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Definition 1.1.1. An ordering of a field F is a total order relation < satis-
fying:

i) z<y=>z+2z<y+z
(i) 0<z,0<y=0<zy.

An ordered field (F, <) is a field F, equipped with an ordering <.
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Ezample 1.1.2. There is exactly one ordering of R(X) such that X is positive
and smaller than any positive real number. If
¢ RI¥]

P(X)=apX" +an1 X" 1+ +arX* with ax #0,

then P(X) > 0 for this ordering if and only if ax > 0, and P(X)/Q(X) >0
if and only if P(X)Q(X) > 0.

Note that, with this ordering, the field R(X) is not
archlmedean It contains infinitely small elements (i.e. positive and smaller

than 1/n, for every n € N with n # 0), such as X, and also infinitely large
elements (i.e. bigger than n, for every n € N) suchas 1/X.

Given any ordering of R(X), X determines a cut (I,J) in R where
={zreR|z< X}andJ ={z€eR| X <z}

Lt of oo (1), (0, [0, (=40 0,42)) ard (R,Z)

Performing, respectively, the change of variables
Y=-1/X,Y=a-X,Y=X-aand Y = 1/X, we get an ordering of
R(Y’) such that Y is positive and smaller than any positive real number.

There is exactly one such ordering.

~— D ijection between the set of orderings of R(X) and the set of cuts of R.

D enote by ay,a_,—00,+00 the orderings
determined by these cuts. Note that the sign of f € R(X) for the ordering
a- is the sign of f on some small open interval Ja — ¢, a|.



Definition 1.1.3. A cone of a field F is a subset P of F' such that:
(i) ze P, ye P=>z+y€ P,
(ii) e P, ye P=>zy € P,
(iii) ze F=> 2% € P.
The cone P is said to be proper if in addition:
(iv) -1 ¢ P.
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Proposition 1.1.5. Let (F,<) be an ordered field. The positive cone P of
(F, <) s a proper cone satisfying:

(v) PU—-P =F (where —P ={z € F | —z € P}).

Conversely, if P is a proper cone of a field F satisfying (v), then F is
ordered by
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\’(4’8 Lemma 1.1.7. Let P be a proper cone of F.

(i) If —a & P then Pla] = {z + ay | z,y € P} is a proper cone of F.

(ii) Theé ([:O%e P is contained in the positive cone of an ordering of F.
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Proof. (i)(Let us show that —1 ¢ PJa]: if —1 = z + ay, with z,y € P, then
either y = 0 and —1 € P, or —a = (1/y)?y(1 + z) € P. Both cases lead to a
contradiction. \/7/?/

(ii) Using Zorn’s lemma, there exists a maximal proper cone Q containing
P. It is enough to show that QU—-Q = F. Let a ¢ Q. By (i), Q[—a] is a proper
cone and, hence, Q = Q[—a], since Q is maximal. This implies that —a € Q.
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Theorem 1.1.8. Let F' be a field. Then the following properties are equiva-
lent:

(i) F can be ordered.

(ii) The field F has a proper cone. P

(iii) —1 ¢& EFz.

(iv) For every zy,...,Z, in F

n
Zx?=0=>:1:1=...=1:n=0.
i=1
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Proof. (i) = (ii) = (iii) & (iv) are easy. We show that (iii) = (i) : if
—1 ¢ Y F?, it follows that ) F? is a proper cone. Then use condition (ii) of
Lemma 1.1.7. (\/(e,_& LQ,M :



Definition 1.1.9. A field satisfying the properties of the preceding theorem

is called a real field. ) (\/?>
It is worth noting that a real field always has characteristic 0.
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Definition 1.2.1. A real closed field F is a real field that has no nontrivial
real algebraic extension Fy D F, F, # F .
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Theorem 1.2.2. Let F be a field. Then the following properties are equiva-
lent:

(i) The field F is real closed.
(ii) There is a unique ordering of F (whose positive cone is the set of
squares of F)and every polynomial of F(X], of odd degree, has a root in F.
(iii) The ring F[i] = F[X]/(X? + 1) is an algebraically closed field.
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Theorem 1.2.2. Let F be a field. Then the following properties are equiva-
lent:
(i) The field F is real closed.
(ii) There is a unique ordering of F whose positive cone is the set of
squares of F' and every polynomial of F[X], of odd degree, has a root in F.
(iii) The ring F[i| = F[X]/(X? + 1) is an algebraically closed field.
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¢ It remains to show that, if f € F[X] has odd degree, then f has a root
in F. If this is not the case, let f be a polynomial of odd degree d > 1 such
that every polynomial of odd degree < d has a root in F'. Since a polynomial
of odd degree has at least one odd irreducible factor, f is irreducible .o
- ot oot m .
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~1=) h?+ fg with deg(h:)<d.
=1

™ k2 has a coefficient

Since the term of highest degree in the expansion of )., h;

which is a sum of squares and F is real, ) .., h? is a polynomial of even
degree < 2d — 2. The polynomial g is, hence, of odd degree < d — 2 and has
a root z in F. But then —1 = Y-, hi(z)?, which contradicts the fact that

F' is real.



Theorem 1.2.2. Let F be a field. Then the following properties are equiva-
lent:

(i) The field F is real closed.
(ii) There is a unique ordering of F whose positive cone is the set of
squares of F' and every polynomial of F[X], of odd degree, has a root in F.
(i) The ring F[i| = F[X]/(X? + 1) is an algebraically closed field.
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Let f € F[X] of degree d = 2™n with n odd. Let us show
by induction on m that f has a root in F[i]. For m = 0, we know that f
has a root in F. Let us suppose, now, that the result is true for m — 1.

[@k Y1,.-.,Yd be the roots of f in an algebraic closure of F' and define

gn=[](X —vr—vu—hyay,), forheZ.

A<p

The polynomial gp is symmetric in y;,...,y4 and, hence, g, € F[X]. The
degree of gy, is d(d — 1)/2 = 2™~ n’/ with/n’ odd. By induction, g, has a
root in F[i] and, hence, there exist A and p with yy + y, + hyry, € F1i].

Letting h range over Z, we see that there exist A and p with y) +y, € FJi]
and y)y, € F[i]. These elements y) and y, are the solutions of a quadratic
equation with coefficients in F[i], which has its two solutions in F[i] (proceed
as for C). The polynomial f has, thus, a root in F[i].

Suppose now that f € F[i][X]. Let f be the polynomial obtained by
replacing the coefficients of f with their conjugates. Since ff € F [X], ff has
a root = in F[i]. Then either x is a root of f, or it is a root of f, and in this
case, its conjugate T is a root of f.



Theorem 1.2.2. Let F be a field. Then the following properties are equiva-
lent:
(i) The field F is real closed.
(ii) There is a unique ordering of F whose positive cone is the set of
squares of F' and every polynomial of F[X], of odd degree, has a root in F.
(iii) The ring F[i| = F[X]/(X? + 1) is an algebraically closed field.
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Proposition 1.2.4. Let R be a real closed field, f € R[X], a,b € R with
a <b. If f(a)f(b) <0, then there erists x in |a,b| such that f(z) = 0.

Proof. Sinee RUD ‘w JQ&QMM% Mined , the irreducible factors of f are
linear, or have the form (X — ¢)? + d? = (X — ¢ — id)(X — c + id). If f(a)
and f(b) have opposite signs, then g(a) and g(b) have opposite signs for some
linear factor g of f. Hence the root of g is in ]a, b[. O
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Proposition 1.2.5. Let R be a real closed field, f € R[X], a,b € R with
a < b and f(a) = f(b) = 0. Then the derivative polynomial f' has a root in
la, b[.

Proof. We can suppose that a and b are two consecutive roots of f, i.e. that
f never vanishes in |a, b[. Then

f=X-a)™"(X -b)"g,

where g never vanishes in [a, b]. Hence, by Proposition aﬁng g has constant
sign on [a, b]. Then
ff=(X-a" (X -b)""g
where
g1 =m(X —b)g+n(X —a)g+ (X —a)(X —b)g".

Thus, g1(a) = m(a — b)g(a) and g;(b) = n(b — a)g(b), hence g;(a) and g;(b)
have opposite signs. By Proposition 91 has a root in ]a, b and so does f'.
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Corollary 1.2.6. Let R be a real closed field, f € R[X], a,b € R witha < b.
There ezists ¢ €a,b[ such that f(b) — f(a) = (b—a)f'(c).

Corollary 1.2.7. Let R be a real closed field, f € R[X], a,b € R witha < b.

If the derivative f' is positive (resp. negative) on la,b|, then f is strictly
increasing (resp. strictly decreasing) on [a, b].
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