = (e", &) € D* and x = (1d,£), with £ € (e1, ..., £a),
d 'xd = (e ", —e¢) (14, el &) = (1d,e™"
(e ) (10.8) (¢".6) = (10, ¢") -

= (Id, ereg) (Id,g’) ,
for some unique r € R and £’ € (e1,...,q). Note x’ = (1d,£’). So
xd = d (Id, ergg) x' = (Id, erep) dx’,

since N leaves ¢¢ stable. Note that (Id,ereq) € D*.

16{Pa(e,.)}s>0,0cga is the image by ¢ of the family {Ps(.,.)} of transition kernels of the diffusion {es}s>0 on G.
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Now, let h be a D?-left invariant p@-harmonic function. Write e = (e",¢) e!*"k = dak, with h €
n® ¢ € R'*? and k € K°. For z = (Id,§), with £ € (1, ...,£4q), the left D -invariance of h justifies the

equality = below.

h(xe) = h(xdak) = h((Id, ereo)dx'ak) = h (dx'ak)
=h (ekflaflx'ak) )
Applied to ee, and its decomposition ee, = (el,&,) ek, = dna,ky, h, € n%§, € R4 and
k, € K¢, it gives
h(xee,) = h(ee,k, 'a, 'x a,k,),
with x/, = (Id, (0,£", V26'h2? + £77)).
The RY“-part of a;'x/ a,k, is equal to (0, etnél, \/§§1th + §>2). As {k,}n>0 moves in a compact

set, it has a converging subsequence {k;,,}>o. Thus, the R*%-part of k;pla;plx;p a,k,  converges. Its

50q(1, d)-part is equal to Id for any p > 0. So, lemma 119 applies, and gives
Ve e G h(xe)=h(e).
As any element of D can be written d_ (Id, ), for some d € D and £ € (g1, ...,£4), h happens to be
D*-left invariant.
8) Now, set x = (e'®",0) € A?. For d = (e",&) € D*,

xd = (eto‘a,O) (eh,ﬁ) = (eeth,em“g) (etaa,O) =d'x,

for d’ € D*.
So, if one writes an element e € G% as e = (e,¢) (e*”,0) k = dak, h € n% k € K¢, the D-left
invariance of h enables to write

h(xe) = h(xdak) = h(d'xak) = h(xak) = h (dakk ™~ 'a™'xak)
=h (ekflaflxak) .

!xa = x, and

As A is commutative, a~
h(xe) = h (ek™'xk) .
Applied to the decomposition of ee, = (€%, &,) (e'",0) ky, it gives
h(xee,) = h(eenkglxkn).
Since the sequence {k,,'xky,},>0 has for P?-almost all w a converging subsequence (K¢ is compact),
lemma 119 gives
h(xe) = h(e).
So h is D*A%-left invariant.

4) Now, a D*A%left invariant function h defines a function h on D*\G ~ N®A\aSOy(1,d)a"".
Define the projection v of u® on aSOy(1,d)a~! by setting v*(B) = Plia.0) (g1 € B), for a Borel set B
of aSOy(1,d)a"!. The p*-harmonicity of h becomes for h the property

Va € N*A\aSOo(1,d)a™?, / h(z.g)v*(dg) = h(z).
aSOy(1,d)a—?

Using the same method as in propositions 24 and 26, it is easy to show that v* charges any open set
of aSOy(1,d)a=". Since h is continuous and D*\G ~ N*A*\aSOy(1,d)a~"! is compact, h is constant
(maximum principle). >
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3.2.6 Correspondence between the algebraic and the geometric representations

To establish this correspondance, we come back to the group G, where we come back to the notation
e, = (gn,&n), since it will no longer be question of elements of the Lie algebra g.
Let hoo € R4 such that N, is constructed from h, using formula (3.2.4).

THEOREM 120 (Correspondence theorem). 1. h., € R?™! is the stereographic projection of oo €
sd-1,

1+|hoo|?
2. 1oo = =l poe,

e

Theorem 116 asserts that any bounded function is of the form e € G — E¢[H (Ao, roo )], for some bounded
Borel function H on R4~ x R. Since any L-harmonic function h on G is a p-harmonic function , it is of the
preceding form. Theorem 120 tells us that we can actually write h(e) = E¢[F (000, RI)], for some bounded
Borel function F on S¢~! x R. So, theorem 116 implies that

COROLLARY 121 (Poisson boundary of E) Any bounded L-harmonic function h on G is of the form
hie) = / hhg () F (o, O)dodL,
Sd—1xR

for some bounded Borel function F on S?~1 x R.

cht,,
< 1. The expression &, = gneg = NpAnKneo = Ny Aneg = Ny, | sht, | gives the coordinates of &, in
(0)
the canonical basis. .
$(|hnl? + 1)t + -

) , .
&n = —lh"‘g —Le—tn 4 %
e tnhy,
-
Since it is also equal to (chpn, (shpn)an), we get 0o = nETooég_"’ that is

[hp|? =140 [hool?—1
= [ [hn[?+14ein | — [ [hoo[?+1
Oco nErfOO " on Sh :

TP H11e%n o211

This is the analytical expression of the stereographic projection of ho, € R?~! on S
2. Not to confuse the two random walks on G and G“, we note {(gn,&n)}n>0 the random walk on G
and {(gna 571)}77«20 its ima‘ge by Pa ON ga‘

In = agnaila En = a&p.

a) Theorem 113 asserts that we can write
_ = — =0 R — —r =1
(g'n,) fn) = (N”La (fn) 07 )) <A77«K1’L7 (07 fn )) )

o - _ >l _
with (N, ({?L, 0,...)) converging and &, = fzso + Nnt(O,g; ). Since N, e9 = €o,

W, (zii,z:fl) .
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—0
So the convergence of £, reads
« A 1lg
<60,Nn §n> converges,

i.e.
(*N,, 163,Zn> converges.
. 1
As 'N,, e} has coordinates | |hn|? | in the basis (f,...,5) of (R'*9)", and &, = aé,,
V2hy
1
<ta [P |2 ,§n> converges.
V2hy,

This quantity is equal to

1 1

<1 + [l | 1= (ka2 ¢ > 1+ by 1— |k |2

T+ A2 q THha? | 2 &n
V2 Q‘h:‘ V2 2|h:|
1+[hn,|? 1+[hn|?

1+ |y |?
= = 17 n)ssnj-
7% q((1,00),&n)
b) So it remains to prove that ¢((1,0,),&,) and ¢((1,00), &, ) have the same limit.

For o € S%1,

n

a((1,0),&) =q((1,0),&) + /O” chps ds —/0 (shps)(os, 0)Eua ds

—4((1,0).60) + [ (o, —shp)ds+ [ (6hp) (1= (0 i) .

So,

q((l,on),fn) — q((l,ooo)fn) = Q((lvgn)ﬂgo) - q((l,aoo),éo)—k
/0 (shps){(l - (0'57 U’IL)EUC]) - (1 - (O'Sa UOO)EUCI)}dS

=o(l)+ /()m(shps){(l — (o5, an)Eucl) - (1 — (os, O'OO)Eud)}lsgn ds.

We apply the dominated convergence theorem to show that the integral tends to 0. For it, we need to
majorize { (1 — (05, 07)Euct) — (1 — (05, 0o )Eucl) } Ls<n by some function f(s), independant of n, such
that [ (shps) f(s)ds < oo.

Note d, ,, the spherical distance between o, and o,, and d, - the spherical distance between o, and
Ooso- Since

2
S’

2
2
'S’

1- (057 Un)Eucl = = + O(dz,n)v

1- (0'57 Un)EuCl = 200 + 0(2,00)7
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we estimate d; ,, and ds, oo-
As 0, = X (T}), where ¥ is a Brownian motion on S?~! and T, a converging random time change,
independant of X, we can use the estimate on the continuity modulus of X to majorize d; , and d; .

In their article [BCM8&7], P.Baldi and M.Chaleyat-Maurel showed that Lévy’s estimate on the continuity
modulus of the real Brownian motion has an analogous for elliptic diffusions, provided one replaces
the Euclidian geometry of R by the Riemannian geometry associated with the diffusion. For Brownian
motion on S?1, it is the usual geometry induced by the ambient Euclidian space. So, if osc(¥;u, v)
denotes the oscillation of ¥ on the time interval [u, v], one has almost surely

1
osc(X;u,v) < \/3(1; —u)log ,

v—u
provided v — u is small enough (and [u,v] is in a fixed interval). Since
s, ds,00 < 08¢(25 T, Too)

we have

7, + d? oo < 208¢(3; Ty, Too)® < 6(Tos — Ts) log P

for s large enough.
1

_ [°° _dr o 4dr : 1=
As T —Ts = |, sz < CTEEE and the function ¢ + ¢log < increases on |0, <,

—1
3. +d> . <24 / LQ log / LQ ,
’ ’ s (err—1) s (err—1)

for s large enough.
Let ¢ > 0. We saw in section 2.1.2 that the inequalities &—1r < p, < 2=Lr, hold for r large enough;
so, we have a majoration of the form

_9d=1 ¢
2 2 A
dgnt+d; o <Ce 73,

for s large enough. The same kind of majoration holds for

{(1 — (o5, Un)Eucl) - (1 (2 Uoo)Eucl)}lsgm

independantly of n, for s large. As we eventually have shp, < egT_els,

(o) {(1 = (02, )emt) = (1= (000 o) o < Comp (0= 1) (52 — 522 ) ).
2

The majorant is integrable for £ > 0 small enough. >
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Appendices

4.1 Dudley’s results

We begin this appendix by giving a dynamical description of the class of relativistic processes {(£,&)}s>0
discovered by Dudley and classified by theorem 7, of Karpelevich, Schur and Tutubalin. This description
gives a clearer image of the pathwise behaviour of the process. It uses results on Lévy processes on Lie groups.
Consult the first pages of the book Léuvy processes in Lie groups, of Liao, [Lia04], for basic definitions and
to get a picture of the state of art on the subject.

Section 4.1.2 contains the proofs of Dudley’s results about the asymptotic behaviour of any non exploding
Markov process on H with a SOg(1, d)-invariant transition kernel, stated in theorem 8, in the Introduction.
We note {58}820 such a process on H and Pg'o its law, when started from &, € H.

4.1.1 Dynamic description of the general relativistic process in H x R4

Since

& =& +/O £ dr, (4.1.1)

is determined by {£,},>0, we concentrate on the H-valued Markov process {{,}s>0. The family {Pglicy of
its laws satisfy the two conditions

1. VEEH, ¥t 20, Pe(§ € H) =1,

2. VEeH, Vi >0, Pg(é)(ét eg(A)) = Pé(ét € A), for any isometry g of H and any Borelian subset A of
H.

Notation — Write £ the generator of {£,}+>0-

Hunt showed in [Hun56] (in a more general setting) that considering H as a homogeneous space of
SO(1,d) provides the key to the understanding of the operator £. The following version of his theorem is
taken from [Lia04], theorem 1.1, p11, and theorem 2.1, p.42, and stated in our framework.

Note Vi, ..., Vg the left invariant vector fiels on SOq(1, d) whose values in Id are B} = &1 ® ¢ + €9 ® €7,
vy Bg = €4 ® €§ + €0 ® €55, respectively. Order the set {E;;, 1 <i<j < @} ={E;1<k< @} of
spatial infinitesimal rotations', using the lexicographical order, and define the left invariant vector fields on
SOp(1,d)

Vati(9) = gEk.

lexp(tE;;) is the matrix of a rotation of angle ¢ in the plane (e;, ;).

88
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Notation —n = d(d;l) is the dimension of SOq(1,d).

THEOREM 122 (Hunt, [Hun56]). We identify H and SOy (1,d)/SO(d). Let L be the generator of a Lévy
process {g¢}i>0 on SOu(1,d).

1. e The domain on contains the set of smooth functions on SOy(1,d), with compact support.

e We can find smooth functions x1, ..., x, on SOy(1,d), which form a coordinate system on SOy(1,d),
near the identity, such that for any smooth function f on SOy(1,d), with compact support, and
g € SOp(1,d),

Lf( j;1 a1 ViVif(g) + Z ciVif(g /Soo(l)d) (f(gh) — f(h) — ;xi(h)Vif(g)) n(dh),

where a;j, ¢; are constants, {a;;} is a nonnegative definite symmetric matriz and n is a measure
on SOy(1,d) such that

n({ld}) =0, n (Z m?) < 00, n(U¢) < o0

for any neighbourhood U of Id.

2. e The domain of L contains the set of smooth functions on H, with compact support.

o We can find smooth functions y1, ...,yq on H, which form a coordinate system on H, near €q, such
that for any smooth function f on H, with compact support,

d
£i(en) = e e0) + [ (7€)~ Fe0) = 3 (€00, (o) i),
=1

where ¢ = 0 is a constant, and n is an SOy (1, d)-invariant measure on H satisfying

) =0, n(Z yl><oo n(U°) < oo

i=1..d
for any neighbourhood U of ¢g.
The introduction of Lévy processes on SOy(1, d) is justified by the following

CoROLLARY 123 ([Lia04], Theorem 2.2, p.43). There is a right SO(d)-invariant left Lévy process
{gt}i>0 in SO (1,d) such that its canonical projection on H has the same law as {&s}s>0-

This corollary brings us back to a dynamical description of a (left) Lévy process on SOy (1,d). Applebaum
and Kunita gave in [AK93] a characterization of Lévy processes in Lie groups as solutions of integral equations
involving stochastics integrals with respect to a Brownian motion and a Poisson random measure. We state

it in our framework.
Define the random measure N on R} x SOq(1,d) by

N([0,4] x B) = |{s €]0,1]; g, gs #1d, and g g, € B}|,

for t > 0 and B a Borelian subset of SO (1,d). As {g:}:>0 is a Lévy process, N is a Poisson random measure;
it counts the number of jumps of {g;}¢>0. For a fixed B, the process {N([0,t] x B) }i>0 is {F7 }i>0-adapted.
Note N the compensated random measure of N.
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THEOREM 124 ([AK93]). There exists an n-dimensional {F} }>0-adapted Brownian motion {ws}s>o
with covariance matriz {a;;}, independent of N, such that for any compactly supported C* function f on

SOo(1,d),

f(g) = f(g0) +Z/ Vif(gs-) o duwl +ch/ Vif(gs- d8+// ~h) — f(gs- ) N(ds dh)

SOo(1, d)
* /0 /SOD(Ld) (f(gs N Z 3:1 Vf 9s— )) ds l’l(dh)

Together with theorem 122 and equation (4.1.1), this theorem provides a dynamical description of the
most general relativistic process in H x R1:<.

Applebaum gave in [App00], theorem 3, p.396, a pathwise description of a Lévy process in a Lie group G.
Defining “by analogy with the Euclidian case a compound Poisson process as the composition of a random
number of iid G-valued random variables where the number of terms taken depends on the value of a Poisson
process”, he employes this compound Poisson process to describe the paths of a Levy process in G “as the
almost sure limit of a sequence of Brownian motions interlaced with random jumps”. This gives an intuitive
picture of the paths of a Lévy process.

The results of Applebaum and al. came 30 years after the results of Karpelevich & al., and Hunt.
Fortunately, they are not needed to get a good idea of the long time behaviour of {{;}s>0. The following
section gives a proof of Dudley’s results about it.

4.1.2 Dudley’s results

THEOREM 125. 1. The process {55}320 on H is Péo-almost surely transient, whatever & € H.

2. Note (ps,0s) the polar coordinates of és. The direction o5 of és converges Pég-almost surely when
s — +00.

Recall the definition of the Fourier transform of a radial probability, given in the Introduction, in equation
(1.0.3). The radial probability u is the law of p;.

<1 1. The proof is based on a
LEMMA 126. For every R > 0, there exists a constant C(R) such that we have

Pe, (pn < R) < C(R)(0)",

for any n > 1. In particular, P.,(pn, < R, 1.0.) = 0.

O Note p*™ = p* -+ * pt, n times. As in the Euclidian framework,
Lxv=JD.
The function p € Ry — ﬁ decreases. So, given R > 0,
shR P :
*T g R :/ *77. d L *7 d
P (p < R) o () < R /b (d€)
shR p (e shR — shR__, ..
< 5 (d§) = —-u(0) = —-1(0)".

SR/ snpt

Since y is not concentrated on o and £ < 1,if p > 0, 11(0) < 1. Applying Borel-Cantelli lemma,
gives P, (pn < R, i.0.) = 0. O



CHAPTER 4. APPENDICES 91

Were the process {£,},>0 recurrent, it would come back in a ball {p < 7'} at arbitrarily large times.

Note
Sr=inf{s > 0; ps > 2r'}, 71 = {s > S1; ps <1'},
and, recursively,
Sn = mf{s Z Tn-1 y Ps = 2r/}7T7L = {S P Sn—l y Ps < TI}-

These stopping times are all ]P)éo—almost surely finite.
The process {55}520 enjoying the strong Markov property, and its transition kernels being radial, the
excursions {ps}r,<s<rii, k=1, of {ps}s>0 outside [0,7'], of height > 27, would be independent and

identicaly distributed. The lifetime of {53}520 being Péo—almost surely infinite, one could choose a
constant r > 0 sufficiently large to have

. . 1
Vé eH, Pg ( sup d(&s,&0) < 7‘) > 3

0<r<1

One would deduce from Borel-Cantelli’s lemma that we have P -almost surely

kEToolé[Tk,Tk+1[CB(€0!T+T/) =L

The interval |7y, 7 + 1] containing an integer, we would have

1

)

£nCB(eo,r41") —
contradicting lemma 126.

2. The point & € H is fixed in this proof. If £ has polar coordinates (p,0), we sometimes write P, ,
for ]P)éo'

The heart of the proof is in the 2-dimensional situation, and we do the proof in that case.

We need a

LEMMA 127. There exists a positive function f(n) > 0, increasing to oo, with the following property.
Whatever n > 1, there exists p, > f(n) such that ¥ p > p,, Yoo € ST™1, ¥s >0,

1 1
P, o0 <,05 < f(n) or dgd_1(a's,a'0) > ﬁ) < _(2)

O Use halfspace coordinates on H.

Using an isometry, we can suppose that the geodesic with polar coordinates {(p, 00)},>0 is the line
{(y,0)}y=1..0 in halfspace coordinates.

The quantities (o, y) and r,, are defined on figure 4.1. Elementary calculations give

cosa +1
r(a,y) = ym;
this is a decreasing function of « €]0, 7[.
sin -
Set y, = ﬁrn. For 0 < y < y,, and |o| €]525, 7,

r(a,y) < 7.

2dgq-1 is the Euclidian spherical distance on S¢~1.
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Tn

Figure 4.1:

All the more, another elementary calculation shows that the hyperbolic ball with center (1, 0) and

radius — log 1+T does not intersect any geodesic started from y, with direction «, if y < y,
and |a €]54, 7[.
Set .
f(n) = —log 17"
-+ cos 2

Now, given, s > 0, the distribution of £, under Py .0) is of the form h(p¥)dp?do?, for some h > 0, if
one uses polar coordinates (p¥, 0¥) associated with the point (y,0). Note (p¥, a¥), with o¥ € [—7 77[,
these coordinates. The polar coordinates of £ (associated with the point (1,0)) are still noted

(ps, 0s).
Take y < y,. With probability 1 — 2, [a¥| €]51z,7]. We see from the preceding that, on this
event, the point &, satisfies ps > f (n) and dga-1(0s,00) < =. The result follows, with
sin 515
n — —1 n — —1 L T n |-
p ogy og<1+COSW7~ )
O
Set .
Cn(é0) = {é €H; p > f(n), and dsa-1(0s,00) < 5}.
With this notation, lemma 127 reads
) ) 1
Vp=pn, Vs20, P,o(és ¢ Cn(é)) < ot (4.1.2)

Now, set for each integer n > 1,
Tn = inf{s > 0; ps = pn}.
We know from point 1 that this hitting time is ]P’ég—almost surely finite. Let s > 0.
Using figure 4.2, one sees as in the proof of lemma 127 that there exists a constant 0 < € < % such
that for any n > 1 and any ¢ € C,, (&) with p = f(n), one has

Vs>0, P; (55 ¢ Cn(&)) = e.(?) (4.1.3)

3¢s & Chn(&o) if its direction is not in the angular shaded region. As the law of this direction is the uniform probability on
S9=1 the result follows.
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Figure 4.2:

Then, one has

Pe (Erats & Cn(6r,)) 2 €Py (37 € [Tn, 7 + 5[5 & ¢ Cul(6r))- (4.1.4)
To obtain this inequality, we applied the strong Markov property to the first exit time .S from Cn(érn):

e if dsa-1(0g,0-,) = 1, one knows that

. . . 1
Pe (55 & On(&r,)) = Pe (€s—s not in the half-space shaded in figure 4.2) = 3

o if p(€s) = f(n), apply inequality (4.1.3).
One deduces from inequalities (4.1.2) and (4.1.4) that
1

P, (3r> s & ¢ Cu(én)) < -

Borel-Cantelli lemma applies, and shows that one has ]Péo -almost surely 5 [rn,4o00[ C Cn (éfn), evnetually.
Thus, the oscillation of {os}s>0 on the interval [r,,, +oo| is less than or equal to 2 ; as 7, — 00, this
implies the ]Péo—almost sure convergence of {os}s>0. >
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4.2 h-transform

In this appendix, we recall the link existing between h-transform and conditional processes.

a) h-transform — Recall we note ps(u,v) the transition density of the diffusion {us}s>0.

Let h be a positive L-harmonic function. Following for instance Kai Lai Chung, [CZ95], Chap.5, we can
define for all s > 0, u,v € H x RY4,
ps(u,v) h(v)

h(u)

p" determines a Markov process on the state space (]HI X Rl’d) U {0}, where 0 is an extra point needed in
the definition of the transition probabilities. This process is called the h-transform diffusion, and its law
is denoted P". Tts life time S is its exit time from all compacta, and its differential generator

_ k)
Lh(f) = =52,

pe(u,v) =

The following absolute continuity relation is fundamental. Its proof can be found in the book [Dyn02] of
Dynkin, p.103. We use his notations.

THEOREM 128 (Absolute continuity relation). For every stopping time 7 and every F<, non negative
random variable Y, one has

h(u-)
h(u)

COROLLARY . 1. For each ug € H x R4, IE”ZO -almost every path of the h-transform diffusion is contin-
UOUS.

Er[Y1,cs] =E, [Y 1T<s} :

2. The h-transform diffusion enjoys the strong Markov property.

Proofs of these statements can be found in Kai Lai Chung [CZ95], pp.133 — 134, and Durrett [Dur84],
p.102.

b) h-transform and conditional diffusion

THEOREM 129. Let ug € H x R13. For any A € F, PPV (A) is a version of Ey, [Alo (0 (w))]-

uo

< We have to see that for any bounded Borel function f : S?~! — R, ug € H x R14~1 and A € F,

Euo[f(000)1a] = Euo[f (000 )P (M) (4.2.1)

Fix f and ug. The set of A’s which satisfies the preceding equation is a monotone class. Let { K, }n>0
be an exhaustion of H x R¢ by an increasing sequence of compacta ; write S,, = inf{s > 0;u, ¢ K,}

the exit time from K,,. The algebra |J F¢g, generates F:
n>=0

U(Ufgsn) =F.

n=0

So, it suffices to show the relation (4.2.1) with A € F¢g, . For such a A, the absolute continuity relation
128 justifies the crucial equality = bellow.
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Euo [f(000)14] = Bug [1aEu, [f(000)| F<s, ]

=/JwMmem1A

:MW%MMFWM-

=E,

[1AEUS

oo - uglA/hg US

do—/f V7 (up)E 1A |do

95
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4.3 Back to Dufresne’s integral
Let u € H x R1¢. We showed in section 2.2.2 that the Inv({u,})-measurable random variable

R = liIle q(&s,e0 +€1)

d—1 .
7 % ds. Precisely,

has, under P,, a law related to that Dufresne’s integral fOJrOO e WsT

+OO d—1
m =Purz =0 =p ([T - e),
0

where u = (£,¢), £ having halfspace coordinates (y,z), and ¢ having g’-coordinates (€7, ..., £'%).
We used in section 2.2.2 the a priori smoothness of the function h%, given by proposition 32 to say it is

L" -harmonic. We deduced from this fact that the random variable f0+°° e~ws=“7"5 ds has a smooth density
with respect to Lebesgue’s measure on R. The equation L hZ, = 0, enabled its identification:

P (/ eV T s e + dr) = 1T>Oe_2/rr_ddr
0

Proposition 32 is a consequence of Héormander’s hypoellipticity theorem ; one can find its use a heavy price
to pay.

In this paragraph, we give a direct proof of the smoothness of the law of fooo e‘ws_%sds, using an
integration by part formula. Inequality (4.3.8) will enable us to apply the following well known fact.

PROPOSITION 130. Let v be a Borel probability on R and an integer k > 2. Suppose there ezists a constant
Cy. > 0 such that for any smooth function ¢ with bounded derivatives,

‘ [ oW @wan)

Then v has a density with respect to Lebesgue measure, of class C*~2.

< Ci |9l co-

< Applied with ¢(t) = ™, the hypothesis tells us that the continuous fonction D(\) decreases at
least as A~F:

D) < CeA ™" (4.3.1)

U being integrable, the inversion formula tells us that
v(t) = / e o(N)dA.

Because of (4.3.1), the integral is a C¥~2 function of . >

We shall take advantage of the following writing

e’} 1 o)
/ eWuTCU oy — / e(wufuwl)Jr(wlfc)u du + e~ et / e(wufwl)fc(ufl) du
0 0 1

, . (4.3.2)

_ / ePutwi—eu gy | gmc / eBa—clu=1) gy
0 1

in which one fooo e ~°" du appears as a functional of the Brownian bridge {p, }o<u<i = {wu — v w1 oguxis
of wy, and of the Brownian motion {wy,}y>0 = {Wut1 — w1}uz0. These three processes are independant

under P. From now on, we note
Q=cC([0,1],R) x R x C(RT,R),
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endowed with the product o-algebra of the Borelian o-algebras of each factor. We put on this measurable
space the probability B
Q=P eWaP,

where P[%1] is the law of the Brownian bridge, W is a standard Gaussian law, and P the Wiener measure
on C(RT,R). We shall note w = (p, w1, w) an element of €, and w the Brownian motion constructed from

p, wi, w
Not to complicate the writing, we shall take ¢ = 1. We shall show that the random variable [~ e** ™" du
has a C? density with respect to Lebesgue’s measure on R.

4.3.1 The actors and their qualities
We shall pay attention to the following quantities.

o X(w)= [ ew4ds,
e Fork>1, X (w) = fol ub ePut(wr=lu gy 4 gwr=1 [5 eWu—u gy

o F(w) = 3w

¢ will be a smooth bounded function with bounded derivatives of all order.
In the following, we shall write L? for L?(Q(dw)), and will note E the mean operator under Q.

For P-almost all @ and every p, X(p,.,w) and F(p,.,w) are C* functions of w;. The derivatives of
X(p,.,w) are equal to X (p,. @) and that of F(p,.,w) are explicit:

FO(p,.a) = = (X®F?)(p,., ),
FO(p, @)= -2FOVXPF 4+ F2X®)(p, ., 0),
and so on. We shall write
Oun (9(X)F) = XD (X)F + o(X)FY = ¢/ (X) + o(X)F .
PROPOSITION 131. 1. X €LP, forall 1 <p<2. AsO0< X® <X, XK P | forall1<p<2.

2. F € L?, whatever p > 1. All its derivatives with respect to wy are also in the spaces LP, p > 1.

< 1. Let 0 < a < 1 be a constant. The function e*~~" is integrable over (0,~+oo( on an event of
probability 1. One can apply on this event Jensen’s inequality to the function %ewr_(l_“)” and the
probability ae™%"1,~¢; one obtains

oo P o0 qwr—(l—a)r p oo
(/ eVr " dr) = (/ - ae™ " dr) < a,l_p/ epwr—(1=a)prg=—ar g,
0 0 a 0

So we have

if

p
5 < (1—-a)p+a. (4.3.3)
Since one can find a constant 0 < a < 1, small enough to satisfy condition (4.3.3), for any p < 2, the

result follows.
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2. Estimate Q(F(w) > r).

1 oo _ 1
QF(w)>r)=Q (/ ePutlwi=hu gy, 4 e““_l/ e du < ;)
0 0

[ee) 1
<Q (ewl/ et dy < ;) <Q (e"“/ Vu=t oy < e)
0
1
_ 1 ~ - 1
<Q (ewl/ eMUdu < S inf @, > n(r) +Q (e eTuudy < S inf @, < — n(r)>
0 r uel0,1] 2 T uelo,1] 2
1
— In(7r 1 ].
SQ(ewl P <—; inf w, > — In(r) <1nf au<_n(r))
0 T uelo,1] 2 u€[0,1] 2
1 1
<@(w1< né) )+2Q(au>ng0.
(4.3.4)

Each of these terms is of the same order: ﬁ
T In(r)
This function of r decreases enough to ensure that we have

E[F?] = / rPIP(F > r)dr < oo.
0

forallp>1

As concern the derivatives of F, we treat the first two ones F") and F(? | higher derivatives being
handled in the same way.

From the almost sure inequality

X2
@p =
0K XYW = XD <1,
one gets
IX@F? < F.

It follows that () = — X ®)(w)F(w)? belongs to all the spaces L, p > 1.

In the same way, as X ®) (w)F(w) = X;(()(;J) 1, the random variable F2X ) happens to be in all the
spaces LLP. Besides, one knows that

0<X@F L,

and
FO elr vp>1

Thus, F® = 2FWOXAF — F2X®) is in all the LP’s, p > 1. >

4.3.2 Integration by parts

THEOREM 132 (Integration by parts formula). Let ¢ be any C' bounded function with bounded
derivative. Each member of the equality is well defined, and one has

E[w; ¢(X)F] = E[0w, (6(X)F)]. (4.3.5)
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< w; and F' belonging to the spaces LP, wy F is integrable. ¢(X) is bounded. Fubini’s theorem and
the integration formula for a standard Gaussian measure on R, NV (dw ), justify the following

Blur 6(X)F] = PO & B [ w1 (X (b, wr, D) F (X (p, w1, @) N(duwn))

= PO 6 B( [ 00, (60X (.1, D) F(X (py00,) N(dwn) )

AS Oy, (9(X)F) = XWe(X)F + ¢(X)FY = ¢/ (X) + ¢(X)FDY, the following corollary holds.

COROLLARY 133. There exists a constant Cq > 0 such that the following inequality holds for every bounded
function ¢ € C', with bounded derivatives of all order.

E[¢' (X)]| < Chll¢llox-

To get the same kind of estimates with ¢(2) instead of ¢’, apply the integration by part fomrula to ¢ to
get
E[¢® (X)] = E[¢M (X){Fw; — FM}]. (4.3.6)

Write K = Fw; — FU). As F and w, belong to all the spaces P, F'w; is also in all the spaces IL?, as well as
K. The same holds for K F', which is for P-almost all w and every p a smooth function of wy, with derivative

Ouw,(KF) = KWF + KFW,

To estimate E[¢' (X ) K], one applies the integration by part formula not to ¢(X)F, but to ¢(X)KF. The
use of the formula is justified as in the proof of the theorem. It gives

E[¢/(X)K] = E[¢(X){KF w, — dy, (KF)}]. (4.3.7)

So, we have
E[¢/(X)K] < [[@lloc [ K F w1 = Ow, (KF)||z1.

We deduce from (4.3.6) that we can find a constant Cs such that
E[6®(X)]| < Cal|¢]loc-

To get the same estimates with ¢ (X), one applies the integration by part formula to the functional
#(X)w1 F?K; then to get the following theorem, to the functional ¢(X)(w1F)?FK.

THEOREM 134. There exists a constant Cy such that for every bounded function ¢, with bounded derivatives
of all order,
IE[6™(X)]| < Ca]|¢]lco- (4.3.8)

As was pointed out in proposition 130, this inequality implies that the law of X (w) has a C? density with
respect to Lebesgue’s measure. The equation (2.2.14)(*) that enabled its identification shows that this
density is actually C*°. We could get this fact by iterating indefinitely the integration by part formula
(4.3.5).

4Where one takes ¢ = 1.
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4.4 Coupling of a hypoelliptic diffusion on R?

Let o and b be two continuous functions on R. Write a = "72 We suppose that
1. a>0,
2. fjf:’ a~(z)elo I gy < +o0,
3. the stochastic differential equation
dzs = o(zs)dws + b(zs)ds,
has the pathwise uniqueness property and that its solutions enjoy the strong Markov property.

Condition 2 ensures that the diffusion has an invariant probability; so it does not explode. This invariant
probability is given by the formula

z b(r)
p(dz) = ca™'(z) elo sty 4 gz,

2 b(r -1
where ¢ = (ffo a~(z)elo ot sz) (®). We set

oo

= b(r) dr

m(z) = a~'(z) el 507

We make the hypotheses that

—+o0
/ dz<oo/ z)dz < o0
0

+ s b(r) s b(r)
— dr
o am U s = 400, J5 e 4 gs = +oo.
0

It is interesting to notice that under these hypotheses the scheme used in the proof of theorem 46 can
be used to provide a “successful coupling” of two trajectories of the diffusion {(zs, fos 2z dr)bigr}sso on R?,
started from different points.

(4.4.1)

Let (20, Zo) € R? and (2, Z}) € R%. Note {zs}s>0 the solution of the stochastic differential equation
dzs = 0(z5)dws + b(zs)ds,
with initial condition zg, and {z.}s>0 the solution of the equation
dzs = o(zs)dw!, + b(zs)ds,

with initial condition zg, where w’ is a Brownian motion independent of w. The processes z and z’ are
independent. Both can be defined on the measurable space Q@ = C(R?°, R), equiped with its Borelian
o-algebra F.

We set, for s > 0

Zy = Z0+/ zudu and 7, = Z(')—i—/ 2! du.
0 0
The dynamic of {(zs, Zs)}s>0 is illustrated in figure 5.1. The process Z, increases if z, > 0, decreases if

zs < 0.
As 0 > 0, we can use the Support Theorem,25, to see that

5 5 o
5The condition | f:j % dz < oo is a necessary and sufficient requirement to ensure the positive recurrence of {zs}s>0.
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Sl

Figure 4.3: Dynamics of the diffusion

LEMMA 135. For any € > 0 and any continuous function s € [0,1] — (vs,T's) € R?, such that
* [v0— 2| <e, [To— 2o <&,
o ['; increases if vs > 0, decreases if v < 0

one has

]P’( sup |zs —vs| <e and sup |Zs —Ts| < a) >0
s€[0,1] s€[0,1]

Note {.7-'5(1)}820 the filtration generated by {zs}s>0: .7-'5(1) = o(zr; r < s); and {.7:5(2)}5>o the filtration

generated by {2/ },0: FL2) = o(z; 7 < s). The two diffusions {(z,, Zs)}s>0 and {(z}, Z])}s»0 on R? are
independent. Note [P the probability on (2 x Q, F ® F), product of the probability laws of {(zs, Zs)}s>0 and
{(#%, Z.)}s>0. This probability implicitely depends on zo, z{, Zo, Z(;, which are fixed quantities in the sequel.

THEOREM 136. Note (z,Z) the coordinates on R?. The hypoelliptic differential operator

2
@aﬁ 4 b(2)0, + 207

on R?, has no non constant bounded harmonic functions.
< Set
Ro=inf{s >0; zs =1} Sp=1inf{s > Ry; z; =0} and Ty = inf{s > Sp; 2z, = —1}.
Define recursively, for n > 1,
R,=if{s>T,_1; zs =1} Sp=inf{s>R,; zs =0} and T}, = inf{s > S,,; zs = —1}.

These random times are F(1)-stopping times. We define similar random variables R, S’ T", with 2’.
Pay attention to the random variables I,, = Zg, and I/, = Zf, . Using hypotheses (4.4.1), we can
make a similar proof to that of lemma 47 and show that for any n > 1

E[| I, — In_1|] < +00(%). (4.4.2)
_I

I, — I _, has the same law as I, — I,,_1.
But we know from the Strong Markov property that the random variables {I,, — I),_1},>1 are inde-

pendent, identicaly distributed. So, the sequence {I,,},>0 is a real random walk . The same holds for

6The details are writen in the proof of the proposition closing this section.
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{I] }n>0; these two random walks are independent, with the same jump law. Using inequality (4.4.2),
we see that {I, — I, },>0 is a positive recurrent real random walk.

Using this fact together with lemma 135 and the Strong Markov property, the Borel-Cantelli lemma
implies that the set

N = {n € N; <, — I7/~L <1, {(Zsa Zs)}se[Rn,Sn] N {(2;7 Z;)}SE[RQZ,S;] 7& (Z)}

N =

is P-almost surely infinite.

0 1

Figure 4.4: This configuration has a positive probability

The end of the proof follows the same road as that of the second point in the paragraph An automatic
coupling, in section 2.2.3.

Note P, z, the (marginal) law of bigl{(2s, Z;)bigr}s>o, P.; z; that of bigl{(2, Z;)bigr}s>o. A generic
element in 2 x Q is denoted (w,w’).

Define

< Ih(w) =1 (W) <1,

N =

'~

T(w,w)=inf{s>0;3In >0, Ry(w) <s<S,(w),
(25(w), Zs(w)) € {(z(w), Zp(w")) }rerry, @), 55, @1}

and
T'(w,w') =inf{s 20;3In >0, R, (W) < s <S5, (),

(z5(w"), Zg(w") € {(2r(w), Zr(w

< In(w) — (o) <1,

= ol =

)} relRa(@).Sn (@)}
The measurable subsets of Q2
Qy ={uw' €Q; T(w,w) < o0, Py 2, (dw) — a.s.}

and
Q. ={weQ; T'w,w) <00, Py z:(dw') — a.5.}

ZD,

verify
IEDZQ7Z0 (QZ) = IED267Z6 (QZ/) = ]-'

Because of the monotonicity of Z (resp. Z') on [Ry,Sy) (resp. [R),, S} ]), one has P-almost surely
(Z, Z)T(w,w/) = (Z/, ZI)T/(W,UJ/).

The proof of proposition 65 can be used to conclude. >
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One can find in the works of Ben Arous & al. [BACK95| and Kendall & Price [KP04] more information
on couplings of hypoelliptic diffusions.

We end this section with the proof of the following generalisation of the calculation made during the
proof of lemma, 47.

PRrROPOSITION 137. Consider the stochastic differential equation
dzs = 0(zs)dws + b(zs)ds,

where o > 0 is a continuous function, as well as b("). The Green function g°(t,r) of the diffusion z killed
when hitting 0 is given by the formula

r b(u) du

tAr s bw) fo FTon)
t,r) = </ e~ Jo wruy du ds) —, 0ty
0 a(r)

<1 We proceed exactly as in the proof of lemma 47, by first finding the Green function g (¢,) of the
diffusion z killed when it exits (0,v), and then letting v — +o0o. We find ¢ (t,r) by solving explicitly
the equation

a(t) f"(t) +b() f'(t) = —p(t), f(0F) =0, f(v7)=0, (4.4.3)

where ¢ is a smooth function with compact support included in (0,v). The solution of (4.4.3) is also

“+oo
/ go’”(t, r)o(r) dr.
0

Note it f,(t) for the moment. Equation (4.4.3) is a first order equation in f]. We find its solutions
using the method of variation of the parameters.

t [Tt
b(r) t b(r) elo @
(1) = ce o s @ o lo s A / ——op(r)dr,
fv( ) ; a('r) (p( )

where c is a constant. Remark that the density m(r) of the unique invariant probability of the diffusion
appears in that formula.

t b(r) dr t b(r) dr

¢
L) = ce” Jo a7 — 7 Jo atm / m(r)p(r) dr
0

One can choose the constant so as to have f,(07) = f,(v™) = 0. It depends on the parameter v:

fovef Sﬁfsm() (r)drds
f -l5 & ds

Cy = )

With that choice, we obtain

i Jemlia b drd b . b
[ et ar = i = 2SS mERODE [ gitag [ st [
0 f e~ Jo & ds 0

Since fooo e~ Js % ds = 400 and the function  is compactly supported,

o0

Ccy — m(r)e(r) dr,
v——+00 0

"These continuity hypotheses are not necessary, but harmless.

r)drds.
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and

/0+°° go(t,r)go(r) dr = f1oo(t) = (/000 m(r)e(r) dr) /Ot e~ Jo @ ds — /Ot e~ o< </OS m(r)e(r) dr) ds.

Elementary manipulations yield

—+oo oo tAT s blu
/ g°(t,r)p(r) dr = / (/ e~ i ot du ds)m(r)go(r) dr.
0 o o
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