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fhg0ikj2g=g 1 i / g +ml�1�n.n.1 g=j n.1�; g 1 iko - j2g +,nGpG/8n.7 j2g +.79-rqW3:1 i ;sp o +.;=3:nG/8nt+.;=79uv/ g n i 1Nwh;kxyp.1z+ g 12{=| w};=xd~2�v���

�������=� �]�}�,�k�����}�����N�"�=� �]�}�
�$�5�W���P�=�h� � �d� �s¡£¢8¤[¥

{ws}s≥0 ¦k§©¨ ¢ ¦kªv«�¨s«�§ ¥}¬�G¢v® § ¤ «�§ .¯ «�°6« ¥ c ¦k§ «�± ¢ §W² ¥I³ § ¥ « > 0 ´�µ § ³
¶ ¦W«�°K² ¶ ¦W«$² ¢8¤ «�§ ¥ 0 ≤ a ≤ b ≤ ∞

P
(∫ ∞

0

e−ws−cs ds ∈ [a, b[
)

=
22c

Γ (2c)

∫ b

a

e−2/u

u1+2c
du.

·¸]¹»º=¼(½P¾)¸À¿ ∫ ∞

0 e−ws−cs ds
/À-rÁ<-01N3 j 7aÂU;=1 2

γ2c

{ j2Ã
γ2c

1<+�nm; g 1}u(/2p.7Ä/8ÅW3:1N/23 o /vn j 7:pG1 i 1�3 j 7WÆU/8-0-s/={
i 1$qW/2pG/2-0Ç�n.pG1

2c
�

C È nG/ g n ikjBg=g=o + y > 0
1�n
ξ ∈ R

{kl jBg +.7 iko p jBg +É3Ä/ i 7^Ê£;W+.7 jBg {
(ys, ξs)

}
s≥0

+.;=p
R+

∗ ×R
+ j 39;kn.7 j2g

i 1<+ o ÂB;a/vn.7 j2g + i 7^Ê o pG1 g nG7:1<3:391<+�+�n j l"ËW/B+,nG79ÂU;=1z+

dys = ysdws +

(
c+

1

2

)
ys ds,

dξs =
ds

ys
,

Ì�ÍzÎ

j2Ã
w
1z+,n�; g - j ;=uB1�-01 g n�Å=p jvÏ�g 791 g {k/(u21zl}q j ;Wp�u(/23:1<;=p"+R7 g 7:n.7Ä/8391<+

y ∈ R+
∗

1�n
ξ ∈ R

�WÐmÑ o ÂB;a/vn.7 j2g
i 1

{ys}s≥0
+<Ñ 7 g n.Ç<Æ2pG1h1�Ò]qW3:7Äl�7:n.1<-r1 g n<�

ys = y ews+cs,

1�n
ξs = ξ +

∫ s

0

e−wr−cr dr.

Ó j n j2g +
Py,ξ

3Ä/�3 j 7 i 1s3Ä/ i 7^Ê£;W+.7 jBg {
(ys, ξs)

}
s≥0

� Ð 1rqWp j l�1z+.+.;W+
{ξs}s≥0

/ i -01�n
Py,ξ Ô q=p.1z+.ÂU;=1+�Õ=pG1�-01 g n�; g 1$3:79-07^nG1ÀÖ g 791

ξ∞ = ξ +
1

y

∫ ∞

0

e−wr−cr dr
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3 j p"+.ÂU;=1

s → +∞
�aÚ]7

θr
iko +.7:Æ g 1$391�+�Ë=7:x[n};W+.;=1<3�+.;=pN391<+6nGpG/8Û,1<lÜn j 79p.1z+ i 1�3Ä/ i 7^Ê£;W+.7 jBg

(y, ξ)
{WÂU;=1�3

ÂU;=1�+ j 7:n
r > 0

{ j2g /
Py,ξ Ô q=pG1<+GÂU;=1Ý+.Õ=pG1�-01 g n

ξ∞ ◦ θr = ξ∞.

Ó j n jBg +
G(t) ≡ P

(∫ ∞

0 e−wr−cr dr ≥ t
) �aÚ j 7:n

A ∈ R
� fhg /

Py,ξ(ξ∞ ≥ A) = Py,ξ

(
ξ +

1

y

∫ +∞

0

e−wr−cr dr ≥ A

)
= G

(
y(A− ξ)

)
.

Ú]753ÞÑ j2g /8pGp.79u21ÝßÝÛ,;W+�n.7:ÖW1�p�qW/2p�; g /8pGÆ2;=-01 g n�/0q=pG7 j p.7PÂU;=1À3Ä/rx j2g l�n.7 j2g

F≥A(y, ξ) ≡ Py,ξ(ξ∞ ≥ A)

1<+�n i 1hl�3Ä/2+G+�1
C2 { j ;sÂU;=1 G 1<+�n i 1hl�3Ä/2+G+�1

C2 {B39/Ýx jBg lÜnG7 jBg F≥A
u o pG7^ÖW1<pG/Ý3ÞÑ o ÂU;W/vnG7 jBg0i 7^Ê o pG1 g n.791�39391

(
y2

2
∂2

y +

(
c+

1

2

)
y ∂y +

∂ξ

y

)
F≥A = 0,

Ìáà2Î
qW/2p�39/âx j pG-ã;W3:1 i Ñ *�n.äa{ i ;�xd/87:n}ÂU;=1À3:1$q=p j l�1z+.+.;W+ {

F≥A(yt, ξt)
}

t≥0

1<+�nN; g 1$-s/8p.n.7 g ÆU/83912�
ÐÉÑ o ÂU;W/8n.7 j2g ÌáàBÎ i 1�u]791 g nNq j ;=p

G

(
y(A− ξ)

)2

2
G′′

(
y(A− ξ)

)
+

((
c+

1

2

)
y(A− ξ) − 1

)
G′

(
y(A− ξ)

)
= 0,

ÌdåBÎ

+ j 7:n
G′′(r) +

(
1 + 2c

r
−

2

r2

)
G′(r) = 0.

fhg 39/rp o + j ;kn�1�Ò]qW3:7Äl�7:n.1<-r1 g n�æ
G′(r) = C

e−2/r

r1+2c
1r>0,

q j ;=p�; g 1Àl�1�p.nG/27 g 1Àl jBg +�nG/ g nG1
C
ÂU;=1h3ÞÑ j2g 7 i 1 g n.7:ÖW1$/(u21<lh3Ä/âl j2gWi 7:n.7 j2g

G(0) = 1
�açR1<39/ ikj2gWg 1À39/

x j pG-ã;W3:1 i 1$3ÞÑ o<g=j2g l o �
Bfhg /8;=p"/ ikj2g l o n"/8Å=397 3ÞÑ 7 i 1 g nG7^n oâi 1âw};kxypG1<+ g 1ã+.7)3áÑ j2g /2p.pG7:uB1$ßÀÛ,;W+�n.7:ÖW1�pÝ/sq=pG7 j p.75391ãl</8p"/2lÜnGÇ�pG1

C2
i 1ã3Ä/

x j2g l�n.7 j2gèi 1Np o qa/8p.n.7:n.7 j2gsi 1N3Ä/Àuv/8pG79/2Å=3:1N/23 o /vn j 79p.1 ∫ ∞

0
e−wu−cu du

{ j ; i 1N3Ä/Àx jBg lÜnG7 jBg
F≥A

�]çR1 i 1<p g 7:1<p
q j 7 g n}q 1�;knÝ+�Ñ j ÅknG1 g 79p i 1ã3áÑ Ë]éUq j 1�393:79qknG79l�7^n oãi ;êÆ o<g=o p"/vnG1�;=p

L
i 1�39/ i 7^Ê£;W+.7 jBg ß03áÑ /87 i 1 i ;�nGË o�j p.Ç<-r1 i 1

ëNì2pG-s/ gWi 1�pz�2*I3P+�1<-ãÅ=391hl�1�q 1 gWi / g n@p"/87Ä+ j2g=g /2Å=391 i 1Ý+.1}qa/2+G+�1<p i Ñ ; gj ;kn.793P+�7 q=;=7Ä+G+./ g n i / g + gWj n.pG1}l</ i pG1
+�79-0q=3:1B� fhg�i=j2g=g 1 i / g +À3Ä/�+.1<l�n.7 j2g +�;W7:uv/ g nG1r; g 10q=p.1<;=u21 i 79pG1<lÜnG1 i ;íqWp.1<-r791�p$q j 7 g n<{PÅW/B+ o 1s+�;=pÀ; g 1
x j pG-ã;=391 i Ñ 7 g n o Æ2p"/vn.7 j2g qW/8p�qa/8p.n.791<+<�

îðïñ�5òm�h�,�	�WóI�k�ô�N���,�õ��ömóã�}���,��÷	�	�Wó,�	øh���ù�t���5�)�]öRó,�=� ∫
∞

0
e

wu−cu
du

fhg�iko - jBg n.pG1Ý; g 1Ýx j pG-ã;=391 i Ñ 7 g n o Æ2p"/vn.7 j2g qW/8p6qW/2p�nG7:1z+67 g +�q=79p o 1 i ;êl�/83Äl�;W3 i 1$úû/8393:7Ä/(u]7 g � fhg n.p j ; Ôu21�p"/ãl�1$l�/83Äl�;W3 iko uB1�3 j q=q o ßr; g�g 79u21z/8; o 3 o -01 g nG/27:pG1 i / g +6391<+@397:u]pG1<+ i 1$4@1�393P1�nN46/2+G+�{£| 4R1<39ü]ý<��{P| 46/2+G~2üz�
Ì i 1<p g 791�pâl"ËW/8q]þÄn.pG1 Î { j ; i / g +�l�1�39;=7 i 1èÓ};W/83Ä/8p.nè| ÓN;W/B�2ÿ(��{ 1�n i / g +�; g 1èÅ=791 g qW3:;W+�Æ2p"/ gWi 1sÆ o�g=o pG/23:7:n o {
i / g +6391$397:u]pG1 i 1Àú /8393:7Ä/(u]7 g | ú /83Ä~Uý<���

Ð�/$x j p.-â;=3:1 i Ñ 7 g n o Æ2p"/vnG7 jBg qW/8pRqW/8p.n.791<+Én.79p.1h79l�7£+ j2g 7 g n o p.Á�n i Ñ ; g xd/27^n o 3 o -01 g n"/879p.1NÅW7:1 g l jBg=g ; Ì u j 79p
qW/8p�1�Ò]1<-0q=3:1À391$3:79u]p.10| 46/2+G~2üz� i 1$46/2+G+<{açRËW/8q5�

8
{kqWp j q j +�7:n.7 j2g

3.1
Î �
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y�����P�á�a�ã¡£¢8¤[¥

ν ¦k§ «�� G¢��"³���¤ ° ¤[¥I¯ ²Ü¦  R « ¥ k > 2 ¦k§ «�§ ¥á¤ «  ´ ¡ ¦���� ¢ ² ¢ §W² ¶ ¦�� ¤ °t«�� ¤ ² ¥ «�¦k§£«
± ¢ §W² ¥I³ § ¥ « Ck > 0

¥ «�°[°:« ¶ ¦W«$°�� ¤ § ¯��B³ ° ¤[¥�¯
∣∣∣∣
∫
φ(k)(x)ν(dx)

∣∣∣∣ 6 Ck‖φ‖∞

«�² ¥ ª ¯�Ü¤ �@¯ « ¶ ¦W«�°[°:« ¶ ¦W«N² ¢8¤[¥ ° ³ ��¢ § ± ¥Þ¤d¢ § φ ! «$±�° ³ ²G²�« C∞ " �"¢v § ¯ « " ³v¤ §=² ¤ ¶ ¦W« ¥I¢ ¦ ¥ «Ü²6²�«�² ! ¯�Ü¤ ª ¯ «�² ´$# ° ¢8 ²
ν
³ ! ¨s« ¥ ¦k§ « ! «�§=² ¤[¥I¯ ! «â±�° ³ ²"²�« Ck−2 � ³8$.³ �%� ¢8Ü¥�& ° ³ ¨s«�²"¦  « ! «('�« � «�² � ¦W« ´fhg u(/rnG7:pG1�p6qW/2p�nG7:1 i 1$3ÞÑ o l�pG7:n.;=pG1$+�;=79uv/ g n.1

∫ ∞

0

ewr−c r dr =

∫ 1

0

e(wr−r w1)+(w1−c)r dr + e−cew1

∫ ∞

1

e(wr−w1)−c(r−1) dr

=

∫ 1

0

epr+(w1−c)r dr + e−cew1

∫ ∞

0

eewr−cr dr,

Ì*)UÎ

i / g +639/BÂU;=1�393:1 ∫ ∞

0
ewr−c r dr

/8q=qa/8p"/(þÄn6l j -0-01$; g 1Àx j2g lÜn.7 j2gWg 1�393:1 i ;�q j2g nNÅ=p jvÏ�g 791 g

{pr}0≤r≤1 = {wr − rw1}0≤r≤1,

i 1
w1

{k1�n i ;�- j ;=uB1�-01 g n�Å=p jvÏ�g 791 g

{w̃r}r≥0 = {wr+1 − w1}r≥0.

çR1<+�n.p j 7Ä+RqWp j l�1z+.+.;W+6+ j2g n�7 gWi=o q 1 gWi / g nG+N+ j ;W+
P
� fhg�gWj n.1<pG/ ikj p o<g /(uv/ g n

Ω = C
(
[0, 1],R

)
× R × C(R+,R),

ÂU;5Ñ j2g -â; g 7:n i 1h3Ä/$nGp.79Å=;qWp jki ;=7:n i 1<+Rn.pG79Å=;W+RÅ j p o 3:791 g=g 1<+ i 1Ýl"Ëa/2ÂU;=1Nxd/BlÜnG1�;=pz{]1�n�+�;=p@391<ÂU;=1�3 j2g -01�n639/
q=p j ÅW/2Å=793:7:n o

Q = P
[0,1] ⊗ W ⊗ P̃,j2Ã

P
[0,1] 1z+,nÉ3Ä/À-01<+.;=pG1 i ;0q jBg nÉÅWp jvÏ�g 791 g +.;=p C(

[0, 1],R
) {

W
; g 1�3 j 7 g=j pG-s/83916l�1 g n.p o 1B{vp ozi ;=7:n.1B{21�n

P̃3Ä/â-01z+�;=pG1 i 1(+ 7:1 g 1�ph+�;=p
C(R+,R)

� fhg�g=j nG1�p"/
ω = (p, w1, w̃)

; g�o 3 o -01 g n i 1
Ω
{=1�n

w
3:1$ÅWp jvÏ�g 791 g

pG1<l jBg +�n.pG;=7^nNßr3ÞÑ /27 i 1 i 1
p, w1, w̃

�
, j ;=p g 1qa/2+ãl"Ëa/8pGÆ21�pã3áÑ o l�p.7:n.;=pG12{ j2g qWp.1 gWi p"/

c = 1
� fhg u(/ - j2g n.pG1�prÂB;W1è39/ uv/8pG79/2Å=3:1�/83 o /vn j 79p.1

∫ ∞

0
ewu−u du

/�; g 1 i 1 g +.7^n oÝi 1hl�3Ä/2+G+.1
C2 qa/8p@pG/2q=q j p�n@ß�3Ä/�-01<+.;=pG1 i 1ÀÐ51<Åa1z+�ÆB;=1h+.;=p R

�B*I3 g Ñ és/ãÅ=791 g
1 g nG1 gWi ;í/8;Wl�; g 1 i 7.-èl�;W3^n o ß0nGpG/ g +.q j +�1<p}l�1rÂB;W7)+.;=7:nÝßs3Ä/èuv/8pG7Ä/8Å=391ã/83 o /8n j 7:pG1 ∫ ∞

0
e−wu−cu du

{
c > 0

{
ÂU;5Ñ j2g /rp.1 g l jBg nGp oÀi / g +639/rq=pG1�-079Ç�pG1ÀqW/8p.n.7912�

'�«Ü² ³ ± ¥ «�¦  ²�« ¥ °:«�¦  ² ¶ ¦ ³ ° ¤[¥�¯ ²
Ð51z+�ÂU;W/ g n.7:n o +N+.;=7:uv/ g nG1<+6u j2g n gWj ;W+67 g n o pG1<+G+.1�pz�

¿
X(ω) =

∫ ∞

0
ews−sds

{
¿/, j ;=p

k ≥ 1
{
X(k)(ω) =

∫ 1

0 u
k epu+(w1−1)u du+ ew1−1

∫ ∞

0 eewr−r dr¿
F (ω) = 1

X(1)(ω)

�
φ
i=o +.7:Æ g 1�p"/ã; g 1Àx j2g l�n.7 j2g 3979+G+�1 ikjBg n@n j ;knG1<+�391<+ i=o pG7:u o 1<+6+ j2g n�Å j p gWo 1<+<�

fhg$o l�p.79p"/ i / g + 39/�+.;=7:n.1
Lp q j ;=p Lp

(
Q(dw)

) {�1�n 3ÞÑ jBg$o l�pG79pG/Rn j ;vÛ j ;WpG+
E
3ÞÑ 1z+�q o p"/ g l�1É+ j ;W+P3Ä/�q=p j Åa/8Å=793:7:n o

Q
�
, j ;=p

P̃ Ô qWp.1z+.ÂU;=1Ýn j ;kn w̃ 1�nNn j ;kn
p
{a3:1z+6x j2g lÜn.7 j2g +

X(p, ., w̃)
1�n
F (p, ., w̃)

+ j2g n i 1ãl�3Ä/2+G+�1
C∞

�aÐ 1<+
iko p.79u o 1<+ i 1

X(p, ., w̃)
+ j2g n�391<+

X(k)(p, ., w̃)
1�n�l�1�393:1z+ i 1

F (p, ., w̃)
+ j2g n�1�Òkq=3979l�7^nG1<+$æ
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F (1)(p, ., w̃) = −

(
X(2)F 2

)
(p, ., w̃),

F (2)(p, ., w̃) = −
(
2F (1)X(2)F + F 2X(3)

)
(p, ., w̃),

1�n}/87 g +.7 i 1�+.;=7^nG12� fhg�o l�p.79p"/ãqW/2p�1�Òk1�-0q=391

∂w1

(
φ(X)F

)
= X(1)φ′(X)F + φ(X)F (1) = φ′(X) + φ(X)F (1).

�}�£�	�W�	��
��
y���1�P�2�P�43 ´ X ∈ Lp " � ¢ ¦ â¥�¢ ¦ ¥ 1 ≤ p < 2 ´�5 ¢ ¨â¨s« 0 ≤ X(k) ≤ X " ¢ § ³
X(k) ∈ Lp "

� ¢ ¦ $¥�¢ ¦ ¥ 1 ≤ p < 2 ´6 ´ F ∈ Lp " ¶ ¦W«�° ¶ ¦W«â² ¢8¤[¥ p ≥ 1 ´(7 ¢ ¦ ¥ «�²ã²�«�² ! ¯�Ü¤ ª ¯ «Ü²8� ³80.³ �%� ¢8Ü¥8& w1 ² ¢ § ¥h³ ¦]²"² ¤ ! ³ §W² ¥I¢ ¦]²ã°9«Ü²
«Ü²9� ³ ±"«�² Lp " p ≥ 1 ´

C
3 ´ Ú j 7^n 0 < a < 1

; g 1rl j2g +�nG/ g n.12�£Ð /èx j2g l�n.7 j2g
ewr−r 1z+,nÀ7 g n o Æ2p"/8ÅW3:1ã+.;=p

(0,+∞(
+�;Wph; g

o u o�g 1<-01 g n i 1hq=p j ÅW/2Å=7:397:n o
1
� fhg q 1�;=n6/2q=q=3979ÂU;=1<pR+.;=p@l�1�n o u o<g 1�-01 g n@3áÑ 7 g=o ÆU/8397^n o}i 1(:21 g +�1 g ß�3Ä/

x j2g lÜn.7 j2g 1
ae

wr−(1−a)r 1�nN39/rq=p j ÅW/2Å=793:7:n o ae−ar
1r>0 ; jBg�j Åkn.791 g n

(∫ ∞

0

ewr−r dr

)p

=

(∫ ∞

0

ewr−(1−a)r

a
ae−ar dr

)p

≤ a1−p

∫ ∞

0

epwr−(1−a)pre−ar dr.

fhg /0/87 g +�7
E

[(∫ ∞

0

ewr−r dr

)p]
≤ a1−p

∫ ∞

0

e
p
2

r

2 −

(
(1−a)p+a

)
r dr <∞,

+.7
p2

2
< (1 − a)p+ a.

Ì=<BÎ
ç j -0-01 j2g q 1�;kn�nGp j ;=u21<p@q j ;Wp�n j ;kn

p < 2
; g 1�l j2g +�nG/ g nG1

0 < a < 1
/2+G+.1?>Àqa1�n.7:n.1$q j ;=pNÂU;=1$3Ä/

l jBgWi 7:n.7 j2g Ì=<BÎ /87:nN3:791�;5{W3:1Àp o +.;=3^n"/vnN+<Ñ 1 g +�;W7^nz�
6 ´aÈ +�n.79- j2g + Q

(
F (w) > r

) �

Q
(
F (w) > r

)
= Q

(∫ 1

0

u epu+(w1−1)u du+ ew1−1

∫ ∞

0

eewu−u du <
1

r

)

≤ Q

(
ew1

∫ ∞

0

eewu−u du <
e

r

)
≤ Q

(
ew1

∫ 1

0

eewu−u du <
e

r

)

≤ Q

(
ew1

∫ 1

0

eewu−u du <
e

r
; inf

u∈[0,1]
w̃u ≥ −

ln r

2

)
+ Q

(
ew1

∫ 1

0

eewu−u du <
e

r
; inf

u∈[0,1]
w̃u < −

ln r

2

)

≤ Q

(
ew1

∫ 1

0

e
− ln r

2 −u du <
e

r
; inf

u∈[0,1]
w̃u ≥ −

ln r

2

)
+ Q

(
inf

u∈[0,1]
w̃u < −

ln r

2

)

≤ Q

(
w1 ≤ −

ln r

2
+
çmnG1 )

+ 2 Q

(
w̃1 ≥

ln r

2

)
.

Ì ÿ Î
çR1<+ i 1�;kÒn.1�pG-01<+�+ j2g n i ;�-0Á�-01 j p i pG1 i 1$ÆBpG/ gWi 1<;=pÀæ 1

r
ln(r)

8 ln(r)

�
çR1�n.n.1Àx jBg lÜnG7 jBg�i 1

r
iko l�p j þÄn�/B+.+.1?>Ýu]7^nG1$q j ;=pNÂU;5Ñ j2g /87:n}ÂB;W1�3 ÂU;=1$+ j 7:n

p > 1

E[F p] =

∫ ∞

0

rp−1P(F > r)dr <∞.
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, j ;=p0l�1�ÂB;W7@1z+,n i 1z+ i=o pG7:u o 1<+ i 1

F
{ j2g nGpG/vþ9nG1391�l</2+ i 1

F (1) 1�n F (2) {t3:1z+ iko p.79u o 1<+ i Ñ j p i p.1+�;=q o pG791�;=pN+.1Ýn.p"/(þÄnG/ g n i 1$3Ä/r-rÁ<-01Àxd/�A jBg �
w}1$3ÞÑ 7 g=o ÆB/8397:n o q=pG1<+GÂB;W1À+.Õ=pG1

0 ≤ X(2)F =
X(2)

X(1)
≤ 1,

j2g n.79p.1
|X(2)F 2| ≤ F,i Ñ jBÃ 7935u]791 g n}ÂU;=1

F (1) = −X(2)(ω)F (ω)2
1<+�n i / g +@n j ;W+63:1z+61<+.qW/2l�1<+

Lp { p ≥ 1
�

w}1Ý-0Á�-012{]q=;=7Ä+GÂB;W1
X(3)(ω)F (ω) = X(3)(ω)

X(ω) ≤ 1
{B3Ä/�uv/8pG7Ä/8Å=391h/23 o /vn j 7:pG1

F 2X(3) +�1hn.p j ;Wu21 i / g +n j ;a+63:1z+61<+.qW/2l�1<+
Lp � fhg +./27^n�1 g�j ;kn.pG1$ÂB;W1

0 6 X(2) F 6 1,

1�n
F (1) ∈ Lp, ∀p > 1.

B 7 g +�7Þ{
F (2) = −2F (1)X(2)F − F 2X(3) 1z+,n i / g +@n j ;W+�391<+ Lp { p ≥ 1

�
B

�$�5�W���P�=�h�C�P�á�a�â¡£¢8¤[¥
φ ¦k§£« ��¢ § ± ¥á¤d¢ § ° ¤ ²"²�« " ! ¢ § ¥�¥I¢ ¦ ¥ «Ü²�°:«�² ! ¯�Ü¤ ª ¯ «Ü²r² ¢ § ¥��"¢v § ¯ «Ü² ´D5FE ³ ±�¦k§ ! «�²

¨s«�¨ �� «Ü² ! «ã°�� ¯��U³ ° ¤[¥I¯ «Ü² ¥���¤ «�§ ! ¯*� § ¤ « ¥ °�� ¢ § ³

E
[
w1 φ(X)F

]
= E

[
∂w1

(
φ(X)F

)]
.

Ì ý Î
C w1

1�n
F
/8q=qW/2p�nG1 g / g nãßên j ;W+�391<+â1<+.qW/Bl�1<+

Lp { w1 F
1<+�nâ7 g n o Æ2p"/8Å=3912�

φ(X)
1z+,nrÅ j p g=o 12�)Ð51

n.Ë o<j pGÇ�-01 i 1HGW;=Å=7 g 7N1�n03Ä/ x j p.-â;=391 i Ñ 7 g n o ÆBpG/8n.7 j2g qW/2p0qW/8p.n.791<+âq j ;=p0; g 1�3 j 7 g=j pG-s/8391�+.;=p
R
{

l�1 g nGp o 12{kp o<i ;=7:n.1B{
N (dw1)

{ g=j ;W+6qa1<p.-01�n�n.1 g n}/83 j p"+ i Ñ o l�pG7:pG1

E[w1 φ(X)F ] = P[0,1] ⊗ P̃

(∫
w1φ(X(p, w1, w̃))F (X(p, w1, w̃))N (dw1)

)

= P[0,1] ⊗ P̃

(∫
∂w1

(
φ(X(p, w1, w̃))F (X(p, w1, w̃))

)
N (dw1)

)

= E
[
∂w1

(
φ(X)F

)]

Bç j -0-01
∂w1

(
φ(X)F

)
= X(1)φ′(X)F + φ(X)F (1) = φ′(X) + φ(X)F (1) {6391 nGË o�j p.Ç<-01í/©3:1

l j p j 3:3Ä/879pG1â+.;=7:uv/ g nz{ i / g +À3:1zÂB;W1�3 j2gíg Ñ /�Å 1<+ j 7 g ÂB;W1 i Ñ ; g 10x j2g l�n.7 j2g i 1sl�3Ä/2+G+�1
C1 q j ;Wp�/8q=q=397ÄÂB;W1�p$l�1

ÂU;=75q=p o l�Ç i 1B�
I ��� �	JKJ�L�
[�P�M�P�á�a�ON °t«P� ¤ ² ¥ «0¦k§£«è± ¢ §W² ¥I³ § ¥ « C1 > 0

¥ «�°[°:« ¶ ¦W«0°�� ¤ § ¯��B³ ° ¤[¥I¯ ²Ü¦ ¤ ª ³ § ¥ «è«�² ¥ ª G³v¤ «Q� ¢ ¦ ¥I¢ ¦ ¥ « ��¢ §£± ¥Þ¤d¢ § �"¢v § ¯ « φ ∈ C1 " ³SR2³ § ¥ ² ³ ! ¯�Ü¤ ª ¯ « �G¢8 § ¯ « ´
∣∣E

[
φ′(X)

]∣∣ 6 C1‖φ‖∞.

, j ;=p j Åkn.1 g 7:p�391À-0Á�-01$Æ21 g p.1 i Ñ 1<+�n.79-s/vn.7 j2g +�/(u21<lh3Ä/ i=o pG7:u o 1À+�1zl j2gai 1
φ(2)

i 1
φ
/8;�397:1<; i 1

φ′
{ j2g

/8qWq=3:7ÄÂU;=1$3Ä/ãx j p.-â;=391 i Ñ 7 g n.1�ÆBpG/8n.7 j2g qW/8p�qW/2p�nG7:1z+�ß
φ′(= φ(1))

q j ;=p j Å=n.1 g 7:p

E
[
φ(2)(X)

]
= E

[
φ(1)(X)

{
Fw1 − F (1)

}]
.

Ì ü Î
Ó j n jBg +

K = Fw1 −F (1) �]ç j -0-01 F 1�n
w1

+ j2g n i / g +tn j ;W+m3:1z+É1z+�qW/Bl�1z+
Lp { Fw1

1z+,n@/8;W+G+�7 i / g +tn j ;W+
391<+h1<+.qW/2l�1<+

Lp {£/87 g +.7)ÂU;=1 K �W*I3)1 g uv/ i 1â-rÁ<-01 i 1
KF

{£ÂB;W7�1z+,nÝq j ;=p
P̃Ô q=pG1<+GÂU;=1$n j ;kn w̃ 1�nÝn j ;=n

p; g 1Àx jBg lÜnG7 jBg 3:7Ä+.+.1 i 1
w1

{ i 1 i=o pG7:u o 1
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∂w1(KF ) = K(1)F +KF (1).

, j ;=pN1<+�n.79-01�p
E[φ′(X)K]

{ j2g /8q=qW3:7ÄÂU;=1�3Ä/rx j pG-ã;=391 i Ñ 7 g n o Æ2p"/vn.7 j2g qW/2p�qW/8p.n.791<+ g=j2g qW/B+Nß039/rx jBg l Ôn.7 j2g=g 1<3:391
φ(X)F

{=-s/87Ä+�ß
φ(X)KF

�
ÐmÑ ;=n.793:7Ä+./8n.7 j2gri 1R3Ä/}x j pG-ã;=391R1z+,n Û,;W+�n.7:Ö o 16l j -0-r1 i / g +)39/ iko - j2g +,nGpG/8n.7 j2gãi ;ân.Ë o�j pGÇ�-01B�vçR1<39/ ikj2gWg 1

E
[
φ′(X)K

]
= E

[
φ(X)

{
KF w1 − ∂w1(KF )

}]
.

Ì ~ Î
fhg / ikjBg l

E[φ′(X)K] ≤ ‖φ‖∞ ‖KF w1 − ∂w1(KF )‖L1 .
fhg�ikozi ;=7:n i 1 Ì ü Î ÂU;5Ñ jBg q 1�;=nNn.p j ;=uB1�p@; g 1�l j2g +�nG/ g nG1

C2
nG1�393:1�ÂU;=1

∣∣E
[
φ(2)(X)

]∣∣ 6 C2‖φ‖∞.

, j ;=p j Åkn.1 g 79p�; g 1ûn.1<3:391�1<+�n.79-0/8n.7 j2g /(uB1<l
φ(3)(X)

{ j2g /2q=q=3979ÂU;=1í39/»x j pG-ã;=391 i Ñ 7 g n o Æ2p"/vnG7 jBg qW/8p
qW/8p.n.791<+Rß$39/�x j2g l�n.7 j2g=g 1�393:1

φ(X)w1F
2K ; q=;=7Ä+�{Uq j ;=p j ÅknG1 g 79pm391NnGË o�j p.Ç<-01}+�;W7:uv/ g nz{Uß$3Ä/$x jBg lÜnG7 jBg=g 1<3:391

φ(X)(w1F )2FK
�

�$� �W� �P�W�}� �5��5�UN °6«�� ¤ ² ¥ « ! � ¦k§£«�± ¢ §=² ¥I³ § ¥ « C4
¥ «�°[°:« ¶ ¦W«°�� ¢ § ³ � ¢ ¦ s¥�¢ ¦ ¥ « ��¢ §£± ¥Þ¤d¢ § �"¢v § ¯ « φ "

! ¢ § ¥R¥I¢ ¦ ¥ «�²Ý°:«�² ! ¯�Ü¤ ª ¯ «�²$² ¢ § ¥��"¢v § ¯ «�² "
∣∣E

[
φ(4)(X)

]∣∣ 6 C4‖φ‖∞.
Ì,Í � Î

ç j -0-01 jBg 3ÞÑ /u]; /8;í3:1<-r-01 à � Í {£l�1�n.n.107 gWo ÆB/23:7:n o 79-0q=3:7ÄÂU;=1sÂU;=1039/�3 j 7 i 1
X(w)

/�; g 1 i 1 g +.7:n o qW/8p
pG/2q=q j p�n$ß�39/�-01<+.;=pG1 i 1sÐ 1�Å 1<+.Æ2;=1B{ i 10l�39/B+.+.1

C2 �5ÐÉÑ o ÂU;W/8n.7 j2g ÌáåBÎ�Ì9V<Î ÂU;=7tq 1�pG-01�n�+ j2g 7 i 1 g n.7:Öal�/8n.7 j2g
g=j ;W+- j2g n.pG1ûÂU;=1 l�1�n�nG1 i 1 g +�7:n o 1<+�n1 g xd/27^n i 1íl�3Ä/2+G+.1

C∞
� fhg q j ;=pGpG/27^n j Åkn.1 g 7:p�l�1�3Ä/ 1 g 7^n o p"/ g n

7 gWi=o Ö g 79-01 g nN3Ä/ãx j p.-â;=391 i Ñ 7 g n o ÆBpG/8n.7 j2g qW/8p6qW/2p�nG7:1z+��

Wðïñ��X��	�ZY6�N� �
Í � fhg n.p j ;Wu21�p"/ i / g +}391<+Ý/8p.n.7Äl�391<+ i 1âwh;kxypG1<+ g 1�| wh;kxd~2�8�Þ{ q=p j q j +.7^nG7 jBg

4.4.4
{\[ j pâ| [ j p"~ à ��{)|Kç],^[À� Í �Þ{

n.Ë o<j pGÇ�-01
3.1

{£1�nãúû/8nG+.;=- j n jH_ [ j ps| ú`[Ý� < /z��{5q5�
335

{ Ì /87 g +.7ÉÂB;W1 i / g +À391<+Àp o x o p.1 g l�1z+ i=j2g=g=o 1<+
Û,;W+�n.1â/(uv/ g nN391$nGË o�j p.Ç<-r1 i / g +}3áÑ /8p.n.7Äl�391 i 1ãúû/8nG+.;=- j n j 1�nD[ j p Î { i Ñ /8;=n.pG1<+ iko - j2g +�n.p"/vnG7 jBg + i 1âl�1
p o +�;W3^n"/vn<{ i Ñ 7 g +.q=7:p"/vnG7 jBg +@n.pGÇ<+ i 7^Ê o pG1 g n.1z+��
•
wÝ/ g +â| [ j p"~ à �Þ{£3Ä/3 j 7 i 1 ∫ +∞

0
ewu−cu du

1z+,n$7 i 1 g n.7:Ö o 1rß�39/�3 j 7 i ; i 1�p g 791�phn.1�-0qW+ i 1âqW/B+.+G/8ÆB1
i Ñ ; g q=p j l�1<+G+.;W+ i 1ã4@1z+.+.1�3Þ{=7Ä+.+.; i 1

0
{ i 1 i 7:-01 g +�7 j2g

2(1 + c) ; 391�p o +.;=3:nG/vn i 1ãwh;kxyp.1z+ g 1ãq=p j u]7:1 g n/83 j p"+ i Ñ ; g p o +.;=3:nG/vn i 1�aÝ1�n j]j p	7 i 1 g n.7:Öa/ g nÉl�1�n�nG1�3 j 7kl j -0-01�l�1<3:391 i Ñ ; g -â;=3:n.79q=3:1 i 163ÞÑ 7 g u21<pG+.1 i Ñ ; g 1
3 j 7PÆB/2-r-s/W{ i 1$qW/8p"/8-0Ç�n.pG1

2c
�

•
wÝ/ g +â|Dç],^[Ý� Í ��{ 3Ä/è3 j 7

µ
i 1â3áÑ 7 g n o Æ2p"/8391 i 10wh;kxyp.1z+ g 1ã1<+�nÀ7 i 1 g n.7:Ö o 1rl j -0-01ã3Ä/èqWp j ÅW/8Å=79397^n o +�nG/ Ôn.7 j2g=g /879p.1 i Ñ ; g q=p j l�1z+.+.;W+ i Ñ f p g +�n.1<7 g Ôcb ËW3:1 g Å 1<led i 1rÆ o<g=o p"/vnG1�;=ph1�Òkq=3979l�7^nG12�5Ð�/èp o + j 39;kn.7 j2g i Ñ ; g 1o ÂU;W/8n.7 j2g�i 1Àn,é]qa1

L∗µ = 0
qa1<p.-01�n i Ñ j Åkn.1 g 79p

µ
�

•
wh/ g +�| ú`[Ý� < /(��{vnGË o�j p.Ç<-r1

6.2
{8l8Ñ 1<+�nÉ3áÑ ;kn.793979+G/vnG7 jBgèi 1�39/ÝnGpG/ g +�x j pG- o 1 i 1NÐ /2q=39/Bl�161�n i 1�x j2g l�n.7 j2g +

i 1�4@1<+G+�1<35ÂU;=7 ikj2gWg 1 g nN391Ýp o +.;=3:nG/8n<�
Ð / iko - j2g +�n.p"/vnG7 jBg ÂU;=1�3ÞÑ jBg q=p j q j +�1�/À3ÞÑ /(uv/ g n"/8ÆB1 i Ñ Á�nGp.1N/2;kn j -s/vn.7ÄÂU;=1�1�n i 1 g 1 i 1<-0/ gWi 1<pm/8;Wl�; g
1�Ê j p.n<{ i Ç<+â3 j p"+ãÂU;=1�3áÑ j2g +G/87:nrÂU;=1�39/ i 1 g +�7:n o�i 1�3Ä/û3 j 7 i 1�3áÑ 7 g n o Æ2p"/8391 i 1�w};=xyp.1z+ g 1�/ i -r1�nâ; g 1
i 1 g +�7:n o�i 1$l�39/B+.+.1

C2 qW/2p�pG/2q=q j p.n6ßr3Ä/â-01z+�;=pG1 i 1�Ð51<Åa1z+�ÆB;=12� fhg /8;WpG/27^n6q=;�;kn.793979+.1�p�; g 1Àx j pG-ã;=391i Ñ 7 g n o Æ2p"/vnG7 jBg qa/8p qa/8p.n.791<+ j Åkn.1 g ;=1É1 g q 1�p.n.;Wp.ÅW/ g n5n j ;kn�391Rl"Ë=1<-07 g
w
qa/8p ; g 1Éx jBg lÜnG7 jBg l j2g uB1 g /2Å=3:1B{

1 f g Y � h ?0cBF,EG?]T c = 1
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l j -0-01 jBg 391}xd/27^n�;W+.;=1�39391�-01 g n6q j ;=p6- jBg n.pG1�p i 1}nG1�3Ä+@p o +�;=3:nG/8nG+<� fhg /8;=p"/87:n@/23 j pG+R1�;�/vÊP/879p.1Ýß i 1<+
iko p.79u o 1<+ i 1DG=p o l"Ë=1�n i 1�x jBg lÜnG7 jBg=g 1�39391<+mßÀuv/23:1<;=p i / g + i 1z+É1z+�qW/Bl�1z+

Lp 3Äß j2Ã 3ÞÑ jBg /À1�; i 1z+ iko p.79u o 1<+;W+.;=1<3:391<+<�açR1�n.n.1 iko - jBg +�n.p"/vn.7 j2g�o u]7:nG/ g n�391ÝpG1<l j ;=p"+@ß i 1<+61<+.qW/Bl�1<+ i 1 i 7:-01 g +�7 j2g 7 g Ö g 791Ý1z+,n�q 1�;kn ÔÁ�n.pG1$q=3:;a+@xd/2l�79391�ßr/2q=q=p o Ë=1 gWi 1<p<�
wh1 gWj -ãÅWp.1<;kÒ©p o +.;=3:nG/vn"++.;=p391<+�3 j 7Ä+ i 1z+sx j2g lÜn.7 j2gWg 1�393:1z+ ∫ t

0 e
−wu−cu du

1�n ∫ ∞

0 e−wu−cu du
+.1

nGp j ;=u21 g n i / g +À| ú`[Ý� < /(� 1�n�| új[Ý� < Å]�Þ�
à �}çR1�n�n.1 iko - jBg +�n.p"/vn.7 j2g nGp j ;=u21ã+.1<+ j pG7:ÆB7 g 1<+ i / g +h3áÑ o nG; i 1 i Ñ ; g 1 i 7:Ê ;a+�7 j2g +.;=p

H × R3 � wh1<+G+.7 g=jBg +l�1�l�/ i p.1B�
kjlnm<ºom�p*l$q æ

(ε0, ε1, ε2)
iko +�79Æ g 1À3Ä/rÅW/2+.1$l�/ gWj2g 7ÄÂU;=1 i 1

R × R2 1�n ξ0, ξ1, ξ2 391<+�l j]j p ikj2g=gWo 1<+6+.;=p
R × R2 �
úê; g 79+G+ j2g +63ÞÑ 1z+�qa/2l�1ÀuB1<lÜn j pG7:1<3

R × R2
i 1À3Ä/rx j pG-r1$ÂU;W/ i pG/8n.7ÄÂU;=1ÝÐ j pG1 g n�><7:1 g=g 1

q(ξ) = (ξ0)2 −
(
(ξ1)2 + (ξ2)2

)
.

ÐmÑ 1 g +�1<-ãÅ=391
{ξ ∈ R × R2 ; q(ξ) = 1}

1<+�nâ; g Ë]é]q 1�pGÅ j 3 j%rÞi 1�ß i 1<;kÒ g /8q=q 1<+<�	Ó j n j2g +
H
l�1�39391

ÂU;=7�l j p.pG1<+.q j2gWi /2;kÒ
ξ0 > 0

�t4@7:1 g ÂU;=1�39/ûx j pG-01�ÂU;W/ i pG/8n.7ÄÂU;=1
q
g 1�+ j 7:nrqa/2+ iko Ö g 7:1�q j +�7:n.79u21B{

+G/êpG1<+�n.pG79l�n.7 j2g ßûl"ËW/BÂU;=1èq=3Ä/ g n"/ g ÆB1 g n i 1
H
1z+,n iko Ö g 7:1 g=o ÆU/vnG7:uB12�	çR1<39/�xd/27^n i 1

H
; g 1èuv/8pG7 o n o

pG7:1<-s/ g=g 791 gWg 12�=*I35+<Ñ /8Æ27:n�39ß i 1$3ÞÑ ; gêi 1<+6- jki Ç�391<+ i 1À3áÑ 1<+.qW/2l�1ÀËUé]q 1�pGÅ j 3:7ÄÂU;=1 i 1 i 79-01 g +.7 jBg à �
Ú j 7^n

{ξ̇s}s≥0
; g - j ;=uB1�-01 g n�Å=p jvÏ�g 791 g +.;=p

H
�=w o Ö g 79+G+ j2g +

ξs = ξ0 +

∫ s

0

ξ̇u du

1�n6l j2g +.7 i=o p j2g +m39/ i 7^Ê£;W+.7 jBg {
(ξ̇s, ξs)

}
s≥0

+�;Wp
H×R3 �kwÝ/ g +@l�1 iko l j pz{ jBg +<Ñ 1z+,n@7 g n o p.1z+.+ o /2;èq=p j ÔÅ=39Ç�-01Ý+�;=79uv/ g n<�tsHu%mz¸U¼(¹vp*q)¸B¼OwáºHm�¼xpzy	¾vp=q|{=ºk¼xpdº\q|mz¸

Inv
(
(ξ̇, ξ)

) } ¸~wdº } pz�m¾���p=lnq
{(ξ̇s, ξs)}s≥0

�
fhg /2q=q=p o Ë=1 gWi 1è-0791�;kÒ 3:1q=p j Å=39Ç�-01s1 g qWp.1 g / g n�q j ;=prl�/8p.n.1è+.;=p

H
391<+âl j]j p ikj2g=gWo 1<+ i ; i 1�-07 Ô1z+�qW/Bl�1B�múê; g 7Ä+G+ jBg +03:1 i 1�-07 Ô 1<+.qW/Bl�1 {(y, x) ∈ R+

∗ × R}
i 1ê39/ - o n.pG79ÂU;=1êË]é]qa1<p.Å j 397ÄÂB;W1

ds2 =
dx2+dy2

y2

�=ÐÉÑ /8qWq=3:7Äl�/8n.7 j2g +�;W7:uv/ g nG1Ý1z+,nN; g 1$79+ j - o n.pG7:1Ý1 g n.pG1
(R+

∗ × R, ds2)
1�n

(H, q)
�

ψ : (y, x) ∈ R+
∗ × R 7→

(
x2 + y2 + 1

2y
,
x2 + y2 − 1

2y
,
x

y

)
∈ H.

Ì,ÍBÍzÎ
wÝ/ g +�391<+�l jUj p i=j2g=g=o 1<+

(y, x)
i ; i 1<-07 Ô 1<+.qW/2l�12{6391�- j ;=u21<-r1 g n�Å=p jvÏ�g 791 g +.;=p

H
1z+,nê+ j 39;kn.7 j2g

i Ñ o ÂU;W/8n.7 j2g + i 7^Ê o pG1 g n.791�39391<+N+�n j l"ËW/B+,nG79ÂU;=1z+@+.79-rqW3:1z+��

dys = ysdw
y
s ,

dxs = ysdw
x
s ,

jBÃ
wy 1�n
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