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Chapter 2

Semialgebraic sets

2.1 Stability properties of the class of semial-
gebraic sets

2.1.1 Definition and first examples

A semialgebraic subset of Rn is the subset of (x1, . . . , xn) in Rn satisfying a
boolean combination of polynomial equations and inequalities with real coeffi-
cients. In other words, the semialgebraic subsets of Rn form the smallest class
SAn of subsets of Rn such that:

1. If P ∈ R[X1, . . . , Xn], then {x ∈ Rn ; P (x) = 0} ∈ SAn and {x ∈
Rn ; P (x) > 0} ∈ SAn.

2. If A ∈ SAn and B ∈ SAn, then A ∪B, A ∩B and Rn \ A are in SAn.

The fact that a subset of Rn is semialgebraic does not depend on the choice of
affine coordinates.

Proposition 2.1 Every semialgebraic subset of Rn is the union of finitely
many semialgebraic subsets of the form

{x ∈ Rn ; P (x) = 0 and Q1(x) > 0 and . . . and Qℓ(x) > 0} ,

where ℓ ∈ N and P, Q1, . . . , Qℓ ∈ R[X1, . . . , Xn].

Proof. Check that the class of finite unions of such subsets satisfies the above
properties 1 and 2. ⊓%

We give now some examples of semialgebraic sets.
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26 CHAPTER 2. SEMIALGEBRAIC SETS

• The semialgebraic subsets of R are the unions of finitely many points
and open intervals.

• An algebraic subset of Rn (defined by polynomial equations) is semial-
gebraic.

• Let F : Rm → Rn be a polynomial mapping: F = (F1, . . . , Fn), where
Fi ∈ R[X1, . . . , Xn]. Let A be a semialgebraic subset of Rn. Then F−1(A)
is a semialgebraic subset of Rm.

• If A is a semialgebraic subset of Rn and L⊂Rn a line, then L∩A is the
union of finitely many points and open intervals.

• If A ⊂ Rm and B ⊂ Rn are semialgebraic, A×B is a semialgebraic
subset of Rm×Rn.

Exercise 2.2 Show that the infinite zigzag
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is not semialgebraic. Show that, for every compact semialgebraic sub-
set K of R2, the intersection of K with the zigzag is semialgebraic.

2.1.2 Consequences of Tarski-Seidenberg principle

We have seen that the class of all semialgebraic subsets is closed under finite
unions and intersections, taking complement, inverse image by a polynomial
mapping, cartesian product. It is also closed under projection.

Theorem 2.3 (Tarski-Seidenberg – second form) Let A be a semialge-
braic subset of Rn+1 and π : Rn+1 → Rn , the projection on the first n coordi-
nates. Then π(A) is a semialgebraic subset of Rn.

Proof. Since A is the union of finitely many subsets of the form

{x = (x1, . . . , xn+1) ∈ Rn+1 ; P (x) = 0, Q1(x) > 0, . . . , Qk(x) > 0} ,

we may assume that A itself is of this form. It follows from the Tarski-
Seidenberg theorem (first form, 1.9) that there is a boolean combination
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28 CHAPTER 2. SEMIALGEBRAIC SETS

The example above shows that it is usually boring to write down projections
in order to show that a subset is semialgebraic. We are more used to write
down formulas. Let us make precise what is meant by a first-order formula (of
the language of ordered fields with parameters in R). A first-order formula is
obtained by the following rules.

1. If P ∈ R[X1, . . . , Xn], then P = 0 and P > 0 are first-order formulas.

2. If Φ and Ψ are first-order formulas, then “Φ and Ψ”, “Φ or Ψ”,
“not Φ” (often denoted by Φ ∧Ψ, Φ ∨Ψ and ¬Φ, respectively) are first
order formulas.

3. If Φ is a formula and X, a variable ranging over R, then ∃XΦ and ∀XΦ
are first-order formulas.

The formulas obtained by using only rules 1 and 2 are called quantifier-free
formulas. By definition, a subset A⊂Rn is semialgebraic if and only if there
is a quantifier-free formula Φ(X1, . . . , Xn) such that

(x1, . . . , xn) ∈ A⇐⇒ Φ(x1, . . . , xn).

The Tarski-Seidenberg theorem has the following useful formulation.

Theorem 2.6 (Tarski-Seidenberg – third form) If Φ(X1, . . . , Xn) is a
first-order formula, the set of (x1, . . . , xn) ∈ Rn which satisfy Φ(x1, . . . , xn)
is semialgebraic.

Proof. By induction on the construction of formulas. Rule 1 produces only
semialgebraic sets. Rule 2 produces only semialgebrais sets from semialgebraic
sets. For rule 3, if

{(x1, . . . , xn+1) ∈ Rn+1 ; Φ(x1, . . . , xn+1)}

is semialgebraic, then

{(x1, . . . , xn) ∈ Rn ; ∃xn+1 Φ(x1, . . . , xn+1)}

is its projection onto Rn and, hence, it is also semialgebraic. The case of ∀XΦ
follows by observing that ∀XΦ is equivalent to ¬∃X¬Φ. ⊓%

The preceding theorem can be formulated as follows.

Every first-order formula is equivalent to a quantifier-free formula,

7 an Lx



2.2. SEMIALGEBRAIC FUNCTIONS 29

or, in other words,

R admits the elimination of quantifiers in the language of ordered
fields.

The reader who wants to learn more about model theory and its application
to real algebraic geometry is invited to read the lecture notes [Pr].

Remark. One should pay attention to the fact that the quantified variables
(or n-tuples of variables) have to range over R, or Rn, or possibly over a
semialgebraic subset of Rn. For instance,

{(x, y) ∈ R2 ; ∃n ∈ N y = nx}

is not semialgebraic (why ?).

2.2 Semialgebraic functions

2.2.1 Definition and first properties

Let A⊂Rm and B ⊂Rn be semialgebraic sets. A mapping f : A→ B is said
to be semialgebraic if its graph

Γf = {(x, y) ∈ A×B ; y = f(x)}

is a semialgebraic subset of Rm×Rn.
For instance:

• If f : A → B is a polynomial mapping (all its coordinates are polyno-
mial), it is semialgebraic.

• If f : A→ B is a regular rational mapping (all its coordinates are rational
fractions whose denominators do not vanish on A), it is semialgebraic.

• If f : A→ R is a semialgebraic function, then |f | is semialgebraic.

• If f : A→ R is semialgebraic and f ≥0 on A, then
√

f is a semialgebraic
function.

Exercise 2.7 Let A⊂Rn, A ̸= ∅, be a semialgebraic set. Then the function

Rn −→ R

x 4−→ dist(x, A) = inf{∥x− y∥ ; y ∈ A}

is continuous semialgebraic.
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Exercise 2.8 Show that if f : (0, 1]→ R is a semialgebraic function such that
f(x) is not bounded from above as x→ 0, then limx→0 f(x) = +∞.

Important properties of semialgebraic mappings follow from the Tarski-
Seidenberg theorem.

Corollary 2.9 1. The direct image and the inverse image of a semialge-
braic set by a semialgebraic mapping are semialgebraic. For instance,
if P (X1, . . . , Xn) is a polynomial and f , a semialgebraic mapping from
A⊂Rm to B ⊂Rn, the set {y ∈ B ; P (f(y)) > 0} is semialgebraic.

2. The composition of two semialgebraic mappings is semialgebraic.

3. The semialgebraic functions from A to R form a ring.

Exercise 2.10 Let U be a semialgebraic open subset of Rn, f : U → R a
semialgebraic function. Show that, if f admits a partial derivative
∂f/∂xi on U , then this derivative is semialgebraic.

2.2.2 The !Lojasiewicz inequality

The %Lojasiewicz inequality gives information concerning the relative rate of
growth of two continuous semialgebraic functions. First, we shall estimate the
rate of growth of a semialgebraic function of one variable.

Proposition 2.11 Let f : (A, +∞) → R be a semialgebraic (not necessarily
continuous) function. There exist B ≥A and an integer N ∈ N such that
|f(x)|≤xN for all x ∈ (B, +∞).

Proof. Let Γ be the graph of f . It is a semialgebraic subset of R2. By 2.1,
Γ = G1 ∪ . . . ∪Gp, where each Gi is a nonempty subset of the form

Gi = {(x, y) ∈ R2 ; Pi(x, y) = 0, Qi,1(x, y) > 0, . . . , Qi,ki(x, y) = 0} .

All polynomials Pi have degree > 0 with respect to y: otherwise, if (x0, y0) ∈
Gi, Γ should contain a nonempty open interval of the vertical line {x0}×R,
which is impossible since Γ is a graph. Let

P (x, y) = a0(x)yd + a1(x)yd−1 + · · · + ad(x)

be the product of all Pi(x, y), where d > 0 and a0 ̸= 0. Choose C ≥A big
enough so that a0(x) does not vanish on (C, +∞). By Proposition 1.3, we
obtain

|f(x)|≤ max
i=1,...,d

(

d

∣∣∣∣∣
ai(x)

a0(x)

∣∣∣∣∣

)1/i
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2.2. SEMIALGEBRAIC FUNCTIONS 31

As x tends to +∞, the right-hand side of the equality is equivalent to λxα,
where λ > 0 and α ∈ Q. Taking N to be a nonnegative integer > α, we obtain
B ≥C, such that |f(x)|≤xN for all x > B. ⊓%

Theorem 2.12 (!Lojasiewicz inequality) Let K ⊂Rn be a compact semi-
algebraic set, and let f, g : K → R be continuous semialgebraic functions ,
such that

∀x ∈ K (f(x) = 0⇒ g(x) = 0) .

Then there exist an integer N ∈ N and a constant C ≥0, such that

∀x ∈ K |g(x)|N ≤C|f(x)| .

Proof. For t > 0, set Ft = {x ∈ K ; t|g(x)| = 1}. Since Ft is closed in K, it
is compact. Assume Ft ̸= ∅; then f does not vanish on Ft and the continuous
function x 4→ 1/|f(x)| has a maximum on Ft, which we denote by θ(t). If
Ft = ∅, we set θ(t) = 0. The function θ : (0, +∞)→ R is semialgebraic (check
this fact by writing a formula which describes its graph). By Proposition 2.11,
there exist B > 0 and N ∈ N such that

∀t > B |θ(t)|≤tN .

This is equivalent to

∀x ∈ K

(

0 < |g(x)| <
1

B
⇒ 1

|f(x)| ≤
1

|g(x)|N

)

.

Let D be the maximum of the continuous function |g(x)|N/|f(x)| on the com-
pact set

{x ∈ K ; |g(x)|≥1/B}

(observe that f does not vanish on this set), and let C = max(1, D). We
obtain |g(x)|N ≤C|f(x)| for all x ∈ K. ⊓%

Exercise 2.13 Let S be a closed semialgebraic subset of the plane which
contains the graph of the exponential function y = ex. Show that S
contains some interval (−∞, A) of the x-axis. Hint: use the function
“distance to S”.
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3 DECOMPOSITION OF A SEMI ALGEBRAIC SET

semi algebraic sets can be cut into a finite numberof basic
semi algebraicsets called cells

cell decomposition theorem

As a
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32 CHAPTER 2. SEMIALGEBRAIC SETS

2.3 Decomposition of a semialgebraic set

We have seen that a semialgebraic subset of R can be decomposed as the
union of finitely many points and open intervals. We shall see that every
semialgebraic set can be decomposed as the disjoint union of finitely many
pieces which are semialgebraically homeomorphic to open hypercubes (0, 1)d of
different dimensions. A semialgebraic homeomorphism h : S → T is a bijective
continuous semialgebraic mapping from S onto T , such that h−1 : T → S is
continuous.

Exercise 2.14 Check that h−1 is also semialgebraic.

The method of decomposition by using successive codimension 1 projec-
tions is the main tool for studying semialgebraic sets, and it is used in the
foundational paper of S. %Lojasiewicz (1964). We now explain the cylindrical
algebraic decomposition of Collins [Cl], which makes precise the algorithmic
content of this method.

2.3.1 Cylindrical algebraic decomposition

A cylindrical algebraic decomposition (abbreviated to c.a.d.) of Rn is a se-
quence C1, . . . , Cn, where, for 1 ≤ k ≤ n, Ck is a finite partition of Rk into
semialgebraic subsets (which are called cells), satisfying the following proper-
ties:

a) Each cell C ∈ C1 is either a point, or an open interval.

b) For every k, 1 ≤k < n, and for every C ∈ Ck, there are finitely many
continuous semialgebraic functions

ξC,1 < . . . < ξC,ℓC : C −→ R ,

and the cylinder C×R⊂Rk+1 is the disjoint union of cells of Ck+1 which
are:

– either the graph of one of the functions ξC,j, for j = 1, . . . , ℓC :

AC,j = {(x′, xk+1) ∈ C×R ; xk+1 = ξC,j(x
′)} ,

– or a band of the cylinder bounded from below and from above by
the graphs of functions ξC,j and ξC,j+1, for j = 0, . . . , ℓC , where we
take ξC,0 = −∞ and ξi,ℓC+1 = +∞:

BC,j = {(x′, xk+1) ∈ C×R ; ξC,j(x
′) < xk+1 < ξC,j+1(x

′)} .

COMPLEMENTS
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2.3. DECOMPOSITION OF A SEMIALGEBRAIC SET 33

Proposition 2.15 Every cell of a c.a.d. is semialgebraically homeomorphic to
an open hypercube (0, 1)d (by convention, (0, 1)0 is a point).

Proof. We prove the property of the proposition for cells of Ck, by induction
on k. The key point is to observe that, using the notation above, every graph
AC,j is semialgebraically homeomorphic to C and every band BC,j is semialge-
braically homeomorphic to C×(0, 1). In the case of AC,j, the homeomorphism
is simply

C ∋ x′ 4−→ (x′, ξC,j(x
′)) ∈ AC,j .

For BC,j we take

C×(0, 1) ∋ (x′, t) 4→ (x′, (1− t)ξC,j(x
′) + tξC,j+1(x

′)) if 0 < j < ℓC ,
(
x′,

t− 1

t
+ ξC,1(x

′)
)

if j = 0, ℓC ̸= 0 ,
(
x′,−1

t
+

1

1− t

)
if j = ℓC = 0 ,

(
x′,

t

1− t
+ ξC,ℓC (x′)

)
if j = ℓC ̸= 0 .

⊓%

It is time to explain what we want to do with a c.a.d.. We shall use
the following terminology: given a finite family P1, . . . , Pr of polynomials in
R[X1, . . . , Xn], we say that a subset C of Rn is (P1, . . . , Pr)-invariant if every
polynomial Pi has a constant sign (> 0, < 0, or = 0) on C. We want to
construct, from a finite family P1, . . . , Pr of polynomials in R[X1, . . . , Xn], a
c.a.d. of Rn such that:

c) Each cell C ∈ Cn is (P1, . . . , Pr)-invariant.

A c.a.d. of Rn satisfying this property will be called adapted to (P1, . . . , Pr).
What is a c.a.d. adapted to (P1, . . . , Pr) good for? First, the condition c)

shows that every semialgebraic subset of Rn which is described by a boolean
combination of equations Pi = 0 and inequalities Pj > 0 or Pj < 0, where
Pi and Pj are among P1, . . . , Pr, is the union of some cells of Cn. It fol-
lows that every semialgebraic set can be decomposed as the disjoint union
of finitely many pieces, each semialgebraically homeomorphic to an open hy-
percube (0, 1)d. Moreover, the cylindrical arrangement of cells (property b)
allows one to see that every semialgebraic subset of Rk described by a formula
Qk+1xk+1 . . . QnxnΦ , where Qk+1, . . . , Qn are existential or universal quanti-
fiers and Φ, a boolean combination of equations Pi = 0 and inequalities Pj > 0
or Pj < 0, is the union of some cells of Ck. This can be useful, for instance, to
decide whether such a formula is true or false.
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2.3.2 Construction of an adapted c.a.d.

The definition of a c.a.d. shows the importance of the functions ξC,j whose
graphs cut the cylinders C×R. Since we want the bands of a cylinder contained
in Rn to be (P1, . . . , Pr)-invariant, the ξC,j have to describe the roots of the
polynomials Pi, as functions of (x1, . . . , xn−1) ∈ C. We give now a first result
in this direction.

Proposition 2.16 Let P (X1, . . . Xn) be a polynomial in R[X1, . . . Xn]. Let
C ⊂Rn−1 be a connected semialgebraic subset and k ≤d in N such that, for
every point x′ = (x1, . . . , xn−1) ∈ C, the polynomial P (x′, Xn) has degree d and
exactly k distinct roots in C. Then there are ℓ ≤k continuous semialgebraic
functions ξ1 < . . . < ξℓ : C → R such that, for every x′ ∈ C, the set of real
roots of P (x′, Xn) is exactly {ξ1(x′), . . . , ξℓ(x′)}. Moreover, for i = 1, . . . , ℓ,
the multiplicity of the root ξi(x′) is constant for x′ ∈ C.

Proof. The argument relies on the “continuity of roots”, in the following form
(a proof is proposed in the next exercise):

CR Choose a′ ∈ C and let z1, . . . , zk be the distinct roots of P (a′, Xn), with
multiplicities m1, . . . , mk, respectively. Choose ε > 0 so small that the
open disks D(zi, ε) ⊂ C with centers zi and radius ε are disjoint. If
b′ ∈ C is sufficiently close to a′, the polynomial P (b′, Xn) has exactly mi

roots, counted with multiplicities, in the disk D(zi, ε), for i = 1, . . . , k.

Since P (b′, Xn) has k distinct roots and d = m1 + · · · + mk roots counted
with multiplicities, it follows that each D(zi, ε) contains exactly one root ζi of
multiplicity k of P (b′, Xn). If zi is real, ζi is real (otherwise, its conjugate ζ i

would be another root of P (b′, Xn) in D(zi, ε)). If zi is nonreal, ζi is nonreal,
since D(zi, ε) is disjoint from its image by conjugation. Hence, if b′ ∈ C is
sufficiently close to a′, P (b′, Xn) has the same number of distinct real roots as
P (a′, Xn). Since C is connected, the number of distint real roots of P (x′, Xn) is
constant for x′ ∈ C. Let ℓ be this number. For 1≤i≤ℓ, denote by ξi : C → R

the function which sends x′ ∈ C to the i-th real root (in the increasing order) of
P (x′, Xn). The argument above, with ε as small as we want, shows, moreover,
that the functions ξi are continuous. It follows from the connectedness of C
that each ξi(x′) has constant multiplicity. If C is described by the formula
Θ(x′), the graph of ξi is described by the formula

Θ(x′) and ∃y1 . . .∃yℓ(y1 < . . . < yℓ and

P (x′, y1) = 0 and . . . and P (x′, yℓ) = 0 and xn = yi) ,

which shows that ξi is semialgebraic. ⊓%
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Exercise 2.17 We identify monic polynomials Xd +a1Xd−1 + · · ·+ad ∈ C[X]
of degree d with points (a1, . . . , ad) ∈ Cd. With this identification, let

µ : Ce×Cd−e −→ Cd

(R, S) 4−→ RS

be the mapping defined by the multiplication of monic polynomials.
1) Fix R0 ∈ Ce and S0 ∈ Cd−e. Show that the jacobian determinant
of µ at (R0, S0) is equal to ± the resultant of R0 and S0.
2) Let Q0 ∈ Cd and assume that Q0 = R0S0, where R0 and S0 are
relatively prime monic polynomials of degrees e and d−e, respectively.
Show that for every Q sufficiently close to Q0, there is a unique fac-
torization Q = RS with R close to R0 and S close to S0.
3) Assume Q0 = (X − z1)m1 · · · (X − zk)mk , where z1, . . . , zk are the
distinct roots of Q0. Show that, for every Q close to Q0, there is a
unique factorization Q = R1 · · ·Rk, where the Ri are monic polynomi-
als close to (X − zi)mi .
4) Fix ε > 0. Show that every monic polynomial sufficently close to
Xm has its roots in D(0, ε) (use Proposition 1.3). Deduce that every
monic polynomial sufficiently close to (X−z)m has its roots in D(z, ε).
5) Let Q0 be a monic polynomial with distinct roots z1, . . . , zk of mul-
tiplicities m1,. . . , mk, respectively. Choose ε > 0 such that all disks
D(zi, ε) are disjoint. Show that every monic polynomial close to Q0 has
exactly mi roots counted with multiplicities in D(zi, ε), for i = 1, . . . , k.
6) Prove property CR above (if P = a0(x′)Xn + · · · + ad(x′), set
Q = P/a0(x′)).

If we have several polynomials Pi, we have also to take care that the roots
of the different Pi do not get mixed.

Proposition 2.18 Let P and Q be polynomials of R[X1, . . . Xn]. Let C be a
connected semialgebraic subset of Rn−1. Assume that the degree and the num-
ber of distinct roots of P (x′, Xn) (resp. Q(x′, Xn)) and the degree of the gcd of
P (x′, Xn) and Q(x′, Xn) are constant for all x′ ∈ C. Let ξ, ζ : C → R be con-
tinuous semialgebraic functions such that P (x′, ξ(x′)) = 0 and Q(x′, ζ(x′)) = 0
for every x′ ∈ C. If there is a′ ∈ C such that ξ(a′) = ζ(a′), then ξ(x′) = ζ(x′)
for every x′ ∈ C.

Proof. We use the same method of proof as in the preceding proposition.
Let z1 = ξ(a′) = ζ(a′), . . . , zk be the distinct roots in C of the product
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P (a′, Xn)Q(a′, Xn). Let mi (resp. pi) be the multiplicity of zi as a root of
P (a′, Xn) (resp. Q(a′, Xn)), where multiplicity zero means “not a root”. The
degree of gcd(P (a′, Xn), Q(a′, Xn)) is

∑k
i=1 min(mi, pi), and each zi has multi-

plicity min(mi, pi) as a root of this gcd. Choose ε > 0 such that all disks
D(zi, ε) are disjoint. For every x′ ∈ C sufficiently close to a′, each disk
D(zi, ε) contains a root of multiplicity mi of P (x′, Xn) and a root of mul-
tiplicity pi of Q(x′, Xn). Since the degree of gcd(P (x′, Xn), Q(x′, Xn)) is equal
to
∑k

i=1 min(mi, pi), this gcd must have one root of multiplicity min(mi, pi)
in each disk D(zi, ε) such that min(mi, pi) > 0. In particular, it follows that
ξ(x′) = ζ(x′). Since C is connected, this equality holds for every x′ ∈ C.

⊓%

We have seen in Chapter 1 that the number of distinct complex roots of P
and the degree of the gcd of P and Q, can be computed from the fact that the
principal subresultant coefficients PSRCi(P, P ′) and PSRCi(P,Q) are zero or
nonzero, as long as the degrees (with respect to Xn) of P and Q are fixed (cf.
Corollary 1.21 and Proposition 1.19). For the values of the parameters (here,
X1, . . . , Xn−1) such that some leading coefficients vanish, we have to use the
principal subresultant coefficients for the truncated polynomials. This leads
us to the following definition.

If P is a polynomial in R[X1, . . . , Xn], we consider it as a polynomial in
the variable Xn with coefficients in R[X1, . . . , Xn−1]. We denote by lc(P )
its leading coefficient and by trunc(P ) the truncated polynomial obtained
by deleting its leading term. Let P1, . . . , Pr be a family of polynomials in
R[X1, . . . , Xn]. We define PROJ(P1, . . . , Pr) to be the smallest family of poly-
nomials in R[X1, . . . , Xn−1] satisfying the following rules:

• If degXn
Pi = d ≥2, PROJ(P1, . . . , Pi, . . . , Pr) contains all nonconstant

polynomials among PSRCj(Pi, ∂Pi/∂Xn) for j = 0, . . . , d− 1.

• If 1 ≤d = min(degXn
(Pi), degXn

(Pk)), PROJ(P1, . . . , Pi, . . . , Pk, . . . , Pr)
contains all nonconstant PSRCj(Pi, Pk) for j = 0, . . . , d.

• If degXn
Pi ≥ 1 and lc(Pi) is not constant, PROJ(P1, . . . , Pi, . . . , Pr)

contains lc(Pi) and PROJ(P1, . . . , trunc(Pi), . . . , Pr).

• If degXn
Pi = 0 and Pi is not constant, PROJ(P1, . . . , Pi, . . . , Pr) contains

Pi.

The following theorem is a consequence of the results previously proved in
this section.
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Theorem 2.19 Let (P1, . . . , Pr) be a family of polynomials in R[X1, . . . , Xn],
and let C be a connected, PROJ(P1, . . . , Pr)-invariant, semialgebraic subset
of Rn−1. Then there are continuous semialgebraic functions ξ1 < . . . < ξℓ :
C → R, such that, for every x′ ∈ C, the set {ξ1(x′), . . . , ξℓ(x′)} is the set of
real roots of all nonzero polynomials P1(x′, Xn), . . . , Pr(x′, Xn). The graph of
each ξi, and each band of the cylinder C ×R bounded by these graphs, are
connected semialgebraic sets, semialgebraically homeomorphic to C or C ×
(0, 1), respectively, and (P1, . . . , Pr)-invariant.

If we have constructed a c.a.d. of Rn−1 adapted to PROJ(P1, . . . , Pr), the
preceding theorem can be used to extend this c.a.d. to a c.a.d. of Rn adapted to
(P1, . . . , Pr). On the other hand, by iterating (n−1) times the operation PROJ,
we arrive to a finite family of polynomials in one variable X1. It is easy to
construct a c.a.d. of R adapted to this family: the real roots of the polynomials
in the family cut the line in finitely many points and open intervals. Finally,
we obtain:

Theorem 2.20 For every finite family P1, . . . , Pr in R[X1, . . . , Xn], there is
an adapted c.a.d. of Rn.

We illustrate this result by constructing a c.a.d. of R3 adapted to the poly-
nomial P = X2 + Y 2 + Z2 − 1. The Sylvester matrix of P and ∂P/∂Z is

⎛

⎜⎝
1 0 X2 + Y 2 − 1
0 2 0
2 0 0

⎞

⎟⎠ .

Hence, PSRC0(P, ∂P/∂Z) = −4(X2 + Y 2 − 1) and PSRC1(P, ∂P/∂Z) = 2.
Getting rid of irrelevant constant factors, we obtain PROJ(P ) = (X2+Y 2−1),
then PROJ(PROJ(P )) = (X2 − 1). The c.a.d. obtained is represented on
Figure 2.1.

Exercise 2.21 How many cells of R3 are there in this c.a.d.? Is it possible to
have a c.a.d. of R3, such that the sphere is the union of cells, with less
cells?

Exercise 2.22 Let f : A→ R be a semialgebraic function, which is not sup-
posed to be continuous. Show that there exists a finite semialgebraic
partition A =

⋃s
i=1 Ci of A such that, for every i, the restriction of f

to Ci is continuous. Hint: use a c.a.d. adapted to the graph of f .
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Figure 2.1: A c.a.d. adapted to the sphere

Remark. We return to the proof of Proposition 2.16. For every x′ ∈ C,
ξi(x′) is a root of P (x′, Xn), with constant multiplicity mi. Hence, ξi(x′) is a
simple root of the (mi − 1)th derivative with respect to Xn. Therefore, if C
is a C∞ submanifold of Rn−1, the function ξi is C∞ on C. The graphs and
the bands of the cylinder C ×R are also C∞ submanifolds, diffeomorphic to
C or C ×(0, 1), respectively (cf. the formulas in the proof of Proposition
2.15). By induction on n, one proves in this way that every semialgebraic
set is the disjoint union of finitely many semialgebraic subsets Ci, which are
C∞ submanifolds each semialgebraically diffeomorphic to an open hypercube
(0, 1)di . The semialgebraic C∞ submanifolds are called Nash manifolds.

2.3.3 The c.a.d. algorithm

We shall now make more precise the algorithmic aspect of the construction
of the c.a.d.. The c.a.d. algorithm receives as input a finite list of polynomi-
als P1, . . . , Pr in Q[X1, . . . , Xn] and produces as output the list of the cells of
a c.a.d. adapted to P1, . . . , Pr (with information on their cylindrical arrange-
ment), together with a “test point” in each cell, whose coordinates are rationalphage


