
Drach conjectures

The Galois groupoid of
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is special if and only if
λ is a solution of P6.

The Galois groupoid of

(B) dy
dx = 1
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y−λ

is special if and only if
λ is a solution of P1 or P2.



D-Lie groupoid over a differential field

(L, ∂1, . . . , ∂n) a differential field and const = C.

• OJ∗
k

= L(1) ⊗C L(2)
[

zα
i , 1

det zi
εj ; 1 ≤ i ≤ n, α ∈ N

n, 1 ≤ |α| ≤ k
]

is a “Hopf algebroid” over L

• J∗k = spec OJ∗
k

is a groupoid acting on spec L

• J∗ = lim
←

J∗k

is the groupoid of transformations of spec L/C

• OJ∗ = lim
→
OJ∗

k

is a differential ring with derivations
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Definition : A D-Lie groupoid over L is a subgroupoid of
J∗ defined by a perfect differential ideal.



The D-Lie algebra of a D-Lie groupoid

• T = L∂1 + . . . + L∂n and T ∗ its dual over L

• OA(J∗
k
) = ST ∗ [aα

i ; 1 ≤ i ≤ n, α ∈ N
n, 1 ≤ |α| ≤ k]

the ring of order k p.d.e. on vector fields a1∂1 + . . . + an∂n

• A(J∗k ) = spec OA(J∗
k
)

Fondamental isomorphism

TJ∗/p1
|id ∼ A(J∗)

D-Lie groupoid G → linear subspace A(G)

Definition : The Galois groupoid of a vector field X over L
(or an equation over K) is the smallest D-Lie groupoid over
L, G, such that

fX ∈ A(G), ∀f.

• Gal(E/K) ⊂ Aut(E/K)

• An equation E is special if Gal(E/K) 6= Aut(E/K)



The Galois groupoid
of an order 1 equation

y′ = A(y) ∈ K(y) ; C(x) ⊂ K

Theorem : E/K is special if and only if there is ω, α, β with
coefficients in K(y) such that

- ω(X) = 0
- dω = α ∧ ω
- dα = β ∧ ω (sl2-triplet for E/K)
- dβ = β ∧ α

if and only if one can find R ∈ K(y) such that
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R = 0

(Drach’s resolvant equation)



Isomonodromic deformation

Equations satisfied by the special first integral
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Garnier counter-example

(B) equation dy
dx = 1

2
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y−λ over C(x, λ, λ′, . . .)

Set R =
∑m

n=−2 an(y − λ)n

resolvant ⇒
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a′m = 0
a′m−1 = mamλ′

a′i = (i + 1)ai+1λ
′ − i

2
ai+2

a1 = 4λ′′

a0 = −2λ′2

a−1 = 2λ′

a−2 = −3
2
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∣

m = 1 → λ′′ = c1

m = 2 → λ′′ = c2λ + c1

m = 3 → λ′′ = c3(6λ
2 + x) + c2λ + c1

m = 4 → λ′′ = c4(2λ
3 + λx)c3(6λ

2 + x) + c2λ + c1

m = 5 → order 4 equation



4

(

λ′′′

λ′

)′
= 6a3λ

′ − 2a4 −
1
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(a3
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a4 = 5c5λ
′ + c4

a3 = 10c5λ
2 + 4c4λ− 3

2c5x + c3

Garnier : This equation has some movable branching points

⇒ (B) conjecture is false.

Problem : Find a counter-example for (A) using a irregular
singularity at ∞.
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The (A’) conjecture

The Galois groupoid of

(A’)
dy
dx = x−λ

x(x−1)
y(y−1)
y−λ

is special and regular
( = its “R” has order 2 poles)
if and only if λ is a solution of P6.
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a ∈ Kalg
, αa, βa ∈ K(a)

α = −3
2, β = − 2λ−1

λ(λ−1) + x(x−1)λ′
λ(λ−1)(λ−x), α′a = 0
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x−λ β′a =

(

λ(λ−1)

(λ−a)2
− 1

)

βa + 2λ(λ−1)

(λ−a)3
αa

• x(x−1)
x−λ

a′ = a(a−1)
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• ∑

βa + β = 0

• ∑

aβa + λβ = const


