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* Birkhoff:
“When, however, one attempts to
formulate a precise denition of
integrability, many possibilities appear,
each with a certain intrinsic theoretical
Interest”



Theorem (Liouville — Arnold)

M, o, H), dim M =2n, ® = dp Adq

F,, ..., F, — first integrals, {F;F;}=0,
M;= {z=M, F;(z) =, = const, j = 1...n},
F; are independent on My. Then

1)M;1s a smooth manifold, invariant with respect to
Hamiltonian system Z=Vy

2)Each compact connected component of M, 1s
diffeomorphe to T»

3)There exist coordinates (¢,... ¢©,) mod 2x, such
that Hamilton equations read

@=w(f)=constcl]”



Action — angle variables

1
(Lp): 0 =dInd ¢ I = 2nfpdq

H = H(I),
¢ = o(mod 2r) (i.e. p — angular coordinates on M,)



Poincarée H. Les Methodes nouvelles de la

mecanique céleste. Paris, Gauthier-Villars,
1882.

V.V.Kozlov. Methods of qualitative analysis in
dynamics of rigid bodies, Moscow, 1980



Theorem (Poincare¢)

It 1) (*) H(Lo,e) = Hy(I1,,1,)+ eH (1,1, ¢, ¢,)+... - analytical
function of I, @, €, where

22y H (I,p) = EHlk(I)ei(k’(p)ak=(k19k2)
0

2) det Py = () S
3)The Poincaré set B /€D CL*: a)kw () +k,w,(I)=0
of variables

bYH " (1) =0

is that any real analytic function, equal to 0 on B is equal to 0
on the whole D.

Then (*) doesn’t possess anather analytic integral of the form
F(l,p,e)= ") " F,(1,¢)

independent of H for smaﬁOs;éO



* Now we fix energy h and set [, =1, ;= ¢, ¢,= 1

Then on H=h we have ;- K
where K=K, +eK,+... o7

- 0K

K,:H,(I,K,(h,]))=h 1=_£

e Theorem .- Kl =H1(]1,K0(h,11),(,01,§02)
i1y O %]2 =0

2)for some I, ¢, the frequency

0K, m
@= al  n and

= y _ R
Kk _, 0°K, 20 Kl(lo,qpo)=11£}—fK1(lo,a)t+(;0°,t)dt
0@, ’ 69002 >%

Then for small € there exist a periodic solution of the perturbed
system , 1t depends analytically on €, and for €=0 1t coincides
with the solution of the unperturbed system. The two
characteristic indexes o - convergent series in powers of Je

2 3 9*K1 9°K
a=ane+oe +ane +.., ol =———""L=0
dp,” 01,




Lagrange problem

2

1 [(p, = pycosB)’ ] p
H = L + +—2 +moz cosO
* 24 sin’ 0 Po oo e
\/f(u
r,=1, p, f du

2
f(u)= 2B(h pzo—zl—)(l u’) - (I, - Lu)* =0
H=H,,1,,I,)+eH (I.],,1,,9,p,) (27 perof ¢,p,)
Hl _ mg[z bn,l(l)ei(n¢1+¢2) + Ebn’_l([)ei(n% ‘(Pz)]
f(u)=(1—u)2(u—)\3)

12
h_p%+__ A3_2Apz
0

Theorem. If z, = 0, the reduced canonical equations of the perturbed problem

-1

do not have a first integral that is independent with the energy integral and that

can be represented as a power series F' = E ¢"F,, converging for small ¢,

n=0

with coefficients analytic in phase space.



Method of decomposition

O ¢,0,, @ =k, (H=ho,-Ap)
f, =sing,, f, =cose,

=1

=1

M. ={fi=c,f,=c,}=0;

@, = const,NxEM, ¢ =const

<




Quasi-integrals

* Def. H(q,p,t); 4 = (qy,..-,Qn), P = (P15---,Py)
f.(q,p,t), ...f.(q,p,t) — quasi-integrals, if

fz‘ = (I)i(flﬂ'“fkat) (fz = {Hafz})

|.e. class of Hamiltonian systems with the
set of functions closed with respect to
Poisson structure.




o Statement:

) Let Ve M {(q,p)| fi(q,p) = c,,i =1,..k}
g,fo -shift along the trajectory of the system with H(q, p,t) from ¢, to ¢

Then V¢ g, (M) = M is homeomorphe to the level manifold of M,

2) Let's denote & - natural application of the initial
phase space to the space of constants [ * = (x,,...,x,)
(g, p)={x, = £(q, P, 0),... %, = f,(q, p, 1)}

In] “ we can consider non-autonomous system

() x, =D.(x,...,x,,1)

M.—%—sM,

| 7 | 7 levels of M. <> x ~ Decomposition



Notice 1. Quasi-integrals are well defined.

EX.  m" cR**. coordinates

EX. 12 - R? but no reduction
= x(u,v)
<]€2=y(l/l,\/) ﬁ=q)i(ﬂ,J€29]F3)
[y = 2(u,v)

Notice 2. Globally defined. Independence is

not necessary

Notice 3.

he dynamics of the point is

replaced by the dynamics of a manifold.



Example 1.

H=%(M,A<r>M>—<k<z>,M>

‘{Mian} =-¢, M, (S0(3))

ijk
General case: In 6-dim phase space SO(3)x R” - motion of a torus T* = M. :
(H=0,(M,t)
M=0,(M,t)




[llustration: Euler’s top

ri = Ay(t)r,, where A, =1+ A(f)
H - 27%@1 - FOH

0

Quasi-intregrals: H M, M, M,
f(t)ydt =dr

‘d  1dg oH '
dt’ fdi op @

Q:
S
:

o/




[llustration: Zhukovskiy-Volterra case

A = const, k = const
H = %(M —k,A(M - k))=h = const

M? = f = const,
In phase space SO(3)x R> - motion of a torus T" :

H=0
{M=<I)(M)




Example 2

» Lagrange top with M., (1)

1
H, = E(J_IM,M) - mg(r,y),

H, =h=const, p, = M, = const, p, = const, y> =1

M o
Mz(t):< d?;

— =M M (t

\dt 3 Z()

Quasi-integrals: H(t), r(t)
M_.={H =c,r =c,,y’ =1} some 3dim manifold,

moving in the phase space as H (7).



Example 3

H - %@f F 2 p V() + %w py)=Hy +bOM,
(B = (0,0,b()), V, = —?(xz £17))
m

Quasi-integrals: H,.M M ,M

H =bM.
M, =bM,
|41, = -bM,

\MZ -

M.={H=c,M,=c}=T"



Thank you for your attention!



