
 

REAL ALGEBRA

In this lecture

Antin Lang
therein

Real Nullstellensatz
Positionstellensatz

prof of Hilbert 17 Antinsohehen

Let R le a real closed field



I ARTIN LANG THEOREM

Proof By induction on n

If no no variable so ok

Iufm 1 assume the result fa n I By
Taishi Seidenbug theorem version with real fields

Tn



As a consequence

ils Rsi
T

rosotPMI

motel

Counter example x y in R x y



First a lemma

Iep minimal if éÎ
qprime q p

In a noetherian ring
there is a finite numberof

minimal peine ideals containing I and
I h p
pminimalprime
p I

It corresponds to the decomposition in irreduciblecomponents

ff

9Iep and help



A second lemma

Lemma let A be ca commutativering and I EA prime
idéal Then

I is a real ideal Frac is arealfield
Proof Let as ap C A Then

ait tap EI ait ap oe AI
ait a 0 c Fnac ATI

so that
I real En real

by the characterization of real fields
D

Here is the real version of the classicalNullstellensatz

3.3 Risler 1970

Prof of
Assume Pi ap c I

For x C 2CI we have RE PI s Oso
P Prêt 0

Then Pie I CI so Pi c I ti



Proof of First I c Il 2CID as usual

Assume PEI We are going to prove PIE SEED
hence the equality

I À pi with pi
the minimal primeideals

containing
It suffices to proues the resultforany pi

By a Lemma I real pi real So
now we assume Italie areal prime ideal

Let s be the multiplicative set generatedby Fin k7
and

A R
ç

e FaeR I

the ring RI localized at S

Choose an ordering on the real field bya Lemma Fnac RI

Let R denote the real closure of FnacRTÉ
we have a natural inclusion

A FraiREI R

By Antin Lang Theorem we obtain un R algebramorphism
4 A R



yA s R
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Denote xi l F c R Then

x c ZÉ by the construction
Pla 0 because Pis invertible in A

Therefore P et J CI as expected

D

Proposition If Pertes XD is irreducible and
there exist a be hm with Pcp o then
P is real

Idea of proof
one can show d'un 2 P n l
then heights 2CPD L
CP is prime of heights
f c BLEED so equality

g



The real Nullstellensatz leads to thenotion of real
radical

Partial proof stability under addition

Assume
arm b top C I

and in fit c I

Then Unam
a

ntm

all the odd
paons

is of the fam
aime s'my vanish

where C T c A

So
m

A c I
thus atx c RE

D



Going further the study onecouldstudy inequalities
too in an algebraic manner

stengle 1974 lutsamedefinitionasinafieldinaring

stable undeepoduct

TowaedtheproofCiit

_sciIIffj ssotj.tlen fsz0Ifgacxstotlythengxse0andgExsso.Thusfoaxg
so In particular head

Since he I Cha _hee at least one he
does not vanish at x

ici Mae involved use the so called

formal Positinstellensatz Anton Langtheorem

D



A geometric Positivstellensatz follows

Definition Fera real algebraic set VER denote by
Kering REX of polynomialfunctions ont

Proofsof Take x ew

g HEP so good O and has 0

Then forêt h 70 so feu g 70
Moreover il y so then facazo

if grecs O then fanes the 0 ses fées O

In any case foc 70
ï Same idea Ithaca 31 so fesages I

Since gesazo it follows gas sound faux
Ei geazo and f2254 so so goes_focs 0



More formally for thepaf of Ci for instance

fesse
a

x c W

3F C une generatedby gi and f
7Gt monoid f F 64H 0

J'He ideal nj
F h f g h.ge
fm for some new

h fg f270
O un PQ

in PA
D



II HILBERT 17A PROBLEM

Proof We have seen that in a field F F2 is
the intersection ofthepositive cones fa all orderings
So if the conclusion is not valid there exists an ordering
on R Xs Xm such that f is negative

Denote H the real closure of Rus XD E

Then f E k H so f has a square
root à K noted Ff
As a consequence there exists anR algebra homomorphism

Ruse _Xm ET K
T t

T

By Artin LangTheorem there exists an R algebrahomomorpham
R _XD TI s R

T'xD
Suchamorpham is givenby theevaluation et E c RIR

satisfying floats1 0 In particular fresco
B



Remark Via the Positionstellensaty one has a more
precise version Recall

With V R W we have P Z Reis XD so

f30 on R J'ment 3g hc IREXs.sn fg fIh
Then f f b f grisasumofsquaies

f pfff
S b

f2M b 2 in

with fa fr E RCX Xm

Note the national functions fa fr are well defined
outside the zero set off feu 0 j'Toa heu x

they can be extended by continuity on their set ofpoles
by the value 0 as follows



Actually take x c 2f EN

By the Curve Selection Lemma

there existe a continuous semi algebraic curve

H O D R such that 8Co.DERIZff1andt s

_x.Then
f Htt à faces 0

so that
Êlfioots so

t o

and this
fi qu o O i

t 0

Such functions are called continuousnationalfunctions

Example x3
Ig

ou R



Remark Hilbert 17h problem is false on a real field
Fa instance take

F Rct with the ordering Ox
the real closure of Fox is RK t alg
consider f x E _Es c FCM

For x C F x Pq fer p q c RED
with
psq 1

feu Rt 4h _Es pa toiLH face4
q 4

and the numerator equals

pas t Et q 4 2T p4HqYH
0

Its sign is given by the tam of smaller order
if p 0 it is p s4

ifp 0 then qd40 since propat and it is f
2 4

In any case the sign is positive

However f is not a sum of squares
Actually f is negative an I and I where

I tlmt tri
f hasatmost 4roots

au

f tu rt t t f trkt t Pao
so the roots are 2 x

Between x and a_ fis negative f 1 3 0
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Remark this phenomenon has to do with the singularités

of the Cartan umbrella


