Reducibility and Galois groupoid

... two examples

First Painlevé equation P
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Classical functions

Definition (Painlevé, Umemura)

A differential extension of C(x) is a field of classical functions
if it is obtained by a tower of strongly normal extensions and
algebraic extensions. Strongly normal extensions are :

e extensions by the entries of a fundamental solution of a

linear ODE,
e extensions by an abelian function with classical functions
as arguments.

Theorem (Nishioka, Umemura 1987)

No solution of P, is classical.

Theorem (Picard 1889)

PPy is solved by y(x) = p(awi(z) + bws(x); wi(x), ws(x))
with @ and b two constants and w; » two periods of

Z=yly— 1y - 2)

Remark (Painlevé, Mazzocco, Umemura)

Except for rational a and b, these functions are not classical.



Drach-Vessiot reducibility of a vector field on C°.

X is a vector field with coefficients in C(x,y, z).

Let C'; and C5 be two differential indeterminates.
C(z,y, z){C1, Cy} is the partial diff.ring generated by C; and
(5 and E' is the differential ideal generated by

XCy=0
XCy =0
Definition

X is Drach-Vessiot reducible if the ring
C(CE’7 Y, Z>{Cla CQ}/E

has a non trivial differential ideal.

For a divergence free vector field, one adds the components of
dCy NdCy =1xdx Ndy N\ dz to E.

Definition

Let [ be a differential ideal in C(z,y, 2){C}, Cs},
C(z,y, 2){C1, C5},, be the ring of order less than n equations
and [, its ideal of equations in I. Then

transc.deg.,cC(x,y, 2){C1, Co}y/ I, ~ an’
is the size of L.




Consequence of D.-V. reducibility on the flows of X.

The flows satisfy some differential equations:
Oy X =X

and
Oxdr Ndy N\dz=dx Ndy N dz

Let C(ZC,y,Z, P1, P2, @3) QOZ& 77’ — 17 273 e ~ N37 16' with

det(gpij)

derivations
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be the ring of diff. equations on germs of diffeomorphisms of
C?)
Lemma

Let I be a diff.ideal of C(x,y, 2){C1,Cs}/E and J; be the
diff.ideal of C(x, vy, 2, 1, ¥2, v3){ @} of equations satisfied by

{o/(c1, ¢9) is solution of I iff (10, cyop) is solution of I}.

Then ¢x are solutions of J; and its solutions (resp. formal)
form a pseudogroup (resp. groupoid out of a hypersurface).



~ Definition (Malgrange)

The Galois groupoid of X is the groupoid (out of a hypersur-
face) defined by the ideal Jy in C(z,y, 2, p1, 02, w3){@} of
all the diff. equations satisfied by the flows of X.

Proposition (~ E. Cartan)

We are in one of these cases :

e there is an integrable 1-form vanishing on X with alge-
braic coefficients over C(x, vy, 2),

e there are two algebraic 1-foms © = gl vanishing on
2
X and a traceless matrix of 1-form () with algebraic co-
efficients over C(x, y, z) such that

dO = QAN and df) = Q A

e the ideal of the Galois groupoid of X is diff. generated by
the components of ©* X;| — X;
and o*dx Ndy Ndz — dx N dy N dz



Corollary
If X is a reducible vector field with div. X = 0 then

e Jw € O such that dC; Aw =0
and dC7 N dCy = i1xdx Ndy N\ dz

e 3O, ) a vector and a matrix with entries in 2! such that

dOC = —OC<) and d ( gl ) — 0C0.
2

Theorem
o Xy =g +y4 + (6y° + x)55 is D-V. irreducible.
o Xo =4+ 5o — G be with
K = o 5lyly — Dy —2)2% = zy(y — 1) + 3y — )],
and z = (ywx—(zf)_(yl)—x)) Y+ oy

is D.-V. reducible of second type (transversally affine)




D.-V. irreducibility of P,
Ingredients

e The change of variable u = " — 44°.

Kly, 9] = Kly, u, /4y* + u
=24 \/4y3+u%+x@%

e The weight p : p(y) = 2 and p(u) = 6.

The first case is impossible.

® w can be supposed polynomial and ¢x,dw = 0.

M
®w =) wp compute wyy, ...
The computation of w,;_5 leads to a contradiction.

The second case is impossible.

o
e O can be supposed to be ( dy —ydv )

dy — (6y* + x)dx
and

0
)= A0, + B, + (12y 0) dx

where A and B are matrices of polynomials s.t.

( 0 0 0 1
XA 128 — (12 0) _ [(Hy 0) ,A]

0 1
xoea (1)

0B  0A
. Jdy oY [A B]
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D.-V. reducibility of PF;
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PPy is tranformed in 4x(x — 1)w” — 4(2x — 1)w' — w = 0.
The pull-back of a linear first integral gives
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Nishioka-Umemura irreducibility of P, by means
of classical functions

Let K be a field of classical functions, (V, X.) a model for

(K, %) and
(Va XC) L (C?))XD

a classical solution of ;.
Lemmas

e 7 is dominant,
e Gal(X,.) = Gal(X)),

e 7. is dominant.

Let LG(X) be the Lie algebra of the Galois groupoid of X
at the generic point and
LG(X,.)/X. ™ LG(X1)/ X,

the induced projection.
e LG(X.)/X. has a invariant intransitive Lie sub-algebra L

such that LG(X.)/L is finite dimensional.
e LG(X1)/X, is transitive, simple and infinite dimensional.

—> 7T cannot exist.



