
 
LINKS OF SEMIALGEBRAIC SETS

Idea the linh is a localinvariant of thesingularities
it is simpler than the initialsingularities and

even smooth if thesingularity is isolated
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Linh Xa XNBC.co

Bla E

Goal SullivanTheorem 1971
Let XE Rm be a real algebraicset Fr all x cX the

Euler Characteristics Link Xx is even

Remark
we will use R R even if it can be done

with real closed fields
The reason is that we one interested in topology

Reference M Coste Real Algebraic Sets in Au spaces
and additiveinvariants in real algebraic andanalyticgeometry



I TRIANGULATION OF SEMIALGEBRAIC SETS
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Prof a consequence of cylindrical decomposition

Remark one can even ash hier tobe ofclass C

Example



Idea ofprof
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Remark
The

Remark A continuous function f P R na

Har P is said piecewise linear if there exists
a simplicial complex K with MI P such that
took f o is bien

Theorem difficultand important called Hauptmmutung Cook Shiba

If two polyhedrons P and Q are semialgelaically
homeomorphic then they are PLhomeomorphic

Consequence unicity of the triangulation
SERA compact semi algebraicset
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Addendum on semi algebraic dimension
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II TRIVIALIZATION

Idea compare general maps to projections

Interest of projections the flees are homeomorphic
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Nextresult skates that any semialgebraic mapping
is piecewise trivial
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About the prof quiteinvolved m'a cylindrical decomposition

Example projecting a cubic on a laie
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Technicalremark fa future reference
For a point c Ci then the dimension of thefleepicssatisfies

dimples_ dim Fi d'unpileD d'unCi Edin A dime



Applications local conicalstructure
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Anotation a A

Locally ce semialgebraic set looks like a one

x
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The proof is a consequence of Hondt triviality
applied to the distance function
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Forinstance if VoceSfxEt heu 0 g x

Application2 definitionof the link

Does it depend on E

AERn

One need to prove it doesnot depend en f na on E



Prof Hardt triviality theorem triangulation of sa_furetais
uniqueness of sa triangulation g



here locally as

follows



locally compact means Ai Un C with Uponandclosed

iin particular
A pin a A n A Il

notlocally
u compact

Notre that rive if A is notclosed
Consider the distance function to Rain

f Rn R
a dit Ca Roi a

the function l is then continuoussemialgebraic

Then A RnXR

homeomorphism ontophe LILI
semialgehaie

A 2cmy c R x c À ylead 1

It remains to consider the AlaandrofcompactificatraiB

of A lit makes sense fa semi algebraic
sets too

Caning back to Borel Moore homology
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Long exactsequence in homology

comme

Example Ha I HD Ez Zz if id

with A Stand Eppoinff 0 otherwise

so Ait eu C IDd

Usual definitionof Eula
characteristics a anotherfieldit will givethe same

if A is a locallycompact semialgebraicset
A EDidien HiCA

good definition if A is compact a canes froma complexalgebraic

variety

for general semialgebraicsets we use BorelMoorehomology
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Whydoing so
up

If A compact BM A
B will satisfy nice additive

multipléahie
Properties

Example ptn HDD PB Eli



From now on we use thenotation rather than Bn

Lemma If FEA au locally compact then

y A E Arf

Proof long exact sequence in Bad Moorehomology g

moa s Æm
La triangulation

We use this idea to extend x to all semialgelaiesets
even when the Bad none homology doesnotmake sense

Idea ofproof
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For this of we have two different partitions find a commun

refinement
it suffices to consider the case of therefinementof

a partition

a cell C is locally compact we can use thelemma

if C Di then

TC Ç x Di
dindi

Il
ydonc

This proves the existence and additirity
Multiplicativity is an exercise
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Hue is a first application of Euler characteristics

Theorem let A and B be semialgelaie set Then A is
in semialgebraic bijectionwith B if and onlyf d'unA_dimB
and A 43

Example s'and s'us are in semialgebraicbijection
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Idea ofproof
Itis possible to stratify Aand B in A Ai Bç Bi

such that Ai Bi is a semialgebraic homeomorphism

Then NB and dim Ai dim Bi
As a consequence

X A A Çi il B

dim A mif
d'unAi qq.fr

d'unBi d'unB

Consider a triangulation for A and B
A a IKat and Be thisI

One can assume Ka and KB have the same

numberkof simplices of dimension d d'un Adim B

If not

Therefore theunionsof the top dimensionalsimplicesofkaandkg
are in semialgebraic bijection

Auopen simplexof dimension d satisfies y a
d

Then

xCA _xlKaD Eix tEixlos kesI No
OEKA VEKA OGKA
dimo.cl d'unold d'unold



Similarly
HB LÀ Nos had Ntfs

GHB
d'unold

where Hf is Kiss minus the le simplicesof
dimension d

and similarly fer A Ka

Finally NIKKI A helix les 11 1
d'un1kff d'unIKKI comes from the cutting

We conclude by an induction on dimension
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Counter example n'a Whitney Umbrella W x zig
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Here the linh at ois s a homeomorphic to a figueeight

O.O fin O
Its Eula characteristics is

X x X OO point

X s'il2points x 1

d 1
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So Wr Izzo is not sa homeomorphic to a realalgebraic

set
Remark O.O Ça
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This result leads to

In dimension 3 are need more conditions

a
It can be understood m'a algebraically constructible functions
goaloftheendofthelectures
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