LIVKS  OF SENALGERNRAC SETS
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1 TRWMIGDLATION  OF  SENIALGEBAAIC SETS

We first recall some definitions concerning simplicial complexes that we shall
need. Let ag,...,aqy be points of R" which are affine independent (i.e. not

contained in an affine subspace of dimension d — 1).
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[ao,...,ad]z{xER”; 3)\0,...,)\516 [0,1] Z)\lzl and $:Z)\ZCLZ}
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The corresponding open simplex is

d
(ag,...,aq) ={z € R"; Ig,..., A0 € (0,1] YN =1 and == Na;}

d

We shall denote by o the open simplex corresponding to the simplex o. A face
of the simplex o = [ay, ..., aq) is a simplex 7 = [by, .. ., b.] such that

{bo,...,be} C {ao,...,ad} .



A finite simplicial complex in R™ is a finite collection K = {oy,...,0,} of
simplices o; C R" such that, for every o0;,0; € K, the intersection o; N0} is a
common face of o; and o; (see Figure 3.3).

not a simplicial complex a simplicial complex

We set |K| = U,,cx 0i; this is a semialgebraic subset of R". A polyhedron
in R™ is a subset P of R", such that there exists a finite simplicial complex

K in R" with P = |K]|.

Theorem Let S C R"™ be a compact semialgebraic set, and Sy,...,S),,
semialgebraic subsets of S. Then there exists a finite simplicial complex K in
R™ and a semialgebraic homeomorphism h : |K| — S, such that each Sy, is the
image by h of a union of open simplices of K.

?ﬂf,:mwde “‘&m“g Wu\—m A
Qu\m«?l e com wwen ask Q\% \-v’eed()o@u;a Ow\

Exoun.

¢~ !

The semialgebraic homeomorphism h : |K| —S will be called a semialgebraic
triangulation of S (compatible with the Sj;).



Continuous semialgebraic functions can also be triangulated, in the following
sense.

Theorem 1.11 Let A C R"™ be a compact semialgebraic set, and By, ..., By,

semialgebraic subsets of A. Let f: A — R be a continuous semialgebraic func-
tion. Then there exists a semialgebraic triangulation h : |K| — A compatible
with the B; and such that f o h is linear on each simplex of K.
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The method to prove this theorem is to triangulate the graph of f in R™ x R
in a way which is “compatible” with the projection on the last factor. '

n
Remarts

mfact that f is a function with values in R and not a map with values in R¥,
k > 1, is crucial here. Actually, the blowing up map [—1,1]* — R? given by
(z,y) — (x,zy) cannot be triangulated (it is not equivalent to a PL map).
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The triangulation theorem can be applied to the non compact case in the
following way. Let A be a noncompact semialgebraic subset of R™. Up to
a semialgebraic homeomorphism, we can assume that A is bounded. Indeed,
R"™ is semialgebraically homeomorphic to the open ball of radius 1 by x
(14 |«||?)~'/22. Then one can take a triangulation of the compact semialgebraic
set clos(A) compatible with A. So we obtain:

Proposition 1.13 Let A be any semialgebraic set and By, ..., B, semialgebraic
subsets of A. There exist a finite simplicial complex K, a union U of open
simplices of K and a semialgebraic homeomorphism h : U — A such that each
Bj is the image by h of a union of open simplices contained in U.
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Proposition 3.16 Let A C R" be a semialgebraic set. Then

1. dim(clos(A)) = dim A,
2. dim(clos(A) \ A) < dim A.

The dimension is invariant by a semialgebraic homeomorphism.

Lemma 3.17 Let A C R"* be a semialgebraic set, = : R*"t* — R" the
projection on the space of the first n coordinates. Then dim(m(A)) < dim(A).
Moreover, if the restriction of ™ to A is one-to-one, then dim(mw(A)) = dim A.

Theorem 3.18 Let S be a semialgebraic subset of R®, and f : S — R* a
semialgebraic mapping (not necessarily continuous). Then dim f(S) < dim S.
If f is one-to-one, then dim f(S) = dim S.
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A continuous semi-algebraic mapping p : A — R is said to be semialge-
braically trivial over a semialgebraic subset C C RF is there is a semialgebraic
set F' and a semialgebraic homeomorphism h : p~}(C) — C x F, such that the
composition of i with the projection C' x F' — (' is equal to the restriction of

p to p~H(C).

A>Dp! - O x F
\Mectlon
R* D> C
F

Local triviality: a neighborhood of C' is homeomorphic to C' x F .

The homeomorphism A is called a semi-algebraic trivialization of p over C. We
say that the trivialization h is compatible with a semialgebraic subset B C A
if there is a semialgebraic subset G' C F such that h(BNp~*(C)) = C x G.
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Theorem (Hardt’s semialgebraic triviality) Let A C R" be a semi-
algebraic set and p : A — R*, a continuous semi-algebraic mapping. There is
a finite semialgebraic partition of R* into C,,...,C,, such that p is semialge-
braically trivial over each C;.

KEQ&Q Moreover, if By, ..., B, are finitely many semial-

gebraic subsets of A, we can ask that each trivialization h; : p~*(C;) — C; x F;
is compatible with all B;.

EAUU_W& )\M a c,«Lk o a *&u,
A—R
P

A K
/R v R

Ohee C,
>— 2
3—C
>— 5

Tou '%w& CeC M\M :{ 1L 6&" ft?fc) Aaimj—\‘eo:
P@-AWF AMP(C\ dim C; & din A - ding,



Ap?huﬁmi penl coical abichae.

Let A be a semialgebraic subset of R™ and a, a nonisolated point of A: for every
e > 0 there is x € A, x # a, such that ||z —a|| < e.
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a x (S(a,e) N A) the cone with vertex a and basis S(a,e) N A, i.e. the set of
points in R" of the form Aa + (1 — A)z, where A € [0,1] and x € S(a,e) N A.
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Theorem  For e > 0 sufficiently small, there is a semialgebraic homeo-
morphism h : B(a,e) N A — ax* (S(a,e) N A) such that ||h(z) — a|| = ||z — a|
and h|S(a,e)mA =1Id.
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Proof. ~ We apply Hardt’s theorem to the mapping p : A — R defined
by p(x) = || — a||. We obtain semialgebraic trivializations of p over a finite
semialgebraic partition of R. We can assume that this partition has as member
an interval (0, g¢).

R

1z,

Choose € such that 0 < & < gg. Since p~t(e) = (ANS(a,¢)),
we have a semialgebraic homeomorphism

g: p_l((oa 60)) - (0’ 80) X (A N S(CL, 8))

such that g(z) = (||x — al|,91(x)), where the restriction of g; to S(a,e) N A is
the identity.
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Now define h : B(a,e) N A — C. by
{h@)—-<1_ﬁilﬂ)a+ﬂx—ﬂwd@ fota,

h(a) = a.

We can check that h has the properties of the theorem. The inverse mapping
of h is defined by

{ h'Xa+ (1=XNz) = g (1= Ne,x)for \€[0,1), z € S(a,e)NA,
h='(a) = a.

Agplicalin 2 . dofintion of He Rnh.

Let A be a locally compact semialgebraic subset of R™ and let a be a point of A.
Then we define the link of a in A as lk(a, A) = ANS(a,¢€) for € > 0 small enough.
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Of course, the link depends on ¢, but the semialgebraic topological type of the
link does not depend on e, if it is sufficiently small: there is €; such that, for
every € < €7, there is a semialgebraic homeomorphism AN S(a,e) ~ ANS(a,eq).
This is a consequence of the local conic structure theorem.

AceR™

More generally, let K be a compact semialgebraic subset of A. We define
Ik(K, A), the link of K in A, as follows. Choose a proper continuous semialge-
braic function f : R™ — R such that f~1(0) = K and f(z) > 0 for every z € R™.
We can take for instance for f the distance to K. Now set 1k(K, A) = f~1(e)NA
for € > 0 sufficiently small.
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Proposition 1.20 The semialgebraic topological type of the link 1k(K, A) does
not depend on € nor on f.
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The preceding result shows that the semialgebraic topological type of the link
is a semialgebraic invariant of the pair (A, K): if h is a semialgebraic homeo-

morphism from A onto B, then lk(K, A) and lk(h(K), B) are semialgebraically
homeomorphic. ' '



We will mow Be onkodd o o bpebogend iadls

T EDLER  CHARACTERICTCS,
—la- A&F«w Jt, twf ﬂ@.kmb

. e cell @iﬁmﬁ?mm Rusc el

Lok wo - asilin con S of nibschin

e L
VLI

We denote by HPM(A;Z/2) the Borel-Moore homology of a locally compact
semialgebraic set (with coefficients in Z/2). We shall not need the definition of
this homology. The following properties explain how we can compute it from
the ordinary homology.

oIf Ais compact, HPM(A;Z/2) coincides with the usual homology H;(A;Z/2).

olf A is not compact, we can take an open semialgebraic embedding of A into
a compact semialgebraic set B, and this embedding induces an isomorphism of

HPM(A:;Z/2) onto the relative hofnology group H;(B,B\ A;Z/2). L
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If Fisa

closed semialgebraic subset of A, then both F and A\ F are locally compact
and we have a long exact sequence

— HEM(A\F;2/2) — HPM(F;2/2) — HPM(A;2/2) — HPM(A\F; Z/2) —
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The Euler characteristic with compact support can be computed using a
stratification into cells.

Lemma 1.21 Let A be a locally compact semialgebraic set and let A = U Cy be
a finite stratification into  sa-cells Cy rm-SRom—eomorphic to (=1,1)%. Then

X(A) =32, (=1)%.

Proof. Let d be the dimension of A, and let A<? be the union of the cells of
dimension < d. By the properties of a stratification, A<? is closed in A. The
cells of dimension d are the connected components of the complement A\ A<9,
Using this fact and the additivity property mentioned just above, we obtain

X(A) = (~D)card({k; di = d}) + x(A<9).

Hence, by induction, the lemma is proved. ]
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Theorem 1.22 The Fuler characteristic with compact support on locally com-
pact semialgebraic sets can be extended uniquely to a semialgebraic invariant
(still denoted x ) on all semialgebraic sets satisfying

xX(AUB) = x(A)+ x(B) disjoint union
X(Ax B) = x(A) xx(B) product.

Thon of proof.

2




If such an extension y exists, it must satisfy the following property. Let
A = U, Cy be a finite semialgebraic partition of a semialgebraic set into pieces Cy
semialgebraically homeomorphic to (—1,1)%; then x(A) = >, (—1)%. Define
X(A4) =3, (—=1)%, and show that this alternating sum does not depend on
the semialgebraic partition of A.
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Theorem (Sullivan) Let X be a real algebraic set. For every x € X, the
Euler characteristic x(1k(x, X)) of the link of x in X is even
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Definition 2.9 Let A be a locally compact semialgebraic set. Then A is said
to be Euler if, for every x € A, the Euler characteristic of the link of x in A 1is

even.

In dimension < 2, the Euler condition suffices to characterize topologically
the real algebraic sets.

Theorem 2.10 (Akbulut-King, Benedetti-Dedo) Let A be an Euler set of
dimension at most 2. Then A is homeomorphic to a real algebraic set.
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Theorem 3.22 (Akbulut-King) A compact semialgebraic set S of dimension
3 1s homeomorphic to a real algebraic set if and only if it is Euler and the four
local obstructions

defined above vanish everywhere on S. )
TF con e undicobord e CY/\.chQ% st»m toa
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The analysis of the local obstructions given by the theory of algebraically
constructible functions can be pushed further. In dimension 4, they glve a total
of 243 — 43 independent local obstructions, ) l

Moreover, it is not known in this case whether
the vanishing of these obstructions suffices to characterize topologically real
algebraic sets of dimension 4. ..



