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The Pfaff Lattice
. o

xample: sl(4,R) = € @ sp(2,R)
0 0)

(0 1
x b1 (t) al (t) 0
* —b1(t) 1

\* : >l< O)

The Pfaff lattice hierarchy in L is

oL

a—t]:—[BJ,L] fOI' ]:1,2,3

with

B; = me(L’).
o e(L7) -
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The Pfaff Lattice
-

The Lie algebra splitting
s[(2n) 2 P sp(n)

where sp(n) = {X € sl(2n) : o(X) = X} with the involution
o(X) := JX1J. Here the skew symmetric matrix .J is

cenf(t ) (1)

1
mX =X_ — J(X )T+ 5 (Xo - JxtJ).

and

where X4 Is 2 x 2 upper (lower) block triangular part of X,
LXO IS the 2 x 2 block diagonal part of X. J
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T

he Lie algebra ¢ is the set of matrices of the form,

The Pfaff Lattice

(d1 0
dq

* X% *x X O
*x X X X

\

0
0

0

>k

>k

0
0
0

>k

>k

0
0
0
0

ds 0

o O O O

0 ds)

where }._; d; = 0. The dimension of ¢ is

o

4 X

n(n —1)

2

+(n—1)=2n*—n—-1.

=
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The Pfaff Lattice
-

With the pairing (x,y) = tr(zy) for =,y € sl(2n),
s[(2n)* 2 sp(n)” @ £*.
where sp(n)* = £+ and & = sp(n)= .
The Lie-Poisson structure on g* = sl(2n, R)*:
{F G}g*(L) = (L, [VF, VG]9>
where [VF, VG|, = [RVF, VG| — [VF, RVG] with the

R-matrix,

1
R = 5(7@ — Tep) -

o -
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The Pfaff Lattice
-

The Pfaff lattice is defined with an Sp-invariant function H,

=

% = {H,L}g-(L) = ~[mVH, L],

We consider the matrix L € sl(2n)* in the form,

L = & + K

(al*oo\ (51000\
x* —ap 0 0 0 61 a1 0

* 0O 0 =81 0
\* * * —042/ \—al 0 0 —ﬁ1/

with € € sp(n)*, k € & = sp*. Note (k, [spT,sp~]) = 0.
im(sp(n)*) = 2n? +n and the number |x| =2 x (n — 1). J
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T

The Pfaff Lattice

he Lax matrix L is given by (Adler-van Moerbeke et al):

(0
x by

S S

>k

S
X ok
>k

\*

0
31
— by
X
*

>k

Note By, L]2i—1.2; = 0 and 32!

L has 2n? +n — 2 free variables, i.e.

o

dim(sp(n)*) + || — (2n) = (2n* +n) + (2n — 2) — (2n).

j=1

0
0

bo
%k

>k

0
0
0
a
— by

k

0

0/

=

[Bk,L]jJ =0fori=1,...,n.

-
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The Pfaff Lattice
-

The SR factorization:
Let L(0) be an initial matrix of L, and
M) = Q) P(t), with Q€ Gy, P € Sp(n),
where Lie(Gy) = &. Then the solution L(t;) Is given by
L(t1) = Adg,)L(0) = Adp,)L(0) .
The Pfaff lattice hierarchy is

oL 1 .
— = —[mVH;, L], H =——tr(L/*!
815]- [ﬂ-? 7o ]7 J ]_|_1 ( )7

Lforjzl,Q,...,Qn—l. J

Geometrv of the Pfaff Lattices — p. 3/]



Integrability
-

An Sp-invariant curve on CP?%:

Fr(z,y,2) =det[(x —y)L +yJL'J —21] =0.
Fr(1,0, 2) Is the characteristic polynomial generating H;.
The curve has an involution ¢ : (z,y,2) — (x,x — y, —2).

on 7“/2

LEy, S‘S‘Frk CUy, )

r=0 k=0

PP (. y, 2) = 2?00 (y(w — y))F20 ),
PR (2, y, 2) = 2R (2y — 2) (y(a — y)) R0

LThose are invariant under the involution. J
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Integrability
=

The total number of F, (L) is n* + 2n — 1.



Integrability
=

The total number of F,. (L) is n* + 2n — 1. However they are

not all independent. Define an algebraic variety,
C(L)={lz:y:z]: Fr(z,y,2) =0} C CP?
The variety C(L) is singular at x = 0,
F1,(0,1, 2) = det (—L LIty - z[)
= |pf(—JL - LT - zJ)r .

For generic L, C(L) has n double points over z = 0, and
there are n relations among { Fy, i, /9)(L) : k= 1,...,2n}.

-
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Integrability
-

The solution L(t) is given by the coadjoint action Ad} (L"),
L(t) = Ay (LY) = mop- (PP P™Y) + mp (Q°Q ™),

with ¢(¢) = e'£” = Q(¢)~1P(¢t) and L = £° + k0. From this,
one finds that there are Casimirs Cy(L) for k =1,... n:

n
Fr(2,1,2) = 2*" + Z Cp(L)22" 2%
k=1

There are n Casimirs,

k
Cp(L) =Y 2%Fy (L) k=1,....n.
L k ]Z::O 2k J
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Integrability
- o

We have n* — 1 independent Hamiltonians in {F, ;}, i.e.

roposition:

n“—1=m*+2n-1)—(n)—(n).

Theorem:

The Pfaff lattice iIs a completely integrable Hamiltonian
system with n? — 1 Hamiltonians and »n Casimirs.

Construct the angle variables conjugate to £, .

The curve C(L) has genus g(L) = 2n? — 4n + 1. The angles
are defined by the differentials on the curve.

(Delft, Li and Tomei (1989) for the generalized Toda lattice)

. -
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Matrix Factorizations and 7-Functions

fLet us define T
2n—1
0, X) = > ;X
j=1

With the SR-factorization ¢?:”) = Q(t)~1P(t), we define

M(t) := f(1L7) 7L Q) taQ)~T.
Skew-symmetric matrix M is called the moment matrix,

and M =Q'JQ "' isa factorization.

Using L% = ¥,C,, with Uy € G, and C., is the companion
matrix of LY, we write

o -

Geometrv of the Pfaff Lattices — p. 5/1



Matrix Factorizations and 7-Functions

- .

M(t) = O (tLY) 7ob(,L7)"
— \1/069(%07)\1; 1]\1} — T 0(t,C )\1;(7)”
= UoM(t)WT
where

M (t) = PCY) Bef 0" B=vtjw;t

Alos note C,V = VA with the Vandermonde matrix V,
and A = diag(zl, e ,Zgn),

) = vyl = pe Ay

Lwhere /LA = diag(E1(t), . . ., Fay(t)) with B = efh2), B
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Matrix Factorizations and 7-Functions

.

E(t,\) =

hen E(t, A) Is given by the Wronskian matrix,

( Ly Ly
B ol

2n—1 2n—1
5

-

Ebn \
Eon,

)

The moment matrix M = ¥y M ¥ is given by

~

M(t) = E(t,A)BE(t,\)! .

where B = V1BV ~T and gives the initial data for the Pfaff

lattice.

o

-
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Matrix Factorizations and 7-Functions

-

Summary: With L(0)¥y = ¥,C,, and e/E0) = =1 p,

ny ~

L(0) —— B=v gyt

Adg ) l l

Cy

L(t) - M(t) — 69(t707>B69(t707)T

The map ¢, Is the companion embedding.

Now we define the 7-functions,
Tok = pf(Mzk) :

where My, is the principal 2k x 2k submatrix of .

o -
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Matrix Factorizations and 7-Functions

-

The QM Q' = J defines skew-orthogonal polynomials:
Write

M=VMmVv?!
Then each entry m; ; of M can be written by

=1 _5—1 . i—1_7—1
mq 5 = <Z 72‘7 >/\/l — E L. *1 Mkl -
1<k,I<2n

The skew-othogonal polynomials of deg(p;(z)) =7 are
PMPT = J, P = QV = (pi—l(zj))lgi,jgmz-

Those polynomials are given by Pfaffians.

o -
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Matrix Factorizations and 7-Functions

T2k = pf(MQk) — Z(_l)amil,ﬁmimﬁ Cr My g -
Iy,

where I, = {1l =11 <ig < -+ < i, is < Js,s=1,...,k} and
the o (i1, 71, ..., 1%, ji) IS the length of the permutation. E.g.

T2 = M 2,

T4 = M12M3 4 — M1 3M2 4 + 1M1 412 3.

From the bi-vector Qy == )~ myje; Aey,
1<i<j<2n

Tor = (A*Qg e1 A Aegg) .

o -
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Matrix Factorizations and 7-Functions

- .

Lemma: (Ishikawa-Wakayama, 1995)

T2k — Z pf(ZhaZQk)E(Zla)ZQk)

1<t < <12, <2n

where E(i1,...,i9) IS the det of 2k x 2k submatrix of E(t, A),
pf(i1, ..., i0) IS the Pfaffian of the submatrix of the B-matrix.

o -
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Matrix Factorizations and 7-Functions

- .

Lemma: (Ishikawa-Wakayama, 1995)

T2k — Z pf(ZhaZQk)E(Zla)ZQk)

1< < <19 <2n

where E(i1,...,i9) IS the det of 2k x 2k submatrix of E(t, A),
pf(i1, ..., i0) IS the Pfaffian of the submatrix of the B-matrix.

For all real and distinct eigenvalues {z;},
o {E;=¢®2) i =1 ... 2n} gives a basis for R?".
® {E(i,j):1<i<j<2n} forms a basis for A2R?",
® Ingeneral, {E(i1,...,i9)} forms a basis for A?*R?",

L ® S0 7y, represents a vector in A?*R?”, J
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Matrix Factorizations and 7-Functions

e

xample: n =2with b; ; =1 and (z, ..

L, 24) = (—2,-1,0,3)

-

Graphs of b; = a% In(7,) in the ¢, plane for t; = —10, 0, 10.

{2

50

0

-50

1.2} {1,3}

{2,3}

-40 0 40

t3=-10

g0 t1

{2

50

0

-50

{2,3}

-40

0 40

t3=0

f1

{2

50

0

-50

-80 -40 0 40 t1

t3=10

Each set {i, 5} represents the dominant exponential in that

region, that is,

o

b1 =z +z; ={i,j}.

-
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Matrix Factorizations and 7-Functions
-

The r-functions satisfy a coupled KP (or DKP) equation, T

(—=4D1D3 + DY + 3D3) Top, - Top = 2470 _2Tok 12

where 7, = 1, and IS the Hirota derivative (Hirota-Ota,
1991). If the RHS=0, it gives the KP equation.

#® The DKP equation appeared (implicitly) in (Jimbo-Miwa,
1983).

# The partition functions for GOE and GSE random
matrix models (Adler-van Moerbeke, Kakel, 1999-).

# The charged BKP equation (Kac-van de Leur, 1999).

o -
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Fixed points of the Pfaff flow
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Fixed points of the Pfaff flow
f # The entries of L(t) are given by 7 () functions. T

# Problem: the lower (2 x 2)-block entries of L(¢) blow up
as t1 — Ltoo.

® Do an SDR-Factorization:

A

exp(t1 L) =Q 'P=Q 'HP

o -
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Fixed points of the Pfaff flow
B

# The entries of L(t) are given by 7 () functions.

# Problem: the lower (2 x 2)-block entries of L(¢) blow up
as t1 — Ltoo.

® Do an SDR-Factorization:
exp(ti L) = Q1P =Q 'HP

» Here diag,(Q) = diag(ls, ..., I,) (cf. Q € Gy), and

: 1 0
H = dlag (h1]2, - ,hnlg) Ir = (O 1)

with [T, hy, = 1. Note 7o, = []7_, A2

Jg=1"3"
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Fixed Points of the Pfaff flow

-

Define
L=HLH '=QL0)Q!.

For the case with n = 2,

(0 1 0 0)
* * —bq (t) 1
\* * * O)
We have assumed that a;(0) = 1 for all k. Note that
0 — \/ T2k—2T2k+2 | by — 0 o
T2k 8t1

o

=



Fixed Points of the Pfaff flow
B

Entries ¢; ; of Q := QU are given by (Adler-van Moerbeke)

S;i(—0) ok (t)

Tor(t) 3
[Sj+1(=0) + 915;(=0)]mor (1)

Tok (1)

where Si(—0) denotes Sy.(—dr, —2da, —30s,...), and

Q21 2k—j(t) =

Q2k+1,2k—;(t) =

o0 00
exp (thzj) — ZSk(tl,...,tk)Zk.
=1 k=0

Lﬁ = QC,Q', and Q is invariant under the scaling of 7. J
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Fixed Points of the Pfaff flow
L o

As t; — —oo the L(t) approaches L~ which has the
following block form:

(o 1 0 0)

P —2129 21+ 29 0
B 0 0 23424 1
\ 0 0 — 2324 0/

Note that the diagonal blocks have eigenvalues (z1, z2) and

(23, 24), 1.€.
by > z1+20 as t; — —0.

(Compare with the figure for n = 2.)

o -
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Fixed Points of the Pfaff flow

o .

S t1 — oo the order Is reversed:

P4 _ | T8 2t 0
0 0 21 + 22 1
\ 0 0  —z1z 0

Theorem: As t; — +oo, L — diag(Lgy, .-, Ly 1, 1) + ¢,

—01(2]€) 1 )

Tk <_ (01(2k) + 2op41) (01(2k) + 20612) 01(2k +2)

[AﬂLk = j’r_z—k—l,n—k—l with o1 (m) = Z] , 7 and o1(2n) = 0.

o -
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Fixed Points of the Pfaff flow
=

The set of the fixed points can be represented by

FZI(L) — { ({Zilv ZiQ}a SRR {Z’izn—uzizn}) D olgg—1 < 12k } ’

We have an isomorphism,

=

Fix(L) = Wt = Son/Wp, Wp={(s1,83,...,8m-1) .

and
(2n)!
on. -

Fixz(L) is parametrized by the set of minimal reps of W7,

Fiz(L)| =

W = {67 §2, 8152, 352, 515352, 82818382}7 (n — 2)-

o -
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Fixed Points of the Pfaff flow
=

The fixed points for the case of n = 2:

(1001)

(0110)

e = (1100), s, = (1010), 5150 = (0110), s3s9 = (1001),
515359 — (0101), 59515359 — (0011)

o -
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Geometry of the Pfaff lattice
-

# Recall Ishikawa-Wakayama formula,

Tk — Z pf(Zh)ZQk)E(Zl)aZQk)

1<i1 < <19 <2n

® The set {E(i1,...,iy)} gives a basis for A** R2".



Geometry of the Pfaff lattice

- .

# Recall Ishikawa-Wakayama formula,

Tk — Z pf(Zh)ZQk)E(Zl)aZQk)

1<91 < <19, <2n

® The set {E(i1,...,iy)} gives a basis for A** R2".

® 79 IS a vector in this basis.

o -
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Geometry of the Pfaff lattice

# Recall Ishikawa-Wakayama formula,

Tk — Z pf(Zh)ZQk)E(Zl)aZQk)

1<91 < <19, <2n

® The set {E(i1,...,iy)} gives a basis for A** R2".
Tor 1S @ vector in this basis.

°

® L =QL0)Q!isrepresented by (72, 74, ..., Ton—2).

Furthermore, @ depends only 7, € P(AZFR27),

-
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°

Geometry of the Pfaff lattice

Recall Ishikawa-Wakayama formula,

Tk — Z pf(Zh)ZQk)E(Zl)aZQk)

1<91 < <19, <2n

The set {E(i1,...,iy)} gives a basis for A\** R2".

Tor 1S @ vector in this basis.

L =QL(0)Q ! is represented by (5,74, . .., Ton—_2).

Furthermore, @ depends only 7, € P(AZFR27),
Consider a moment map:

-
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The Moment Map
-

This is a convex map (Gel'fand-Sarganova, 1987),

-
Z pf(iv, ... i9%)Ei, - Ei |2 (Li, + - - + Li,,)

Z’pf 21,.. ng ---Ez'%’2

where [, = {1 <11 < --- <9 < 2n}. Here by Is the dual
space of Cartan subalgebra of sl(2n,R),

2n
[)IE:Spal’lR {ﬁl,...,ﬁgn : Z,CZO} ,
1=1

Lwith the weights ;. J

((Tor) =
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The Moment Map
E

he moment map can be extended to
e RPQn—l VTR, IP)(/\Qn—2R2n) N [)IE

n—1
(725 -+, Ton—2) = ZM(T%)
k=1

Theorem: The image of the map is a convex polytope
whose vertices are the fixed points of the Pfaff lattice.

. The polytope Is a tensor product rep of SL(2n), I.e.
I'0.1,0...1,0, @and each fixed point is marked by the weight

2n
(cvl,...,ozgn) ::Z&kﬁk CvkE{O,l,...,n—l}.
k=1

o -
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The Moment Polytope

fExample of n = 2: The r-function is given by T
=y bigE(, ).
1<i,j<4

Each vertex (ai,aq,as,ay)
represents the weight vector

4
ijl ;i Lj.

The Moment polytope In this
case Is the representation
with highest weight £, + L5 =

(1100).
-
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The Moment Polytope
-

Example of n = 2: The 7-function is given by

=y bigE(, ).

1<i,j<4

The Pfaff orbit in the generic
case (i.e. all b;; # 0) can be
described by a curve inside
of the polytope approaching
the vertex (1100) ast; — —o©
and (0011) as t; — oc.

(1001)

A non-generic flow with only
bi1abaz # 0 IS given by a
curve in blue.
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Foliation by the integrals F, ;.(L)
-

The isospectral variety of the Pfaff lattice is

=

1 .

The variety is foliated by additional integrals:
Proposition: With pf(B) =1,
Fr(xz,y,z) =det((x —y)AB —yBA — zB) .

where A = diag(zy, ..., z2,). Thus
® [, (L) are expressed in terms of {z;} and the B-matrix.
o {F.o(L)} gives {H;} and they do not depend on B.

o -
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Foliation by the integrals F, ;.(L)
-

Other integrals F, (L) with k& # 0 give a foliation of Zr():

=

Example of n =2: With tr(L) = 21 + 20 + 23 + 24 = 0,

® [ = 2(biabss(21 + 29)% — bizbag(21 4 23)° + b1abas(z1 + 24)?)
® [5,=0
® Fyq1 = —biobss(2z1 + 29)* (2122 + 2324) + bisboy (21 +
23)% (2123 + 2224) — b1abos(21 + 24)% (2124 + 2223)
® Fyo=Fj3,/2

For example, if only b14b93 # 0, then the flow contains a
non-generic leaf (cf. previous figure).

o -
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Random matrix models

-

The partition function of the GOE matrix model has the
form:

=

Ty = / exp (tr(V (X)) dX

/ /(K] —zj>exp<ZVzk>dZ1

where Sy is the set of real symmetric matrices, and
Viz) = —lz2 + Zt-zi
2 =

o -
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Random matrix models

-

The partition function of the GSE matrix model has the
form:

=

Iy — / exp (tr(V (X)) dX

/ / (KJ ) exp (Zv % ) dz ..

where Qy Is the set of self-dual Hermitian matrices with
guartanion entries.

o -
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GOE Example
B

ake by ; = sgn(l — k). Then the moment matrix is

mi j = Z (Zkzl)i_l(zzj_i — Zi_Z)EkEl :

1<k<I<2n

The r-function (2k < 2n) Is given by

Tor = PH(Magxok)

= Z H('Z” — Zij) Eil ce EZ'% .

1<iy < <ign<2n \ j<I

This is a finite version of the GOE partition function.

o

-
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GSE Example
E

ake
1

2k — ~2k—1

bok—1,2k = —bok 2k—1 =

and b; ; = 0 for all other (¢, j).

Consider the limit z9p — 2911, and relabel 29,1 — 2.

The moment matrix Is:

n

. . i3
k=1

o -
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GSE Example
-

The r-functions are given by

T2k = Z H(z’&z o Z’ij)4 Ei21 T Ezzk '

1<iy <ip<--<ix<n \ j<I

This is a finite version of the GSE partition function.
Example: n =3

T = E}+ E5 + Ej3

T4 = (21 — Z2)4E%E§ + (Zl — 2’3)2E%E§ + (Z2 — Z3)4E§E§

o -

Geometrv of the Pfaff Lattices — p. 16/



Graphs of by.(t1,t2,t3) =

t2

30

-30 {2}

-30 0
)

30

{1

-30

GSE Example

=

- In 7y, for k=1, 2.

t2

30

-30 0 30 4
T4

The sets {:} represent the values of b1, I.e. b1 = z;.

The sets {7, j} represent the values of by, I.e. by = z; + z;.

o

-
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GSE Example

-

The moment polytope is given by the irreducible rep of

S L(3) with the highest weight 22, + L5 = (210):

(201) >3 (102)

> (012)

(1200 ' (021)

The right figure is the combined grap

The sets ({:},{y, k}) represent the pair of values (b1, b2),

({13{1.3})
({11{1,2})

({23{1.2})

({23.{2,3})

ns of by and b,.

=

and the boundaries correspond to the permutations (i.e. the

Lpolytope IS the permutahedron of S3).

-
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