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T ARTW-AN THEOREN

We begin with a consequence of the Tarski-Seidenberg principle.

Proposition 4.1.1. Let R; be a real closed extension of R. Let B(X) be a
boolean combination of polynomial equations and inequalities in the variables

X = (X1,...,X5n), with coefficients in R. If B(y) holds true for somey € R},
then B(z) holds true for some x € R™.
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there exists a boolean combination C(X’) of polynomial equa-
tions and inequalities in the variables X' = (Xi,...,X,-1), with coeffi-

cients in R, such that, for every real closed field R; containing R and every

' = (z1,...,Tpn_1) € Rg'l, B(z', X,) has a solution in R if and only if
C(z’) holds true.

Therefore, if y = (y1,...,¥n) is a solution of B(X) in RT,

then ¥’ = (y1,..-,Yn—1) is a solution of C(X’) in R}~'. By induction, C(X’)
has a solution 7’ = (zi,...,Z,-1) in R"~!. Hence, there exists z, € R, such
that = = (z',z,) is a solution of B(X) in R™. O
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Theorem 4.1.2 (Artin-Lang Homomorphism Theorem). Let R be a
real closed field and A an R-algebra of finite type. If there exists an R-algebra

homomorphism ¢ : A — R, into a real closed extension R, of R, then there
erists an R-algebra homomorphism ¢ : A — R.

Proof. We may assume A to be of the form R[X},...,X,]/I, where I is the
ideal of R[Xj,...,X,] generated by Pi,..., Ppn.

oy 9. RT%, — X. ] ~ Ry
(P, —, Pﬂ“) . Let b; be the image of the

class of X; by . Then (by,...,b,) is a solution of the system of equations
P,=.--=P, =0in R}.

. . By Proposition 4.1.1, this system of equations also

has a solution (a3, ...,ap) in R™. The homomorphism 1 : R[X1,...,Xn] = R
defined by 9(X;) = a; obviously induces a homomorphism ¢ : A — R.
O

The homomorphism theorem is used to prove the real Nullstellensatz,
which characterizes the ideal of polynomials vanishing on an algebraic set.

Definition 4.1.3. Let A be a commutative Ting. An ideal I of A is said to
be real if, for every sequence ay,...,a, of elements of A, we have

a%+---+a,2,€I = a; €1, fori=1,...,p.
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Lemma 4.1.5. Every real ideal I of a commutative ring A is radical. More-
over, if A is noetherian, then all minimal prime ideals containing I are real.

Proof. If a™ € I, n > 1, then a™? € I if n is even, and a™tV/2 ¢ [ if n is
odd. In both cases the exponent has decreased, and we get a € I by iterating
this process.

Let p1,...,pq be the minimal prime ideals of A containing I.
We can assume g > 1. If, for instance, p; is not real, then we can find
ai,...,ap € A\ py, such that a + --- + a2 € p;. Choose b; € p; \ py, for
i=2,...,q, and set b = []?_, bi. Then (a10)? + --- + (apb)2 € NI, p: =1,
but a;b & p;, which is a contradiction. O
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Theorem 4.1.4 (Real Nullstellensatz). Let R be a real closed field and
I an ideal of R[X1,...,Xyn|. Then I =Z(Z(I)) if and only if I is real.
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Theorem 4.1.4 (Real Nullstellensatz). Let R be a real closed field and
I an ideal of R[X,,..., Xp). Then I =Z(2(I)) if and only if I is real.
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Proposition 4.1.7. Let A be a commutative ring and I an ideal of A. Then
VI={a€cA|ImeNIby,....bpe A a®™+b2+---+b2el)

is the smallest real ideal of A containing I. The ideal {/I, called the real
radical of I, is the intersection of all real prime ideals containing I (or is A
itself, if there is no real prime ideal containing I).
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Corollary 4.1.8. Let I C R[X},...,X,] be an ideal. Then P € I(Z2(I)) if
and only if there exist finitely many polynomials Q;,...,Qp and an integer

m € N, such that P™ + Q3} +--- + Q2 € I. In short, Z(Z(I)) = VI.

Proof. The real Nullstellensatz says that Z(Z(I)) is the smallest real ideal
containing I, that is, by Proposition 4.1.7, the ideal ¥/T. O
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Theorem 4.4.2. Let R be a real closed field. Let (f;)j=1,....s, (9k)k=1,..t
and (he)e=1,...u be finite families of polynomials in R[X, ..., Xn]. Denote by
P the cone generated by (f;)j=1,...,s, M the multiplicative monoid generated
by (gk)k=1,..t and I the ideal generated by (h¢)e=1,...,u.| Then the following
properties are equivalent:

(i) The set

{reR"| fi(z) 20, j=1,...,8, g(z)#0, k=1,...,¢,
he(z) =0, £=1,...,u}

is empty.
(ii) There erist f € P, g€ M and h € I such that f + g + h = 0.
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Corollary 4.4.3 (Positivstellensatz). Let V C R" be an algebraic set,
gl, .o 193 e P(V) and

W={zeV]|g(z)>0,..., gs(r) >0}.

Let P be the cone of P(V) generated by g1,...,9s, and let f € P(V). Then:
(i) VceW f(r)>0&3ImeN 3g,he P fg=f>™+h.
(i) Ve W f(z) >0« 3g,he P fg=1+h.
(iii) Ve W f(z)=0&3meN Jge P f>™ +g=0.
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Corollary 4.4.3 (Positivstellensatz). Let V C R" be an algebraic set,
g1,-.-,9s € P(V) and

W={zeV|qn()20,..., g(x) 20}.

Let P be the cone of P(V) generated by g1,...,9s, and let f € P(V). Then:
(i) VceW f(z)>0&3ImeN 3g,he P fg=f*™+h.
(i) Ve W f(z)>0& 3g,he P fg=1+h.
(iii) Ve W f(z)=0&3meN Jge P f™ +g=0.
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Proof. Let uy,...,ux generate Z(V). We denote by the same symbol polyno-
mials in R[Xj,...,X,] and their restrictions to V.

For (i), we apply Theorem 4.4.2 to the set g@ = o
(e B |@u(@) 20,..., 0u(x) 20:CF(z) 20, §(z) £05>
ul(:l:) =...= uk(x) = O} ,

obtaining g and h in P, m in N, such that h — fg + fim=0.
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T HILBERT \?‘2 PROBLEN

Theorem 6.1.1. Let R be a real closed field and f € R[X,,...,X,). If f

s nonnegative on R", then f is a sum of squares in the field of rational
functions R(X,,...,X,).
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Corollary 4.4.3 (Positivstellensatz). Let V C R" be an algebraic set,
g1,---,9s € P(V) and

W={zeV]|ga(z)>0,..., gs(x) >0}.

Let P be the cone of P(V) generated by g1,...,9s, and let f € P(V). Then:
(i) VceW f(z)>0&3ImeN Jg,he P fg=f>"+h.
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E. Artin also considered Hilbert’s 17t problem for an irreducible algebraic
subset V' of R™, instead of R™. This is different from the case of affine space:
a polynomial that is a sum of squares in R(X,...,X,) is clearly nonnegative
on R", but an element of P(V) that is a sum of squares in (V') (the field
of fractions of P(V')) is not necessarily nonnegative everywhere on V'///

Ezample 6.1.8. Let V be the Cartan umbrella " in RS,
given by the equation 23 = z(z? + y?). Then f = 22+ y2 - 22 € P(V) is
negative on the stick £ = y = 0 outside the origin. Nevertheless, f is a sum
of squares in K(V):

z8 _ 3zfy? + 322y + 48

f=2"+y* -

(:1;2 + yz)z - (:1:2 + y2)2




