CONSTRUCTIBLE FUNCTIoVS

T RING 0F CONSTRDCTIRLE FUNVCNIONS

Let S be a semialgebraic set.

Definition A constructible function on S is a function ¢ : S — Z which
takes finitely many values and such that, for every n € Z, o= 1(n) is a semial-
gebraic subset of S.

In other words, a constructible function ¢ is a function that can be written
as a finite sum
Y = Z mi]-Xi P C%\
icl

where, for each ¢ € I, m; is an integer and 1y, is the characteristic function of a
semialgebraic subset X; of S. -
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The sum and the product of two constructible functions on S are again
constructible. The constructible functions on S form a commutative ring that
we shall denote by F(S). If ¢ : S — Z is a constructible function, we define its
support to be {z € S ; p(z) # 0}.
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Definition Let ¢ be a constructible function on S. The Euler integral of
@ over a semialgebraic subset X of S is

pdx=> nx(¢ '(n)NX). L
/X nez L?: L( ’m,(/&')([
If we have a representation ¢ as in (&), then by additivity of x we obtain

/ pdy =) mix(Xi).
S icT
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Definition Let f S — T be a continuous semialgebraic map and ¢ a
constructible function on S. The pushforward f.p of ¢ along f is the function

from T to Z defined by
«As——» fep(y) =/ pdx .
f=1(y)
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Proposition The pushforward of a constructible function is constructible.

Proof.  Assume ¢ = .. ;m;lx,. By Hardt’s theorem there is a fi-
nite semialgebraic partition 7' = J et Y; such that, over every Y, there is a
trivialization of f compatible with all X;. Then f,p is constant on each Y.
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(D A continuous semialgebraic map f : S — T induces a morphism of additive
groups f. : F(S) — F(T). ’

@O\%Aﬁ{{ww Mw\%mmgnw@/xmw\e&m%z
{Ski F(T\ > \\_<S\ /(7 freawoﬂ’ w\om\ﬂfz
L’\/ — W@‘g - -« .
it - ()
W w\u&a&mg




O podficfin bouse Be mame “Ontegnl” 2o -

Theorem (Fubini’s theorem) Let f : S — T be a semialgebraic map
and ¢ a constructible function on S. Then

/f*cpdx=/sodx-
T S
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Proof. We keep the notation of the proof of the precedmg proposition. Choose
y; € Y; for each j € J. Then, for every i € I, f~(Y;) N X; is semialgebraically
homeomorphlc to Y; x (f~*(y;) N X;). Hence,

/Tf*sodx = > x(¥) fuely)) ft@%(%é\
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Corollary Let f: S — T and g : T — U be semialgebraic maps. Then
(gof)e=gxo fu

Proof. Just apply Fubini to fg_l(z) f«(p) dx. Cu an W&_;,M\‘ O
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Definition Let ¢ be a constructible function on the semialgebraic set S.
The link of ¢ is the function Ay : S — Z defined by

A¢@0==A;(S)wdx-
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Proposition The link of a constructible function is a constructible func-
tion. The link operator ¢ — Ay is a homomorphism from the additive group of
F(S) to itself.
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Proposition The link operator commutes with proper pushforward. If f :
S — T is a continuous proper semialgebraic map and ¢ : S — Z a constructible

function, then A(f.p) = f«(Ayp).
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Lemma Let Y be a compact semialgebraic subset of a semialgebraic set
S, and ¢ : S — Z a constructible function. Then
| edx=[aea. ()
Ik(y,s) Y

Proof. Using a semialgebraic triangulation of S compatible with Y and ¢, we
can assume that S is a union of open simplices of a finite simplicial complex K,
Y a union of closed simplices and ¢ is constant on open simplices. By additivity
it suffices to prove the formula (wpc\ for ¢ = 1,, where o is an open simplex of
K.

By subdivision of K, we can assume that for every open simplex o the
intersection @ N'Y is a closed face 7 (possibly empty) of &. ‘

It follows that
Ik(Y, S)Neo is semialgebraically homeomorphic to an open (d—1)-cell if cNY = ()
and 7 NY # (), and empty otherwise.
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/ 1,dx = x(Ik(Y,S)No) = { (=141 ifonY =0andanNY #0, ©
Ik(y,s 0 otherwise. (a) and 00)
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1,dy =/ Al,dy .,
/lk(Y,S) Y

which completes the proof of the lemma nt
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Proposition The link operator commutes with proper pushforward. If f :
S — T s a continuous proper semialgebraic map and @ : S — 7Z a constructible

function, then A(frp) = f«(Ap).

Proof. If y is a point of T', then f~!(y) is compact, the link of f~1(y) in S is

well defined and 1k(f~*(y), S) = f~1(k(y, T)). o
-
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Corollary 3.11 Let ¢ : § — Z be a constructible function on a compact semi-
algebraic set S. Then [¢Apdx = 0.

%’ G«»A«& ’g 5———920} CLWLJM .

T { T oo LF - Jm,bfmez

Tw Futwh A1) - o



O W oM Qud

Awﬁg(w jAH

EALGE%&HJCALW CONSTRUCTIBLE  FUNCTIONS

E\.tmmwmj S:\}‘MAMHIQ&&&“*\LML

Thea :  conoden Qﬂmi M\Rxw,uakbﬁumw,gv,

%AMM{L&&% ngm@ >
)

_|

gcgﬂ, Q eFE W b &a‘ﬁwﬂ% Mﬁ&ug
T B, INE

e ng_w W e umwﬁa,ﬁ,« Ak W

- Donske by aw\vﬁﬁo{&vmﬂ% o e fodin oV

Leana AN W « J)A-LP’\“—E e/gF(v\-
M T K godnd

W, x W

w 2\5 U Jor 18 050 < 300

Toia m@\ /‘[ o Jlo) = (§o) ()
# &*@Wygc“’\- Sy e b= (5o - Uﬁ&%\ s ) ( g[;: m&w’@n

1S




Remba® T 4 UVy o gl ihon
{0 Al — A

Alnce ég“@t = f}s‘&‘

@ The algebraically constructible functions form the smallest
class of constructible functions on algebraic sets containing the constant func-
tions and stable by pushforward along regular mappings. Phrased differently,
the algebraically constructible functions are the functions V' 3 x — x(f~1(z)),
where f: W — V is a regular mapping.
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r\)ﬂewém Let ¢ be an algebraically constructible function on a real algebraic
set V.. Then there exists a representation of ¢ where

1. all f; are proper reqular mappings L?:ZS mC ﬁi +éLw;\

2. all W; nonsingular.

Proof. =~ We begin with condition 1. Consider a regular map f : W — V.
Replacing W with the graph of f, one can assume that W is a real algebraic
subset of R" x V' and that f is the projection on V.
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Now embed R" xV in S"x V /{/ /
R"

using the inverse stereographic projection which is a biregular isomorphism
between R™ and the sphere S™ C R"*! minus its north pole P = (0,...,0,1).




Then set W = WU ({P} x V) and denote by p : W' — V the projection, which
is proper %}‘ coobunclon e Rae addek PY b R™ b mrw\ﬂ(n}
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Then f*(lw) = p*(lwl) — 1y omd A e acllied
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Now we realize condition 2. We use the resolution of singularities and an
induction on dimension. We start with a representation

o= mi(fi)«Aw,) ,

i€l
where all f; are proper regular maps. Let d be the maximum of the dimensions
of those among the W; which are singular (assume that these are Wi, ..., Wy).
Then take a resolution of singularities 7; : I//I\//z — W, for « = 1,...,k. There

are algebraic subsets Z; C W; such that m; is a biregular isomorphism from
W; \wi_l(Zi) onto W; \ Z;, and Wi_l(Zi) and Z; are of dimension < d .
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(f)-(Iw,) = (from). (L) — (o). (Ligzy) + (o). (1z) |
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and in this way we have decreased the maximum dimension of singular algebraic

sets appearing in the representation of ¢. Notice that (f; o 7;) is proper. O

din < d



The behavior of algebraically constructible functions under the link operator
is particularly interesting. As we shall see, it encompasses many local topological
properties of real algebraic sets.
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Theorem (&) Let ¢ be an algebraically constructible function on a real alge-

braic set V.. Then Ay takes only even values, and %Ago 18 again algebraically
constructible.

Proof. r\7>s3 '\wm W»‘BW/ s Basand
o => mi(fi)«(1w,)

iel

where all W; are non singular of dimension d; and all f; are proper regular maps.

Then we have, by  cownulehon f[) ?’MQ“ %wuwi o&wa Popes maps  and L
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Since W; is nonsingular of dimension d;, Alyy, is the constant 2 if d; is odd and
0 if d; is even.
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which proves the theorem. U
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Proposition Let V' be a real algebraic set of dimension d. For every
constructible function o : V. — 7, the function 2% is algebraically constructible.

Proof. Every semialgebraic subset of V' can be represented as a finite disjoint
union of subsets of the form

S={zxecV; f(x) =0, g1(x) >0,...,ga(x) >0},

where f,91,...,94 are polynomials on V. It is important that we can take
the number of inequalities to be the dlmensmn of V: this is the celebrated
Broecker-Scheiderer theorem (6.5.1 in [BCR]). T
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So every constructible function
on V is a linear combination with integer coefficients of characteristic functions
of semialgebraic sets S Set

W= {(x,t1,....tq) EV xR?; f(z) =t3g1(x) —1=...=t3gq(x) — 1 =0},
and let p : W — V be the projection. Then 2915 = p. (1), and the proposition
follows. O



Theorem 3.16 Let V be a real algebraic set. A function ¢ : V. — Z is
algebraically constructible if and only if there are finitely many polynomials
fiysoon, fp on'V such that
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p
p=> sign(fi).
=1
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Corollary Let ¢ be an algebraically constructible function on a real alge-
braic set p. Then %(@4 — ©?) is again algebraically constructible.

Proof. We start with a representation ¢ = >%_ sign f;, where the f; are poly-
nomial functions on V. Set o; = sign f;. Each o; is algebraically constructible,
and o = 2. Then

p* =D ol 2} 0w =) of 42,
i i<j i
where 15 is algebraically constructible. Taking the square we obtain
ol=D ol +2) olof +dun ) of + 4T =) of + 2,
i i<j i i

where 14 is algebraically constructible. The corollary follows immediately. [
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The preceding corollary is not the only result of this kind:
we baar the characterization of all polynomials P with rational coefficients such
that P(y) is algebraically constructible for every algebraically constructible .

Let S be a locally compact semialgebraic set. Denote by A(S) the smallest

subring of F'(.S) [%] containing 1g and stable by the half-link operator A = LA.

Theorem If S is homeomorphic to a real algebraic set, then all functions
in A(S) have values in Z.

Proof. Let h : S — V be a homeomorphism from S to a real algebraic set.
Since h preserves the link operator, it induces an isomorphism h* : ¢ — poh
from A(V') to A(S). Since A(V) is contained in A(V') (a consequence of Theorem
(%) ), it consists of functions with values in Z. O
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Theorem (Akbulut-King) A compact semialgebraic set S of dimension
3 is homeomorphic to a real algebraic set if and only if it is Euler and the four

local obstructions
i dx mod 2
(/lk(:c,S’) )

vanish everywhere on S.
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