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Plan of thetalk

We present a new method to solve nonlinear differential
eqguations using integrating factors, null forms, integ i
motion and linearization.

Ex. Generalized nonlinear oscillator

We investigate and present results for the casel
We then study the cage= 2

Finally we consolidate the results fgor= arbitrary

Conclusions
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2. PS procedure
* Prelle and Singer (1983)
* Duarte et al (2001)
* Generalization (2005)

et us consider

P,Q € Clt,z, z|.

M. Prelle and M. Singer, Trans. Am. Math. S&Y9, 215, (1983)

L.G.S Durarteet al., J.Phys. A34, 3015, (2001)
V.K.Chandrasekar, M.Senthilvelan and M.Lakshmanan, .HRo&oc. London Series A61,

2451, (2005)
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PS Procedure
° Let] = I(t,x, ) be the first integral

dl = L,dt + I, dx + [;dz

* Equation of Motion

P
—dt — di =0
Q

* Adding the null form

S(t,x,x)edt — S(t,z,2)dr =0
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PS procedure

we obtain

(g+$3)dt—3dx—d:t20

* Multiplying by the integrating factoR (¢, z, )
R(¢+ ©S)dt — RSdx — Rdt =0 = dlI
* Comparing the total differentials
I,=R(¢p+1xS5), [,=-—RS, I[;=-R

* Compatibility conditions:l;, = I;, Iy = Lit, 1. = Ly
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PS procedure

DIS| = 0, +6s5 + 8% (D=2 4T +67)

ot o
D|R] = —R(S + ¢z)
R, = SR; + RS;
* Determining equations are overdetermined

e 2 particular solutions fulfill our aim

* The method has several advantageous
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Application

Consider the Generalized nonlinear equation (Lienard)type
i+ (k2?4 k)% + ksz®™ + kyx?™ 4+ Mz = 0, q € R,
Case l: ¢ =1,
i+ (kix + ko) + ksz® + kaz® + Mz = 0,
Casel:. qg=2
& 4 (kix® + ko)& + ksx® + kaz® + Mz = 0.

Case 3. q = arbitrary
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| ntegrals of motion

* [ntegrating

d .
I:rl—rg—/ [R#—%(rl—rg)] dx
where

d
i = /R(gb—FZCS)dt, s = /(RS—|— %Tl)dﬂf

* Two independent integrals guarantees integrability
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Application: ¢ = 1
Gen. Nonlinear Oscillator Eqrig = 1)

i+ (kix + ko) + ksz® + kaz® + Mz =0

REVEN

k;i=0 :¢=1 .4 [ simple harmonic oscillator
ki, ko =0 [] anharmonic oscillator

ki, ks =0 [] force-free Duffing oscillator
ko, ki, A1 =0 [] MEE

ki, k3 =20 [] Helmhotz oscillator

M. Senthilvelan. Bharathidasan University — p. 9



Application: ¢ = 1
e Contains both linearizable and integrable equations
* Question: Any new integrable equations beside the above?
* Answer: Yes

Analysis:

Casel [,=0
Case2 I, #0
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Casel ;=0
Null forms (I; =0 = R(¢ + ©.5))

_ __¢ _ [(klm + k2)$ + kgﬂ?S + k’4$2 + )\1$]
o i

Integrating Factors (D[R] = —R(S + ¢3))

S

R+ xR, — [(klx + ko)a + ksx® + kox? + )\1:1:} R,

Ansatz T
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| ntegrating factors
() k1, ko: arbitrary; ks, k4 A1 Interms ofky, ks
R = . = 1 #0
{(T;l) (%ZEQ + k2x) + ZI{|

() kqi,Aq: arbitrary; k, = 0, ky = 0, k3 Interms ofk;,

R = ’ =, r#0
{(T 1]€332—|—T>\1—|—5E}

(iii) k= ky =0
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Compatible solutions

(i + ko) + 50 (Ha? 4 Hykaa2 4 ki)

() S= .
X
R = - —, ki, ke = arbitrary, r # 0
|:(7“;1)(k2_1x2_|_]{2x)_|_3{|
{k ri + T2 k203 4+ ) x}
() S = : . k; = arbitrary
X
B (r—1) 23: T 1" Rz =0, T#O
{ > k1w +k—11+513}
ksx® + kax? + A
(1) S:(?’w i 437 il 1$), R=2x, ki, ks =20

X
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| ntegrable Equations

. —1
() &+ (kiz + k)T + (Tz : ) (k7x® + 3k1kox® + 2k32) =0
r
r =0

. — 1)k?
(ll)I‘—FklI'ZE—F(T )1I‘3—|—>\1$:O, T#O
272

(iii) &+ ksx® + kyz® + Mz =0, r=0

Transformation: = ( — ’;—f) puts (i) into the form (ii)

(r — 1)kfy3 ~ (r=1Dk3
212 212
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First Integrals

. — 1 A\ k
(iia) I, = (:c + (r )kliCQ + Q) {:c [:c + Elxz

2r k1
] e ]} s
(lib) I; = e +i]2§ v log(kiz? + 4kid + 8X\1),r = 2
(ic)], = & + %xz — z—ilog(/ﬁx' + M), r=1
(i) I, = %2 -+ %x‘l -+ %:1}3 + %:f, r=20
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Hamiltonian Description

Assuming the Hamiltonian
I(z,%) = H(z,p) = pt — L(z, %)
we have

ol O0H Op. OL @:p

95 0z _o9i  PT5: " 8a

Iy
p:/fdx
X

* pis known thenL and H can be fixed from the above

so that
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L agrangian

. 1 i ]{1(7“— 1) 9 7“)\1 o
a) L = Al
(ii3) (2—r)(r—1) <$+ o i ]ﬁ) ’
r=+0,1,2
(iib) L = log(4ki& + 8\ + kiz?), r =2
. A . . . k
(iic) L = k_l log(kitz + A1) + z(log(kiz + X)) — 1) — Elxz,
1
r=1
$.2 ]€3 4 ]€4 3 )\1 9
(111) L—?—Zx — 3T 5T, r=20
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Hamiltonian

. _((7“ — 1)p) = (r—1), 5 1)\ _
H = — k i
(”a) (,r I 2) p 9y 1L k‘l )

r#0,1,2
. 2\ k 4k
(ilb) H = k—llp + leva + log(—l), r=2
. 1 k*
(lic) H = k—(ep—A1p+ éxQ—)\l), r=1
1

Kk k A
(III)H:%+Z3:C4+§4:CB+?1:CQ, r =20
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Canonical momenta

) 1 —1 .
r —

(||C) D = 1Og(k1£C = )\1), r=1
(i) p=&. =0
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Canonical transfor mation

. 2’)”‘P . k1U2
L= kiU’ p__47~7 T#Oal
P
= p=—kU, r=1

Standard Hamiltonians

( (r—2)

P ey g () T 2
H=1{ 3P?+ 34U +1log(33), r=2
2P+ ANk U+ e ™Y, r=1
3P+ AU + 208 4 AU, r =0
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Equations of motion

(2—r)

.o — (1—7) 3—r S 1

DY DL Kt = B Gl YL U R
4r 2

U—kle_U+k1)\1:O, r=1

U + kU + \U =0, r=0

* Now become standard type anharmonic oscillator equations

* Liouville integrable
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Case 2 I; # 0 (Timeindependent)

S equation

Se + S, — (kix + k)T + ksz® + kax? + Mi2)S;
= (k12 + 3k3x?® + 2ksz + \1) — (kiz + ko)S + 57

R equation

Rt + fo — ((]ﬁZE + kQ)CE + k3$3 + ]€4£I?2 + )\151?)R$
= —|—(kiz+ k) + S| R

Extra determining equation
R,—SR; — RS; =0
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Case I; # 0 Time dependent integrals

() ks = % ky = k13k2 (k1 ko, Aq: arbitrary)

y 37 — 3<_k2:Fw)ZC + kle 1
@ I=e™" | — 3(—k22j:w) 2 |0 “ T (ky = 4A1)2
3T — > + k1o
(b) I = —t+ ’ k2 = 4,

(%x+ %5(32 +:i:)’

(i) ks =0, ks = (kg £w), (ka, k2, \,: arbitrary)

k k )
I = (:i3+ Z;wa+ 21:132>e( o tow=(k2—4))?
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Case I; # 0 Contd.

(iii) Ky, ks =0, Ay = 22 (ky, ky : arbitrary)

02 2k 22 k
[ — esket (ZI; e 52:1:x' + 2—52332 -+ §4x3>

: r—1)k? T [ 2k2
(iVa) ks = T8k, =Bk ) — 29 4

k k ks  k
(@) I = [53:134 + (24 52:1;)(3': + ga: + 51332)]

k T 20-r
X (:13 I §2£E 4 7“/€35132> = )k2t, r=£ 2
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Case I; # 0 Contd.

(iVb) ks =M =tk y =28 o

2

B 4(kox + 32)
(dkox + k12?2 + 121)°

P =2

(ivb) k1 =0, ky =0, \; = & v =0 ko, ks :arbitrary

2k k2 k
[:e%]‘”t %—|—§QZCZC—|—1—§£C2—|—Z3£C4
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Transforming Time dependent integral into time inde-

pendent integral

[ =F(t i) (1)
I =F(t,x,z)+ F3(t, x) (Step 1)

| d
I =F; (Gg(t,a},:iz) dt(ﬁ(t,x)) + F5 (Gy(t,z)) (Step 2)

dt dw

t
w=Gi(t,x), =z :/ Go(t', x, &)dt’

I =F (%) + Fyr(w) (Step 3)
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Transforming Time dependent integral into time inde-

pendent integral

* Fy(w) = 0we getlinear equation. Then andz are
linearizing transformation.

* Time independent integrals

* Rewriting interms original variables we get the solution fo
the original equation
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Application

Case (ia): ks = 5 ky = 55k kyand), : arbitrary

k? kik
I‘+(l€1$+k2)$—|—§1$3+ 132 2

35 — 3(=k2Fw) Iy S
[ej_L‘Ut( . 2 T , w= (k3 —4\)

‘|‘)\13?_O

N

ke 5ty d (-3 —kpFtw, -k,
I =———%i (= + Je
(& — )3z + ky22) Ldt \ kiz 2A1

dt dw 5
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Application

W — (—_3 n —]{2:|:CU> 6—k22:|:at,z _ <—_3 . —]{QZF(,U) e—k%iwt

kix 2\ kix 2\
[P G S R
= — = — w p—
dz dz? ! °

* Interms of original variables

6)\1(1 — ]1GWt)

ko +w

x(t) =
<]€1w(1 + L1ewt) — (kg £ w)lze™ 2 ' — kiko(1 — ]1€wt)>

w =1k — 4
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Sub-cases of Case 1
Caseks < 4\

0 A cos(wot + 9)
L ~ k2 :

[QTt 1 3(k2§]2214w§) (2wq sin(wot + §) — ks cos(wpt + 5))}

VAN — k2
Wy =
2
A further restrictionk, = 0 yields
Asin (wot + 6) 3wo

t) = , 0< A< —, = /A

=(®) 1 — (ﬁ)A cos (wot + 9) -~ k 0 '

* Amplitude independent frequency of oscillations
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Sub-cases of Case 1

Case 25 > 4)\;: Solution looks dissipative/front-like

3k2([16k2t — 1)
ZC( ) <k1 + k2(3[2 + /ﬁ[lt)ek?t ( ! )

|
=
=
)
5
(\ON !
|
e~
>
—_

Case (ib): k3 = kg—%, ky =

= k2 2k
3]26 5t —1(2 -+ [1]€2 = ]{Qt)

e A further restrictionks, A; = 0 yields MEE
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Case (i)

]{3 . O, ks = %(kz + \/k% — 4)\1), ]{1, ko ,)\1 : arbitrary

7’
i+ (ki + o)+ = (ky VE =42 + Mz =0

T+ —x 2

<, ko F \/k% — 4\ ) 2) kzzt\/k%—év\lt
I =1x+ 5 5 e

Nothing but Riccati equation

(—kgﬂF k%—‘l)‘l)t_ <k2$\/k§—4)\1> kl 2

e
2 2
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Sub-case of case (ii) A\| = %

The restriction\; = @ fixes the equation of motion

ki K 2k3
:E+(k1x+k2)jz+%x2+?2x:()

Integral of motion

k k 2
IF= (:iH— §2x+ 51:1:2> o 5

We identify
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Sub-case continued

Time dependent integral now becomes

[=uw +

Integrating, we obtain

21
w(z) = 4/ -— tanh
k1

In terms of old variables

2] ko 3
t — S _(_)tt h -
x(t) \/ kle 3 /' tan k2(

ko

— W

2
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(i) ky, ks =0, A\ = %2 &y k. - arbitrary

257

Equation of motion

) . ,  6Fk3
T+ kox + kyx*+ —x =0
25
Time dependent first integral
2 2k 2k2 k
[ — engt (% -+ ?23333 -+ 2—52332 + §4$3>
1 ks \° k

I = 5 (a: + —52:1:> eshat + ?ajgegkﬁ

>
[=c & [i(ixeﬁﬂ)] + % (:L‘e%k?t)g
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(i) ky, ks =0, A\ = %2 &y k. - arbitrary

257

Transformation

3
so that
3 121
w? = 4w’ — g3, 2=2,/=3, g3=———
k4 k4

Solution: in terms of Welerstrass function
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Case (Iv)

ks = DR ky = kb2 N = 22 ) k) arbitrary

Equation of motion

— 1)k? k. k 2k2
(7“22) L3 + 132x2+?251::(), r =0
-

Time dependent first integral

T+ (kx4 ko)a +

,
(Gthtat + (& + )@+ o+ Ba?)) r£0,2
T 2(2—r)

I= x(i+%x+%k1x2) e 5 kot

. 4(kox+3x
| 2kt + log(4kax + Bky2? + 123) — ot p = 2
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Case (Iv)
We identify

Time dependent first integral becomes

( —r
(w’ + —<T2_T1)k1w2) {(Zgl)k%w‘l + w'(w' + %wQ)} . r#0,2
I =<

' og(kiw? + 4w'), r =2

L krw?+4w’
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Hamiltonian

Equation of motion now becomes

(r —1)ky
212

Underlying Hamiltonian

d
w3 =0, r#40 and’' = —
dz

w” + kijww’ +

1 =1
((T—l)p>
i p((rz;rl)klwz)a r # 07 17 27

(r—2)

H =94 Fw’p+log(%), r=
eP + Lw? r =1

2 | k3, 4 _
\ %—l_fw’ r=_0
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Summary of resultsfor thecaseq =1

We identified 6 integrable systems. The following 4 are alyea
known in the literature

K. kik

(1) i+(k1$+k2)x'+§a:3+ ; z° + Mz =0
ki k 2k2

(2) &+ (kix + ko)d + 13 2% + ?2;,; —0
6k2

©) 5é+k2:i:+k4:c2+2—52:c:0

(4) &+ ksx® + kyz® + Mz =0
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New integrable equations

The following 2 equations are new

(4) %+ k1xd + ksx® + Mz =0

kik 22
(5) &+ (krx + ko)d + ksa® + %:ﬂ + ?2:,; —0

(r=1)k{

wherer’ks =

k1,ka,A1,r are arbitrary parameters.
* Eqg.(4) is the first equation in MEE hierarchy

* (5) transformed into integrable equation. Explicit sabuis
are known only for special values of
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Case2qg =2
Gen. Nonlinear Oscillator Eqng & 2)

i+ (k2 + ko) + ksz® + kaz® + Mz =0

Review:
[] force-free DVP osclillator
ko, ki, A\ = [] modified Emden hierarchy
[1 A 5th power nonlinear oscillator

2 k
)\1—WO—|—ZQ

Q: Any new integrable equation besides the above?
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Procedureg = 2

Analysis:
Casel Time independent integral
Case 2 Time dependent integral

* \We use the same ansatz (used for the gasel) to
determine the functionS andR.
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Timeindependent integrals (¢ = 2)
Integrable Equations

o\ , —1
(la) Tr + (]€1372 + kQ)Q? + (T?)TQ )k%Iﬁ

4(7“ — 1)]61]62 3 (7“ — 1)]6%
i 3r? v i
(ib) &+ ksz® + kg’ + Mz =0, r=0

r=0,r+#0

Assoclated Hamiltonians

(ia) H = ((T(;i)gg” _ (T;Dp(%x%kzx) 40,12
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Hamiltonian (¢ = 2)

. k k §
(ib) H = Epr + Elx?’p + log(z—?) r=2,

. k
(ic) H:ep+§la:3+k2x r=1

Kk k A
%%—ng(ﬁ%—fx‘l%—?lxz, r =20

e Canonical transformations are yet to be explored to
transform the abové/ into standardd

(i) H =
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Time dependent integrals (¢ = 2)
Case (ia)

k* k1ko
+ (kya® + ko) + 1—6:(; + IT:(: + Mz =0

First Integral

7 Tt 4% + 2(ke £ w)x + kya?
= e
4% + 2(ky F w)x + ka3

Bernoulli Equation. Solution takes the form

0 ( 8ko (e¥t — I1)? )
x(t) = ,
112]6'1]6'2(—]{2 —+ w) — 62Wtk1k2(k2 + w) + 8[2k2)\1€(k2+w)t + 811 k1 \ewt

wherew = /k3 — 4\

N[
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Time dependent integral (¢ = 2)
Sub-cases:

Caseks < 4\

o(t) = Acos(wot + 0)
kot _ k14 k1 4 2wpstn2(wot +90) — k 2(wot + O ’
e ik, T a0z a0 | 2wosin (wot + 9) — kacos2(wot + 6)
Caseiks >4\, M\ =0
(t) ( 2vky (L™ — 1) )
96 — .
(—kl —+ 2k1]1€k2t(2 —+ kQ]lteth) —+ 4]€2]262k2t)§
Sub-casek; = % ko, A1 = 0. Second equation in MEE
hierarchy.
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Time dependent integral (¢ = 2)
Case (i)

%
+ (ki + k)i + (k£ /] — 4M)2® + Mz = 0

L k2 — 4)\ L kotq/k2—4X
[<5i3—|— 2:F\/22 1:C+31:C3>e 2 t

Abel Equation. Solution can be obtained for the parametric

choiceX; = =k3
Case (jii): k1, by = 0, A = 222
Force free Duffing Osclillator
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Time dependent integral (¢ = 2)

Case (Iv)

— 1)k? ki k 3k
i+ (kix? + ko)Z + (r 37“2) -z’ + %x?’ + 1—62x =0, r#0.
Introducing the transformation

> 2 2
w = xe%t, z = —k—Qe_%t

We obtain

— 1)k? d

w” + kyw?w + (r 37"2) ~w® =0, r+#£0, ! — —

The transformed equation admits time independent H
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Time dependent integral (¢ = 2)

=) C3r Pl
H = “Lwp + log(2), r=2
el + %w?’, r=1
\ %2 + ByS, r=0
where

D= log w r=1
° | k3,6 _
T T ew, r=0.
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Summary of results (¢ = 2)

We identified 6 Integrable equations. The following 3 alsead
known in the literature

k1 k 3k3
(1)517 —+ (k1£172 -+ kQ)ZE + ! 21'3 —Q,I‘ =20
4 16
) . 3, 2k;
(2)% + kox + k3z” + 5 = 0

(3)37 -+ k3$5 -+ ]€4£I?3 -+ )\151? =3

(1)  Force-free Duffing-van der Pol oscillator
(3)  Force-free Duffing oscillator
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Summary of results (¢ = 2)

New integrable equations

Ad(r — 1)k k — 1)k3
(4)2 + (k1a® + ko) & + ksx® + (r 3T2) k2 5 7 7«2) S
k2 o kik
(5)i + (k1x? + ko) + —a® + 247
16 4
klkZ 3 3k2

4 +16

—|—)\1£C—O

(6)% + (k1z” + ko) + ksx® +

r2hy = = (r=Dky andk;, ko, \; andr arbitrary parameters.
3
* (4) Liouville integrable
* (5) General Solution is derived

* (6) Time dependent transformed into time independent
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Case g = arbitrary

Gen. Nonlinear Oscillator Eqgn.
%+ (kg + ko) + ksz®9T) 4 gz + Mz =0

Review:
ko, ki, M1 =0 [] MEE hierarchy

I  kik -
ks = W’kf = ﬁ Smith
)\1:&)84—%

* Any new integrable equation besides the above?

* We use same methodology for the present case
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Case 2 Timeindependent integrals (¢ = arbitrary)

New integrable Hamiltonian system

N _ 1 R
(ia) & + ((¢ + DE2? + k2)& + u > ) (g + 1)kfz?at
+ (g + 2)krkoa?™! + k2z] = 07 £ 0

(b) & 4 k3z® T + k™t + Mz =07 =0.

Associated Hamiltonian

= r—9 =

A

(ia) H = ((T@?Ziﬂ ‘(T;”pwﬁwwkzx) CrA0,1,2,
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Case2q = arbitrary I; =0

A

. k k 2 |
@) H = 2ap 4 Moty 105 2L
(ic) H =¢" + kyx®' + koz, r=1,
2
N H=—+ ERIRAS 2+ —ax°, r=0
(1) 2 "2+ 1) (q+ 1) 2

* Canonical transformations are yet to be explored to
transform the abové/ into naturald

* \We use same methodology for the present case
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Case 2 Time dependent integrals (¢ = arbitrary)
Integrable Equation 1

7+ ((q + 2)kiz? + k2@ + k2227 + kikoz®™™ + ANz = 0,

A

wherek; = (q + 2)k;.
Solution

-1
x(t) — ewt L ]1 e%(kg—l—w)t ]2 + ]%1q QWt — ]1 th q
e%(kg—i—w)t ’

wherew = \/k3 — 4),.

* The solution for the sub-ca¢é < 4\, has been considered
by Smith.

* Inthe casé,, \; = 0 we get the MEE hierarchy and their
corresponding solutions
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I; # 0 (q = arbitrary)

Integrable Equation 2

A

: i
i+ (g -+ Dhiat + k)i + o (ky + VE = D)z 4 Az =0,

First integral

2 __ N kot /k2—4X
7 (Zi?—l— k2:|:\//€2 4)\15€—|—/€15Eq+1>6( 2 \/22 4 Ly

2

7

wherek; = (¢ + 1)/%1-
* \We are able to integrate only for the choikge= (g + 1)1%3
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I; # 0 (q = arbitrary)

Integrable Equation 3
7+ (q+ kot + bz + 2(g + 2)k22 = 0

wherek, = (q + 4)k,. First integral

) +2 )
= 1 (3; + 2]%2$)2 62(q+2)k2t 4 k4x(q )62(q—|—2)k2t
2 (g +2)
wherek, = (q + 1)k;.
* Choosingw = %62’%2’5, z = —L et we can transform

qk2
time dependent integral into time independent integral

e Solution also derived
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I; # 0 (q = arbitrary)

Integrable Equation 4

~ N — 1) A
F 4 (g + Dt + (g + 2+ (g + DY " )22

+ ]%1]%21‘61 + ]%S)I' = O, kl — (q -+ 1)]%1, kQ = (q -+ 2)]%2

Transformation
]ACQt 1 —qlAcgt
w=xe", = ——F5¢€
qu

Transformed Equation

A — 1)
w” + (¢ + Dkwiw' + (¢ + 1) (r )k%wz‘”l =0, r#0, '=—.
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q = arbitrary I; # 0

Hamiltonian

4 r=2
I

((T—l)p) X
[ I (T—l) klwq+1p] T # 07 17 27

(r—2)

H = 1k1wq+1p + log(Q(QH)), r =2,
eP + kywitt, r=1,

2 k 2(q+1 _
\ %+2(q—?—1)w (q-l—)) r=20,

) (1-7)
D (w' + @/ﬁwq“> , 7#0,1

P = log(w’), r=1

w', r =20,

\
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|ntegrable equationsin g = arbitrary

(V)i + (k1z? + (q 4 2)k2)d + k1kaz®™" + (¢ + 1)k3z = 0
(2)i + (g + 2)k12? + ko) + kiz* + kikyx?™ + Xz =0
()i + (¢ + 4) kot + kyx?™ + 2(q¢ + 2)k3z =0

(r— 1)

- ((q+ Dkyz™
+ (g + 2)kikoz? +k2)z =0, 7 £ 0
(5)% + ((¢ + k1% + (g + 2)ko)d
+ (g 4+ 1) (k3x®? + k1kox? + k3)x = 0

(4)i + ((q + V) k1z? + k)& +

wherer?ks = (r — 1)k# andk,, ko, ks, A\ andr are arbitrary
parameters.
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Conclusions

* We have studied integrability and linearization propertie

* We have shown that the generalized nonlinear oscillator
equation admits both Hamiltonian and dissipative striesur

* Explicit form of the Hamiltonian’s are constructed
* Several New integrable equations are explored

* These nonlinear oscillators posses very interesting
properties (frequency independent amplitude of
oscillations)
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Conclusions

* More systems may be found out by improving the ansatz.
* PS procedure is very useful in identifying time independent
Integrals in dissipative systems.

1 damped harmonic oscillator
2 modified Emden equation
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