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REAL CLOSED FIELDS

En
study algebraically fields admitting an ordering

consider the analog of algebraically closedfields
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Remarks

A square is positive let x c F Then x on

x O totalorder Then by Lü x c t z o

I is negative Actually 1 is a square so 1 o Adding

1 by ci we obtain It 041 i e Ico

Examples e
dojo À

On Q ra one can define 2 orderings one with Rx
another with taco But on R vi F So
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Examples ÈÉuùn
P F is always a une

Itis included in any one by Lit and Eiil

If Fadmibanadaing E then

Ft La GF x o

is a one called the positive oneoff
Remark In general F2 E cf Htt

Proof I to so I is proper
t U E F because E is total

Conversely the relation E defined is

pis a total order relation
an ordering



lisreflexine x x 0 02 p KEY y a cP

so x E x P proper
transitive

y a cP and z yep
y a z g c P sa xez

anti symmetric assume see y ex but sexy
Then z y a C P

z x yep
so j'c P

But ztz fzjc Phence tja.cz CP

total because P satisfies µ
Cut to be checked but routine

D

Remark Under preceding assumptions P proper and
Pu Pitt then Ps P 2d

Actually if xe Pn P then x c P
so I x J'c P if x O

Now we state a key lemma



tg
a is a one

T1g

mytheprevious propositioni Q induces an ordering
and Q Ft fathisordering
P E Q Ft

Now we characterize fields admitting au ordering

P

Tah zifrepandteT

HeyLemma



On A

0 p l t t 1 l IL p
p times p times

Next result all be useful for Htt
andif no orderings FE F

Proposition
Let F be a fieldof characteristic zoo Then F2

is the intersection of the positive cones for all orderings ont
Proof We know F2 EP fa Pang care

Let a F2 we are going to exhibit a

positive cone not containing a

Notre that Ei F2 is proper namely t Ft
otherwise afsHCz.at E F

o n n
F2 F f

Then IF Ea is a proper one by Key lemma

By Key lemma again Ii FEI is included in the
positive uneFfa sane ordering So a f



Remarks
In otherwords f F is real

x F2 there exists au ordering suchthat a co

Assume F admits a unique ordering Then
F F2

II REAL CLOSED FIELDS

Counter example Q Q Va is algebraic and
AND admits orderings so is a real field
So is not real closed

Real closed fields admits a unique ordering

Proposition Let R be a real closed field Then
R R R2
there exists a unique ordering arr



THIRD STEP existence of a unique ordering
We know R u R R Lanie R RE I RER

t f KEIR since Ris real
Sa R2 is a propre one

By Key Lemma a proper one can be enlarge tobecame
a positive one Cfa some ordering
Recall how to enlarge R c R a where
a R2 Bat a R AER so REA R

In particular there is a unique ordering on R andits
positive cone is R



To FINISH proof of the firststep R RE E R

let a c RR Consider the algebraicextension

R REX R rat

Then Rana cannotbe vol since R is real closed
therefore IE Zi Rcaf

t i tragi with ai.geR and atleast
An one yi 0

ai aÈgit2ratixiginC R ER

Thus t ai ta y A

ËjËtË atbastanegito
and R real

Then
M a 1 dtEixiXEiyi4

yiyeeEiR2
we have just proved

ce c RIR a c R
D



Next result will be important fa the uniquenessofthe real closureof a real field
Lemma Let F le a real field
Let F R be an real algebraicextension withRvalclexe
meaning the ordering on R extends that on F
Then any F automorphism of R is trivial

Proof Let 0 R R be a F automorphism
Then respects the ordering D f ser

d Rt since R is real closed

Let a CR Then F F cas is algebraic by
assumption let PE F EX be the minimal polynomial fa
Then sends a root of P on a mot ofP

respects the ordering
so d stabilizes the root of I Thus Cota

D

We are in position to give a characterization of real
closed fields



Examples R

Ray QalgnR adding i gives the
algebraic closure Qaly of Q

IR TÉ real Puiseux series

ip ah tkt pez qeIN aper

Actually ICHtût is the algebraicclosure feetand ftp.RKL KD iI

Replacing GUN by ect gives rise to
QUthey and then Rct alg

Puiseux

suies satisfying a polynomial equation

Remark that thereexistseveral orderings en RCA
but in Ratchet too since t 5

t'so since t f et
etc

Notre
notame.LY RERkttuDalgER6ttuDnotconnected rotouchimedeanarchimedean



Proofof iis The uniqueness comes from a proposition

songe
it.hu nwtmf

F FEEL K is a mon trivial algebraic
f

extension of the real closed field F so it cannotbereal
Therefore y CE K
i e



Proof ofCuit Cuit
XII is irreducible on F so FED is a field

Firstwedealwithpolynomials inFM then inFEDEX

es

Let

n nkmn.lt

O



Proof of Cuit lis
Fis real let prove t F2
first I F otherwise FEI wouldnotbeafield
second FE F Actually p a beef then
afb axib a its

Since Finis algebraically closed axib is a square in
FED so axib id
and then a ils c id

Finally alibi d'l c F2 Theninduction

Let F H le an algebraic extension off
If I is a square in K then K
_Ffi7lsinuFiIisalg.clesedl.IfnotF

KptuFiI
KIi alg.extension

sa F skis trivial thus trivial

B



II ANALYSIS ON A REAL CLOSED FIELD

One can review several classicalresultsof analysis
Intermediate value theorem

i D

Rolle theorem

Loue



Mean value theorem

III REAL CLOSURE

Definition Let fe be an orderedfield An algebraic
extension F R is a real closure if

R is a real closed field
the unique ordering en R extends the givenorderingart

Theorem Any ordered field F admits a real closure
The real closure is unique up to a unique F automaphim

F R

1 there exists an unique F automorphism
R

Remark the uniqueness is stronger than the uniqueness
of the algebraic closure



Idea of the proof close to the case of algelaerclesme
existence via Zan Lemma take a maximalextras

between real extensions included in ai algebraic closure
check this maximal extension is real cloud

uniqueness a bit more wah because of the order
D

Examples
0T Pdg
Rex f RK Daly

X o
and r tre RÉ

Actually Xx since X
r a r X F Vr EK t 0 so Xa

so the orderingen RK Daly
extends et

COMING BACK TO SEMI ALGEBRAIC SETS

essentially All whatwe discussed about semi algebraicsetsin
R is valid on any real

closedfield
Exceptions comedy

more details
compactness

soon

We have a useful version ofTaishi Seidenbeyprinciple in this
context HA



Theorem
Fanal field f

k
falTA feltX c FIT K xD felt 0

Thereexists a boolean combinaison UX of polynomialqualitiesand
inequalities in FIX XD such thatfor any real closedfield R
containing F and every x c Rn
thesystem SCT x has a solution in R
C x holds tue in R

A few more remarks about topology Connait

Ralgis not connected f IT is openand closed

R K t D idem theset of infinitely smallelements
is open and closed

But thesestrange sets are not semi algebraic

one can define a semi algebraic versionof convexity

Definition A e Rn semi alg Ais sa connected if fa
any FsFa EA

closed semi alg sets
A F u F Af a A E

Example thesaconnected semi alg subsetsof R are the
intervals



Lemma oNd c Rd is see connected

Proof otherwise CODd F u Tz with fi Ecandlesedsa
with coDdt Fi fa i 1,2

Take x C Fitz and xz.EE and consider the
segment S a xD
Then S font u NE is notaconnected

contradiction

D

Using this

define the notion of sa connected components

decompose a sa set intounion of see connected components
cf R _R sa annuity Euclidean annuity

Remark one can even talk about path connected sa annuity
Using Curve SelectionLemmy one can show that it is the
same notion as sa connevity for any R
Idea pathsaconnected saconnected i as usual

converse CO.ID is sapath connected

if A B see with A À
IL
Dd go.pe

then AuB path sa connue via Ceuxselection lemma

A



Compactness
F4

to D not compact in Ray à Es

D 0,1 ls 1 infinitecovering

or not comput in RK t similar phenomenon around
the cut

So that a closedand bounded semi algsel is not
necessarily couperet The useful notion will be thatof
cloud and bounded semi alg set
For instance

The image of a closedandbounded sa set by a

continuous sa application is closedand bounded


