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rank 2 parabolic bundles on curves

Fix D = t1 + · · ·+ tn reduced divisor on a smooth curve C.

Definition: A rank 2 (quasi-)parabolic bundle on C is a pair (E, l) where:

- E → C rank 2 holomorphic vector bundle

- l = (l1, . . . , ln) a parabolic structure on E: li ⊂ E|ti linear 1-dim subspace

Stability condition

Fix weights µ = (µ1, . . . , µn) ∈ [0,1]n

For a line bundle L ⊂ E, define:

stabL(E, l) = deg(E)− 2 deg(L)︸ ︷︷ ︸
usual

+
∑

L|ti 6=li

µi −
∑

L|ti=li

µi ∈ R

stab(E, l) = Inf {stabL(E, l) ; L ⊂ E a line bundle} ∈ R

Definition: semi-stable (resp. stable) ⇔ stab ≥ 0 (resp. > 0)



Moduli spaces of parabolic bundles

Mehta-Seshadri 80, Bhosle 89, Boden-Hu 95, Biswas-Holla-Kumar 2010,

Araujo-Fassarella-Kaur-Massarenti 2021

Theorem: The moduli space of µ-semi-stable degree d parabolic bundles

(E, l) on (C,D) admits a GIT quotient Bunssµ,d(C,D) which is projective and

irreducible of dimension 4g − 3 + n (or empty).

Moduli spaces of parabolic connections

Nitsure 93, Arinkin-Lysenko 97, Inaba-Iwasaki-Saito 2006, L.-Saito 2015

Theorem: The moduli space of µ-semi-stable ν-parabolic connections (E, l,∇)

admits a GIT quotient Conssµ,ν(C,D) which is quasi-projective and irreducible

of dimension 2(4g − 3 + n). It is holomorphic symplectic (on smooth locus).

The bundle map

Bun : Conssµ,ν(C,D) 99K Bunssµ,d(C,D) ; (E, l,∇) 7→ (E, l)

is Lagrangian with affine fibers.



Remarks:

1) locus of stable bundles/connections is open and smooth.

2) for generic weights µ, semi-stable ⇒ stable (⇒ smooth)

3) Bunssµ,d(C,D) depends on µ, but not its birational type (wall-crossing)



Moving weights: geometry of quartic Del Pezzo surfaces
1034 F. Loray and M.-H. Saito

Fig. 2. Projective charts V , V̂ , and Vi ’s and Del Pezzo geometry.

that identify equivalence classes of bundles that both occur in V̂ and V . Indeed, when w

crosses the special value 1
3 , sign of stability index changes only for those bundles Di’s

and Pi’s. The map φ obviously contracts each Πi to Di, it is the blow-up morphism. Now,

the nonreduced scheme obtained by patching together V and V̂ by φ0 is still an open

subset of the moduli space P−1(t) that contains both V and the nonseparated locus Πi:

V ↪→ V ∪φ0 V̂ ↪→ P−1(t).

In other words, by patching V̂ to V like above, we have added to V the nonseparated

points of Πi’s. Mind that not only generic bundles are identified by φ0, also generic

points of Π , for example, occur in both charts and are identified by φ0.

Geometry of Del Pezzo. We want now to cover the full coarse moduli space P−1(t)

by a finite number of smooth projective charts and patch them together like we have just

done. There are many projective charts V ′ ⊂ P−1(t) that can be defined as moduli space

of stable bundles P w
−1(t) (many chambers in the space of weights) but we do not need all

of them to cover the coarse moduli space P−1(t). We will use the classical geometry of

the Del Pezzo surface V̂ in order to select a few number of them. First of all, note that

V̂ is dominating all other projective charts in the following sense: if V ′ is another chart,

the natural birational map φ′ : V̂ → V is actually a morphism. Indeed, V ′ only differ from

V̂ by the fact that some of the one-parameter families Π ′ are contracted to points D′.

The Del Pezzo surface V̂ contains 16 rational (−1)-curves that correspond, in our

modular setting, to the 16 families of special bundles. Each of these “lines” intersects five

other ones with cross-ratio determined by the ti’s. Recall that each of these curves are
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Irregular parabolic bundle: (↔ irregular connections)

D = n1[t1] + · · ·+ nk[tk] effective on C

Consider D as a non reduced scheme, with structure sheaf OD := O/O(D).

Parabolic structure on a rank 2 vector bundle E → C:

a line bundle l ⊂ E|D = E ⊗OD. Denote l = (l1, . . . , ln)

 (E, l) irregular quasi-parabolic bundle.

Stability condition: Fix weights µ = (µ1, . . . , µk) ∈ [0,1]k

For a line bundle L ⊂ E, define:

stabL(E, l) = deg(E)− 2 deg(L) +
k∑
i=1

(
ni − 2

(
li · L|ni[ti]

) )
µi ∈ R

where li · L|ni[ti] := intersection multiplicity ∈ {0,1, . . . , ni}.



Moduli spaces of irregular parabolic bundles

Yokogawa 93, Bhosle 96

Theorem: The moduli space of µ-semi-stable degree d irregular parabolic

bundles (E, l) on (C,D) admits a GIT quotient Bunssµ,d(C,D) which is projec-

tive and irreducible of dimension 4g − 3 + n (n =
∑
k nk).

! Here, a more general definition of parabolic bundles is used (filtration of

sheaves).

Example: Let C = P1, D = n1[t1] + · · ·+ nk[tk] and n =
∑
ni.

Set µ1 = . . . = µk =: µ and 1
n < µ < 1

n−2.

Then Bunssµ,−1(P1, D) =
{

(OP1 ⊕OP1(−1), l) ; li · OP1 = 0
}
' Pn−3



Main chart Bun0(P1,2[0] + [t1] + [t2] + [t3]) ' P2
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Special bundles in Bun0(P1,2[0] + [t1] + [t2] + [t3])
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Special bundles in Bun0(P1,2[0] + [t1] + [t2] + [t3])
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Special bundles in Bun0(P1,2[0] + [t1] + [t2] + [t3])

L13

P1

P2

P0

P3

L01

L02

L12

L23

L03

C

L

P1

-1

+3

+1

P0

-1

+3

-1

+3

+1

L

-1

+3

C

-1

+3

+1

-1

+3
+1

-1

+3

+1

L01 L12

+3

-1

L0

+3

-1

L1

-1

+3

L00

-1
+3
L00

-3
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Infinitesimally close bundles in Bun(P1,2[0] + [t1] + [t2] + [t3])
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Blowing-up the main chart Bun0(P1,2[0] + [t1] + [t2] + [t3])

L03

C

L1
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L13
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L13
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 Quartic Del Pezzo surface



New special bundles in Bun(P1,2[0] + [t1] + [t2] + [t3])

L03

C
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+3

L0

L00



More special bundles in Bun(P1,2[0] + [t1] + [t2] + [t3])
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Irregular elementary transformations

n[0]
-1

-1

-2

-2

-2

-2

n+1 components

n blow-up n blow-down

p'

s.p+s'.p'=n

s'.s'=s.s+n-2(s.p)

s'

-1

-1

p

s

1 blow-down

1 blow-up 00 -1

-1
1 blow-up

1 blow-up +
1 blow-down1 blow-down

(here=s.s-1 and s'.p'=2)

n[0]
(here n=5 and s.p=3)



Irregular elementary transformations as composition of classical ones
n[0]

-1

-1

-2

-2

-2

-2

n+1 components

n blow-up n blow-down

p'

s.p+s'.p'=n

s'.s'=s.s+n-2(s.p)

s'

-1

-1

p

s

1 blow-down

1 blow-up 00 -1

-1
1 blow-up

1 blow-up +
1 blow-down1 blow-down

(here=s.s-1 and s'.p'=2)

n[0]
(here n=5 and s.p=3)



Action of elementary transformations on lines

L0

L02 L03L01

L2 L13 L3 L12C L1 L23

L00

L

ELEM t2t3

Automorphism group: Z/2× Z/2× Z/2 = 〈elemt1+t2, elemt2+t3, elem2[0]〉



Action of elementary transformations on lines

L0

L02 L03L01

L2 L13 L3 L12C L1 L23

L00

L

ELEM2[0]

Automorphism group: Z/2× Z/2× Z/2 = 〈elemt1+t2, elemt2+t3, elem2[0]〉



Obrigado !


