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MOadmqa�MOS�W9]_VTS�Q�bjS�Wz]_M_K�W�PgQ\K^]_VTkcW(l�W�V mqkcMOh7S[YjK�W�PrQ\K�Y�VTM_S�Xd]_VTkcW x bfK�QTQ\K�WF]{ `fV ]gS�PgP_S
v v�| V
Q�I kcWzS�WF`FkcVTS�Y�S�L�l�VTP;QTS8X�S�WF]gMOS�Y�lzM_admna�MOS�W9]_VTS�Q}h7kc~�VTQTS[l�W%PgVT�cWjK�Q
K�QTQ\K�W9] { Q\K�`�V ]_S�PgPgS8Y�S�Q\K�QTl�h7VTN�M_S[Sd]rPgS�L�MOkcLjK��cS�K�WF]8YjK�W�PQ\KzY�VTMOS�X�]_VTkcW

x
b	QTS�PgVT�cW�K�Q�Y�kcV ]eK�`FkcVTM�Q\K%`fV ]gS�PgP_S

c
b	`fl1Y�S�L�l�VTP�QTS5M_admna�M_S�WF]gVTS�Q�X�K�W�kcW�VTt9l�S�pqU�MOVTW�X�VTLsS7Y�S7ZrS�Q\K^]_V `fV ]ga u b�K�QTkcM_P�t9l�S5Q\K(QTkcV�Y�SX�kch7LskcPgV ]_VTkcW%Y�S�P[`fV ]gS�P_PgS�PRW�kcl�PRY�V ]Rt9l�S�QTS�P_VT�cWjK�Q}K�Lskcl�M;`fV ]gS�P_PgS

c+ v v�� I a��FK�QTV ]_a c = c+ v
W�S�LsS�lf]�K�`FkcVTM[QTVTS�l%tfl�SeP_V

c = +∞ v�
(tA, xA, yA, zA)

PgkcWF][QTS�P[X�kfkcMOY�kcW�W�a�S�P�Y�l�LskcVTW9]
A
YjK�W�PRQTS�MOadmqa�MOS�WF]_VTS�QoY�kcW�W�a�LjK�MrQTS�LskcP_]_l�Q\K^]J� v



"�#%$%&('�)�*,+�-/.�01'�*3254�65"7'8.9250 Å

• {;�4
V���P
*&�
��<
7��+/�5&�
V� � R× R3 â
• {;�4
�� +-�-
*��
*��+-��&�
 ξ ∈ R× R3 7→ λξ ∈ R× R3 Q λ 6= 0 â
• {;�4
O+<
��5#%������+/�4
V� �

q
@
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∫
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Pu0

ñ<ø�ó�çCè�ê�ë�çYè*7 ó�ç�ûYç�ð�í�ô7ç�óPèYë ðpø	ï7î¬ð�í
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´ S�PO] y Ä�Lsk9S�QTQTVTL�]gVTt9l�S vW� W3LsS�l�]�K�l�PgPgVokc~f]gS�W�VTM�QTSeh7kcl�`FS�h7S�W9]R~�MOk�X[W�VTS�WäPgl�M H S�W3L�MOk�VOSd]wK�WF]�Pgl�M
H
Q\K5Y�V ³�l�PgVTkcW3S�QTQTV ]_L�VTt9l�S�P_kcQTl�]gVTkcW3Y�S�Q�I a�tfl�K^]gVTkcW

dgs = Vj ◦ dwjs + Vjkdw
jk
s

b
k*<äQTS�P�X y K�h7L�P8Y�Se`FS�X�]_S�l�MOP Vjk PgkcWF]�QTS�P8X y K�h7L�P�Pgl�M
SO0(1, 3)

K�PgPgk9X�VTa�P8K�l�°%MOk�]wK^]_VTkcW�PRVTW�ájW�V ]_a�PgVThzK�QTS�P
E1,2, E1,3, E2,3

Y�S
R3 Y X�S�PRhzK^]_MOVTX�S�P[PgkcWF][Y�adájW�VTS�PRL v 9 v
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es+ds = (gs, ξs)
(

exp
(
(wjs+ds − wjs)Ej

)
, ε0ds

)
.

p��*����&�

Ẽj = (Ej , 0)

Q
j = 1..d

Q��Í} ��U)����&�
�+/�5&p&�
7���	�����-�/�%� �
Ej

ÿ
SO0(1, 3) × R1,3 Q���� Ã0 = (0, ε0) â p�����
�&5�]}�Z;¨�Í} ��U ����&	��&5��+/���/�-�T
����O�/�T�	��� � �	+/�r
���#$+ ³ � +-���4!C� SO0(1, 3)× R1,3 Q �5&8
�Q	
\[��4!>� �4
O&	����
7��+/�5&�
V!��<
*+-���4
�Q

}�Z;¨ (
(dg, ξ̇)

)
= (

v��
, 0) + (dg, ξ̇) +

1

2

(
dg2, ξ̇ + dgξ̇

)
+ · · · .

s���
�
�+ýQ

}�Z;¨ (
(wjs+ds − wjs)Ẽj + Ã0ds

)
= (

v��
, 0) +

(
(wjs+ds − wjs)Ẽj , ε0ds

)
+

1

2

((
(wjs+ds − wjs)Ẽj

)2
, O
(
(wjs+ds − wjs)ds

))
+ · · ·

'
(

exp
(
(wjs+ds − wjs)Ẽj

)
, ε0ds+ o(ds)

)
.

s�+-&�
�+ýQ
es+ds ' es

}�Z;¨ (
(wjs+ds − wjs)Ẽj + Ã0ds

)
{;������� !��4
�
���
 {es}s>0


��	�
SO0(1, 3) × R1,3 �	��+/�K� �5&�!*Qr
��D[)�v� �v���	��������#$��� �¤q_!9çH�4
*&;Q7B������J
����-� ��+-��&E� �

�Í} ��,'��
*��+-��&8� +N.0������&'��+/���/�-�T
����)!P��
�
���+<,5���
des = Vj ◦ dwjs + V0ds,

M ®Ñâ Â�â ¾ S
���

Vj(e) = eẼj
���
V0(e) = eÃ0 â e>&G[5����+N@B�T� +-���4!C����#$��&'�r,'�	�T!��������T�4,'��
7��+/�5&G�4
����<
%#ÔB�#$�?,5���]�-�?
�()
�����#$�

dgs = Vi ◦ dwjs , dξs = g0
sds.

e>&"&	��������

Pe0

�-
>�/�5+	� �V�-
H� +/.0��
�+-��&$
����-� ��+-��&$� �V�Í} ��,'��
*��+-��&8M ®Ñâ Â�â ¾ S�Q�!��5������
�����&��	
�&'�3ÿ]�-
H!���&�� +/��+-��&"+/&�+N��+-
��/�
e0 ∈ G âe>&$����� �2� ��&�!2[5��+-�a�-
H� +/.���
�+-��& {

(ξ̇s, ξs)
}
s>0


��	�
H×R1,d !���#$#$�O�-
]�	���*���4!C��+/�5&%
��	�

H×R1,d ��} �	&���� +N.0��
�+/�5&
��	�"�/�G�	���)�	�	+N�%
���#%+ ³ � +/����!�� SO0(1, 3) × R1,3 Qs+-&)[\
���+<
*&'���Xÿ_R5
���!P�	� â g��GR������	���Y&�} ��
��%
�� �����L,'�	�X�-�LR5���5�	���G� �
���5+/&�!�
*��� G � �4
O+-
���#$������+/�4
2
s Y&	��
O� �T�<
"@B����#$�H,'��
5� �P
7��+<,'�	�

q
M ¤ D S âgy} ��
��$�	&n@c
�+N�Y!��<
�
�
�+<,'�	��Mc���$�/�G���	��������#$� ¢�¢)¸ �-�G#$��&'��������
)SH,'��} ����
�&5�$� ��&�&	�

e0 = (g0, ξ0) ∈ G Q��/�4
W����+-�	��

Inv

(
{ξ̇s}

) ���
Inv

(
{gs}

) !��#Fý&�!�+-� ��&'�Vÿ%� ��
2��[���&���#$��&'��
2� �
Pe0

³ #$��
��	���]&)�	�-�/�]�	����
�A)+/�A��&L[7
"�	��&�!]� �H#CB�#$�>�������
Inv

(
{(ξ̇s, ξs)}

) ���
Inv

(
{(gs, ξs)}

) â sr��
�
�+3
�} � !�!������ ³ � ³ �5&K� �W�-
X�	+N.0��
�+/�5& {
(gs, ξs)

}
s>0

= {es}s>0

���� G â g��������� +N.0��
�+/�5&p���P
*&'�r��&	R���&�� �����T��
��>� �4
r!P��
�#%��
r� �"[���!������	��
�+/&)[7
*��+-
�&'��
O��
�������
�&�
��<
7��+/�5&_ÿYR5
���!P�	��Q��-
L
��	+/��� {en}n>0��
��>�	&	�%#Y
*�P!P�	�W
��/�4
7���5+/���?
��	� G â {;�W���	��������#$�W
��	+-[\
�&'�>�P
*#$��&	�"�Í} ������� �$� ��!���#$���5������#$��&'�H
�
�('#$� ���*��+-,'�	�%� �W�<


� +N.0��
�+/�5& {es}s>0
ÿ%!����-�/�?�	�]�<
$#Y
*�P!P�	�H
*�-��
7����+-��� {en}n>0 â vo�;@c
*+/����
*����+-�T� �L@B�5�/9)�-�����T
��	�O�-�T
��*����� â

�3��"�û��7ü��y� ¢ ¦�å[QAï7îBí
e0 ∈ G

þ2æ�ç�èrí�óCî_�Cë)è
Inv

(
{es}

) ç�í
Inv

(
{en}

) òPï7î¬ð0ò�îcñ5ç�ð�í�Î"ñ5çCè>ç�ð	è�ç�ûæ��õ/ç�è>ñ�ç
Pe0

ñoûYç�èPë ó�ç
ð�ë õ¬õ/ç�ø�ó�Õ�è�þ
• z)�5��
]�Í} +-#%���	�-
�+-��&`� � ² �	�P
�����&)������RZM�Ý ² �	� ¾5´\Þ SPQ��]} ������� �Y� �Z!���#$����������#$��&5�?
5
�()#$� ������+<,'�	�%�	��
]#Y
*�P!P�	��
H
*�-��
 ³����+-����
2
��	�O� �4
2R������	����
2
�} ��
��O� ��[5���-���	�����]�	
*&�
V� �H&	�5#W�	������
��4
�� +-���4!C��+/�5&�
�Q)�����	�V[5��&	+-��������&�� ���]
�
?�	�<
�!��>&�
7���������/�-�

�	
*&�
H�]} ������� �X� ��
?�	��� !���
�
���
H� ��{���[)(�
��	�W� �4
HR������	����
 â �3���	�P
���+/[7
*&'�T�-��
H����
\[7
*�	U��7} srÜ���&�!������LM�Ý s�Ü�� µ*Â7Þ SPQ�mr
*�	R5+� ��&	&����	
*&�
�Ý m�
�� µ�µ4Þ �	&	�r�	��
�!���+/� ��+/�5&Y
�!P�	��[����5Q7��&$������#%�4
=
*�-R����	��+-,'�	�4
�Q*� �r�Í} ��&�
���#"�	�-��� ��
s@B�5&�!C��+/�5&�
a��
���#$�5&	+-,'�	�4

���5��&	����
?Mc���5�	�]�-
Y#Y
���!P�	�?
��/�4
7����+-���7S2
��	�r�	&pR����������T�-� !�
*�-��#$��&5�]!���#$��
5!C�4Q�
�����
>!�������
�+/&��T�'()���*���	��
��W� �"#%�5#$��&'�

��	�]�<
X�-��+s� ��
]
�
�� ��
"M�Ý m�
*� µ�µ�Þ Q0���	��������#$��


8.4
���

13.4
S â z 
L#$�������)�	�"
�} 
��	�	�-+-,'�	�"+-!�+�Q0���H�<
X��
�����+/� ¸ å § å ¢ ��
��]!���& ³
�
5!��������?ÿX�Í} ��U ���5
��"�7} �	&	�%� ��#$��&�
�����
*��+-��&_
*�-R����	��+<,'�	�W�7} �	&�
�&�
*�-��R5�	�?� �4
����	���5����#%�4
 ¢�¢ ��� ¢ ¼AQ0�	
*&�
��]} �4
��	��+/�]� �4
���P
\[\
�� UL� �YÝ m�
*� µ�µ�Þ â {;�4
V&	�*��+/�5&�
O�7} 
*�-R��������]&	��!���
�
�
�+/����
2(L
���&'�O�P
*�	�����-���4
 â

¬�� � K�X�kch7LskcPwK�WF]_S�X�kcW�W�Sd°�SeY�S�Q�I VTY�S�WF]gV ]_acb�L�QTl�P[L�MOa�X�VTP_a�h7S�WF] v
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g = NAK
�<
Z�	��!��5#$���'
�+/��+-��&b�7} vo:2
5
�
\:V
��7} �	&b���-��#$��&5�

g ∈ SO0(1, 3)
QV
�
�
�� !�+/���K
��b
�����
 ³ R������	���

!���#$#"� ��
*��+/@�#$
*U +/#Y
*� A =

{
A =

� +<
*R (( !P� t 
��
t
��

t
!P�
t

)
,
v��

2

)
; t ∈ R

}
â h��5� �"����+-&'�

(g, ξ)
� �

SO0(1, 3) × R1,3


�} ��!���+/��� �H@c
�:���&K�	&	+<,5���
(g, ξ) =

(
N, r(ε0 − ε1)

)(
A, u(ε0 + ε1) + vε2 + wε3

)
(K, 0),

�-
%#W�	���-+/�	�-+<!�
7��+/�5&8����
�&'�O!����-�/�?�	�G�	��� � �	+/�r
���#$+ ³ � +-���4!C� â
�3��"¦û��7ü��y� ¢ é � �_��¤�»�¥d�z������¤�é�é � �4åRQAï7îBí

ε0 = (g0, ξ0) ∈ SO0(1, 3)× R1,3 ¢Vç�í {en}n>0
õ-ìXûYì7ó�òFÉ)ç$ì*õ/éPì*íùï7î¬ó�ç

èPë ó
SO0(1, 3)× R1,3 ¢=î<è�èCë�ç%ñ�ç

e0
¢
en = (gn, ξn)

þ ò ï*íùï7ð�è gn = NnAnKn
õ/ìKñ�éPòPï7û>ø	ï\èCîBícîcï*ð`ñ�÷ \*]�ì7è�ì^]�ì8ñ�ç

gn
þ

45þ_�"ì7ð	èTõ/ìGñ�éPòPï7û>ø ï7èCîBícîcï*ð
(gn, ξn) =

(
Nn, rn(ε0 − ε1)

)(
An, un(ε0 + ε1) + vnε2 + wnε3

)
(Kn, 0),

õ/ç�èHèPë îBíùç�è {Nn}n>0
ç�í {rn}n>0

ò�ï*ð�ô7ç�óýü5ç�ð�í
Pe0

ñ<ø�ó�çCè�ê�ë�çHè*7 ó�ç�û$ç�ð�íùþ
5 þ>æ�ìXí�óCî_�Cë_î¬ð�ô\ì*óCîcì7ð�íùç

Inv
(
{en}

) ç�è�í2ç�ð'ü'ç�ð�ñ7ó�é�çF¢aè�ï7ë)è
Pe0

¢Aø	ì7ó?õ-çCèTô7ì7óCîcì
��õ/ç�è%ì7õ-é�ì�íýï*î¬ó�ç�è
N∞

ç�í
r∞

þ
{�
 #Y
*����+-!��

N∞
� ������&��E��} �	& [��4!C�����	�

h∞ ∈ R2 â {�
�!��������4
�����&���
*&�!��p��&'�����Z�/�4
K,'��
�&'��+/����
8
��/R5���	��+-,'�	�4

(h∞, r∞)

Q��7} �	&	�T��
*����Q �����-��
O,'��
�&'��+/����
VR5���5#%������+-,'�	�4

(σ∞, Rσ∞∞ )

Q��7} 
*� �����H��
����4Q	��
��O��U �	�-+-!�+N��� â
&n�#û�ä�û����! #�;û�� ¢ Ç;å]æ�çHô7çPò�íùç�ë ó

h∞
ç�è�íaõ/ì]ø�ó�ïd��çPò�ícîcï*ðpè�íýé�ó�éPï�ü*ó�ìCø�É'îcê�ë�ç"ñ�çTõ-ìXñ7î¬ó�çPò�ícîcï*ðJì\ècÊ7û>ø�íùï*í�îcê�ë�ç

σ∞ ∈ S2 ñ�ç
{ξ̇s}s>0

þ
ÍVðJì

r∞ = 1+|h∞|2√
2

Rσ∞∞
þ

sr��
�
�+;�-�T����
��	�N�P
7��� �fm�
��	R�+;� ��#$��&'����� ³ � ³ +/�;�	�]#Y
�&	+/�����]���*��
��/��#$��&'�r� +/.�������&5���H�/�H���	���5����#%� ¢�¢ â
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Ô×Úsr Ö×¡FÚV���

tvuxw y{z,|~}:���R��|��������
���A�3�A� ����� ú � f g���i��rg ��� ��ú��A�rhsg�� � ø
{;���

d > 2 â p������ {ε0, ε1, ..., εd}
�����"!�
�&	��&�+-!�
*�;��
5
�+<
���@

R × Rd Q0
*&�� (ξ0, ξ1, ..., ξd
) ���	�"!��'�5���	+/&�
*���4
O�*@=
Y����+-&'�

ξ ∈ R× Rd +-&K���	+<
O��
5
�+<
 â hV���T[���!����5�V
���
5!�� R× Rd +<
O��&�� �7:��4�L:O+/���_
$,'��
��	��
*��+<!�@B�5��#

q(ξ) =
(
ξ0
)2 −

((
ξ1
)2

+ · · ·+
(
ξd
)2)

.

h��Y� +<
���+/&�R��	+<
��K���	�T��
���
*��ja��!��-+-� +<
*&_
���
�!��
R1+d @B���5# (R× Rd, q) Q	:2�T
���
��/�A&��*��� R1,d ���	+-
��-
*�������r
���
�!�� â

���-�/��x#�`}'z��7¥B}9�$x�~
q

• hV����
����=�*@A
j Y&	�O+<
��5#%������+/�4
s�*@
R1,d Q�+<
a:2���-� 9)&	�7:O& â hV�	��
����=�*@0� +/����!��=�/+-&	�4
*�a+<
��5#%������+/�4
s+-
�
]
��	�	R5���5�	�

SO(1, d)�*@
GL(R1+d)

Q3:O+/���Ç{;+-�X
*�-R����	�P

so(1, d) =

{(
0 tc
c A

)
; c ∈ Rd, A ∈ so(d)

}
â s�&)(`� +/����!��W
j Y&	�Y+<
��5#$������(

ϕ
�*@

R1,d !�
*&K���T��&	+-,'�	���/(G:O��+/������&
ξ ∈ R1,d, ϕ(ξ) = g(ξ) + b,@B���H
*&_���-��#$��&5�

g ∈ SO(1, d)

�&��

b ∈ R1,d â p������ ϕ = (g, b) â hV���WR��������_�*@�� +-����!C�H
j Y&	�"+-
���#$������+-��
r�*@
R1,d +<
���	�?
���#$+ ³ � +-����!C�O�	��� � ��!�� SO(1, d)× R1,d Q :O+N���K����� � ��!��f@

(g, b)(g′, b′) = (gg′, b+ gb′).

m+��89�6���! 7�;û�� ¢ ½�å
(
\�ñ
, 0)

÷ è"òPï7û>ø	ï7ð�ç�ð�íOï�ö"íOÉ)çWè�ç�íOï�ö"ì�·�ð�ç%î<è�ï*û$ç�ícóCîcç�è$ï�ö
R1,d î<è%òPì7õ¬õ-ç�ñKíOÉ)ç1Ø1���d��Ð������¾������Ö��8¢

ì7ð�ñXð�ï�íýçPñ G þ
�_x�za� z�¥Bx0£
• ¿ ��+/���

SO0(1, d) = exp
(
so(1, d)

) AA����+-
H+<
�v��7} 
T!���#$����&	��&5�H+-&
SO(1, d) â hV���+�3��+-&�!�
*���"R5���5�	�p+<
>�4,'��
*�3���

SO0(1, d)× R1,d â
m+��89�6���! 7�;û�� §�� å �rÉ)ç_ë ð�îBí2ø�è�ç�ë�ñ�ïjñùèùø�É)ç�ó�ç�ï�ö

R1,d É ì\èKí�]�ïtòPï7û>ø ï*ð�ç�ð�ícè K ]�ç8ð0ï*íùç
H =

{
ξ ∈ R1,d ; q(ξ) =

1, ξ0 > 0
} íOÉ)ì�í2òPï*óCó�çCèùø	ï7ð0ñ7î¬ð'üKíùï]ø	ï\èCîBícî¬ô7ç

ξ0 ÷ è�þ

I�I
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H

• e>&	�?!�
�&K:O��+/���
H =

{
(
!P�
ρ, (


��
ρ)σ); ρ > 0, σ ∈ Sd−1

} â hV�	�T��
*+-� (ρ, σ)
+-
�
�
*+<�G���Y���T�����3�;�������ÙÐ��}����Ñ��d����
��
�

����
�ór���r���d��
 ( !P�
(ρ), (


��
ρ)σ
)
∈ H âhV���

q ³ &	�5��# �*@����	�T[����/� !�+N��(X��@3
Y!��	��[5�
γs =

( !P�
(ρs), (


��
ρs)σs

)
∈ H +<


q(γ̇s) = −
(
ρ̇2
s + ||σ̇s||2§o¨9©dª 
�� 2ρs

)
,


��
q
+-&�� ��!���
s
ym�+/��#$
�&	&	+<
*&"#%������+-!���&

H
Q*R�+-[���&?+/&

(ρ, σ)
!��)�5��� +-&�
*����
��)(H���	�

(0, 2)
����&�
�����@

dρ2+(

�� 2ρ)||dσ||2Eucl âhV�	�����L!��)�5��� +-&�
*����
"
*���Y�����_mO+-��#Y
*&�&	+-
�&n��U ����&	��&'��+<
*��!��)���P� +/&�
7���4
W
5
�
�� !�+<
7���4�Z:O+N���n�����L����+-&5�
ε0 ∈ H âZ¯ +-[���&

σ ∈ Sd−1 Q)�����T��
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}
.

� hV�	�>+/&�!��/��
�+-��& ⊂ +<
��5�)['+-����
=
�+-&�!��������>��
*��� {ξs}s>0
+-
���+-#$���-+/95� â h��"��
���
��	�/+<
��$���	�]����[�����
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��4Q�1�&��p
L
�#$�'�����8��+/#$���-+-9��"!��	��[��
γ = {ϕ(s)}06s6T

�5&
R1,d Q0:O+/��� ϕ̇(s) = dϕ(s)

ds ∈ H Q0� ��1�&	���_�5&

*&_��&	�	����
�!���+/�����8+-&'������[7
*�

[0, T ]
Q�
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=
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*&'�H�	���5��
*��+/�-+N��(5QA:O�	+<!P�J��
5
H
K�	��&�
�+N��(�:O+N���J����
����4!C�H���F{�������
�R��	�Ñ} 
]#$��
5
��	���%��&
R
Q

�	������������+-��&�
������
(2 + z2)−

d
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Sn = inf{s > Sn−1 ; sup
Sn−16u6s
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*�<
 {∫ Sn

Sn−1
zu du}n>1 â z)��Q5��
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µ
î ö^¢Vì7ð0ñLï*ð�õ\ÊYî ö^¢ ∫
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∣∣∣
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���	� ¯ ������&8@B�	&�!���+-��&J�*@
{zs}s>0

Ü\î¬õ¬õ/çPñGì�í�í�î¬ûYç
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0
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��	�	������� â {���� b > 0

���!P�L����
*��
��	���

ϕ ⊂ (0, b) â p������
τ0,b = inf{s > 0; zs ∈ {0, b}} â g���&�
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2
f ′′(z)− d

2
zf ′(z) = −ϕ(z),

f(0+) = 0, f(b−) = 0,
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∫ +∞

0

g0(x, y)ϕ(y) dy = Ex
[∫ τ0

0

ϕ(zu) du
] •

= lim
b→+∞

Ex
[∫ τ0,b

0

ϕ(zu) du
]

•
= lim

b→+∞

∫ +∞

0

g0,b(x, y)ϕ(y) dy =

∫ +∞

0

lim
b→+∞

g0,b(x, y)ϕ(y) dy.
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2 + z2
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2
zu(z) = −ϕ(z)
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d
2
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−ϕ(r) dr
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0

g0,b(x, y)ϕ(y) dy = 2

∫ b
0
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d
2

∫ u
0

ϕ(r)dr
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2

du

∫ b
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(2 + u2)
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2 du
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0
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2 du
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ϕ(r) dr
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2 ϕ(r) dr.
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∀ e ∈ G, ∀ e′ ∈ Vε, |h(ee′)− h(e)| 6 ε.
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)
|Haar(de′)

=

∫

G
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}
be∈bG,ee∈U+<
V��+-R��'� â {���� G ���?
Y!��5#$��
�!��O
��	��
����O��@ G 
���!P�G����
7�O@B����
�&)(
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Ω1 ≡ {ω′ ∈ Ω ; T0(ω, ω′) < +∞, Pζ0(dω)− a.s.}
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Pζ1(Ω1) = Pζ0(Ω0) = 1.
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)
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)
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G(' QTkc~jK�QTQ Ä y Ä�LsS�M_~skcQTVTX � kcMOS�W9]�)�V\K�W3hzK�W�V mnkcQTY�P y K�`FS�] y VTPrL�MOkcL�S�M�]¥Ä v��½�S�X�K�WäY�SdájW�S7KzPgVTh7VTQ\K�Mrkc~MV_S�Xd]�l�PgVTW��z] y S�mnl�]_l�MOS I+(γs)
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M
K�Q\K�MO�cS�M[~skcl�W�YjK�MOÄFbsK�PrhzK�Y�S8VTW ' S�MOkfX y b�UoS�W�M_kcP_SFb	¿ ' 8�U�ÿ�ß^Á¥bfkcM[VTW[èRKAX[²fVTW��5¼ � QTQTVTP8¿ è � ÿ��^Á¥bP_S�X�]_VTkcW

6.8
b�X y S�MOS5h�l�X y VTW�mnkcM_hzK^]_VTkcWäkcWä] y S5P_l�~JVOS�Xd]�X�K�W1~sSJmnkcl�W�Y
boK�h7kcW��zk�] y S�M_P�b}] y S�Y�SdájW�V ]_VTkcW�k�m�] y SJ]_kcL�kcQTkc��Ä�k�m�] y VTP�Q\K�MO�cS�M~skcl�W�YjK�MOÄ�K�W�Y�] y S�mqK�Xd][] y K^]�bsPgkch7Sd]_VTh7S�P�b9V ]RY�kfS�P[W�k�] y K�`FSeK�WFÄ(MOS�K�PgkcWjK�~�QTSeY�V ³
S�MOS�W9]_V\K�~�QTSeP_]_M_l�Xd]_l�MOS v
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R2+n ]aîBíOÉKíOÉ)ç%ê�ë�ì5ñ7ó�ì�ícîcò2ö�ï7óCû
q2,n(x) = −2x0xn+1 + (x1)2 − (x2)2 − · · · − (xn)2,

ç�Ì�ø�ó�çCèPè�çPñKî¬ð`íOÉ)çLò�ì*ð�ï*ð�îcòPì7õe��ì\èCî<è
(ε̃0, ε̃1, ..., ε̃n, ε̃n+1)
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• PO(2, n)
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Γ ∩ U î<èWï�ö?íOÉ)ç�ö�ï7óCû
γ(I)

ö�ï7óTè�ï7ûYç (
e2fg0

) ñcü'çPï�ñ5çCèCîcò
γ : I → Einn

þ
�L}P�V� �O¸ â hV�	�]�	���)��@;#$
�9��4
�+/�O!��-��
*�V:O�)(%���	�H&	����+-��&G�*@�R5��� � ��
�+<!�+<
V&	�*�O
"!���& @B�5��#Y
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7�O�*@�/+-R��'���-+-9��HR����)�	��
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5
��5Q)���	�����H+<
�
$
�+-#$�	�/�HR5����#$������+-!H� �4
�!���+-� ��+-��&K�*@3�/+-R��'���/+-9��HR���� � ��
�+-!�
 â¬ � W�SzX�K�WÔájW�YÔK�W�kcWÔ`�K�W�VTP y VTW���]gVTh7S�QTVT²cS5`FS�Xd]gkcMeájS�QTYCkcW Einn

bßX y VTX y VTh7L�QTVTS�P�] y SzX�K�l�PwK�Q;kcMOVTS�WF]gK�~�VTQTV ]¥Ä�p2143&ó � I W�S�VTQTQR¿ � I ­ 9*��Á¥bL v 194 uwv »¥W�Y�S�S�Y	b�V m�kcW�SäQTk9kc²fP�K^] Einn
K�P(] y SäVThzK��cS�k�m�] y S1t9l�k�]_VTS�WF]�k�m S1 × Sn−1 ' Sn+1 ∩ C2,n

b[~FÄ�] y S�K�W9]_VTLskfY�K�Q�hzK�L
(x, y) ∈ S1 × Sn−1 7→ (−x,−y) ∈ S1 × Sn−1

b�] y S�VThzK��cS�k�m ∂x VTW Einn
VTP[K�Pgh7k9k�] y ]_VTh7S�QTVT²cS8`FS�X�]_kcMRá�S�QTY v® | S�S5¿ ÃjM_KcÀcßcÁ
mqkcMrVTW�PO]wK�W�X�S v
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π(v)
î<èYï�ö%í�É çOö�ï7óCû

π
(
〈v, v′〉 ∩ C2,n

) ¢]�É)ç�ó�ç
v′ ∈ TvC2,n î<è$ìLð�ë õ¬õ�ô7çPò�íùï7ó�þ>\�ð�è�É)ï*ó�í�¢OíOÉ)ç"ð�ï*ðGø	ì7ó�ì7ûYç�í�óCî5-4ç�ñKõNîNüjÉ)ícõ îôÜ*ç?ü'çPï�ñ5çCèCîcò�è$ì7ó�ç$í�É ç>ø�ó�ï���ç�ò�í�îcï7ð	è"î¬ð

Einn
ï�ö?íùï*íùì7õ¬õ\ÊGñ5çùü5ç�ð�ç�ó�ì*íùçPñHø�õ/ì7ð0çCèWï�ö

R2,n K íOÉ)ç9ÊLì7ó�ç"íùïPø	ï7õ/ï�ü*îcòPì*õsò�î¬ó�ò�õ/çCè�þ
� hV�	+<
O�	�������5
�+N��+/�5&L+<
O�	���7[��4�X+-&8
��	��
���!���+-��& ¸ å ¢ å Æ â �

m+��89�6���! 7�;û��så$æ�ç�í
p
��çKìXø ï*î¬ð�í>î¬ð

Einn
þ��rÉ)çLè�ç�í]ï�öLì7õ¬õ�õ îNüjÉ)ícõNîôÜ7çYü'çPï�ñ5çCèCîcò�èLóCë ð�ð�î¬ð'üpíOÉ5ó�ï7ë�üsÉ

p
î<èGò�ì*õ¬õ/çPñ�íOÉ)ç

���_��ó;
^Ð������Ù���
p
ì*ð�ñLñ5ç�ð0ï*íùçPñ

C(p)
þ

² ���5#����	�T�	����!��4� +-&	R"�����5���'
�+/��+-��&_Ç�¼;Q ��&��H
����4
2����
*��+N@
p = π(v)


�&��
v⊥

+<
V���	�T�������	�5R��5&�
*���*@
v
:O+/���8���4
�����!��

���
q2,n Q	���	��&

C(p) = π
(
C2,n ∩ v⊥

)
.

² ������U	
*#$�	�-��Q'+/@
p = π(ε̃0)

Q
C(p) = π

(
C2,n ∩{xn+1 = 0}

) â hV�	�]!���&�� C̃(p)
+<
=���	�r+-& 1�&	+/���4
�+-#Y
*�0[�����
�+-��&$�*@

C(p) â
² ���5# +/��
O
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�!���+/�	��+-��&;Q �5&	�T
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&y�5û�ä�û����! 7�;û��så
C(p)\{p} î<èVì(É	ÊPø ç�óPèCë óBö�ì�òPçc¢sñ7î ¶rçPï7ûYï7óùø�É5îcò>íýï

R×Sn−2 þ C(p)
î<èVòPï7û>ø	ì�ò�í�ì7ð0ñ(É)ì\èOì>èCî¬ð'ü�ë õ/ì7óCîBí_Ê

ì*í
p
þ
Einn\C(p)

î<è?ñ5ç�ð�è�ç?î¬ð
Einn

þ
�L}P�V� �O¸��
• C(p)

�	�'�4
O&	���O
�����
*�P
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Einn â

• p�����+<!��G����
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?���J
p��&	+-,'�	�
�-+/R5�5���/+-9��HR5��� � ��
�+<! â

C

p

² +-R������ ´�â Io@)hV�	�H�-+/R5�'��!��5&	�H�*@ p

���A�3��� 6 ë � g � « ��� ø87ö�A�:9 �<; ø=9q�?>°ø¤ø��rhai � ë ��« �#@
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�
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5
W
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��L
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����"��@
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�
*#$�XR�����#$������(Z
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R1,n−1 â vo&�
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������ � ³ SmO+/��#Y
*&	&	+<
*&K@B�P
*#$��:2����90Q):��T:2���	�<�K��
��H���	�?&��*��+-��&8��@3+<
��5#$������(Y���YR�+-[��T
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7�O�*@a!��5& @B����#Y
*�0��,'�	+-[7
*�-��&�!�� â
m+��89�6���! 7�;û��kÇ�¦;åTæ�ç�í (

E, {CE(p)}p∈E
) ì7ð0ñ (

F, {CF (p)}p∈F
) ��ç"í�]�ï$û$ì*ð�î ö�ï*õ/ñ\èR]aîBíOÉLèCûYï�ï�í�É_ñ7î<è�í�óCî_�Cë	í�îcï7ð�è"ï�ö

æ�ï*ó�ç�ð�í4-�îcì*ð ò�ï*ð�ç�è$ï*ð í�É ç�î¬ó$íùì7ð'ü'ç�ð�íVèùø	ì�òPçCè�þ �rÉ)ç9Êpì7ó�çYè�ì7îcñ_íùï ��ç�Ð����o�	���������d��õ���ö
ÖR�dùo�����
��
]î ö$ï*ð�çGò�ì*ð ¡=ð0ñ_ì
èPûYï4ï*íOÉ8ñ7î ¶>ç�ï*û$ï*óùø�É'î<èPû

ϕ : E → F
]�É5îcòFÉ8û$ìCø�è?í�É çWíùì7ð)ü5ç�ð�í2òPï7ð�ç�èWï7ð

E
ï*ðJíOÉ)ç"íýì*ð'ü'ç�ð�í�òPï7ð0çCèWï*ð

F
�

∀ p ∈ E , Tpϕ
(
CE(p)

)
= CF

(
ϕ(p)

)
.
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g��	�)�5
��H
%����+-&'�
p = π(v) ∈ Einn â

&y�5û�ä�û����! 7�;û��`Ç�é;å��rÉ)çWñ5ç�ð�è�çTïPø	ç�ð8è�ç�í
Einn\C(p)

î<èHòPï7ð4ö�ï7óCûYì7õ¬õ\ÊLçPê�ë î¬ô\ì*õ/ç�ð�í=íùï
R1,n−1 þ�\Cð_íOÉ)ì�ísè�ç�ð�è�çF¢

Einnø�ó�ï*ô�îcñ5çCè"ìGò�ï*ûrø	ì�ò�í�î ¡�òPì*í�îcï7ðtï�ö
R1,n−1 î¬ðS]�É'îcòcÉ

C(p)
î<èTîBíBè���ï7ë ð�ñ5ì7ócÊ�þ

� u ��!�
*��
��H�*@����	�T�	�5#%�5R���&	��+/��(Y�*@
Einn

Q	:2�T!�
�&8
��	�	���5
��
p = π(ε̃0)

Q�
��%����
7�
C(p) = π

(
C2,n ∩ {xn+1 = 0}

)
.

e>&	�?� ��1�&	�4
O
%
�����������R5��
��	�	+<!r�	���*���4!C��+/�5& â�¿ �T&	�����
q0

���	�T��
���
*��{�������&'��Ü�+-
�&G,'��
5� ��
*��+<!�@B�5��# ��&
R1,n−1

q1,n−1
(
ξ0, ξ1, ..., ξn−1

)
= (ξ0)2 −

(
(ξ1)2 + ...+ (ξn−1)2

)
.

M ´�â/®Ñâ I'S
{;���

i : (R1,n−1, q1,n−1) → (R2,n, q2,n)
���"���	�$+-�	��&'��+/1�!�
*��+-��&J�*@

Rn = R1,n−1 ��� 〈ε1, ..., εn〉 â hV��+-
]+<
T
*&+<
��5#%������( â hV�	�T#Y
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j : x ∈ R1,n−1 7→ q1,n−1(x, x)ε̃0 + 2i(x) + ε̃n+1 ∈ C2,n M ´�â/®Ñâ ´ S
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>:2���-�a� ��1�&	���J
*&��_#Y
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π◦j +<
s
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xn+1 = 0

Q
îcþ¬ç4þ

C(p) â �
m���#Y
*��9Y����
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q2,n
(
j(x)

)
= 5q1,n−1(x) â

² ���5# &��7:E�5&;Q�:2�?+<� ��&'��+/@B(
R1,n−1 
*&��

π ◦ j(R1,n−1) ⊂ Einn
Q�:O�	�����

π ◦ j +-
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�����������R5��
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C
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����4
��K�*@
C(p) â

¿ ��+N���
(ε0, ..., εn−1)

���	�?!�
*&	�5&	+-!�
*�A��
5
�+<
2�*@
R1,n−1 âhV���?@B���-�-�7:O+/&	R$�	�������5
�+/��+-��&8R�+-[��4
�
Y#$�����T�	����!�+<
��?+/#Y
�R��T�*@s���	+-
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*���/( â

�3����û��7��� Ç�Ç�å 4�þ¥¼�ï*óWì7ð�ÊYð0ï7ðpõNîNüjÉ)ícõ îôÜ*çTü'ç�ï4ñ�ç�èCîcò
ξ + R v

ï�ö
R1,n−1 ¢ ξ + tv

òPï7ð�ô\ç�ó�ü'çCè?íùï
p

ì7è
t→ +∞ þ

5 þ_Ö>ð�ÊHø	ï7î¬ð�í�î¬ð
C\{p} î<èTíOÉ)çWõ î¬û%îBí2ï�öWìYõNîNüjÉ)ícõ îôÜ*çHü5çPï4ñ�ç�èCîcò%ï�ö

R1,n−1 þ[à�ï7ó�ç�ø�ó�çPò�î<è�ç�õ\Ê�¢
• æ�ç�í

v ∈ R1,n−1 ��çGì7ðnî<è�ï�ícó�ïCø çLô7ç�ò�íùï7ó�þ��rÉ ç�ó�çLî<èXì_õ îNüsÉ'í�õ îôÜ*ç%ü'çPï�ñ5çCèCîcò
∆v

ï�ö
C

èCë�òFÉJíOÉ)ì*í�ö�ï7óLç�ô\ç�ócÊ
õ îNüjÉ)ícõNîôÜ7ç$ü'ç�ï4ñ�ç�èCîcò

ξ + R v
¢_]aîBí�Étñ7î¬ó�çPò�ícîcï*ð

v
¢
ξ + tv

òPï7ð�ô7ç�ó�ü5ç�èXíýï�ì$ø	ï7î¬ð�íHï�ö
∆v\{p}

ì\è
t → +∞ þ

�;É'î<è?õ îNüsÉ'í�õ îôÜ7çTü'çPï�ñ5çCèCîcò$ï�ö
Einn

ñ�ç�ø ç�ð�ñ7è"ï7ð�õ\ÊLï7ðZí�É ç"ñ*î¬ó�çPò�í�îcï7ð
Rv

ï�ö
v
þ

\�ñ5ç�ð�ícî ö�ÊXíOÉ)çTè�ç�í2ï�öHð�ë õ¬õ�ñ*î¬ó�çPò�í�îcï7ð�è ]aîBíOÉ
Sn−2 � î ö R v = R (ε0 + σ)

¢
σ ∈ Sn−2 ¢aè�ìjÊYí�É ì*í

v
É)ì7èWñ7î¬ó�çPò�ícîcï*ð

σ
þ´%çWð�ï�íýç

∆σ ≡ ∆v
¢=î ö

v
É ì\è"ñ7î¬ó�ç�ò�í�îcï7ð

σ ∈ Sn−2 þ
æ�ç�í

σ ∈ Sn−2 ì*ð�ñ
v = ε0 + σ ∈ R1,n−1 þæ�;É'î<è?î<èWìYð�ë õ¬õAô7çPò�íùï7ó>]aîBíOÉpñ7î¬ó�çPò�ícîcï*ð

σ
þ

• ��]�ï
v
ñ�ñ*î¬ó�çPò�íùçPñGü'çPï�ñ5çCèCîcò�è

ξ + R v
ì*ð�ñ

ξ′ + R v
òPï7ð�ô7ç�ó�ü5çKíùïpíOÉ)çLè�ì7ûYçTø	ï7î¬ð�í]î ¶

ξ′
î<èXî¬ðkíOÉ)çKì�·�ð�ç

É
ÊPø	ç�óùø�õ/ì7ð0ç
ξ + v⊥

þ
�rÉ)çVöPë ð0ò�í�îcï7ð

q(v, .)
î<è"òPï7ð�è�íýì*ð�íVï7ð

ξ + v⊥
¢�ð0ï*íùç

` ∈ R íOÉ5î<è"òPï7ð�è�íýì*ð�íùþ¾´%çWð�ï�íýç
pσ(`) ∈ ∆σ

íOÉ)çWõ î¬û%îBí�ï�ö
ξ + R v

þ
• Ö>ð�Ê]ø ï*î¬ð�íVï�ö

∆σ
î<èWíOÉ)çTõNî¬û"îBíOï�ö?ìXõ îNüsÉ'í�õ îôÜ7çTü'çPï�ñ5çCèCîcò

ξ + R (ε0 + σ)
¢�ö�ï*óTè�ï7ûYç

ξ ∈ R1,n−1 þ
º ã y S�hzK�L π VTPrVTW�VOS�Xd]gV `FS�kcW j(R1,n−1) v
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�ÖR�����R�;���������	
��
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������ô���

C\{p} E �rÉ)çWûYìPø
(σ, `) ∈ Sn−2 × R 7→ pσ(`) ∈⊂ C\{p}

î<è"ìLñ*î ¶rçPï7ûYï7óùø�É5î<èCû$þ
F þDC��jõ�����
^��
���ÐC�sÖ8
�Ö[���¾���Ù� �r���d��
 E æ�ç�í

ξ ∈ R1,n−1 ��ç>ü�î¬ô7ç�ð�¢
C0(ξ) =

{
ζ ∈ R1,n−1 ; q(ζ − ξ) = 0

}

îBícèHõNîNüjÉ)íýòPï7ð0çc¢Vì7ð�ñ
C>0(ξ) =

{
ζ ∈ R1,n−1 ; q(ζ − ξ) > 0

}
îBícèaöPë	í�ë ó�ç4þ
• C0(ξ) ∩C =

{
pσ
(
q1,n−1

(
ε0 + σ, ξ

))
; σ ∈ Sd−1

} î<è"ñ*î ¶rçPï7ûYï7óùø�É'îcò$íýï
Sd−1 þ

• C>0(ξ) ∩
(
C\{p}

)
=
{
pσ(`); ` > q1,n−1

(
ε0 + σ, ξ

)} þ
\Cð���ï*íOÉLè�íýì�íýç�ûYç�ð�íBè�¢

A
î<è?íOÉ)ç%ò�õ/ï7èCë ó�ç"ï�ö

A ⊂ Einn
î¬ð

Einn
þ

G þ>æ�ç�í
σ ∈ Sn−2 ¢ ` ∈ R þ

£ ì ¦×ò ï*íùç J−(pσ(`),R1,n−1
) í�É ç"òPì*ë)è�ì*õ ø	ì\è�í2ï�ö

pσ(`)
î¬ð
R1,n−1 �

J−
(
pσ(`),R1,n−1

)
=
{
ζ ∈ R1,n−1 ; ∃γ : R>0 → R1,n−1 ,

ò�ì*ë)è�ì7õ
, γ0 = ζ , lim

s→+∞
γs = pσ(`

)}
.

�;É ç�ð�¢
J−
(
pσ(`),R1,n−1

)
=
{
ζ ∈ R1,n−1 ; q1,n−1(ζ, ε0 + σ) 6 `

} þ
£ � ¦ J−(pσ(`),R1,n−1

)
∩C = {pσ(r) ; r 6 `}.

H þP±Vî¬ô\ç�ðkì$ø ì�í�É {γs}s>0
î¬ð
R1,n−1 ¢_]aóCîBíýç

γs = (ts, rsθs) ∈ R>0 × R>0 Sd−2 þÈ\Bö
rs → +∞ ¢

θs → θ
ì7ð�ñ

ts − rs → ` ∈ R ¢�íOÉ)ç�ð γs → pθ(`) ∈ C\{p} þ
I þ £ ì ¦ 62ô\ç�ócÊWí�î¬û$ç�õ îôÜ*ç�ø ì�í�É {γs}s∈I î¬ð

R1,n−1 ¢'öPë	í�ë ó�ç9ñ�ï7óCîcç�ð�íùç�ñWì7ð�ñWî¬ð�ç^Ì'íýç�ð	èCî_��õ/ç µ ¢sòPï*ð�ô7ç�ó�ü'ç�èOíùï:]�ì*ó�ñ%ìVø	ï7î¬ð�í
ï�ö

C

£ � ¦ æ�ç�í
σ ∈ Sn−2 ì7ð0ñ
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ñ�ì*õ ûYï\è�í=èCë ó�ç�õ\Ê�¢�ö�ï*ó"ì7ð�Ê
e ∈ z �	�	� (µ)

¢
lim

n→+∞
h(ene) = lim

n→+∞
h(en).

�L}P�V� �O¸pâ�hV�	�H����
��	�/���*@������5���'
�+/��+-��& § ¦8
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�����
7�yz)�	���
µ
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O
$
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5� ($��� �P
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V�	������������($
5
V
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*��&�
�!P9#} 
�+-&	��,'��
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�	�����?
$
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ε > 0 â {;��� V ���?
$!��5#$��
�!��V&���+-R��)���5�	���	�)�)�G�*@�v�� ∈ G âe>&K���	�T�5&	�T��
�&��AQ
P̃1(., .)

+-&	�	����+/��
V@B����#����	�?�-��@¬��+-&)[7
*��+-
�&�!��H�*@3�����T[���!����5��
�1����-�	
�R���&����P
7��+-&	R {P̃s(., .)}s>0�����T+/&)[7
*��+-
�&�!��H�	������������(�@
p̃1(e, e′) = p̃1(e−1e′).

e>&K���	�T�����	���O��
*&��AQ)���	�H@c
�#$+/�-( {P̃1(ẽ, .)}ee∈V
+<
V��+-R��'� â {���� K ���H!���#$��
5!C��
�����
������*@ G 
���!P�G����
*�

∀ ẽ ∈ V P̃1(ẽ,Kc) 6 ε.
hV�	��&;Q @B����
�&)(

e ∈ G Q ẽ ∈ V Q

|h(eẽ)− h(e)| =
∣∣∣∣
∫ {

p̃1

(
(eẽ)−1e′

)
− p̃1

(
e−1e′

)}
h(e′)Haar(de′)

∣∣∣∣

=

∣∣∣∣
∫ {

p̃1

(
ẽ−1a

)
− p̃1

(
a
)}
h(a)Haar(da)

∣∣∣∣ =

∣∣∣∣
∫

Kc

.+

∫

K

.

∣∣∣∣

6 2 ε‖h‖∞ +

∣∣∣∣
∫

K

{
p̃1

(
ẽ−1a

)
− p̃1

(
a
)}
h(a)Haar(da)

∣∣∣∣
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p̃1
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T!��5&5��+/&)�	�5��
 <�< QA�5&	�$!�
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��%� �5#$+/&�
*���4��!��5&)[�����R���&�!��?���	��������#Î+-&p�����%+-&'����R��P
*�s
*&������ �P
*+-&p�����

��U +<
�����&�!��T�*@s
"&���+-R��)���5�	���	�)�)� Ṽ ⊂ V �*@�v�� ∈ G 
���!P�L����
7�
∀ e ∈ G, sup

ee∈eV
|h(eẽ)− h(e)| 6 2 ‖h‖∞ε+ ε,

:O�	+<!P�_
��	�7:�
����	�T���4
����N� â5 â mO��#Y
*��9$����
7�

Ee0

[∫ ∑

n>0

(h(ene)− h(en))2µ(de)
]

=
∑

n>0

(
Ee0 [h2(en+1)]− Ee0 [h2(en)]

)
< +∞.

vù�O@B���-�-�7:�
2����
*�O@B���
µ⊗ P ³ 
*�-#$�5
��O
��/�

(e, ω) ∈ G × Ω
Q

lim
n→+∞

h(ene) = lim
n→+∞

h(en).

u ��!�
*��
��H�*@����	�T��+/R5�5�O�	&�+N@B�5��# !���&'��+/&)�	+/��(�Q :2�T
�!C����
*�-�-(X��
\[��H
$
������5&	R����V���4
��	�/�f@
Pe0

³ 
*�-#$�5
���
��	�����-( @B����
*�-�
e ∈ z)�	��� (µ), lim

n→+∞
h(ene) = lim

n→+∞
h(en).

�

��������� �S; h)ø'h ; h�>°ø¬« � i � ú � � ø	�of.� � � � ì
SO0(1, d)

e>&	��!�
*&?!��5&�
��	�N�����	�2���'�59>��@�çH&�
*���XÝ çH&�
 Â I Þ @B���s
OR5��&	����
��5
���
7����#$��&'�3�*@�vo:V
�
�
\:2
�} 
A� �4!��5#%���5
�+/��+-��&?��@�
���#%+<
�+/#$�	�-�
{;+-�]R5���5�	��
�Q	
�
2:2���-��
�
2@B�5�O��
�
�+-!H� ��1�&	+/��+-��&�
 â

hV���-{;+-�?
*�-R�������
W�*@
SO0(1, d)

+<


so(1, d) =

{(
0 tc
c A

)
; c ∈ Rd, A ∈ so(d)

}
.

hV�	�����T
��	��
*�-R�������
5
���@
so(1, d)

���-
\(L
�&G+-#$���5���P
*&'�O���5�/� â

• a
@J���	�J!���#$#"� ��
*��+-[��p
*�-R����	�P
JR5��&	����
*���4���)(����	�����)�5
��

α ≡




0 1 (0)
1 0 (0)

(0) (0) 0d−1


 M < D S â a

+-
G
`#Y
7U +/#Y
��
!��5#$#W� �P
7��+-[��T
��	��
��/R5���	�P
W��@

so(1, d) â

• n = {X ∈ so(1, d) ; ad(α)X = X} =








0 0 th
0 0 th
h −h 0d−1


 ; h ∈ Rd−1



 â

1¦ÿ�4� ¢	� ¦;å 45þ
n
î<èWì7ð¾Ö3��ç�õ îcì7ð�èCë���ì*õ ü'ç���ó�ìLï�ö

so(1, d)
¢�ï�öWñ*î¬û$ç�ð	èCîcï7ð

d− 1
�

[n, n] = 0
þ

5 þ
n
î<èWì7ð�îcñ5çPì7õ3ï�ö

n⊕ a
þ

• k =








0 ... 0âââ so(d)
0







â

GdG | S�S�] y S�M_S�hzK�MO²fPrmqkcQTQTkAX[VTW���L�MOkcLskcPgV ]_VTkcW>å^æ vG_��½�S�W�k�]_S
0d−1

] y S (d − 1) × (d − 1)
Wfl�QTQ
hzK^]gMOV ° v
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• A = exp(a) =







!P�

(t)

��

(t) (0)
��
(t)

!P�
(t) (0)

(0) (0) 1d−1


 ; t ∈ R




A	+/��+-
O
Y!���#$#W� �P
7��+/[5�H
��	�	R5���5�	�L��@

SO0(1, d)
#Y
��	�]���

�*@s�)()�����������-+-!]���*�P
7��+-��&�
 â
•

N = exp(n) =








1 + |h|2
2 − |h|

2

2
th

|h|2
2 1− |h|

2

2
th

h −h v��
d−1


 ; h ∈ Rd−1





(
< ¤ ). M ´�â I â ° S

• K = exp(k) =

{(
1 (0)

(0) A

)
; A ∈ SO0(d)

}
â

&n�#û�ä�û����! 7�;û�� ¢	� éAå 4�þ A ð�ï7óCûYì7õ î5-4ç�è N þ
5 þ_¼�ï7óWì7ð�Ê

ζ ∈ R1,d ì7ð0ñLì*ð�Ê
N ∈ N ¢s]�ç3É ì7ô7ç 〈ε∗0 − ε∗1, Nζ〉 = 〈ε∗0 − ε∗1, ζ〉

þ
� 4�þOæ�ç�í

X ∈ n
ì7ð�ñ

A = etα ∈ A þ
AeXA−1 = etαeXe−tα = eAd(etα)X = ead(etα)X = ee

tX ∈ N .

5 þq¼�ï7ó
n =




0 0 th
0 0 th
h −h 0d−1


 ∈ n

¢ tn(ε0 − ε1) = 0
¢aè�ï�¢

e
tn(ε0 − ε1) = (ε0 − ε1)

þ �

hV���"@B�5�/�-�7:O+-&	RK�	��!��5#$���'
�+/��+-��&p+<
T
K
�����!�+-
��s!�
�
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�
�
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�+/��+-��&J�*@V
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 Â I Þ Q	� â 374 â
�3����û��7��� ¢	� Ç � �C�D�����5�D���4å �rÉ ç?û%ë õNí�î ø�õ îcòPì*í�îcï7ð N ×A×K → SO0(1, d)

ü�î¬ô\ç�ð×�FÊ
(N,A,K) 7→ NAK

î<è?ì
ñ7î ¶rçPï7ûYï7óùø�É5î<èCûYþ
�_x�za� z�¥Bx0£��

â h��H�	+-
���+-&	R���+-
��W���	�O���-��#$��&5�P
s�*@
SO0(1, d)

@B����#����	�5
��V�*@
so(1, d)

Q*:2�O
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��/� ��
��V�����<�W�-���������a�5�a!�
*��+N�P
*� �-���������P

@B���V���	�T���-��#$��&5�P
O�*@����	�TR5���5�	�8
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*�A�-���������P
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��/R5���	�P
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â|vù��:O+-�-�����r��
���@B�	�����W�	��1�&	�r���	�r�	��������!���+-��&
πN : SO0(1, d)→ N �)(

πN (g) = N
Q�+/@

g = NAK
+-
Kvo:2
5
�
\:V
�} 


� �4!���#$���5
�+N��+/�5&G��@
g â hV�	+<
V#Y
*�8+<
O
�#$�)�*��� âa¿ �TR5+/[5�]
�&�
*�-��R5����
V� ��1�&	+/��+-��&�
V��@

πA

*&��

πK â
{���� {en}n>0

���H���	�?�P
*&�� �5# :V
*�-9X��& G Q�:O+/���$����#%���-
\:
P̃1(

v��
, .) â pr�*��� en = (gn, ξn) ∈ SO0(1, d)× R1,d â

¿ �T:O+-�/����
��Hvo:V
�
�
\:2
�} 
2� �4!���#$���5
�+N��+/�5&G��@
SO0(1, d)

���Y��&�� ���P
���
*&��X���	�T������
\[)+/�5�	�V�*@
gn â vù@s:2�?
����

gn = NnAnKn,

:O+N���
Nn ∈ N

Q
An =



!P�

(tn)

��

(tn) (0)
��
(tn)

!P�
(tn) (0)

(0) (0) 1d−1


 ∈ A Q Kn ∈ K

Q0:��%
���
��/�3
����7:E����
7� tn
n −→

n→+∞
−d−1

2


*&��_����
*�

{Nn}n>0
!���&)[�����R5� â

GO¬
|h|
VTP;] y S � l�X�QTVTY�V\K�W%W�kcMOhþk�m

h ∈ Rd−1 v
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An
h3�[«

Nn���l�"} ª���«;¥Bx0¤��]x�~ {An}n>0
â hV�	�=�)()�����������-+-!s���*�P
7��+/�5&

An
+-
�� ��������#%+-&	�4�H�'(

tn â e>&��=��
�
�
O!��-��
*���	&�� ����
���
�&�� +-&	R�*@����	�T������
\[)+-���	�O��@������?
��4,5����&�!�� {tn}n>0
+N@s��&	�H�-�)��9 
O
7�

gn

5
O
*&K���-��#$��&'���*@

OH â{���� {ξ̇s}s>0
���]
 u ���7:O&	+<
*&Y#$����+-��&X�5&

H
Q 
��P
*�������Y@B���5#

ε0 ∈ H
Q 
*&�� {ξ̇s, {ε1(s), ..., εd(s)}}s>0

���>���	�H��
*���
+/&
OH

��� �P
*+-&	��� �)(t��
*�P
*�-�/��������
�&�
����5���$�*@����	�K@B��
�#$� {ε1, ..., εd}

*�-��&	R {ξ̇s}s>0 â�² ���Y
*&)(

s > 0
Qa���	�K@B��
�#$�

{ξ̇s, ε1(s), ..., εd(s)}
��@
R1+d �����-��&�R5
a��� SO0(1, d)

A)+-&X��
�����+-!��	�-
���Q
gn

��
�
������>
�
*#$���<
\:b
5
 {ξ̇n, ε1(n), ..., εd(n)} âz)��Q �5&	�T!�
*&8:O��+N���
ξ̇n = NnAnKnε0,îcþ¬ç�þ
ξ̇n = NnAnε0,
�+-&�!��

Knε0 = ε0 â kr
�+/&�R$���	�?
���!���&��G���5+/&'�O�*@s�	�������5
�+N��+/�5& ¢ß� é;Q ��&��]�5� ��
�+/&�

〈ε∗0 − ε∗1, ξ̇n〉 = 〈ε∗0 − ε∗1, NnAnε0〉 = 〈ε∗0 − ε∗1, Anε0〉 = e−tn .

¿ ��+N���
ξ̇s =

!P�
(ρs) +


��
(ρs)θs ∈ R1,d Q;��
�+-&	RK���	�$�����<
*�T!��)�5��� +-&�
*����


(ρs, θs)
��@
ξ̇s â"¿ �X
�
\:y+/&Z�	�������5
�+N��+/�5& §�§����
*�

• ρs = d−1
2 s+ o(s)

Q
• 〈ε∗1, θs〉 = θ1

s

Q�
*�-#%�'
���
��	�����-(L!��5&'[5����R��4
=���7:2
����G
"�-+-#%+/�
θ1
∞


���!P�G����
*� |θ1
∞| < 1 â

sr
�
$!��5&�
���,'�	��&�!���Q

〈ε∗0 − ε∗1, ξ̇n〉 =
!P�

(ρn)− 
��
(ρn)θ1

n =
1− θ1

n

2
eρn + o(1)

=
1− θ1

n

2
e
d−1

2 n+o(n) + o(1) = e−tn .

&n�#û�ä�û����! 7�;û�� ¢	� ½ � �%})ª��5«;¥Bx�¤��8x�~ {tn}n>0
��å�ÍVð�ç3É)ì\èWíOÉ)ç"ì7õ ûYï\è�í�èCë ó�çWòPï*ð�ô7ç�ó�ü'ç�ð�òPç tn

n −→
n→+∞

−d−1
2

þ

©��Ç�%})ª��5«;¥Bx�¤��¶x�~ {Nn}n>0
�_x�z�� z4¥Bx�£���â {gn}n>0

+<
K
��P
*&�� �5#Û:2
��/9b��&
SO0(1, d)

Qr:O+/�������	#$�v�<
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ν(.) ≡ P̃ �4� (g1 ∈ .) âa¿ ��+N���

gn = Y1...Yn,:O�	�����]���	�
Yi
} 
O
*���H+/+<�AQ	:O+/���8�<
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ν â s>
O
Y!��5���5�/�<
*��($�*@������5���'
�+/��+-��&_½�é;Q :2�]��
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��ì	�Cî¬õ îBí_Ê

ν
É)ì\è?ûYï7ûYç�ð�ícèTï�ö?ì7ð�ÊKï7ó�ñ5ç�ó�þ

hV���T+-� ��&'��+/��(
gn+1 = gnYn+1!�
*&K���T:O��+/������&_
�


Nn+1An+1Kn+1 = NnAnKnYn+1 = NnAnπN (KnYn+1)πA(KnYn+1)πK(KnYn+1)

=
(
NnAnπN (KnYn+1)A−1

n

)(
AnπA(KnYn+1)

)
πK(KnYn+1).

M ´�â I â · S

z)+/&�!�� A &	����#Y
*�-+/Ü���
 N Q
AnπN (KnYn+1)A−1

n ∈ N QA
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�
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Nn+1 = NnAnπN (KnYn+1)A−1
n
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lim ‖ v�� −AnπN (KnYn+1)A−1
n ‖1/n < 1.

M ´�â I âÃµ S
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πN (KnYn+1) = ehn
Q ��&	�H��
5


AnπN (KnYn+1)A−1
n = ead(etnαhn) = ee

tnhn ,

���4!�
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lim e
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n < 1
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lim ‖ v�� −AnπN (KnYn+1)A−1
n ‖1/n < 1+-
V�4,5��+/[7
*�-��&'�O���

lim ‖hn‖
1
n 6 1.
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‖ehn‖ = ‖πN (KnYn+1)‖ 6 sup

K∈K
‖πN (KYn+1)‖.
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K∈K
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n 6 1
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Q

• da− = R ε0 ⊕ na
Q
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
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
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
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
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ρs ds−

∫ n

0

(

��
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0
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0
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∫ ∞

0
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��
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��	�7:F����
7�V�����>+-&'����R5��
�������&��	
����

0 âa² �5�V+N�4Q :��]&	���4�X���#Y
7���5��+-Ü�� {(
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σ∞ â z)+/&�!��
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 u ���7:O&	+<
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r�w­zUlNt(l��(��r�sUl�zgn�� {ξ̇s}s>0
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ú:�Stvl
V1, ..., Vd

t(uUlo��lN�.t�r5s���xS�vr�x�s�t��=l��Nt(�����{l?�4w­��s
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2 } ≡ {Ek; 1 6 k 6 d(d−1)
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SO0(1, d)
Vd+k(g) = gEk.ý

exp(tEij) þ�ÿ��������	�
����þ ��
�������
����
��þ�
���
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SO0(1, d)

£
798;:�<;=�:�> È|ÉpÉ@?BADC�ðpí!E�FGADC�ðIH�JLKNM�ÇDO�¸«º�P�¸?»�Q�º R�³
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SO0(1, d) U
Y U • Z W|¸[P�¶]\ S º.» ¶BR L̃ ·�¶�»�Q S º.»�¹^QXW|¸�¹?¸_Q¤¶BR�¹�\�¶B¶`Q�WaR�¾|»p·_Q�º�¶�»U¹M¶S» SO0(1, d) b�c ºXQ�Wg·�¶]\�´ S ·_Q&¹¿¾¦´=´|¶SµdQ U
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¶S»
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2
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∫
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n∑
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xi(h)Vif(g)
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n(dh),
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( ∑
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<∞, n(U c) <∞
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( ∑
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RN¶�µ S »�³�»p¸?º~½`W V ¶�¾|µ�W|¶�¶qP U ¶BR ε0 U¡�u�l�r5s�t(�v�|z|���Nt(r���sj�S��©�ª?����y��(�|�NlBw(w(l�w§�=s
SO0(1, d)

r4w¼ÅZ��w�t(r5��l�zjn���t(u�lD�
�����5��¥`r�sUq
u <v=T<;wxw!yv=`z ÈUÉ�{|?dF~}&ï
î��{ÆgKNE[�j�v��ì��]�.�

2.2
El�&Ç

43
MBÇ Z W|¸Nµ(¸�º4¹ S µ¿º~½`WxQ SO(d) t º.»{² S µ¿º S »�Ql�5¸�R�Q«°
±?²�³g´pµ(¶�·�¸N¹�¹

{gt}t>0
º.»
SO0(1, d)

¹¿¾�·dW�Q�W S Q¤ºXQ�¹o· S »p¶�»{º�· S �U´pµ(¶��?¸�·_Q�º�¶S»¢¶S» H W S ¹9Q�W�¸o¹ S \�¸^� S]c�S ¹ {ξ̇s}s>0 U¡�u�r�w¼�N�=�(�=�5�4xS�v�:n��(r�sUq=w
��w
n�x���¯«tv�«x�z|��s�xS��r4�?xS��z|lBw(�?�(r�y|t(r���sM�S��x æ �5l?�.t¿è
©�ª����«y��(�|�NlBw(w
��s SO0(1, d)
£I�:yUyU��l?n�x��U�

xSs�z��D�Us�r~t�x`q=x¦�=l�r5s�Á �:� 6�� Ä�x:��u�xS��x��Nt(l?�vr���x�tvr5�=s:����©�ª?����yU�(�|�?l�wvw�lBw�r5s,©�r�lËq��v���Uy{w�x�w
w��=�5�|tvr5�=s�w�����r�s�t(l�q���xS��lq����x�tvr5�=s�wr5s����=�5��r�sUq,w�t(�|��u�x=wZtvr���w&r�s�t(l�q���xS�4w&¥`r5t(u��(lBw�ypl��Nt¤tv��x®ê§�(��¥`s�r�x�s��®��t(r���sjxSs�z�xm����r4wvw��=s��vx�s�z|�=�b�®lBx�w(�U�vl�£�kml�w�tvx�tvlr~t­r�sg���U���
��xS��l?¥§���v¯À£
��lN�{sUlDt(uUl���xSs{z|��� ��lBx�w(�U�(l

N
��s
R+ × SO0(1, d)

n��
N
(
[0, t]×B

)
=
∣∣{s ∈]0, t]; g−1

s− gs 6=
¨Zz��{xSs�z

g−1
s− gs ∈ B}

∣∣,
�
���

t > 0
x�s�z

B
x«ê§���vl?��r�x�sMw���n�w�l?t��S�

SO0(1, d)
£$�:w {gt}t>0

r�w¼xD©�ª�����yU�(�|�?l�wvw?�
N
r�w�xa����r4w(w(��s,�vx�s�z|��� ��lBx�w(�U�(l��

r~t��N����s=t�wËtvuUl:s��U�,n{l��&���|ÅZ�U��y�w§�S� {gt}t>0
£��U�=�¤xo�U}|l�z

B
��tvuUl:yU�v�|�NlBw(w {N([0, t]×B)}t>0

r4w {Fgt }t>0 Í x=zUxSyUt(l�z�£ú­�Stvl
N
tvuUlo�N�=��y{l�s�w(xSt(lBz���xSs�zU��� ��l�x=w����(l«�S�

N
£
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798i:�<v=�:�> ÈUÉUÆ�?dF~���D�g{.KBMBÇ Z W|¸Nµ(¸�¸sn=º4¹dQ
¹ S » n t P�º�\�¸N»�¹¿º�¶�» S � {Fgt }t>0 tNS P S ´gQ�¸
PD�­µ(¶ c »�º S »�\�¶!Q�º�¶S» {ws}s>0c ºXQXW÷·�¶�² S µ¿º S »À·�¸�\ S Q�µ¿ºGn {aij} b º.»gP=¸0´U¸N»TP�¸?»�Qo¶NR N b ¹�¾�·dW@QXW S Q$RN¶�µ S »�³¢·v¶`\:´ S ·_Q�� ³O¹¿¾¦´�´U¶�µdQ�¸�P C2 R�¾|»p·_Q�º�¶S» f ¶S»
SO0(1, d) b

f(gt) = f(g0) +

n∑

i=1

∫ t

0

Vif(gs−) ◦ dwis +

n∑

i=1

ci

∫ t

0

Vif(gs−) ds+

∫ t

0

∫

SO0(1,d)

(
f(gs−h)− f(gs−

)
N(ds dh)

+

∫ t

0

∫

SO0(1,d)

(
f(gs−h)− f(gs−)−

n∑

i=1

xi(h)Vif(gs−)
)
dsn(dh)

¡
��q=lNtvuUl?�«¥`r~tvuOt(u�l?���vl?� ÈUÉ{É�xSs{zOl_����xSt(r���s æ Ã�£�ç�£�ç¦èv�pt(u�r�w�t(u�l?���vl?�dyU�v����r�zUl�w­x�P�³�» S \,º�· S �1P�¸N¹N·?µ¿º ´gQ�º�¶�»ø�S��t(u�l�®��wZt`q=l?sUl��vx��p�vl?�4x�tvr5��r4wZtvr��«yU�v�|�NlBw(w§r�s
H× R1,d £�:yUyU��l?n�x��U� q=x¦��l�r�sOÁ �:yUy�Â=Â¦Ä2�=t(u�l?���vl?�

3
�=y�£

396
��x«´ S Q�W c º4¹?¸^P=¸¿¹?·?µ¿º ´gQ�º�¶�»j�S��x�©�ª����MyU�v�|�Nl�wvw¼r�s�x�©�r�l­q��v���Uy G £�:l?��sUr�sUql��n���xSs{xS����q���¥`r~tvuOt(u�lj ����?�5r4z|r4xSs���x�w(lMx��N�=��y{�=�Us�z¡����r4w(w(��sgyU�v�|�NlBw(w­x=w`tvuUl,�?����y{��w�r5t(r���sg���&x��vx�s�z|�=�

s����Mnpl?���S�Àr�r�z
G Í �¦x��5��l�z®�vx�s�z|�=� �¦x��(r4xSn��5lBw¼¥`uUl?�vl§t(uUl`s��U�,n{l����S�pt(l?�v��w�tvx�¯�l?s�z|l�y{l�s�zUw��=sMtvuUl`��xS���Ul`�S�Àx9�
�=r�wvw(��syU�(�|�?l�wvw�¢¿�{u�l,l��®y��5���=l�w`tvuUr4w«�?����yp���Us�zh�
�=r�wvw(��siyU�v�|�NlBw(w­t(�gz|l�wv�N�vr5nplotvuUl®y�x�tvu�w:���¤x�©<ª?���gyU�v���?l�wvw:r�s

G
¢Zx�w­t(uUl

xS���®��wZt�w����(l��5r���r~t`�S�<x®w(l_���Ul?s{�Nl:���
ê§�(��¥`s�r�x�s��®��t(r���s�w¤r�s=tvl?�v��x=�NlBz�¥`r~tvu���xSs�zU���KÅZ�U��y�wB¢�£Ë¡�uUr4w¤q�r���l�w§xSs�r5s�t(��r~tvr5�=l
yUr��Nt(�U�vlD�S��t(uUl�y{x�t(u{w��S��x®©<ª?����yU�v�|�NlBw(w�£
¡�u�l��vl�w(�U�~t�w��S�^�:yUyU��l?n�x��U� xSs�zÔxS�2£ �?x��®l

30
��lBxS��w�x��.t(l���tvuUl��vl�w(�U�5tvw�������x��(ypl?��l?��r4��u¤£�x���£��­xSs�z ò:�Us�t�£

�U���(t(��s�x�tvl?�����Àt(u�l?��x��(l,sU�StDsUl?lBz|l�z�t(�jq�l?tox�q=���|z�r�z|lBx����Ët(u�l®����s�q�tvr5��l�n{l�u�x¦��r5�=�U�«�S� {ξ̇s}s>0
£,¡�uUl®�
�����5��¥`r�sUq

w�lB�¿t(r���sjq�r���lBw�x�yU�(�����<�S���:�{z|�5l��ÀÊ w`�vl�w(�U�5tvw`x�n{�=�|t`r~tB£
¥­Ð�Ñ�Ð�¦ Ò¨§�Ú:äZÛ�Ó�©�Ü÷ÝUÛ<ÜL§�ä0ßUÜ
798i:�<v=�:�> ÈUÉgH�Ç Y UoZ W�¸­´{µv¶�·�¸N¹v¹ {ξ̇s}s>0

¶S»
H
º4¹
Pξ̇0 tNS

��\�¶�¹dQË¹¿¾|µ(¸4� ³ªQ�µ S »U¹¿º�¸?»�Q b�c W S Q2¸?²¦¸?µ ξ̇0 ∈ H U
r U(« ¶!Q2¸ (ρs, σs)

Q�W�¸�´|¶`� S µm·�¶B¶�µsPSº.» S Q2¸N¹�¶BR ξ̇s U¬Z W|¸­PSº.µ(¸�·4Q�º�¶�» σs ¶NR ξ̇s ·�¶�»�²�¸?µ�½=¸N¹ Pξ̇0 tNS ��\�¶�¹dQ�¹¿¾|µ(¸4� ³ c W�¸?»
s→ +∞ U

®­l��?x��5��tvuUl§zUlN��sUr5t(r���s,�S�UtvuUlf�U�����(r�l?�
t(��xSs�w��
���v� �S�{x:�vx=z|r4xS��yU�(�=n�xSn�r5��r~tZ�=�¦q�r���l?sMr5sMt(uUl§¨0s�t(�v��zU���¿tvr5�=s���r5s,l_����xSt(r���s
æ ç�£ ÂU£ � è�£Ë¡�uUl��vx=z|r4xS�ÀyU�v��n�x�nUr5��r5tZ� µ r4w�t(u�l���x¦¥ ��� ρ1

£
� Y U ¡�uUl�yU�v���S��r�w�n�x=w�lBz��=sjx¯1:�>�>�y È|É�J<Ç�°
¶�µM¸?²¦¸?µ¿³

R > 0 b QXW|¸Nµv¸,¸
n=º4¹�Q�¹ S ·�¶�»�¹dQ S »�Q C(R)
¹�¾�·dWoQ�W S Q c ¸^W S ²¦¸

Pε0
(
ρn 6 R

)
6 C(R)µ̂(0)n,

RN¶�µ S »�³ n > 1 U±p »�´ S µdQ�º�·N¾.� S µ b Pε0(ρn 6 R,
r�£ ��£

) = 0 U
# ú­��t(l µ?n = µ ? · · · ? µ � n t(r���l�w�£��:w`r�sjt(uUl^ Ë���N��r�zUr�x�s��
��xS��l�¥¤�=�(¯À�

µ̂ ? ν = µ̂ ν̂.

¡�uUlD�
�Us{�¿t(r���s
ρ ∈ R+ → ρ²X³ ρ z|l��?�(lBx�w(l�w�£¼ |���Uq=r5�=l?s R > 0

�

µ?n(ρ 6 R) =

∫

ρ6R
µ?n(dξ̇) 6

w�u
R

R

∫

ρ6R

ρw(u
ρ
µ?n(dξ̇)

6
w(u
R

R

∫
ρw�u
ρ
µ?n(dξ̇) =

w(u
R

R
µ̂?n(0) =

w(u
R

R
µ̂(0)n.

 �r�s��Nl
µ
r4w­sU��t:�N�=s��Nl�s=tv�vxSt(lBz��=s

ε0
xSs�z ρ²X³ ρ < 1

�Ur~�
ρ > 0

�
µ̂(0) < 1

£��­yUyU����r5s�q�ê§���vl?� Í ¬ x�s=tvl?���5r���l?����xq�r���lBw
Pε0(ρn 6 R,

º U ¶ U ) = 0
£ #
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k�l?�vl«t(uUl�yU�v�|�NlBw(w {ξ̇s}s>0
�(lB�N�U�v�(l�s�t���r~t­¥§������zj�N�=�®lDn�x=��¯�r�sgx®n�x��5� {ρ 6 r′} x�t:x��(nUr5t(��xS�vr��5���4xS�vq�l�t(r��®lBw?£ú­��t(l

S1 = inf{s > 0 ; ρs > 2r′}, τ1 = {s > S1 ; ρs 6 r′},xSs{z��U�vl��N���vw(r5�=l?�����
Sn = inf{s > τn−1 ; ρs > 2r′}, τn = {s > Sn−1 ; ρs 6 r′}.¡�uUlBw�low�t(�=yUyUr�sUq®t(r��®lBw­xS�vlDxS���

Pξ̇0 Í xS�����=w�t�w(�U�vl?������sUr5t(l=£¡�uUloy��(�|�NlBw(w {ξ̇s}s>0
l�s�ÅZ����r5sUq®tvuUlMw�t(�v��sUq�ÌOx��(¯=����yU�(�=y{l���tZ�=��xSs{z�r5tvw­t(��xSs�w(r5t(r���sj¯�l?�vsUl���w�npl?r�sUq���x�z|r4xS�2��t(u�l

lN}U�?�U�vw(r���s�w {ρs}τk6s<τk+1

�
k > 1

�|��� {ρs}s>0
���|t�w�r4z|l

[0, r′]
�U�S�¼uUl?r�q�u�t > 2r′

�U¥§���U�4zjn{l�r�s�z|l�y{l�s�z|l?s�t�x�s�z
r4z|l?s�t(r4�?x��5�÷zUr�w�t(�vr5n��|t(lBz�£÷¡�uUlj�5r5�
lNtvr5��lg�S� {ξ̇s}s>0

n{l�r5sUq
Pξ̇0 Í xS�����=w�t®w(�U�vl?����r�s|��s�r~tvl��&�=sUlg�N������z÷��u�����w�ljx�N�=s�w�tvxSs�t

r > 0
w���´��?r5l�s�t(������x��(q=l:tv��u�x¦��l

∀ ξ̇0 ∈ H, Pξ̇0

(
sup

06r61
d(ξ̇s, ξ̇0) 6 r

)
> 1

2
.

û�sUl�¥§���U�4zjz|l�z|�{�Nl«�
�(�=�Ïê§���vl?� Í ¬ xSs�t(l��5��r�Ê w¤�5l��®��x®tvu�x�t`¥§l�u�x¦��l Pξ̇0 Í xS�����=w�t`w(�U�vl?���

lim
k→+∞

1ξ̇[τk,τk+1[⊂B(ε0,r+r′)
= 1.

¡�uUl�r�s�t(l?�v��xS�
[τk, τk + 1[

�N��s�t�xSr�sUr5s�q®x�sjr�s�t(l�q�l?�B��¥¤l�¥§������z�u�x¦��l
lim

n→+∞
1ξ̇n⊂B(ε0,r+r′)

= 1,

�N�=s�t(��x�z|r4�¿tvr5sUq���l?����xjÈ|É�J�£
r U ¡�uUlMyp��r�s�t ξ̇0 ∈ H r�w:�U}|l�zOr�sOtvuUr�w«yU�v���S�Z£�¨�� ξ̇ u�x�w�yp���4xS���?������z|r5s{x�t(lBw (ρ,σ)

��¥§lMw(����lNtvr5��lBw:¥`�vr~tvl
Pρ,σ�
���

Pξ̇0
£

¡�uUl�uUlBxS�(t`�S��t(uUlDyU�v���S�
r4w`r�sjt(uUl
2 Í z|r���l?s�w(r���s�x��Àw(r5t(��xSt(r���s��Ux�s�zj¥¤l�z|�®t(u�l�yU�(�����
r�s�tvu�x�t:��x�w(l�£k�l�sUl?lBzjx

¯�:�>(>	y ÈUÉp��Ç Z W�¸?µ(¸�¸
n=º4¹�Q�¹ S ´U¶¦¹¿ºXQ�º.²�¸�R�¾|»À·4Q�º�¶�» f(n) > 0 b º.»À·Nµ(¸ S ¹�º.»�½ªQ�¶ ∞ bIc ºXQ�WµQXW|¸$RN¶]���5¶ c º.»�½�´{µ(¶¿´|¸?µdQ�³ UO�W S Q�¸?²¦¸?µ n > 1 b Q�W�¸?µ(¸®¸sn=º4¹dQ
¹ ρn > f(n)
¹�¾�·dWoQ�W S Q ∀ ρ > ρn b ∀σ0 ∈ Sd−1 b ∀ s > 0 b

Pρ,σ0

(
ρs 6 f(n)

¶�µ
dSd−1(σs, σ0) > 1

n

)
6 1

n2
.( ¶ )

# · w(lDu�xS�5��w(y�x��?lD�?������z|r5s{x�t(lBw§��s H £
· w(r�sUq,x�s�r�w(����l?t(�v����¥§l���xSs�w(�UyUyp�=w(l`tvu�x�t§t(uUl�q�l���zUl�w(r��`¥`r5t(u�y{�=��x��¤�?���=�vzUr5s�xSt(lBw {(ρ, σ0)}ρ>0

r4wËtvuUl:��r5s�l
{(y, 0)}y=1..0

r5sgu�x��~��w(y�x=�NlD�N������z|r�s�x�tvl�w�£
¡�uUl^����x�s=tvr~tvr5lBw

r(α, y)
xSs�z

rn
x��(l�z|l?��sUl�zj�=s���q=�U�vl

4.1
£$ Ë�5l��®l�s�tvxS�v����xS�4�N�U�4x�tvr5�=s�w§q�r���l

r(α, y) = y
cosα+ 1

| sinα| ;

t(u�r�w`r4w`x�z|l��?�(lBx�w(r5s�qM�
�Us{�¿t(r���sg���
α ∈]0, π[

£
 �l?t

yn =
sin 1

2n2

1+cos 1
2n2

rn
£��U���

0 < y 6 yn
xSs�z |α| ∈] 1

2n2 , π[
�

r(α, y) 6 rn.¸
dSd−1 þ�ÿ��¹�q��º�»�¼B��þ�½¦þ�����ÿ¹�����B��þ�¼N���L½¦þ�ÿ��¹����¼B��
�� Sd−1 �
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¾d¾d¾d¾¾d¾d¾d¾¾d¾d¾d¾¾d¾d¾d¾¾d¾d¾d¾¾d¾d¾d¾¾d¾d¾d¾
¿d¿d¿d¿¿d¿d¿d¿¿d¿d¿d¿¿d¿d¿d¿¿d¿d¿d¿¿d¿d¿d¿¿d¿d¿d¿

ÀdÀdÀdÀÀdÀdÀdÀÀdÀdÀdÀÀdÀdÀdÀÀdÀdÀdÀÀdÀdÀdÀÀdÀdÀdÀÀdÀdÀdÀ
ÁdÁdÁdÁÁdÁdÁdÁÁdÁdÁdÁÁdÁdÁdÁÁdÁdÁdÁÁdÁdÁdÁÁdÁdÁdÁÁdÁdÁdÁ

ρ = f(n)

1
n

Cn

rn

α

r(y, α)

1
n

(y, 0)

Â�Ã�Ä Å�Æ

�
r�q����(lDÃ�£�ç!Ç

�­����tvuUlD�®�=�(l=�UxSsU��t(uUl���l?��l?��l?s�tvx��(���?xS�4�N����xSt(r���s�w(uU��¥­w¤t(u{x�t`t(u�l«u���ypl?�vn{�=�5r4�«n�xS����¥`r~tvuO�Nl?s�tvl?�
(1, 0)

x�s�z
��x�z|r���w − log rn

1+cos 1
2n2

z|��l�wDsU��tDr�s�t(l��vw(l��Nt�x�s��iq�l���zUl�w(r��®wZt�xS�(t(lBzi�
�v���
y
�
¥`r~tvu¢zUr5�vl��Nt(r���s

α
�<r5�

y 6 ynxSs{z |α| ∈] 1
2n2 , π[

£
 �l?t

f(n) := − log
rn

1 + cos 1
2n2

.

ú­��¥���q�r���l�s��
s > 0

��t(uUlDz|r4wZtv�(r�nU�|tvr5�=s��S�
ξ̇s
�Us�zUl?�

P(y,0)
r�w§����t(uUl��
���v�

h(ρy)dρydσy
�=�
�=�§w(����l

h > 0
�=r5�

��s�lË��w(l�w
y{�=��x��<�N������z|r�s�x�tvl�w
(ρy, σy)

x=w(w(�|�Nr4x�tvl�z«¥`r~tvuotvuUl&yp��r�s�t
(y, 0)

£
ú:�St(l
(ρys , α

y
s )
�¦¥`r~tvu

αys ∈ [−π, π[
�

t(u�l�w(lj�?���=�vzUr5s�xSt(lBw?£ ¡�uUljy{�=��x��®�?������z|r5s{x�t(lBwo���
ξ̇s æ x�wvw��|�?r�xSt(l�z÷¥`r~tvuøtvuUl�yp��r�s�t (1, 0)

èMxS�vl�w�t(r��5�`s��St(lBz
(ρs, σs)

£
¡�xS¯�l

y 6 yn
£Ok r5t(u÷yU�v��n{xSnUr��5r5tZ�

1 − 1
n2

� |αys | ∈] 1
2n2 , π]

£Ok�l�w�l�l��
�v����t(uUl�yU�(lB�NlBz|r5s�qgt(u�xSt��¼��s¢tvuUr�w
l?�=l?s�t���tvuUl�yp��r�s=t

ξ̇s
wvx�tvr�w���l�w

ρs > f(n)
x�s�z

dSd−1(σs, σ0) 6 1
n

£Ë¡�uUlD�(lBw��U�5t��
�����5��¥­w��|¥`r5t(u

ρn = − log yn = − log

(
sin 1

2n2

1 + cos 1
2n2

rn

)
.

#
 �l?t

Cn(ξ̇0) ≡
{
ξ̇ ∈ H ; ρ > f(n),

x�s�z
dSd−1(σs, σ0) 6 1

n

}
.

k r5t(ugt(u�r�w`s��StvxSt(r���s��|��l?����xjÈ|Ép���vl�x�z�w

∀ ρ > ρn, ∀ s > 0, Pρ,σ0

(
ξ̇s /∈ Cn(ξ̇0)

)
6 1

n2
. æ Ã{£5ç=£ é è

ú­��¥��{w�l?t§�
�=�`l�x=��u�r�s�t(l?q=l?�
n > 1

�
τn ≡ inf{s > 0; ρs = ρn}.k�l�¯�s���¥ �
�v��� yp��r�s�t

1
tvu�x�t`tvuUr4w`uUr5t�t(r�sUq�tvr5��l�r4w

Pξ̇0 Í xS�����=w�t`w(�U�vl?������sUr5t(l=£&©�l?t s > 0
£

· w(r�sUq��{q��U�vl 4.2
�p�=sUl�w�l�l�wDx�w�r5smt(u�l,yU�v���S�&���&��l?����x�ÈUÉ{�itvu�x�t«t(uUl��(l®lN}|r4wZt�wDx��?��s�w�tvx�s=t

0 < ε < 1
2

w(����u
t(u{x�t`�
���­x�s��

n > 1
xSs�zjxSs��

ξ̇ ∈ Cn(ξ̇0)
¥`r~tvu

ρ = f(n)
�|��sUlDu�x=w

∀ s > 0 , Pξ̇
(
ξ̇s /∈ Cn(ξ̇0)

)
> ε.( È ) æ Ã{£5ç=£ � è

É
ξ̇s /∈ Cn(ξ̇0) þ ��þ ��ÿI½¦þ����B¼B��þ�
���þ�ÿI�q
��¼þ��(�����±������»������¼ÿ��]��½��B½9���N�¿þ�
����vÊ
ÿv�����1���NËh
������¦þ�ÿv½¦þ����B¼���þ�
���þ�ÿv�����±»q�¦þ ��
����Ì����
�Í]��Í¦þ���þ ��Îa
��

Sd−1 Ï �¹�������Zÿ¹»�� �i�~
�����
sË<ÿs�



"$#�%�&('$)�*,+.-/%�&�&�)10�2(34"$)15 6!�

ÐdÐÐdÐÐdÐÐdÐÐdÐÑdÑÑdÑÑdÑÑdÑÑdÑ
ξ̇S

ξ̇

�
r�q����(lDÃ�£ é Ç

¡�uUl�s��U��s�l«u{x�w

Pξ̇0
(
ξ̇τn+s /∈ Cn(ξ̇τn)

)
> εPξ̇0

(
∃ r ∈ [τn, τn + s[ ; ξ̇r /∈ Cn(ξ̇τn)

)
. æ Ã{£5ç=£ Ã|è

¡
�o��n|t�xSr�s�t(uUr4w¤r5sUlq����xS��r~tZ�=��¥§l:xSy�yU�5r�l�z®tvuUl:w�t(�v��sUqMÌixS�v¯����oyU�v��ypl?�(tZ�otv��t(u�l­����wZt¤lN}|r~t&t(r��®l
S
�
�(�=�

Cn(ξ̇τn)
Ç

• r~� dSd−1(σS , στn) = 1
n

�U��sUlD¯�sU��¥­w§tvu�x�t

Pξ̇S
(
ξ̇s−S /∈ Cn(ξ̇τn)

)
> Pξ̇S

(
ξ̇s−S

sU��t­r5sjt(u�l�u�xS�5� Í w(y�x=�NlDw�u�x=z|l�z�r�s��{q��U�vl 4.2
)

=
1

2
,

• r~� ρ(ξ̇S) = f(n)
�UxSyUy��5��r5sUlq����xS��r~tZ� æ Ã{£5ç=£ � èv£û�sUloz|lBz|���?l�w§�
�v��� r�sUl_����x��5r5t(r�l�w æ Ã�£�ç�£ é è&xSs{z æ Ã�£�ç�£ Ã�èËt(u{x�t

Pξ̇0
(
∃ r > τn ; ξ̇r /∈ Cn(ξ̇τn)

)
6 1

ε n2
.

ê§���vl?� Í ¬ x�s�t(l?����r=��l?����xDxSyUyU��r�l�w��SxSs�z®w�u���¥­w�tvu�x�t���s�l¤u�x=w Pξ̇0 Í xS�����=w�t�w(�U�(l��5� ξ̇[τn,+∞[ ⊂ Cn(ξ̇τn)
�Sl���s�lNt(�{xS���5�=£

¡�u���w���t(uUlD�=wv�Nr�����xSt(r���s���� {σs}s>0
�=s�tvuUlDr5s�t(l��(��x��

[τn,+∞[
r�w§��l�wvw¤t(u�x�s��=�¤lq�=�{xS�pt(� 2

n

�Ux�w
τn → +∞ ��t(u�r�wr��®y��5r�l�w�tvuUl

Pξ̇0 Í x��5���=w�t`w��U�vl��N�=s��=l?�vq�l�s��Nl��S� {σs}s>0
£ �
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e�Ò
Ó ÔªÕ.Öv×IØjÙ�ÚvÛ]Ü^×$Ý
¨0s�tvuUr4w`xSyUypl?s�zUr~}��U¥§lD�(lB�?xS���Àt(u�l��5r�sU¯�l?}|r�w�t(r�sUq�n{l?tZ¥¤l�l?s

h Í t(��xSs{wZ�
�=�(� x�s�z��?��s�zUr~tvr5�=s�xS��yU�v�|�NlBw(w(l�w�£
îTM

h Þ í4��î�ðvß_à�ì��]� á ®`lB�?x��5��¥§lDsU�Stvl
ps(u, v)

t(uUlDtv�vx�s�w(r~tvr5�=sjz|l�s�w(r~tZ�����
tvuUloz|r~âp�{w�r���s {us}s>0
£

©<lNt
h
nplDx,yp�=w(r~tvr5�=l

L Í u�x��(���=sUr��­�
�Us��Nt(r���s�£��������5��¥`r�sUq,�
����r5s{wZt�xSs��?l«��x!ã�©
x`ã ¬ u��UsUq���Á ¬kä 6 ô�Ä2� ¬ u{xSy�£ 5 ��¥¤lD�?x�sz|lN��s�lD�
���­xS���
s > 0

�
u, v ∈ H× R1,d �

phs (u, v) =
ps(u, v)h(v)

h(u)
.

ph
z|lNtvl?�v�®r�sUlBw«xjÌOxS�v¯�����yU�v���?l�wvw:�=sOt(u�l®w�tvxSt(l,w(y�x=�Nl (

H × R1,d
)
∪ {∂} �p¥`uUl��(l ∂ r4wDxSsil?}�t(��x�yp��r�s=tDsUl�l�z|lBzOr5st(uUl�z|l?��sUr5t(r���sg�S�
t(uUl«t(��xSs{w�r5t(r���s�yU�(�=n�xSn�r5��r~tvr5lBw?£�¡�uUr4w�yU�v�|�Nl�wvw§r�w`��xS���5lBz�tvuUlj� Þ í4��î�ðvß_à�ì��`�æå
ïXç±C;ßBï
ìÀðË�Ux�s�z�r~t�w���x¦¥

r�w`z|l�sU�Stvl�z
Ph
£�¨�tvwkè
ï�à¹��í�ï��é�

S
r4w�r5tvw`l?}�r5t`t(r���lD�
�(�=�áxS�����N�=��y�x��NtvxU�Ux�s�z�r~t�w­z|r~âpl��(l�s=tvr�x���q�l�sUl?��x�tv���

Lh(f) =
L(hf)

h
.

¡�uUl��
�����5��¥`r�sUqOxSn{w��=�5�|tvl��N��s�tvr5s��Ur5tZ�i�vl?�4x�t(r���s�r4wD�
�Us�zUx���l?s�tvx���£�¨�t�w�yU�v���S�`�?xSs�npl��
���Us{zmr�s�t(uUl�n{����¯øÁ ����s�Â é Ä&�S��:��sU¯�r�s��Uy�£
103
£¼kmlD��w(l�uUr4w�sU�St�x�t(r���s{w?£

798i:�<;=�:�> ÈUÉ�Îê?B��ëIßBì�è�C<í_��ì�ìÀðpí�ï�ð�C
ï.í�íî�]�Lè
î|íBï
ìpð�M�Ç9°<¶Sµ«¸?²¦¸?µ¿³,¹�Q�¶�´=´{º.»�½ªQ�º�\�¸
τ S »gP�¸?²¦¸?µ¿³ F6τ »À¶�»g»p¸�½ S Q�º.²¦¸µ S »TP�¶]\ ² S µ¿º S�V �5¸ Y b ¶�»p¸^W S ¹

Ehu[Y 1τ<S] = Eu
[
Y
h(uτ )

h(u)
1τ<S

]
.

u <v=g<vw�w�y;=!z Ç Y U °
¶�µo¸ S ·dW u0 ∈ H×R1,d b Phu0
tNS ��\�¶¦¹dQ¤¸?²¦¸?µ¿³«´ S QXWO¶BR�Q�W�¸ h t Q�µ S »�¹�RN¶Sµ�\ïP�º ð­¾�¹�º�¶S»iº4¹o·v¶S»�Q�º.» t¾�¶�¾�¹ U

r U�Z W�¸ h t Q�µ S »U¹XRN¶�µ�\ñP�º ð`¾�¹¿º�¶S»¢¸?»4�?¶S³¦¹jQXW|¸�¹dQ�µ(¶�»�½[ò S µ�óS¶�²«´{µv¶�´U¸NµdQ�³ U
�Ë�(���S��w«����t(uUlBw�l�wZt�x�tvl?��l?s�tvw«�?x�sinplM�
�=�Us�zir�sm��x!ã§©
x`ã ¬ u���sUq�Á ¬kä 6 ô¦Ä2��yUy<£

133− 134
�px�s�z����U�v�(l?t�t®Á ���U�  Ã�Ä��y�£

102
£

ë�M
h Þ í4��î�ðvßqà2ì��`� î�ðvå¤ì�ìÀðvå
ï.íBï
ìÀð<î�èkå�ï�ç±CvßBï
ìpð

798i:�<v=�:�> ÈUÉ���Ç�°<¸_Q
u0 ∈ H× R1,3 U °
¶�µ S »�³ Λ ∈ F b Phσ∞(ω)

u0
(Λ)
º4¹ S ²�¸Nµ�¹¿º�¶S»¢¶NR Eu0 [Λ|σ

(
σ∞(ω)

)
] U

� k�l�u�x¦��l«t(��w(l?l«t(u{x�t`�
���­x�s���n{�=�Us�z|lBzgê¤�=�(l��p�
�Us��¿tvr5�=s f : Sd−1 → R
�
u0 ∈ H× R1,d−1 xSs�z Λ ∈ F �

Eu0 [f(σ∞)1Λ] = Eu0 [f(σ∞))Ph
σ(∞)

u0
(Λ)]. æ Ã{£ é £5ç�è��r~}

f
xSs�z

u0
£�¡�uUl�w�l?t§���

Λ
Ê w§¥`uUr4��ujwvx�tvr�w���l�w&t(u�l«y��(lB�Nl�zUr5sUq,l_����xSt(r���s�r4w�x�\�¶�»À¶`Q�¶�»À¸M·4� S ¹�¹¿£Ë©�l?t {Kn}n>0nploxSsjlN}|u�xS�{wZtvr5�=s��S�

H×R1,d n���x�s�r�s��N�vl�x=w�r�sUq�w�lq���Ul?s��?l������?����y�x��Ntvx��U¥`�vr~tvl Sn = inf{s > 0;us /∈ Kn}t(u�l�lN}|r~t`tvr5��lD�
�v���
Kn
£Ë¡�uUloxS��q�l�nU�vx ⋃

n>0

F6Sn
q�l�sUl?��x�tvl�w F Ç

σ(
⋃

n>0

F6Sn) = F .

 ��{�Sr~t&w(�.´��NlBw
t(��w�u���¥ t(uUl��vl?�4x�tvr5�=s æ Ã{£ é £5ç�è<¥`r~tvu Λ ∈ F6Sn
£$�U�=�Ëw��{��u,x

Λ
�St(uUl`xSn{w��=�5�|tvl§�?��s�t(r�s��Ur5tZ�o�(l���xSt(r���s

ÈUÉ�Î,ÅZ��w�t(r5��lBw�t(uUlo�?�(�{�Nr4xS��l_����x��5r5tZ� •
=
n{l��5����¥�£
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Eu0 [f(σ∞)1Λ] = Eu0 [1ΛEu0 [f(σ∞)|F6Sn ]] = Eu0 [1ΛEuSn [f(σ∞)]] = Eu0 [1Λ

∫
hσ(uSn)f(σ) dσ]

=

∫
f(σ)hσ(u0)Eu0 [1Λ

hσ(uSn)

hσ(u0)
] dσ

•
=

∫
f(σ)hσ(u0)Eh

σ

u0
[1Λ] dσ

= Eu0 [f(σ∞(ω))Ph
σ∞(ω)

u0
(Λ)].

�
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e�ÒNô õöØ^÷$øùÖvÜ fûú Û]×vükÚIÙ�ü h Ú|ý4ÙjÖvükþ^×IØjÿ
©�lNt

u ∈ H× R1,d £�kmlow(uU��¥§l�z�r�sOw�lB�¿tvr5�=sOÉ�Ç4É�Ç4É�t(u{x�t`t(u�l Inv({us})Í ��l�x�w(�U��xSnU��l«�vx�s�z|���á�¦x��(r4xSn��5l
Rε1∞ = lim

s→+∞
q(ξs, ε0 + ε1)

u�x�w��|�Us�z|l��
Pu
��x®��x¦¥%�(l���xSt(l�z�t(��tvu�x�t­���|�
�vl�w(sUl�Ê w`r�s=tvl?q=�vx�� ∫ +∞

0 e−ws−
d−1

2 s ds
£����vl��Nr4w(l?�����

hε1>`(u) = Pu (Rε1∞ > `) = P
(∫ +∞

0

e−ws−
d−1

2 s ds > y(`− ξ′0)

)
,

¥`uUl?�vl
u = (ξ̇, ξ)

�
ξ̇
u�x¦��r�sUq�u�xS�5��w(y�x��?lD�?������z|r5s{x�t(lBw

(y, x)
��xSs{z

ξ
u�x¦��r5sUq

g′ Í �N������z|r�s�x�tvl�w (ξ′0, ..., ξ′d)
£

k�lD��w(l�z�r�sjw(l��Nt(r���sjÉ�Ç4É�Ç4É�t(uUlDx,yU�(r����vr{w(�����St(u�sUl�wvw&����t(u�l:�
�Us{�¿t(r���s
hσ>`
q=r5�=l?s�n���yU�v��yp�=w(r5t(r���s�{ÀÉ�tv�®wvx¦�®r~t`r4w

Lh
σ Í u�x��(����s�r���£<k�l:z|l�zU���NlBzM�
�v���#t(uUr4w���x=�¿t�tvu�x�tËtvuUl`��xSs�z|�=�R��xS�vr�x�nU��l ∫ +∞

0
e−ws−

d−1
2 s ds

u�x�wËx�w(�����St(u�z|l�s�w(r~tZ�
¥`r~tvuj�vl�w(ypl��¿t�tv��©�l?npl�w(q���l�Ê w¤��lBx�w(�U�(lD�=s

R
£Ë¡�uUl�lq����x�tvr5�=s

Lh
σ

hσ>` = 0
�|l?s�x�nU�5lBzjr~t�w�r�z|l�s�t(r5�{�?xSt(r���siÇ

P
(∫ ∞

0

e−ws−
d−1

2 sds ∈ r + dr

)
= 1r>0e

−2/rr−ddr

���(�=y{��w�r5t(r���s�{pÉ�r4w`x,�?��s�w(l_���Ul�s��Nl«�S��ò����v��xSs�zUl?�BÊ w§u���y{��l?����r5y|tvr��?r~tZ��tvuUl?�=�(l�� �|��s�l«��xSs��{s�zjr~t�w���w�lDx,uUl�x¦����yU�vr��?l
t(��y�x¦��£
¨0s8t(u�r�w�y�x��vx�q���xSyUu<��¥§l�q=r5�=ljx�z|r��(lB�¿t�yU�v�����:�S�:t(uUlOw(�®����t(uUsUlBw(w,�S�:t(uUlg�4x¦¥ �S� ∫∞

0
e−ws−

d−1
2 sds

�&��w(r�sUq�x�s
r5s�t(l�q���x�tvr5�=s�n���y�x���t��
���v�M����x�£�¨0s�l_����xS��r5tZ� æ Ã{£ � £  è&¥`r5����l?s{xSnU��lD��w�t(��x�yUyU����t(uUlD�
�=�5����¥`r�sUq�¥¤l��5��¯�sU��¥`s���x��Nt�£�(=g<���<����
	��X<��8ÈL{g��Ç�°
¸_Q

ν V ¸ S ��¶�µ(¸4��´{µv¶ V
S�V º�� ºXQ�³�¶�» R S »gP S »gº.»gQ2¸�½�¸Nµ k > 2 U�
 ¾¦´=´|¶�¹N¸^QXW|¸Nµ(¸�¸
n=º4¹dQ
¹ S ·�¶S»U¹dQ S »�Q
Ck > 0

¹¿¾�·�W�QXW S Q�RN¶Sµ S »{³�¹�\�¶B¶`Q�WaR�¾|»À·4Q�º�¶�» φ c ºXQ�W V ¶S¾|»gP�¸�P�P�¸?µ¿º.² S Q�º.²�¸¿¹ b
∣∣∣∣
∫
φ(k)(x)ν(dx)

∣∣∣∣ 6 Ck‖φ‖∞.

Z W|¸N» ν W S ¹ S P=¸N»�¹�ºXQ�³ c ºXQ�W�µ(¸N¹�´|¸�·_Q±Q�¶,°
¸ V ¸N¹�½S¾�¸^\�¸ S ¹¿¾|µ(¸ b ¶BR,·d� S ¹�¹ Ck−2 U
� �­yUyU��r�l�z ¥`r5t(u

φ(t) = eiλt
�
tvuUl�u���y{��t(uUlBw�r4w�tvl?����wM��w�tvu�x�tMt(uUl��?��s�t(r�s��U���{wD�
��s��Nt(r���s

ν̂(λ)
z|l��?�(lBx�w(l�woxSt

��l�x�w�t:x�w
λ−k

Ç

|ν̂(λ)| 6 Ckλ−k æ Ã{£ � £5ç�è
ν̂
n{l�r5s�q�r5s�t(l�q���xSnU��l���tvuUl�r5s��=l?��w�r���s��
���v�M�U�4x,t(l?���4w���w�t(u{x�t

ν(t) =

∫
eitλν̂(λ)dλ.

ê§l���xS��w(lD�S� æ Ã{£ � £5ç�èv�|t(u�l�r5s�t(l�q���xS�Àr4w`x Ck−2 �
�Us��Nt(r���sg�S� t £ �k�low(u�xS���Àtvx�¯�l�x�z|��x�s=t�xSq=l����
tvuUlD�
�����5��¥`r�sUq®¥`�(r5t(r�sUq
∫ ∞

0

ewu−c u du =

∫ 1

0

e(wu−uw1)+(w1−c)u du+ e−cew1

∫ ∞

1

e(wu−w1)−c(u−1) du

=

∫ 1

0

epu+(w1−c)u du+ e−cew1

∫ ∞

1

eewu−c(u−1) du,

æ Ã{£ � £ é è

r5s�¥`uUr���u���sUl ∫∞
0
ewu−c u du

xSy�y{lBxS��w&x�w§x��
��s��¿tvr5�=s�xS�À�S�<t(uUlDê§�(��¥`sUr4xSs�n��(r4z|q�l {pu}06u61 = {wu− uw1}06u61
�

�S�
w1
�¼xSs�z¢����t(uUljê¤�v��¥`sUr4xSs����St(r���s {w̃u}u>0 = {wu+1 − w1}u>0

£g¡�u�l�w(l�t(uU�vl?l�yU�(�|�?l�wvw�lBw�xS�vl�r5s�zUl?ypl?s�zUx�s�t
�Us�z|l��

P
£��U�v��� s���¥ö��s<�|¥¤l�sU��t(l

Ω = C
(
[0, 1],R

)
× R× C(R+,R),
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l?s�z|��¥§l�zg¥`r5t(u�t(uUl®yU�v�|z|���¿t
σ Í x��5q=l?nU��x��S�&t(uUl®ê¤�=�(l��5r4xSs σ Í xS��q�l�nU��x�w`���Ël�x���ui��x��¿tv���B£:k�l,y��|t«�=sgt(uUr4w«��l�x�w(�U��xSnU��lw�y�x=�Nl«t(u�l�yU�(�=n�xSn�r5��r~tZ�

Q = P[0,1] ⊗W⊗ P̃,¥`uUl?�vl
P[0,1] r4w:tvuUl®��x¦¥ ���Ët(uUl�ê§�v��¥`sUr�x�sOnU�vr�z|q=l�� W r�wDx�wZt�xSs�zUx��vz��DxS��wvw�r4xSs���x¦¥���xSs{z

P̃
tvuUl®k r5l�sUl?�D��l�x=w��U�vl

��s C(R+,R)
£�k�l,w(u�x��5�
sU�Stvl

ω = (p, w1, w̃)
x�sOl?��l?��l?s�t«�S�

Ω
��xSs�z

w
t(uUl�ê§�(��¥`s�r�x�sj����t(r���s��?��s�w�t(�v���¿tvl�zj�
�v���

p, w1, w̃
£

ú:�St¤t(�M�?����yU��r���x�t(l­t(uUl­¥`�vr5t(r�sUq���¥¤l�w�u�x��5�UtvxS¯=l
c = 1

£
k�l:w(u�xS���{w(uU��¥ót(u�xStËt(u�l:��xSs�z|�=�#��xS�vr4xSnU��l ∫∞
0 ewu−u duu�x�w`x C2 z|l?s{w�r5tZ��¥`r5t(ug�(lBw�ypl��Nt�t(��©�l�n{lBw�q=�Ul�Ê w§��l�x�w(�U�vlD��s R £

¥­Ð���Ð�Ñ ��ã­Û Ö�Ùpß�à&Ý�Ü Ö�Õ:Ú ßUã­Û
ØZÝ���§:Ö�ä�Ø0ßUØ�Û<Ü
kmlow(u�xS����y�x¦��xSt�tvl?s�t(r���s�t(��tvuUlD�
�����5��¥`r�sUq[����xSs�t(r5t(r�l�w�£
• X(ω) =

∫∞
0
ews−sds

�
• �U�=� k > 1

�
X(k)(ω) =

∫ 1

0
uk epu+(w1−1)u du+ ew1−1

∫∞
0
eewu−u du

• F (ω) = 1
X(1)(ω)

£

φ
¥`r��5��nplox�w������Stvu�np����s�z|l�z��
�Us{�¿t(r���sg¥`r5t(ugnp���Us�zUl�zgz|l?�vr��¦xSt(r���lBw��S��x��5���=�vzUl?�B£
¨0s�tvuUlD�
��������¥`r5sUq{��¥¤l�w(u�xS����¥`�(r5t(l

Lp
�
���
Lp(Q(dw))

�{x�s�zj¥`r5����sU�Stvl
E
tvuUl���l�x�s��=y{l��vxSt(�����Us{z|l?�

Q
£

�����
P̃ Í xS�����=w�t®xS��� w̃ x�s�zøl���l��(� p

�
X(p, ., w̃)

xSs�z
F (p, ., w̃)

x��(l C∞ �
�Us��Nt(r���s�w���� w1
£ø¡�u�ljz|l��(r���x�tvr5�=l�w®�S�

X(p, ., w̃)
xS�vlDl_����xS�Àtv�

X(k)(p, ., w̃)
xSs�z�t(u{x�t­�S�

F (p, ., w̃)
xS�vl«lN}|yU��r��?r~tqÇ

F (1)(p, ., w̃) = −
(
X(2)F 2

)
(p, ., w̃),

F (2)(p, ., w̃) = −
(
2F (1)X(2)F + F 2X(3)

)
(p, ., w̃),

xSs�zjw����=s�£�kmlow(u�x��5��¥`�vr~tvl
∂w1

(
φ(X)F

)
= X(1)φ′(X)F + φ(X)F (1) = φ′(X) + φ(X)F (1).

��=T<���<����
	��X<�� ÈL{<È{Ç Y U X ∈ Lp b RN¶�µ S ��� 1 6 p < 2 U�� ¹ 0 6 X(k) 6 X b X(k) ∈ Lp b RN¶�µ S ��� 1 6 p < 2 U
r U F ∈ Lp b�c W S Q�¸N²�¸Nµ p > 1 U�� ����ºXQ�¹^P=¸Nµ¿º.² S Q�º.²�¸¿¹ c ºXQ�Wjµv¸¿¹�´U¸v·_Q1Q�¶ w1 S µ(¸ S � ¹N¶�º.»­Q�W�¸o¹�´ S ·�¸¿¹ Lp b p > 1 U
� Y U ©<lNt 0 < a < 1

npl�xO�?��s�w�tvx�s=tB£j¡�u�l��
�Us��Nt(r���s
ewr−r

r4w�r�s=tvl?q=�vx�nU�5l����=l?�
(0,+∞(

��s÷xSs¢l���l?s�tM���
yU�v��n�x�nUr��5r5tZ�

1
£gû�sUl��?xSs x�yUyU���i��s�t(u�r�w�l���l�s=t���l?s{w�l�s�Ê wDr�sUlq�=�{xS��r~tZ�Otv�gt(uUl��
��s��¿tvr5�=s 1

ae
wr−(1−a)r xSs�zmt(u�lyU�v��n�x�nUr��5r5tZ�

ae−ar1r>0
�|�=sUlD��n|t�xSr�s�w

(∫ ∞

0

ewr−r dr

)p
=

(∫ ∞

0

ewr−(1−a)r

a
ae−ar dr

)p
6 a1−p

∫ ∞

0

epwr−(1−a)pre−ar dr.

 ���¥§lDu�x¦��l
E
[(∫ ∞

0

ewr−r dr

)p]
6 a1−p

∫ ∞

0

e
p2r
2 −
(

(1−a)p+a
)
r dr <∞,

r5�
p2

2
< (1− a)p+ a. æ Ã�£ � £ � è

 �r�s��Nl,��sUl,�?xSsj��s{zix��N�=s�w�tvxSs�t
0 < a < 1

�pw(��xS����l?sU�=�Uq�ugtv��wvx�t(r4w��
�j�?��s�z|r5t(r���s æ Ã�£ � £ � è����
���«xSs�� p < 2
�UtvuUl

�vl�w(�U�~t`�
�=�5����¥­w�£
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r U  Ëw�t(r���x�t(l Q(F (w) > r)
£

Q(F (w) > r) = Q
(∫ 1

0

epu+(w1−1)u du+ ew1−1

∫ ∞

0

eewu−u du <
1

r

)

6 Q
(
ew1

∫ ∞

0

eewu−u du <
e

r

)
6 Q

(
ew1

∫ 1

0

eewu−u du <
e

r

)

6 Q
(
ew1

∫ 1

0

eewu−u du <
e

r
; inf
u∈[0,1]

w̃u > −
ln(r)

2

)
+Q

(
ew1

∫ 1

0

eewu−u du <
e

r
; inf
u∈[0,1]

w̃u < −
ln(r)

2

)

6 Q
(
ew1

∫ 1

0

e
− ln(r)

2 −u du <
e

r
; inf
u∈[0,1]

w̃u > −
ln(r)

2

)
+Q

(
inf

u∈[0,1]
w̃u < −

ln(r)

2

)

6 Q
(
w1 6 −

ln(r)

2
+
¬ tvl )

+ 2Q
(
w̃1 >

ln(r)

2

)
.

æ Ã{£ � £ Ã|è
 Ëx=��uj���<tvuUl�w(lDt(l��(��w�r4w`�S�
t(uUlowvxS��lD����z|l?�qÇ 1

r
ln(r)

8 ln(r)

£
¡�uUr4w��
�Us��Nt(r���sg�S�

r
zUl��N�vl�x=w�lBw§l?sU�=�Uq�u�t(��l?s{w��U�vl«t(u�xSt­¥¤lDu�x¦�=l

E[F p] =

∫ ∞

0

rp−1P(F > r)dr <∞.

�
���­x��5�
p > 1

£
�:w,�N�=s��Nl��(s�t(u�l�z|l?�vr5��xSt(r���l�wo�S�

F
�
¥§l�t(�vl�xStot(uUl��{�vw�totZ¥§�j�=sUl�w

F (1) x�s�z F (2) ��uUr�q�uUl��Mz|l��(r���x�t(r���lBw�npl?r�sUqu�x�s�z|��l�zjr5sjtvuUlow(x���l«¥�x¦��£
�U�v���át(uUl�x��5���=w�t­w����(lDr�sUl_����x��5r5tZ�

0 6 X(2)F =
X(2)

X(1)
6 1,

��s�l�q�lNt�w
|X(2)F 2| 6 F.¨�t`�
��������¥­w§t(u�xSt

F (1) = −X(2)(ω)F (ω)2 npl?����sUq�w§t(��xS���Àt(uUlow(y�x=�Nl�w Lp � p > 1
£

¨0sjt(uUl�wvxS��lD¥§x¦�=�|x�w
X(3)(ω)F (ω) = X(3)(ω)

X(ω) 6 1
��tvuUl���xSs�z|�=�b��xS�vr�x�nU�5l

F 2X(3) u�x�yUy{l�s�w§t(��npl�r5sgxS���Àt(u�lw(y�x��?l�w
Lp
£Ëê§l�w(r�z|lBw?�|�=sUlD¯�sU��¥­w¤t(u�xSt

0 6 X(2) F 6 1,xSs{z
F (1) ∈ Lp, ∀p > 1.¡�u���w��

F (2) = −2F (1)X(2)F − F 2X(3) r�w�r�sOxS���Àt(uUl Lp Ê w?� p > 1
£ �

¥­Ð���Ð�¦ �=Õ¤ß|Û �ËÝ�Ö
ßUØ�à&Õ"!§Ó Þ:Ö¼Ý|ßUÜ
798i:�<v=�:�> È.{ÀÉï?$#?ðpí_�&%���î|í�ï
ìÀð ëTíñ�
î��Bíqß¤à�ì��`�hCvè
îTMBÇg°
¸4Q

φ V ¸ S »�³ C1 V ¶�¾|»TP�¸�PoR�¾|»p·_Q�º�¶S» c ºXQ�W V ¶�¾|»gP=¸�PP�¸?µ¿º.² S Q�º.²�¸ U('kS ·dWo\�¸4\ V ¸?µ�¶NR^Q�W�¸®¸*)?¾ S �~ºXQ�³�º4¹ c ¸4���IP�¸�eË»À¸�P b±S »TP�¶S»p¸^W S ¹

E
[
w1 φ(X)F

]
= E

[
∂w1

(
φ(X)F

)]
. æ Ã{£ � £ ô�è
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� w1
xSs�z

F
npl?����sUq=r5sUq�tv��t(u�lMw�y{x��NlBw

Lp
�
w1 F

r4w`r�s=tvl?q=�vx�nU�5l=£
φ(X)

r�w:n{�=�Us�z|lBz�£�°�¾ V º.»�º,+ ¹jQ�W�¸�¶Sµ(¸d\ x�s�zt(u�l�r5s�t(l�q���x�tvr5�=s��
�=�(�,�U��xM�
���­x�w�tvx�s�zUxS��z-�DxS��wvw�r4xSs���l�x�w(�U�vlD��s
R
� N (dw1)

��ÅZ��w�t(r5�
��tvuUlD�
�����5��¥`r�sUq

E[w1 φ(X)F ] = P[0,1] ⊗ P̃
(∫

w1φ(X(p, w1, w̃))F (X(p, w1, w̃))N (dw1)
)

= P[0,1] ⊗ P̃
(∫

∂w1

(
φ(X(p, w1, w̃))F (X(p, w1, w̃))

)
N (dw1)

)

= E
[
∂w1

(
φ(X)F

)]

���w
∂w1

(
φ(X)F

)
= X(1)φ(X)F + φ(X)F (1) = φ′(X) + φ(X)F (1) ��tvuUlD�
��������¥`r5sUq��?���v������x��(��uU�=��zUw�£

u <;=T<vw�w�y;=!z È.{�{<Ç Z W|¸Nµ(¸D¸
n=º4¹�Q�¹ S ·�¶�»�¹dQ S »�Q C1 > 0
¹¿¾�·dWlQ�W S QIQ�W�¸IRN¶]���5¶ c º.»�½®º.»À¸*)?¾ S �~ºXQ�³9W|¶]�~P�¹vRN¶�µ«¸N²�¸Nµ¿³ V ¶S¾|»gP=¸
PR�¾|»p·_Q�º�¶S»

φ ∈ C1 b�c ºXQ�W V ¶S¾|»gP�¸�P�P�¸?µ¿º.² S Q�º.²�¸¿¹,¶NR S ���¼¶�µsP=¸Nµ U
∣∣E[φ′(X)]

∣∣ 6 C1‖φ‖∞.
¡
��q�l?t¤tvuUlow(x���l�¯�r�s�z����<l�w�t(r���x�tvl�w�¥`r5t(u

φ(2) r5s{wZtvl�x�z��S� φ′ �Ux�yUyU����t(uUlDr�s=tvl?q=�vxSt(r���s�n���y�x���t§�
�����v�U�4xotv� φ′ tv�q�lNt

E
[
φ(2)(X)

]
= E

[
φ(1)(X)

{
Fw1 − F (1)

}]
. æ Ã{£ � £ õ�è

km�vr~tvl
K = Fw1−F (1) £��:w F x�s�z w1

npl?����sUqMt(�®xS����tvuUl«w(y�x=�Nl�w
Lp
�
Fw1

r�w§xS�4w��Mr5sjxS����tvuUl�w(y�x��?l�w
Lp
�|x=wË¥§l?���px=w

K
£¼¡�uUl:wvxS��l`uU���4zUwË�
���

KF
��¥`uUr4��u�r�wË�
���

P̃ Í x��5���=w�t&xS��� w̃ x�s�z®l?��l��(� p
x�w(�®����t(u��
�Us��Nt(r���s����

w1
�=¥`r5t(u�z|l?�vr5��xSt(r���l

∂w1(KF ) = K(1)F +KF (1).

¡
�olBwZtvr5��x�tvl
E[φ′(X)K]

���=sUl:xSy�yU�5r�l�w�t(uUl­r�s�t(l�q���x�t(r���s®n��,y{xS�(t��
���v�M�U�4x«sU�StËtv�
φ(X)F

��nU�Ut&t(�
φ(X)KF

£�¡�uUl
��w�lD���
tvuUlD�
���v�M�U�4x,r�w¼ÅZ�{wZtvr~��lBzgx�w�r�s�tvuUl�yU�v���S�
���<tvuUlDt(uUl����vl?�g£�¨�t`q�r���lBw

E
[
φ′(X)K

]
= E

[
φ(X)

{
KF w1 − ∂w1(KF )

}]
. æ Ã{£ � £ � è |���U¥§lDu�x¦��l

E[φ′(X)K] 6 ‖φ‖∞ ‖KF w1 − ∂w1(KF )‖L1 .kmloz|lBz|���?lD�
�(�=� æ Ã{£ � £ õ�è�tvu�x�t`¥§lo�?x�s���s{zjx��?��s�w�tvx�s=t C2
w(����u�tvu�x�t

∣∣E
[
φ(2)(X)

]∣∣ 6 C2‖φ‖∞.
¡
�gq�l?t«tvuUl�wvxS��l�l�w�t(r���xSt(lBwD¥`r~tvu

φ(3)(X)
�<�=sUl�xSyUy��5r�l�w«t(u�l®r�s�t(l�q���x�t(r���smn��iy�xS�(tD�
���v�M�U�4x�t(�jt(u�l��
�Us��¿tvr5�=s�xS�

φ(X)w1F
2K

��t(uUl�s�tv��q�l?t§tvuUlD�
��������¥`r5sUq,t(u�l?���vl?�g�|tv�®t(uUlD�
�Us{�¿t(r���s{xS�
φ(X)(w1F )2FK

£
798;:�<;=�:�> ÈL{{Æ<Ç Z W|¸Nµv¸:¸
n�º4¹dQ�¹ S ·�¶S»U¹dQ S »�Q C4

¹¿¾�·dWjQXW S Q�RN¶�µ­¸N²�¸?µ¿³ V ¶S¾|»gP�¸�P�R�¾|»À·4Q�º�¶�» φ b;c ºXQ�W V ¶�¾|»TP�¸�P^P=¸Nµ¿º.² S Q�º.²¦¸N¹¶BR S ���¼¶�µsP=¸Nµ b ∣∣E
[
φ(4)(X)

]∣∣ 6 C4‖φ‖∞. æ Ã{£ � £  è
�:w­¥�x�w:y{�=r5s�tvl�zO�=�|t:r�siyU�v��yp�=w(r~tvr5�=s�È.{g���{t(uUr4w�r5sUlq����xS��r~tZ��r5��yU��r�l�w:t(u�xSt:t(u�lM�4x¦¥K���

X(w)
u�x�w�x C2 z|l�s�w(r~tZ�j¥`r~tvu�(lBw�ypl��Nt�t(�ø©<l?npl�w(q��Ul=Ê w��®lBx�w(�U�vl�£ ¡�uUl�lq�=�{x�t(r���s æ é £ é £�ç?Ã�è æ/. è�t(u�xSt�l?s{xSnU��l�zÔr5tvw�r�z|l�s�t(r5�{�?xSt(r���s w(uU��¥­w�t(u{x�t�tvuUr�wz|l?s�w(r5tZ�÷r�w�x��¿tv��xS����� C∞ £ kmli�?���U�4zóq�l?t®tvuUr4w���x��Nt�n��8r~tvl?��x�tvr5sUq¢r�s�z|l?��sUr5t(l?���÷tvuUlOr�s=tvl?q=�vxSt(r���són��øy�xS�(t��
���v�M�U�4xæ Ã�£ � £�ô=è�£0*1 ���B����
������¹�32���ÿ c = 1 �
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e�ÒZe 4,Ü ú65 ÿ4ý_Ù�þ Ü^ÛÌØæÔ�7 5 Üªü	ÿ4ÿ_ý 5 ÖIýd÷98�ý;: ú ÚIýdÜjÙ ÜmÙ R2

©�lNt
σ
xSs{z

b
n{lDtZ¥§���N�=s=tvr5s��U�=��w§�
�Us��Nt(r���s�w��=s

R
£�k��vr~tvl

a = σ2

2

£�k�low���yUy{��w�l«tvu�x�t
ç�£
a > 0

�
é £ ∫ +∞

−∞ a−1(z)e
R
z
0
b(r)
a(r)

dr dz < +∞ �
� £§t(u�lowZtv����u{x�w�t(r4�«zUrGâÀl?�vl?s�t(r4xS��lq����x�tvr5�=s

dzs = σ(zs)dws + b(zs)ds,

u�x=w§t(uUl�y�xSt(u�¥`r4w�lD�UsUr ���Ul?s�l�wvw`yU�v��ypl?�(tZ��xSs�z�t(u�xSt­r~t�w­w(�����|t(r���s�w�l�s�ÅZ����tvuUlowZtv�(�=sUq�ÌOxS�v¯�����yU�v��ypl?�(tZ��£
¬ �=s�z|r5t(r���s é l�s�w����(lBw¼t(u�xStËt(u�l:z|r~âp��w(r���s�u�x=wËxSs�r�s���x��(r4xSs�tËyU�v��n�x�nUr��5r5tZ�T�=w(��r~t¤zU��lBw�sU��t&lN}|yU���|z|l�£¼¡�uUr4wËr�s���x��(r4xSs�tyU�(�=n�xSn�r5��r~tZ��r4w`q=r5�=l?sjn���t(uUlD�
�=�(�,�U��x

µ(dz) = c a−1(z) e
R
z
0
b(r)
a(r)

dr dz,

¥`uUl?�vl
c =

(∫∞
−∞ a−1(z) e

R z
0
b(r)
a(r)

dr dz
)−1 æ=< è�£�k�low�l?t

m(z) = a−1(z) e
R
z
0
b(r)
a(r)

dr.

kml���xS¯=l«t(uUl�u���y{��t(uUlBw�lBw¤t(u�xSt
∫ +∞

0

zm(z) dz <∞,
∫ 0

−∞
zm(z) dz <∞

∫ +∞

0

e−
R s
0
b(r)
a(r)

dr ds = +∞,
∫ 0

−∞
e−
R s
0
b(r)
a(r)

dr ds = +∞.
æ Ã{£ Ã{£5ç�è

¨�tDr4w�r�s�t(l��(lBwZtvr5sUq�t(��sU�Stvr��?lMtvu�x�tD�Us�z|l��:tvuUl�w(l®u���yp�StvuUl�w(l�w:t(uUl�wv��uUl?��lM�{w�lBzir�sit(u�l,yU�v���S�Ë���Ët(uUl����vl?� ÆTJ���xSs
n{l,��w�lBzjt(��y��(����r4z|loxj�(w������NlBw(w��
�U�<�?���UyU��r�sUq]¢��S��tZ¥§��t(��x�ÅZlB�¿t(�=�(r�l�w�����t(uUl,z|rGâÀ��w(r5�=s {

(zs,
∫ s

0
zr dr)bigr}s>0

��s
R2 �wZt�xS�(t(l�z��
�v���áz|r~âÀl?�vl?s�t­y{�=r5s�t�w?£

©<lNt
(z0, Z0) ∈ R2 xSs�z (z′0, Z

′
0) ∈ R2 £Ëú­��t(l {zs}s>0

tvuUlow��=�5�Ut(r���sj�S�<tvuUlow�t(�|��u�x�w�t(r4�Dz|r~âpl��(l�s=tvr�x���l_����xSt(r���s
dzs = σ(zs)dws + b(zs)ds,

¥`r~tvujr�sUr5t(r4xS�<�?��s�zUr~tvr5�=s
z0
�{xSs�z {z′s}s>0

t(uUlow(�����|tvr5�=s����
tvuUl�l_����xSt(r���s
dzs = σ(zs)dw

′
s + b(zs)ds,

¥`r~tvuør�sUr~tvr�x��`�N��s{z|r~tvr5�=s
z0
�Ë¥`u�l?�vl

w′
r4w�x�ê§�(��¥`s�r�x�s �®��t(r���s8r5s�zUl?ypl?s�z|l�s�t®���

w
£÷¡�uUljyU�v���?l�wvw�lBw

z
xSs�z

z′
xS�vl

r5s�zUl?ypl?s�z|l�s�t�£ ê§��t(u �?x�s nplmz|l?��sUl�z ��sÔt(u�l���l�x=w��U��xSn��5l�w(y�x=�Nl
Ω = C(R>0,R)

�­lq�=��r5ypl�z ¥`r5t(uör~t�w�ê§���vl?��r4xSs
σ Í x��5q=l?nU��x F £k�low(lNt��U�
���

s > 0

Zs = Z0 +

∫ s

0

zu du
x�s�z

Z ′s = Z ′0 +

∫ s

0

z′u du.

¡�uUl�z|��s�x��®r4���S� {(zs, Zs)}s>0
r4wor��5����w�t(��x�tvl�z¢r�s¢��q��U�vl

5.1
£g¡�uUl�yU�v�|�NlBw(w

Zs
r5s��?�(lBx�w(l�w�r5�

zs > 0
�¼z|l��?�(lBx�w(l�wDr5�

zs < 0
£

��w
σ > 0

�|¥§lo�?x�s��{w�l«t(u�lM ��UyUyp���(t:¡�uUl?�=�(l��g��ÉgH���tv��w�l�l�tvu�x�t
>*? ���g¼B
���½Bþ �2þ�
�� R+∞

−∞
e

R z
0
b(r)
a(r)

dr

a(z)
dz <∞ þ�ÿL�;���B¼B�Zÿ2ÿ¹����Î±����½&ÿ¹»A@f¼�þ��B�d�.���$B4»¦þ����B�k�N�d���¹
;�B�¦ÿ¹»q���T�����T�`
¿ÿ2þ ��þ Cd�g���B¼B»������B��¼B�v
�� {zs}s>0 �
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z

z

�
r�q����(lDÃ�£ � Ç�����s�xS��r4�?w`���<t(u�loz|rGâÀ��w(r5�=s

¯�:�>�>	y È.{gH�Ç�°
¶�µ S »�³ ε > 0 S »gP S »�³�·�¶�»gQ�º.»{¾�¶�¾�¹�R�¾|»p·_Q�º�¶S» s ∈ [0, 1] 7→ (γs,Γs) ∈ R2 b ¹¿¾�·�W�Q�W S Q
• |γ0 − z0| 6 ε b |Γ0 − Z0| 6 ε b
• Γs

º.»p·?µ(¸ S ¹?¸¿¹�º R γs > 0 b P=¸v·?µ(¸ S ¹?¸N¹oº R γs < 0
¶�»p¸^W S ¹

P
(

sup
s∈[0,1]

|zs − γs| 6 ε S »gP sup
s∈[0,1]

|Zs − Γs| 6 ε
)
> 0

ú:�Stvl {F (1)
s }s>0

tvuUl����5t(��x�t(r���s�q�l�sUl?��x�tvl�z�n�� {zs}s>0
Ç F (1)

s = σ
(
zr; r 6 s

) �¼xSs{z {F (2)
s }s>0

t(uUl��{�~tv�vxSt(r���s
q�l?s�l?��x�t(lBzOn�� {z′s}s>0

Ç F (2)
s = σ

(
z′r; r 6 s

) £®¡�u�lMtZ¥§�jzUrGâÀ��w(r5�=s�w {(zs, Zs)}s>0
x�s�z {(z′s, Z ′s)}s>0

�=s
R2 xS�vlr5s�zUl?ypl?s�z|l�s�t�£Ëú­��t(l

P
t(uUl�yU�(�=n�xSn�r5��r~tZ�,��s

(Ω×Ω,F ⊗F)
�=yU�v��zU���¿t§�S��t(u�l:yU�v��n�x�nUr��5r5tZ�M�4x¦¥­wË��� {(zs, Zs)}s>0

x�s�z
{(z′s, Z ′s)}s>0

£�¡�uUr�w¤yU�v��n�x�nUr��5r5tZ�Mr���yU�5r4�Nr5t(l��5��zUl?ypl?s�zUw¤��s
z0, z

′
0, Z0, Z

′
0

��¥`uUr4��u�xS�vl`�U}|lBzµ����xSs�t(r5t(r�l�w&r5s�t(uUl«w�lq�=��l?�2£
798i:�<v=�:�> È.{gJ�Ç « ¶`Q�¸ (z, Z)

QXW|¸M·�¶�¶SµsP�º.» S Q�¸¿¹,¶S» R2 UªZ W|¸9W�³�´|¶B¸4��� º ´gQ�º�·µP�º ð�¸Nµ(¸?»�Q�º S �¼¶�´U¸Nµ S Q�¶�µ
σ(z)2

2
∂2
z + b(z)∂z + z ∂Z

¶�»
R2 b W S ¹o»p¶�»À¶�»�·�¶S»U¹dQ S »�Q V ¶S¾|»gP=¸
PªW S µ�\�¶S»�º�·�R�¾|»p·_Q�º�¶S»U¹ U
�  �l?t

R0 = inf{s > 0 ; zs = 1} S0 = inf{s > R0 ; zs = 0} xSs�z T0 = inf{s > S0 ; zs = −1}.
��lN��sUlM�(lB�N�U��w�r���l��5�=���
�=�

n > 1
�

Rn = inf{s > Tn−1 ; zs = 1} Sn = inf{s > Rn ; zs = 0} xSs{z Tn = inf{s > Sn ; zs = −1}.
¡�uUlBw�l«�vx�s�z|�=� tvr5��lBw§x��(l F (1) Í wZtv��yUy�r5sUqMt(r���l�w�£�kmlDz|lN�{sUl«w(r��®r��4xS�§�vx�s�z|��� ��xS�vr4xSnU��l�w R′n � S′n � T ′n �|¥`r5t(u z′ £�¼x¦��xSt�tvl?s�t(r���s¢tv�it(u�l��vx�s�z|�=����xS�vr4xSnU��l�w

In = ZRn
xSs�z

I ′n = Z ′R′n
£ · w(r5sUq�u���yp�StvuUl�w(l�w æ Ã�£ Ã�£�ç¦è���¥§l���xSs��xS¯=lDx�w(r5��r���x��`yU�v�����<tv�,tvu�x�t­������l?����x�ÆÀ�jx�s�zgw�u���¥ t(u�xSt`�
���­x�s��
n > 1

E[|In − In−1|] < +∞( D ). æ Ã{£ Ã{£ é è
I ′n − I ′n−1

u�x�w§tvuUlow(x���l«�4x¦¥%x=w
In − In−1

£
ê§�|t�¥¤l®¯�sU��¥ �
�v���dt(u�l� �t(�v��sUqgÌOxS�v¯����jyU�v��ypl?�(tZ�gt(u�xSt�tvuUl��vx�s�z|���d��xS�vr4xSnU��l�w {In − In−1}n>1

xS�vl,r�s�z|l Íypl?s�z|l�s�t���r4z|l�s=tvr���xS����z|r4wZtv�(r�nU�|tvl�z�£& |����t(u�low�lq�=��l?s��?l {In}n>0
r�w`x®�vl�x����vx�s�z|���b¥�xS��¯i£Ë¡�uUl�wvxS��lDuU���4zUw§�
�=�

E3? ����½����¹��þ���ÿI�����$Ë;��þ ���B�Dþ�������������
_
���
��.����������
��!
¿ÿ�þ �2þ�
��a¼N��
¿ÿ�þ����±���¦þ�ÿ<ÿ¹�B¼��2þ�
����
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{I ′n}n>0
�|tvuUl�w(l«tZ¥¤����xSs�z|�=�b¥§x��5¯|w`x��(l«r5s{z|l?ypl?s�zUl?s�t��U¥`r5t(ujtvuUlow(x���l¤ÅZ���®yg�4x¦¥�£ · w(r5sUq�r�sUl_����x��5r5tZ� æ Ã�£ Ã�£ é èv�¥§low�l�l�tvu�x�t {In − I ′n}n>0

r4w­x,´U¶¦¹¿ºXQ�º.²�¸,µ(¸�·N¾|µ¿µv¸N»gQ�µ(¸ S ��µ S »gP=¶]\ c1S ��óB£
· w(r�sUq�tvuUr�w:��x��Nt:tv��q�l?t(uUl��:¥`r5t(ui��l?����xiÈ.{THOxSs{zgt(uUl� �t(�v��s�q�ÌOxS�v¯�����yU�(�=y{l���tZ�=��tvuUl,ê§�=�(l�� Í ¬ xSs�t(l��5��r���l?����xr��®y��5r�l�w�tvu�x�t`tvuUlow(lNt

N ≡
{
n ∈ N ;

1

2
6 In − I ′n 6 1, {(zs, Zs)}s∈[Rn,Sn] ∩ {(z′s, Z ′s)}s∈[R′n,S

′
n] 6= ∅

}

r4w
P Í xS���®��wZt`w(�U�(l��5��r5s|�{sUr~tvl�£

I’n

In

0 1

11/2

ε

ε

��r�q��U�vlDÃ�£ Ã�Ç�¡�uUr4w`�N��sU��q��U��x�tvr5�=s�u�x=w`x®y{��w�r5t(r���l�yU�v��n{xSnUr��5r5tZ�
¡�uUl�l?s{zo�S�{t(uUl�yU�v���S�|�
�=�5����¥­w
t(uUl�w(x���l¤�v�=x=zox�w
t(u{x�t��S�UtvuUl`w�lB�N�=s�zoyp��r�s�t�r�sMtvuUl�y�xS��xSq=�vx�yUu9��ðmî�C<í�ìT�¢î|í�ïXì
ì�ìTCv�vè
ï�ð�%
��r�sOw�lB�¿t(r���siÉ�Ç4É�Ç�{<£
ú­��t(l

Pz0,Z0

t(u�l æ ��x��(q=r5s{xS�
è���x¦¥Ô��� bigl{(zs, Zs)bigr}s>0
�
Pz′0,Z′0

t(u{x�t¤���
bigl{(z′s, Z ′s)bigr}s>0

£��öq=l?sUl��(r4�
l?��l?��l�s=t­r�s

Ω× Ω
r4w`z|l�sU�Stvl�z

(ω, ω′)
£

��lN��sUl

T (ω, ω′) = inf{s > 0 ; ∃n > 0, Rn(ω) 6 s 6 Sn(ω),
1

2
6 In(ω)− I ′n(ω′) 6 1,

(zs(ω), Zs(ω)) ∈ {(z′r(ω′), Z ′r(ω′))}r∈[R′n(ω′),S′n(ω′)]}
xSs{z

T ′(ω, ω′) = inf{s > 0 ; ∃n > 0, R′n(ω′) 6 s 6 S′n(ω′),
1

2
6 In(ω)− I ′n(ω′) 6 1,

(z′s(ω
′), Z ′s(ω

′)) ∈ {(zr(ω), Zr(ω))}r∈[Rn(ω),Sn(ω)]}.
¡�uUl���l�x=w����vx�nU�5lDw(�Un�w(lNtvw����

Ω

Ωz′ ≡ {ω′ ∈ Ω ; T (ω, ω′) <∞, Pz0,Z0(dω)− a.s.}
xSs{z

Ωz ≡ {ω ∈ Ω ; T ′(ω, ω′) <∞, Pz′0,Z′0(dω′)− a.s.}��l��(r5�
�
Pz0,Z0(Ωz) = Pz′0,Z′0(Ωz′) = 1.ê§l���xS��w(lD�S�<tvuUlª\�¶�»p¶!Q2¶S»�º�·?ºXQ�³j¶BR

Z F µv¸¿¹�´ U Z ′ G ¶�» [Rn, Sn] æ µ(¸¿¹�´ U [R′n, S
′
n]
è�����sUlDu�x=w

P Í x��5����wZt`w����(l��5�
(z, Z)T (ω,ω′) = (z′, Z ′)T ′(ω,ω′).

¡�uUl�yU�v���S���S�¼yU�(�=y{��w�r5t(r���s�JgHj��xSsjn{l��{w�lBz�tv���N��s{�N����z|l�£ �
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û�s�lD��xSs���s�zjr�s�tvuUl�¥§���v¯�w¤�S��ê§l?s��­�v����wk£ xS�2£�Á êf� ¬ � 6 ô�Ä�xSs�zj�Dl?s�z�xS���i£,���vr��?l�Á �9�ËÂ�Ã�Ä<�����vl«r5s|�
�=�(��xSt(r���s
��sg�N����yU�5r�sUq�w��S�
u���yp��l��5��r�y|t(r4��z|r~âp��w(r���s�w�£
k�ljl?s�z�tvuUr�w®w(l��¿tvr5�=s÷¥`r5t(u tvuUl�yU�v���S�`�S�`tvuUl��
�=�5����¥`r�sUqOq�l�sUl?��xS��r�wvx�tvr5�=s¢�S�`t(u�l��?x����?�U�4x�t(r���s ��x=z|l�z|�U�vr�sUqOt(u�l

yU�(�����
�S���5l�����x�Æ���£
��=T<���<����
	��X<�� ÈL{À��ÇIHË¶�»�¹�º�P=¸NµmQXW|¸�¹dQ�¶�·dW S ¹�Q�º�·lP�º ð:¸?µ(¸?»�Q�º S ��¸3)?¾ S Q�º�¶�»

dzs = σ(zs)dws + b(zs)ds,

c W�¸?µ(¸ σ > 0
º4¹ S ·v¶S»�Q�º.»�¾�¶S¾�¹1R�¾|»p·_Q�º�¶S» b�S ¹ c ¸4��� S ¹ b FKJ G UhZ W�¸-L�µ(¸�¸?»ªR�¾|»p·_Q�º�¶S» g0(t, r)

¶BRlQXW|¸µP�º ð­¾�¹�º�¶S»
z
óBº����5¸�P

c W�¸?»DW=ºXQ¹Q�º.»�½ 0
º4¹:½Sº.²�¸N» V ³µQXW|¸1RN¶Sµ�\,¾.� S

g0(t, r) =

(∫ t∧r

0

e−
R
s
0
b(u)
a(u)

du ds

)
e
R
r
0
b(u)
a(u)

du

a(r)
, 0 6 t, r.

� k�l:yU�v�|�Nl?lBz�lN}Ux=�¿t(����x�wËr�s�tvuUl�y��(���S�������5l��®��x,ÆÀ���=n��,���vw�t&�{s�z|r�sUqotvuUlM�«�vl?l�s��
�Us��Nt(r���s g0,v(t, r)
����t(uUl

z|r~âp�{w�r���s
z
óBº����5¸�P c W�¸?»iºXQ&¸
n�ºXQ�¹ (0, v)

�|x�s�z�tvuUl?s��5l?t�tvr5sUq
v → +∞ £¼kml«��s{z g0,v(t, r)

n���w��=�5��r�sUq®lN}|yU��r��?r~tv�5�
t(u�l�l_����x�tvr5�=s

a(t)f ′′(t) + b(t)f ′(t) = −ϕ(t), f(0+) = 0, f(v−) = 0, æ Ã{£ Ã{£ � è¥`uUl��(l
ϕ
r4w­x�w(�®����t(u��
�Us��¿tvr5�=sg¥`r~tvug�?����y�x=�¿t­w���yUy{�=��t­r�s��?�5��zUl�zjr5s

(0, v)
£Ë¡�uUl�w(�����|t(r���sj�S� æ Ã{£ Ã{£ � è&r�w­x���w(�

∫ +∞

0

g0,v(t, r)ϕ(r) dr.

ú­��t(l�r5t
fv(t)

�
���«t(u�l��®�=��l?s�t�£[ �����x�tvr5�=s æ Ã�£ Ã�£ � è:r4w�x�����w�tD�=�vzUl?�Dl_����xSt(r���s�r�s f ′v £®kml���s{z�r5tvw�w(�����|t(r���s{w��w(r5s�q�t(uUl���lNtvuU�|zj�S�
��x��(r4x�tvr5�=s����<t(u�l�y�xS��xS��lNtvl?��w?£

f ′v(t) = ce−
R t
0
b(r)
a(r) dr − e−

R t
0
b(r)
a(r) dr

∫ t

0

e
R r
0
b
a

a(r)
ϕ(r) dr,

¥`uUl��(l
c
r�w�xD�?��s�w�tvx�s=tB£v®`l���xS�v¯�t(u�xSt¼t(uUl­z|l�s�w(r~tZ�

m(r)
����t(u�l`�UsUr �=��l`r5s���xS�vr�x�s�t�yU�v��n{xSnUr��5r5tZ���S�pt(u�l�zUrGâÀ��w(r5�=s

xSy�y{lBxS��w�r5sjt(u{x�t��
���v�M�U�4xU£

f ′v(t) = ce−
R
t
0
b(r)
a(r)

dr − e−
R
t
0
b(r)
a(r)

dr

∫ t

0

m(r)ϕ(r) dr.

û�sUlo��xSsg��uU���=w(l:tvuUlo�N�=s�wZt�xSs�t­w���x=w§t(��u�x¦��l
fv(0+) = fv(v−) = 0

£�¨�t`zUl?ypl?s�zUw­��sjt(uUl�y{xS��xS��lNtvl?�
v
Ç

cv =

∫ v
0 e
−
R
s
0
b
a

∫ s
0 m(r)ϕ(r) drds

∫ v
0
e−
R s
0
b
a ds

,

k r5t(ugt(u{x�t:��uU�=r��?l���¥¤l��=n|tvx�r5s
∫ +∞

0

g0,v(t, r)ϕ(r) dr = fv(t) =

∫ v
0
e−
R s
0
b
a

∫ s
0
m(r)ϕ(r) drds

∫ v
0
e−
R s
0
b
a ds

∫ t

0

e−
R
s
0
b(r)
a(r)

dr ds−
∫ t

0

e−
R
s
0
b(r)
a(r)

dr

∫ s

0

m(r)ϕ(r) dr ds.

 �r�s��Nl ∫∞
0 e−

R
s
0
b
a ds = +∞ xSs�z�t(uUlD�
��s��¿tvr5�=s ϕ r�w:�N����y�x=�¿tv�5��w(�UyUyp���(t(lBz��

cv −→
v→+∞

∫ ∞

0

m(r)ϕ(r) dr,

N ? ���Zÿ¹��¼B
��d�2þ��4»¦þ ��Î(�4Î_�`
��¹���Zÿ���ÿ$��������
��v���B¼B�Zÿ2ÿ����XÎ Ï Í�»q�;�]�����k���Zÿ2ÿs�
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xSs{z
∫ +∞

0

g0(t, r)ϕ(r) dr = f+∞(t) =
(∫ ∞

0

m(r)ϕ(r) dr
) ∫ t

0

e−
R
s
0
b
a ds−

∫ t

0

e−
R
s
0
b
a

(∫ s

0

m(r)ϕ(r) dr

)
ds.

 ���l?��l?s�t�xS�v����xSsUr�yU�U�4x�tvr5�=s�w���r5l���z
∫ +∞

0

g0(t, r)ϕ(r) dr =

∫ ∞

0

(∫ t∧r

0

e−
R
s
0
b(u)
a(u)

du ds
)
m(r)ϕ(r) dr.

�
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���4zUw<x�s�zo©�ª�����yU�v�|�NlBw(w(l�w<��so©�r�l&q=�(�=�Uy�w�£
` U ò S Q�W U�a ³�¶!Q2¶cb
»{º.² U � ��� æ Ã�è�Ç�ç�çBÂ � ñpç�ç é`� �|ç 6!6�� £

Á �:s�� 6 Â�Ä �M£��­s��?��s�x�£�¡�u�ª?���vr�l«z|�jyp�St(l�s�t(r�l?��w(�U���5lBw¤q=�vx�yUuUlBw¤l?t`�5lBw¤��x��(r�ªNtvª�w�£
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