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Abstract We study a system of infinitely many coupled Schrodinger equa-
tions with self-consistent Coulomb potential as the initial data has only a regu-
larity of L2-type. We first establish Strichartz’ inequalities in the framework of
vector-valued wave functions (density matrices). This allows us to prove a well-
posedness result, and strong smoothing effects. Also, we state blow-up (resp.
decay) estimates for the solution as time goes to zero (resp. infinity).
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1 Introduction

In the present paper, we are interested in the analysis of the so-called Schrodinger-
Poisson System (SPS), which is a simple model used in studying the quantum
transport in semi-conductor devices (See [ILZ],[MRS],[BM],[Ar],[Wa]). It can be
written as a system of infinitely many coupled Schrodinger equations:

. op;(t,x) = %Agﬂ/)j(t,x) — iV (t,z);(t,x) ,
wen { S5 "

where

V(t,l‘) = z *g n(t,ZE) )
n(t,z) =3, N |t z)*

(2)

and A = (\;) en is an ! sequence of positive real numbers, C' = j:17T (4 : repul-
sive, and - : attractive potential). This system appears in quantum mechanics
and semi-conductor theory, and a more precise motivation is described at the end
of this introduction.

The SPS (1)-(2) can be understood by considering the infinite vector ¢ (¢, x) =
(Yo(t,x), 1 (t, x),a(t, z),...). The vector ¢ is a wave function corresponding to
a "mixed” quantum state : each "pure” wave function 1; is associated with
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the probability );, thus generates the particle density n; = X\;[¢;]?, so that
the whole vector ¢ generates the total density n = >; \;[¢;]*, and satisfies the
(vector-valued) Schrodinger equation

O = §A — iV (t0)

where V' is the Coulomb potential created by n , and 0;¢) denotes the vector
(Oy1bg, Optfn, ...). This last Schrodinger Equation is clearly the SPS.

From now on, we will say that the infinite vector 1 is a mixed quantum state,
and each function ¢, is a pure quantum state.

In the "pure” case A = (1,0,0,...), ¢ reduces to ¢y and the SPS is merely the
Hartree-Equation (HE) :

{ (1, 7) = $0(1,) = 15 5o [0n(t,2)) ) @
Yo(t, x)|i=0 = do(z) -

Concerning the SPS, our goal in this paper is the following :

(i) the main tool to prove all the results stated here will be an intensive use of
Strichartz-type inequalities. They are well-known in the case of pure quantum
states (that is in the case of exp(itA) acting on functions vy € L?), and we will
first generalize them in the case of mixed quantum states (Theorem 2.1 below).
All the results quoted in (ii)-(iv) below are more or less consequences of these
inequalities.

(ii) we state an existence and uniqueness result for the SPS when the initial data
¢ = (¢;)jen only satisfies 335 \j||@;[172(gs) < 0o (Theorem 2.2 below).

(iii) concerning the L? solutions obtained in (ii) we study the asymptotic be-
haviour of the solution (¢, x) to the SPS as t — 0 and ¢ — oo, when the first
moment of the initial data belongs to L? (Theorems 2.3-2.5 below). As t — 0,
we prove a smoothing effect, showing that (¢, z) belongs to L?(R3) N L5(R3) as
soon as t # 0.

(iv) Once the points (i)-(iii) are proved, we prove several smoothing effects sim-
ilar to (iii), under assumptions on the various moments of the initial data. For
example, the solution to the SPS with initial data ¢ in L? becomes immediately
C™ in the space variable if all the moments of ¢ belong to L? (Theorem 2.6).

(v) In order to complete this study, which is carried out in (i)-(iv) with rough
initial datas, we prove in the Appendix the well-posedness of the SPS in every
Sobolev space H™ (m > 1), i.e. when we deal with ”smooth” initial datas.
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The points (i)-(v) improve in the following way other results that can be found
in the literature : as written above, the point (i) is a generalisation, for mixed
quantum states, of well-known estimates. As in the pure case of the HE, they are
the key for the study of the SPS with initial data in L?. This type of inequalities
were first obtained in [Str], and later in [GV3], [Ya]. A recent and spectacular
development of the Strichartz’ inequalities can be found in [Bo]. We refer also
to [GV1], [Cz], [CP] for related results. Now, the point (ii) is an extension, in
the case of mixed quantum states, of results in [Cz|, [HO1], [HNT], [Ts|, which
develop an L? theory in the case of the HE and other Schrodinger Equations (pure
quantum states). It also improves the H? or H' theories developed in [ILZ], [BM],
or [Ar] in the case of the SPS (mixed quantum states - See also [Wa]). On the
other hand, the decay estimates obtained in (iii) as t — 0 are close to estimates
obtained in [Pe] concerning the Vlasov-Poisson equation. To our knowledge, they
are new concerning both the SPS and the HE with initial datas in L?. Ast — oo,
we restate decay estimates obtained in [ILZ], [DF], [HT] in the H* or H' cases
for the SPS and the HE, which hold then in the more general L? case. In fact,
in the case of the HE, they can also be derived from results in [HO1]. Finally,
points (iv)-(v) extend to the SPS results proved in [HO1], [HT] concerning the
single HE.

Before going into the statement and proofs of the results, we now carry out
the derivation of the SPS (See also [ILZ],[BM], [MRS],[Ar],[LP]).

We consider a (quantum) particle system in R? evolving in the self-consistent
attractive or repulsive Coulomb potential it creates.

The quantum formalism tells us this system is entirely described through its
”density-matrix” p(t,z,y) ( (z,y) € R* x R® |t € R ), which is a hermitian
(Vt € R, p(t,z,y) = p*(t,y,x)), positive, and trace-class operator acting on
the Hilbert space L?(R3). Indeed, the knowledge of the density matrix allows to
calculate the expectation of any quantum operator A associated with the system
(that is, any hermitian, positive, and trace-class operator acting on L*(R?)),
thanks to the formula

< A>=Tr(p.A).
The function p satisfies the Von-Neumann-Heisenberg Equation (VNHE)

iOp=[H,p]=Hp—pH, (4)
Pli=o = po
where H is the Hamiltonian of the system,
—A,
H= 5 + V(t,x) (5)

and V is the self-consistent Coulomb potential of the system, created by the
particle-density n(z) := p(t, x, ),

V(t,x) = f x p(t,x, ) . (6)
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In fact, it seems that this equation needs to be solved in abstract spaces of
trace-class operators p (See [Ar]), and this is the reason why many authors have
used, as in [ILZ],[BM], [Wal, another (almost equivalent) model, that is the SPS,
which gives a solution to the VNHE through the following (formal) manipulations
: as pp enjoys the hermitian symmetry, it can be written as a tensor product

po(,y) = D Nid5(x)-65(v) (7)

where the A;’s are the eigenvalues of py, and the ¢;’s are its eigenvectors. More-
over,

(1) A=N)jen €' XN =1,

In fact, (8)-(i) is a consequence of py being a positive operator, (8)-(ii) is a
consequence of py being trace-class (which allows us to normalize A as above).

Now, if we consider the SPS (1)-(2) with initial datas ;|10 = ¢; and weights
A; given by the decomposition (7), formal manipulations show that a solution
(1(t)) en to the SPS provides a natural solution to the VNHE,

p(t,x,y) = ZAj¢j(t7x)'¢;(tay) :

These calculations complete the derivation of the SPS. As it is written above,
many authors have studied the VNHE through the (almost equivalent) SPS, and
the L? theory we develop here is also concerned with the SPS. In [Ar] however,
we find a direct study of the VNHE, which is carried out in an H' case. To our
knowledge, the problem of developing an L? theory directly on the VNHE is still
open.

The end of this paper is organized as follows : in the second section, we collect
the notations used throughout this article, and state all the results proved here;
the third section is devoted to the proof of the Strichartz-type inequalities we
will need while dealing with solutions in L?; in the fourth section, we prove the
existence and uniqueness result concerning the SPS when the initial data only
satisfies 3, Aj ;|72 < 0o; sections 5 and 6 deal with the time behaviour of these
L?-solutions as the first moment of the initial data belongs to L?, and we show
there some smoothing effects ; section 7 is devoted to the proof of a more general
smoothing effect, and appendix 8 is a study of the SPS in the Sobolev space H™.

2 Definitions and main results

In this section, we introduce the notations and give our main results. These
will be proved in the subsequent sections.
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In the sequel A = ()\j)jeny € ' is the (fixed) sequence of nonnegative real
numbers associated with the initial data py (Cf Introduction).
Besides, the following notations will be used : T'(¢) denotes the unitary group

A
generated by 7,5 in L*(R?) or, indifferently, in the space L*()\) defined below (See

[ILZ] and references therein, or [Pa] for a general course on evolution equations) ;
LP(R?) will always be denoted by the single symbol L? ; for p € [1, oo, we denote
by p’ the conjugate exponent of p, defined by 1/p + 1/p’ = 1 ; z* denotes the
conjugate of the complex number z ; the function (¢, x) will frequently appear
as ¥(t), ¥(x), or even ¢ ; finally, for any multi-index «, we denote by |o] its

length, and write, for instance, x® instead of x{'x5?x5>.

Definition 2.1 (i) let p € [1,00], then

LPN) = {o = (¢j)jen i Noll7o0n = X5 Mill@ill7e < oo}
(ii) let m € N, then

H™A) = {6 = (d))jen; NlFmny = 25 AillsllFrm < oo }.
(iii) let T > 0, q,p € [1,+00], then

LiP(N) = LA([-T,T); LP(N))

Lize(A) = Lin(R% LP(N))

LiP(\) = LY(R; LP(\)).
(i) let T >0, q,p € [1,+0<], then

X3" = Ly (W NLF ) with |9 xar = 1] o2y + 191500y

VAP = LE2(N) + L&Y (N) with

1 llvgr = by, gomp (191l iz + 12l oo y) -

Notice that, in the case A = (1,0,0,...), the spaces LP()\) reduce to the ordi-
nary spaces LP(R?). The spaces H2(\), HY()\), L*(\) were already used in [ILZ]
and [BM] (See also [Wa]). Moreover, the introduction of the spaces X% and
Y7 is classical in the theory of the HE (see, e.g. [HO1]), and we only generalise
here these spaces to study the general SPS. These last two spaces will mainly be
useful in sections 6 and 7.

Definition 2.2 We will say that a pair (q,p) is admissible, and write (q,p) € A,
if the following holds :

(i) 2 <p < 2% =6 where n = dim(R™) (n=3).

(i) 2 =n(} =1 =3¢ - })

We are now able to state the main results of the present article. The first
one is a generalisation of the well-known Strichartz’ inequalities in the case of our
weighted LP spaces. The difficulty here comes from the definition of L9?(\), which
has however to be used later on. An obvious extension of the classical Strichartz’
inequality is for instance >2; X;[|T(¢)9;[|70r < Clq) X; Ajll@5]172, which cannot
be used for our purpose.
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Theorem 2.1 (Strichartz’ inequalities for mized quantum states) Let T' > 0 and
(q,p) be an admissible pair. Then the following holds :
(1) there exists a constant C(q), depending only on q, such that for all ¢ € L*(\)

[Tl arny < C@) [[@llz20n)
(ii) for all (a,b) € A, there exists C(a,q) such that for all f € LE7 (\)

H/ t—S dS”Lab )< C(CL Q) ”fHL‘lT’ )

(#3) in particular, there ezists a constant C(q), depending only on q, such that
for all f € P

||/ (t—s)f ds||Xw < C(a,q) ||f||Y” .

The second inequality will be of crucial importance while dealing with the
non-linearity V' (1)1. Indeed, our method will be to transform the Schrodinger-
Poisson System into the integral equation :

WO =T —i [ T(—s)f(s)ds=a+5

where f(s) = V(1(s))1(s). We are able to control the L*(\) norm of « in terms
of the single L?(\) norm of ¢. But to control the L*(\) norm of 3 in terms of the
L?()\) norm of ¢ is merely impossible. In particular, the application ¢ — V(1)1
is not locally Lipschitz in L*(\) (while it is in every H™(A\) when m > 1). The
main tool to avoid these problems will be to control the LaT’b()\) norms of 3 by
some L& (X) norms of Vi (through Theorem 2.1), which will be possible, as we
will see, in terms of some LT”(A) norms of ¢ (See Lemma 4.1 below). In fact, the
non-linearity 3 is, roughly speaking, Lipschitz in the spaces L{*(\) with (¢, p)
admissible.

Remark 2.1. The Strichartz’ inequalities for mixed quantum states are stated
here under the assumption A = (\;) ey € I with A; > 0 for all j, and in the case
of the dimension n = 3. It is obvious, in view of the proof below, that it can be
extended to all dimensions, and also under the weaker assumption A € ! (without
assuming the positivity of the weights \;), just by modifying our weighted norms
in the obvious way : [|¢||72¢ = 25 |Ai] [|6/172 (See [Cz] for the corresponding
results one can get in the non-weighted LP spaces).

In particular, the study that we carry out here in a three dimensional space
could be done in any dimension, as in [HO1] in the case of the single HE. Since
the physical meaning of the SPS is less obvious then, we will not work in a general
dimension.

Also, it is clear from the proof given below that the constants appearing in
Theorem 2.1 do not depend on the sequence \ € [!.
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Theorem 2.2 (Eristence and uniqueness for the SPS posed in L*())).
Let ¢ € L*(N). Let o €]3,3[, p= 2% > 3, and let ¢ = q(p) be such that (q,p)
1s admissible. Then, there exists a unique function

v e CO(R, L2 (V) M LEE(Y) |

solution to the SPS with initial data ¢. In this case, V(1)ip(t) € LE2Z(N)+LLP ().
Moreover, the following holds :
(1) Vt e R, [[Y(®)l[20n = 9llz20n)
(ii) ¥(a,b) € A, ¥ € Lin(N)
(iii) Let ¢, be a sequence of initial datas in L*(\) such that ¢, —> ¢ in L*(\).
Then the corresponding sequence 1,, of solutions to the SPS verifies

V(a,b) € A, U =31 € Li(N).

loc

Remark 2.2. In Theorem 2.2 and below, we deal with solutions to the SPS in the
following sense : the assumption V ()ih(t) € Li(A) + LLP (A) allows to define
solutions in a weak sense, e.g. in the distributional sense for each component
of the vector-valued functions. We may also define solutions of the SPS in an
integral sense (see [Pa)): Vt , (t) = T(t)p—i [y T(t—s)V ()b(s)ds . We will see
that these two different definitions are equivalent here, and we will therefore not
make any distinction between them, except in the proof of Theorem 2.2 where

we prove this equivalence.

Remark 2.3. Theorem 2.2 is very close to the corresponding existence and
uniqueness result one can prove on the single HE stated in the usual space L.
The difficulty in Theorem 2.2 is to generalize the Strichartz’ inequalities in the
weighted spaces LP(A). Once this difficulty has been overcome, the situation
becomes easier to handle, and we see that the SPS and the HE have a very
similar structure. In fact, Theorems 2.4 (vii), 2.5, and 2.6 below extend to the
SPS other results that are ”classical” in the case of the Hartree Equation and
other Schrédinger Equations (See [Cz],[HO1],[HNT],[Ts], and references therein),
and their proofs are very similar to the ones in [HO1]. Besides, to our knowledge,
the results and methods of Theorem 2.3 are new, both for the HE and the SPS.

Theorem 2.3 (Asymptotic behaviour at t=0)

Let ¢ € L*(\) satisfy © ¢ € LA(N). Let (t) € CO(R; LA(N) N LE2(N), for all
(a,b) € A, be the corresponding solution of the SPS, and n(t) = 3; \;|;(1)]?
the corresponding particle density. Let T > 0. Then there exist constants C
depending only upon ||@|| 2\, || || 200, T, p such that :

(i) VIt < T, Vp € [2,6], [[o(0)l|er) < PEeEy
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C
(@) V[t < T, Vp e [1,3], [In(t)|lr < ——,
|t\3(1_5)

(’LZZ) V]t| < T, Vp 6]3, OO]7 ”V(t)HLp < ’t|(17_§),

C
(i) V|t < T, ¥p€l3, 00, [VV(t)|lzr < e

Theorem 2.4 (Asymptotic behaviour at t = o)
Let ¢, ¥(t), and n(t) be as in Theorem 2.3. Then there exist constants C
depending only upon ||@||r2n), [|€ || 20, p such that :
. C
(i) 9It) = 1, ¥p € [2,6], [¥@)[erey < 5Dy

20~
C

(i) V[t| > 1, Vp € [1,3], [[n(t)|zr <
[t .
(ZZZ) \V/|t‘ > 1, Vp S [6,00], Ve > 0, HV( )HLp H(gila, (8 =0 whenp = 6) s

C
() ¥t 2 1, ¥ €36} ¥ > 0, VIOller < oy
t e

M\w

l
p

(v) V|t > 1, Vp €]2,00[, Ve >0, [|[VV(t)|rr < |t|(1—71—a)7 (e =0 whenp=2),

. C
(vi) Y|t| > 1, Vp 6]372[7 Ve >0, [[VV(#)|r < W’

(vii) The pseudo-conformal law holds, that is, for all t € R,
t
(2 + itV ) ()20 + 2 IVVOIIZ2 = 2 01720 +/0 s [|[VV(s)lz2 ds.

Theorem 2.5 (Regularity)
Let ¢ and ¥ (t) be as in Theorem 2.3. Then the following holds :
(i) ¥(t) € COR™; LP(N)) for 2 < p <6,

(ii) V(t) € CO(R*; LP) for 3 < p < oo,
(iii) VV (t) € CO(R*; LP) for 3/2 < p < oo,
(iv) (z +itV)(t) € CO(R; L*(N)).

Remark 2.4. Time decays like in Theorem 2.3 have been obtained in [Pe| for
the Vlasov-Poisson case, which is a limiting case when the SPS is rescaled with a
vanishing Planck constant. Notice that these decays are the same in the case of
the free Schrodinger Equation : the potential V' does not modify the asymptotic
behaviour of the solution as t — 0.
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Those of Theorem 2.4 extend, in the L?(\)-case, estimates that were obtained
in [ILZ] for the SPS, under the assumption ¢ € H?()\). We do not know whether
they are optimal, and no better estimate is available, neither in the case of datas
in H'(\), nor in the case of the single HE with initial data in H'. To our
knowledge, only lower and upper bounds on the order of decay as t — oo are
available concerning the single HE (see [HO2]).

Remark 2.5. One can see that, in the L?()) case, the function () is ”almost”
in H'()\), in the sense that it is in L2(A\) N L5(\) for all ¢ # 0 (recall that H' C
L?*N L° in dimension 3), and that all the estimates obtained in the H?(\) case
hold true under our weaker assumptions. The only problem is that Vi) ¢ L?(\).
Indeed, if there was a to # 0 such that Vi) (to) € L*(\), we would get YVt , (t) €
H'()), just by solving the SPS with initial data ¥ (to) € H'()) .

In fact, the main idea concerning the HE or the SPS is that the gain of one
moment in the x variable for the initial data ¢ implies a gain of regularity for the
solution ()]0, through the following formula (See sections 6-7 below):

2 2
exp(—it%) (z + itV)*h(t) = (itV)° exp(—it;—t) b(t).

This idea is a key ingredient in [HO1], [Cz] and others for the study of the HE, and

allows for instance to prove the C*° smoothing effect written above (see Theorem

2.6). The operator = + itV is called the Galilei operator and corresponds to the

Galilei invariance of the physical equations.

To conclude this remark, we can notice that, in our case, (z+itV)y € L*(\),
which can be understood as follows : since the particles have an infinite kinetic
energy ( Vi ¢ L?()) ), they instantaneously go to infinity ( x ¢ ¢ L*()\) ). But
this compensation phenomenon allows (z + itV ) to remain bounded in L*()).

Remark 2.6. The pseudo-conformal law of Theorem 2.4 was first introduced in
[GV2] in the case of the HE, and is proved in the regular H?(\) case for the SPS
in [ILZ].

We now want to state a smoothing effect similar to Theorem 2.5, which is in
fact more general. In order to do this, we need the following

Definition 2.3 Let k € N. We define the space Ej by
By = L*(NL),
By, = L*N)LNNC°(N),
Ey = E(\C"*(\) fork>3.

They are naturally endowed with the norms ||ullf, = ;N ([lusll72 + llujllZs),
|ullz, and ||u||g, being defined in the similar way. Here, C* is the usual space of
functions of class C*.
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Remark 2.6. In view of the classical Sobolev imbeddings, it is straightforward
to check that H*(\) C Ej with continuous imbedding, for every k € N.
We can now state the

Theorem 2.6 (A general smoothing effect)

Let ¢ € L*(\) and (t) € C°(R; L*(\)) be the corresponding solution to the SPS.
Let J = z + itV. Suppose also there exists k € NU{+oo} such that, for every
multi-indez o satisfying |o| < k, we have x* ¢ € L*(\) (all the moments of ¢ up
to order k belong to L*(\)). Then, the following holds :

(i) Vol <k, Job(t) € COR; I2(V)),

(ii) P(t) € CO(R*; E) , (b is "almost” in H*(\)) .
3 Proof of Strichartz’ inequalities

This proof is close to those in [GV1], [Cz], or [Ya] concerning other Strichartz-
type inequalities. It is performed in four steps. Note that, in the statement of
Theorem 2.1, the real number 7" > 0 plays no particular role, so that in the
sequel, we will take T" = 0o, and work in the spaces

LIP(N) := LPP(X) := LY(R; LP()N)).
We begin with the following (easy) Lemma :

Lemma 3.1 (i) Let 2 <p < oo, ¢ € L”(\) and t # 0. Then

C
T ()¢ o) < T

8

7 10l

(ii) For ¢, v € L*(\), define the scalar product
< Pl >0 Z)\ < @il >1e .

Then, the adjoint of T'(t) with respect to < .|. >p2(y) is
Tt =T(-t) .

Proof of Lemma 3.1.
To prove (i), we argue as usual

TNy = 2 XITE 1%
J

C

< N o
¢ 2
<W'|’¢"LP’()\)) :

sl
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The second part of the Lemma is obvious, since the same holds true for T'(¢)
acting on L?(IR3). [

We now notice that the proof of Strichartz inequalities in the case of T'(t)
acting on L?*(R?) is a consequence of the Lemma above stated in the simple case
L*(\) = L*(R?), and of duality arguments combined with Riesz inequalities and
interpolation arguments (See [Cz], [GV1],[Ya]). Hence, our main goal will be
to check that the duality and interpolation arguments used in the non-weighted
spaces LP hold true in the weighted spaces LP(\). This is stated in the following
Lemma.

Lemma 3.2 (i) Let 1 < p < co. Then, the dual space to LP(N) is identified with
LP()\) through the inner product < .|. >r2(0)

(¢7¢>(LP()\),LP/()\)) =< 925\1# ZL2(N) s

(ii) Let 1 < p,q < oo. Then, the dual space to LYP(\) is identified with LY ¥ (\)
through

(¢(t)7w(t))(anP(A)7Lq’7p’(,\)) = /]R < P P(t) >r2n dt
(iii) (Hélders” Inequality) Let 1 < p < oco. Then,

(D) (oo ) < NDlleeey 1912 ay
(iv) Let 1 < po,qo, p1,q1 < 00. Let p and q satisfy
1 1-60 60 1 1-0 6
= +— 5 —-= +— ; 6€]0,1].
p Do b1 q do q1
Then the interpolated space of order 6 between L1P0(X) and LIP(X) is

[LQOJ?O()\)’ [ 40Pt ()\)]9 — L%p()\) .

Remark 3.1. Here, we consider the complex interpolation theory, with the
notations of [BLJ.

Proof of Lemma 3.2 : (iii) is straightforward. Besides, we notice that (i)
implies (ii). Indeed, (i) implies that LP(\) is a reflexive space with dual space
L (\) when 1 < p < oo. So it enjoys the Radon-Nykodym property. As a
consequence (See [DU]), we obtain

(L (V) = (LIR; LP(V)) = L7 ((LP(N)) = L7 (1P ()

and (ii) is proved.
We now show (i) by noticing the following : let du be the measure

d,LL = Z /\j6j
J
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on N, where 9, is the Dirac measure at j € N. Then
LP(A) = (N, dp; L (R?)).
Thus, by the same argument as above, we obtain (i) since
(L) = (BN dp; LP(R)) ) = B(N, dps; LV (R®)) = L7 ().

We can now prove (iv). We have, under the assumptions of Lemma 3.2 (See
[BL])

[LOP(A), L1 (N)]g = [LP(R; L™(X)) , L™(R; LP(A))]o
LI(R; [LP(N\) , LP'(M)]),
and
LR, (Ve = [N, dp; L(R?)) , (N, dys; L (R®))]g
= (N, du; [LP(R®), LP'(R®)]s)
= (N, du; LP(R%))
LP(N).
And (iv) is proved. -

We are now able to prove Theorem 2.1 through the following serie of Lemmas:

Lemma 3.3 Let (q,p) be an admissible pair and ¢ € L7P (\). Then,

| [ = 9t lmeds

<) 1l .

Remark 3.2. Here and throughout the section, we will write Bochner integrals
that may not make sense. In order to avoid such problems, all the subsequent
majorisations should be obtained first on very smooth functions, then in the
general case thanks to a density argument (see [Cz|). For instance, we should
first deal with functions ¢» whose components 1; belong to &, with the additional
condition >, Aj|1;]|3 < oo. Denote by S(A) the space of all such functions.
In fact, it is clear that T'(t) maps S(A) to itself, and that S(\) is dense in the
weighted LP spaces.

Proof of Lemma 3.3 : We have, using Lemma 3.1 (i),

< H/J:OC ||¢(5)’|Lp’(,\)d

It — 277

A= | [T - 9@ s |,

La’
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1 1 2
But, since (gq,p) is admissible, we have 3 (2 —)=—and 2 < p < 6 < o0,

p q
2 < q < o0

Thus except for the special case (¢,p) = (00,2), for which the results are
however obvious, we can use the Hardy-Riesz-Sobolev inequality (See [St]) and
get

A Clq) ()l o () - (9)
and the proof is complete. |

Lemma 3.4 Let (q,p) be an admissible pair. The following results hold true :

(i) 1 fo T(t = s)(s)ds]|Lasiry < Ca) 1 ()] oo (n):
(ii) || Jo T(t = s)¥(s)ds|| =20y < Ca) ()] zarr )
(iti) || Jo T(t = $)v(s)ds Lary < Cla) [¥(5)]Irr20n

Proof of Lemma 3.4. Thanks to Lemma 3.3, (i) is obvious. We have now
obtained the statement of Theorem 2.1 (ii) in the simple case (a,b) = (¢,p). We
now want to prove a slight generalisation of (ii) and (iii). Let K(¢,s) € L>=(R?),
with, for convenience, || K|~ = 1. We prove

(i) || foer K (t, )T (t = 8)1b(s)ds poez ) < Cg) ()]l parwr 5
(iii") || fyer K (&, 8)T(t — s)0(s)ds|| Lariny < Cq) [0(3)|| 1120y

Now, (ii’) is immediate. Indeed, thanks to Lemmas 3.1 (ii), and 3.2 (iii),
| foer K (t, )T (t = s)¢(s)ds||72( =

= < / RK(t, s)T(t — s)y d8|/ Tt — wp(u)du >ra
— /SGR < K(t, s) |/ T(s —w)y(u)du >r2(y)
< KO oy | [ K0T = upb@dul gy

< IO w | /UER (t,0)T(s = W) ()dularir

Hence, thanks to Lemma 3.3,

| [ KT = spi(s)dsFan < Cla) [0()

Therefore (ii’), thus (ii), are proved.
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Next, we prove (iii’). We avoid here the special case ¢ = oo, for which the
result follows from (ii’). We write

| fuew B )T = 5)(s)ds sy = y
= sup{A(@); 6(t) € LIV (N), [9(t)l ) = 1}

A(@) = Jier < Jser K(t,8)T(t = 5)1b(s)ds|p(t) >r2(n) dt -

The term A(¢) can be upper bounded thanks to Hélder’s inequality in the
weighted spaces (Lemma 3.2 (iii)),

A@) = [ [ K(ts) < T(t = 9)u(s)[o(t) >1aqy
= [, <0l [ KT = 06() >120

ey || | )T (s = (0t [l
< ) ler2n o)l o
thanks to (ii’). This completes the proof of (iii’), hence of (iii). |

IN

We can now prove Theorem 2.1 (ii) for any admissible pair (a,b), just by inter-
polating the different inequalities in the Lemma 3.4 :

Proof of Theorem 2.1 (ii). Let (a,b) be an admissible pair. We first treat the
case ¢ < a < 00.
Then it is enough to suppose that

g<a<oo,
2<b<p,

(the case (a,b) = (00,2) has already been proved), and we interpolate the in-
equalities in Lemma 3.4 (i)-(ii) with

1 60 1-0 1 0 n 1-46
a q o b P 2
Indeed, Hélder’s inequality in space (Lemma 3.2 (iii)), then in time, reads

I fo (t—s)w )ds|| pas(n) <
< H H/ (t—s)Y dsHLp(A) H/ (t—s)y (S)dsHng@)\

||/ (¢ = )0()ds ancry | [ T(0 = $)0(5)ds][ i
Ca) 1(3)] o -

La

IN

IN



I. SYSTEME DE SCHRODINGER-POISSON 15

thanks to Lemma 3.4 (i) and (ii). And Theorem 2.1 (ii) is proved in this case.

Next, we treat the case 2 < a < q.
We can then suppose

2<a<qg<oo,
2<p<b.

Lemma 3.4 (i) and (iii) written for the admissible pair be (a,b) tells us that the
linear operator

P zp—>/0tT(t—s)z/1(s)ds
maps

a’ b’ ab :
{L (A) — L*(\)  with norm (10)

<
LY2(\)  — L*(\)  with norm < C(a).
Then we choose 6 €]0, 1] such that

6 1-90

1 6 1-06

1
q’_a’+ 1 ’Z?_b’jL 2

Interpolating the spaces L%* (\) and L'?(\) involved in (9) as recalled in Lemma
3.2 (iv), we get

F . LYP(\) — L*(\)  with norm < C(a)’.

This ends the proof of Theorem 2.1 (ii).

In order to end this section, we state now the
Proof of Theorem 2.1 (i). It is an easy calculation, since we can use the usual
Strichartz’ inequality and write

IT@SIL (N = I NITO5l70 ) Iz
= 12X XIT® 15 e (222)

< S AT
J

< SNl = 19020y -
J
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4 Proof of Theorem 2.2

In order to separate the difficulties, we begin by defining the short range and long
range part of the potential (respectively denoted by V; and V5), as follows :

V(@) = Clrx3 N (@)
= K1)+ 2 () Kar) < 0 1)

= Vi) + Va(¥),

where K7 := C x(r)/r and Ky := C (1 — x(r))/r) and x is a C*° function
satisfying : x(r) =1 for 0 <r <1 and x(r) =0 for r > 2.

Now we want to pass to the limit in the SPS in order to deduce an L%(\)
theory from the available H'()) theory. The following Lemma gives a control of

the nonlinearities Vi (¢)y (k = 1,2) in some space L?(’j;p,k()\), where (g, pr) € A.
It allows in turn to use Strichartz’ inequalities of Theorem 2.1. Of course, V; and
V5 behave differently, and the main idea is that Theorem 2.1 gives a control of

JET(t — 5) Vi) (s) ¥(s) (k = 1,2) in any space L{:2(\), in term of one single
qu’p,k()\)—norm of V().

loc

Lemma 4.1 Let 1(t) and ¢(t) be two solutions of the SPS with respective initial
datas 1y and ¢g € H*(N\). Let T >0, o 6]%,3[, p= % > 3, and let ¢ = q(p) be
such that (q,p) is admissible. Let ¢’ and p’ be the conjugated exponents of q and
p. Let M = Mazx(||vol|L2(); |00l 2(r)). Then the following holds :

(i) (short range potential)

IVA((0) ¥0) = Va(o(t) 60 gy < Cw) M2 TH(0) = 6(0) g
(i) (long range potential)

IVa(o(t) 1 (t) = Va((t) ¢(t)ll 120y < C M2 T [[9(t) = G(E)[| o2
(#1) in particular,

IV (1) ©(t) = V(6(t)) ¢t lyzr < C M? max(T,T"74) [[ih(t) — 6(t)|| xa-

In other words, each function ) — Vi ()1 k = 1,2 is roughly speaking locally
Lipschitz from some space L3()) into LaTl’bl()\) with (a,b) admissible, and the
corresponding Lipschitz constant reads C(M) T* with a > 0, so that T* — 0
as T — 0. This will be fundamental for the sequel. The technical difficulty is
that the relevant admissible pairs are not the same in the case of the short range
potential ( (a,b) = (g, p) with (g, p) defined above) and of the long range potential
((a,b) = (00,2) ).

Besides, note that, as ||¢)(Z)||2(n) and [|¢(%)]|z2(n) are constant with respect to
t, M is also an upper bound of these quantities, for all t.
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Proof of Lemma 4.1. We first prove (i). We notice that K; € L°.

thanks to Holder’s and Young’s inequalities, we have

Yo,we L, Yue LP, [[(Ky*wv) wlpy <O llulle [ollze w]re

17

Then,

(11)

Vu,v € L ) Yw € LP | ||(Ky *u.v) wl|y < C |lullzz ||vllee [[wlle - (12)
Then, for a fixed k € N, we may estimate :
Ay = Kl*z)\ |¢g wk_ Kl*ZA |¢J ¢kHLP
< KI*Z)‘ )%HLP +[I( Kl*z/\ﬂsj = 0;)°) Vil o

+[| (K * Z)\j|¢j (Vr — o)l 1
J
= a+b+e
Thanks to (11), we get

o < D NIE (W = 63)-45) Gnll
J
< C(p) Z%‘H%‘ — @jllze 105l 2 |9ow| 22
< CW) v = olleoy 1¥lr2oy el z2-

The same estimates give

b < Cp) 2oy 10 = llzwey 10|z
And, thanks to (12)
c < C(p) H¢H%2(,\) |k — @rll Lo

A summation over k£ and Hoélder’s inequality in time give

Vi@ (#) (&) = Vi(d(1)) o)l o ) = 11Xk AR V2 o

< C(p) H(Z Mellol 2o 10 = Dl Toeny 1klZe + Ml T2 06 — Gell7e)'?
< CO) || (1012 1 = SlEoeny 18117200 + I8l 220n 1 = llEo
< Cp) M | 19 = dllzoey
_2
< C(p) M? T [ — ¢||L‘1T’P(A) ,

/

q
LT

)1/2

!

Ly

and the point (i) is proved. Next, we note that the proof of (ii) is exactly the

same, thanks to the inequality

Vu,v,w € L? | ||[(Ky % u.v) w2 < Ollullze ||v]lz2 |w|z2 ,
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because Ky € L*. And the proof of Lemma 4.1 is complete. [

Proof of Theorem 2.2.

First step. We begin with the existence statement. Let T' > 0 to be chosen later.
And let ¢,, € H'()\) be a sequence of initial datas satisfying ¢, —> ¢ € L*(\).
Let v,,(t) € H'()\) be the corresponding solutions to the SPS. Let also M =

SUP,y 4 ([[Ym ()| 220)) < 0.

We show that t,,(t) is a Cauchy sequence in the spaces L$’(\) for every
admissible pair (a,b), and for some 7" > 0 sufficiently small. Indeed, for all
m € N and t € R, we can write

Uin(t) = T()pm—i Jo T(t=3)Vi(¥m)(5) Ym(s)ds —i o T(t—5)Va(th)(s) Y (s)ds.
Hence, for all m,k € N and ¢t € R, we have

Um(t) = u(t) = T(t)(dm — dx)
=i [ Tt = 5)(Va(n)(5) vinls) = Va()(s) i(s)ds

. /0 Tt — 8)(Va(th) () — Vi (t55) () ds
= a+08+7.

From now on, let (a,b) be any admissible pair. We estimate the L%’(\) norm of
a, B, and 7, thanks to Theorem 2.1 and Lemma 4.1 :

[l gar iy < C@) lom = Prllzey) (13)

181 o ay = Clas @) [Vi(m) (E) P (t) = Vi(ehr) (8) (O] ooty (14)
where (g, p) is the admissible pair defined in Lemma 4.1. Note here the impor-

tance of Theorem 2.1 (ii) : we can control any L%"(A) norm of 3 in terms of one
single LY (\) norm. Hence (14) implies, together with Lemma 4.1 (i),

18] a0y < Clarg) M T4 [4ha(t) = al0) Loy (15)

Finally, Theorem 2.1 (ii) and Lemma 4.1 (ii) implie

IN

Cla) [[Va(¥om)(t) m(t) = Va(r)(t) Dr(B)]] 12y
Cla) M? T (1) — ()]l o2y - (16)

||7||LaTvb(>\)

IA
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Collecting the inequalities (13),(15), and (16) gives
2
[n®) = 0n sy < Clarq) (Il6m = dulloy + METE (17)

[9m (t) — ()l gz + M T [0 (t) — k()| o2 ) ) :

The inequality (17) holds for any admissible pair (a,b). Therefore, if we write
it in the special case (a,b) = (¢,p) and then in the case (a,b) = (00,2) we get,
after summation

1$m() = Ge®lixar < Ca) l16m — dellz2cy (18)
+C(q) M2 T5 () — (8) 30

where we have taken 7" < 1 in order to upper bound 7" by T'"% in (17) (recall
that X% = LZ(X) N L3*(\)). Finally, the inequality (18) shows that there is
a Ty = Ty(q, M) sufficiently small such that

[t (t) — wk(t)HL%’(A) ARZACN <2C(q, M) [|6m — Pkllz20)-

Therefore, 1), is Cauchy in LEP(N) N L3* (). Also, inequality (17) shows in
turn, for a fixed a, that there is a T, = T'(a, g, M) sufficiently small such that

[ (8) = (Ol 5y < 2 Ol 0, M) 16— dull 2o
We now have proved the existence of a limit ¢ such that :
U =5 in LEP(N), LE(N), and LEP(N). (19)

As the sequence 1, belongs to C°([—Ty, Ty); L*(\)) and its L?*(\) norm is
independent of ¢, we get

Y € CU[=To, Tol; L*(N)  [0(®)llz2ey = 10l 2. (20)

We now remark that Ty = Ty(q, M) and T, = T'(a, q, M), and as above mentioned
( See (20) ), the upper bound M (depending on |[¢||z2x) = ||¥|i=0|£2(»)) can be
chosen constant during the time evolution, so that one can reiterate the argument
(with initial data 1(Tp), ¥(2Tp), ...) and cover the whole real line. Therefore the
statements (19), (20) hold true for all 75 > 0, and

Un "=F g in LX), Lipd(N) as (a.b) € A, COR; L2(N)).

The last point we would like to make clear before ending this part of the proof is
the equations satisfied by the limit .
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We have, for all m, 7 € N and for all t € R

Outi = S AL, — Va(m) 3, — Valihn) V1, (21)

where the vJ are the components of the vector 1, (and the same notation for
the limit ). And the convergence of ¢/, to ¢/ in C°(R; L?()\)) implies that

Wil ARl T A in D (22)

Also, ¥, "= 1 in CO(L2(N)) N LEL(N). So, by Lemma 4.1 (i), we get
Vi) Y "5 Viw) & in LT (V) (23)
hence this convergence holds in D’ for each component. Next, by Lemma 4.1 (ii),
Va(tm) thm "= Vo) ¥ in Lyge(N) (24)

hence this convergence holds in D’ for each component.

Finally, note that the density n,, :== >; \;[,,,|* also converges to n := 3", A;|¢[?
in C°(L'). Thus, the statements (21)-(24) clearly imply that the Schrodinger
equation holds for each v; :

Db = LAY Vi) 0 — iVo() W = LA iV () o

But,we can also pass to the limit in the integral equation, and obtain alternatively
) = T(é—i [ Tt —s)A) v(s)ds —i [ T(t—s)Va(v) v(s)ds
= TWo—i [ T(t=)V)(s) b(s)ds

This concludes the first part of the proof (existence).

Second step. We now prove uniqueness. Let 1 be a solution to the SPS in the
class CO(R; L*(\)) N LEP(N\). We first prove that 1, which is a solution to the

loc
SPS considered as a Partial Differential Equation, is also a solution to the SPS
in the integral form used above (see the Remark 2.2).
Indeed, Lemma 4.1 implies that V(1) 1 belongs to LEF (A) and Va(¢) o

loc

belongs to L;;> (See (23) and (24) above). Then, one checks that
Vi OT(t = shpy(s) = =i T(t = s)Vi(h(s))e(s) — i T(t — 5))Va(¥(s))s(s)

holds, e.g. in the distributional sense. Hence, by integration on s, one sees that
1 is also a solution to the integral equation

vty =T —i [

0

t

T(t = s)Vi(b(s)ls) —i [ T(t = s)Va(u(s))u(s)

0
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This last integration on s requires an easy regularization argument, and we skip
the proof.

We now check the uniqueness on this integral formulation, first locally in time,
hence globally, as in the ”existence” part of the proof. Indeed, the estimates used
above show that two solutions of the SPS that coincide at ¢ = 0 also coincide on
=Ty, Tp| for sufficiently small T > 0 ( estimate (18) ), and one can reiterate the
argument thanks to (20).

It remains to prove the continuous depence on the initial data, but it is an
easy consequence of the methods used in the ”existence” part of the proof, and
we skip it. [

5 Proof of Theorem 2.3

We need a preliminary remark. In the case of the L” spaces, one has the classical
result (See [Cz]),

e

One can easily extend this result in the weighted LP(\) spaces, and get
C(||¢||L2(/\)a | ¢||L2(A))
=7
Then, let T'> 0 and p €]2, 6[, the case p = 2 being obvious in the sequel, and

denote C' a constant C(||¢[|2(n), | @[l z2n), T, p). The case p = 6 will be treated
in section 6 below. With the notations of Theorem 2.3, we have

wl) = T+ [ T = )5 % (S At 0(s)ds

Therefore, for t > 0,

1T ()0 Lrny < , pEI[2,6].

WOl < g+ ) o I ()6l
Le(x) = tg(%,%) 0 (t B 8) Y Y3 LP' ())
< Cqpp+C / el LI O) PANY O] P (IO P
201 " . i . ;
with — = — — — thanks to Holder and Riesz inequalities. Hence, using Holder’s
a p

inequality in time

@llom <

3G

Lo G M2 ( /Hw )% ds)®. (25)

c
-3)

3=

ds )
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Here, we have set

10ll200 = Y ()ll2ny op 1€ 10,51

1 — 1

L_oow=6 Ly o

@ 4p

2 1 1 .
But one checks that — = 3(5 — —), and « €]2,00][, a €]2,6], so that (o, a) is

a a

admissible. Therefore ¢ belongs to L)% (\).
Thus (25) implies
C
[¥llzren < 0D

This proves the part (i) of Theorem 2.3 for p € [2,6]. The case p = 6 will
be treated in section 6 below. The other statements in Theorem 2.3 are direct
consequences of this estimate through Holder and Riesz inequalities. [

6 Proof of Theorem 2.4.

We divide the proof in two steps. First we prove that the pseudo-conformal law of
Theorem 2.4 (vii) holds as an inequality (see below). In a second step, it is then
possible to deduce the decay estimates of Theorem 2.4. In section 7 below, we will
prove that the function Ji(t) := (z +itV)y(t) (see the Remark 2.5) belongs to
C°(R; L*(\)). We will deduce then Theorem 2.5, and also the pseudo-conformal
law of Theorem 2.4 (vii) (as an equality).

First step. Proof of the pseudo-conformal law as an inequality. Let ¢, € H'()\)
be a sequence of initial datas which converge to ¢ in L*()\) and such that = ¢,
converges also to z ¢ in L*(\). Let 1,,(t) be the corresponding solutions of the
SPS. We have (See [ILZ]), for all ¢

Iz + V) (L2 + VYV (@) (0122 =
1 bl Z2 () +/0 s IVV () (s)l[72 ds. (26)

Now, we show that we can pass to the limit in each term, and we begin by
t2 |VV () (t)||32. But, thanks to Holder and Riesz inequalities,

[V (i (8)) = VV ()22 =
= 110 5 % X (L] = [ O (0] + 1 0]
< c| zxj@;(t)\ — O (O] + 1 O o
< C () = 00200 ) + V0O 50 (27)
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Therefore, (27) and estimate (i) of Theorem 2.3 give, forall 0 < e <t < T <
+00,

IVV (@ () = VV (@ (@)lle < Cl[om(t) = (@)]lz2n), (28)

where C'is a constant C'(e, T, ||®||2n), || @]|12())- But, as a consequence of the
assumption ¢,, —> ¢, ¥, (t) converges to ¢ (t) in C°(R; L*()\)) (See Theorem
2.2 (iii)). Hence,

YV (b (1)) "= WV (1)) in COJe, T]; L?) YO0 <e<T < 4oo. (29

Next, we treat the integral term of (26). We have, using Theorem 2.3 (iv),

€ e C 2 2 T
[ 19V @D as < [ s Sz ol D) g
0 0

s

< e C(lIollzeny, llz @2y, T). (30)
Therefore (30) together with (29) implies that the integral term in (26) converges
in C°(R) to fy s [[VV (¥m) ()] Z--

Thus, by taking the limit in (26) on each compact set [e,T], thanks to (29)-
(30), we can conclude that, for all ¢ € R,

(z +itV)(t) € L*(N)

and also

(@ + 900 [y + [TV @O < e dliEae (31)
t
+ [ IVV)(s)lEads.

We will show in section 7 below that this inequality is in fact an equality.

Second step. Decay estimates as t — oo. We write, thanks to (31), and using the
same arguments as in the second step

1@ + V)Yl Z2 +  IVV)O)72 < 1@+ V)20

t
HIVV () (1) +/1 s [VV (@) ()| 72ds -
This implies, thanks to Theorem 2.3 (iv) together with (31) stated for ¢t = 1,

IVV@) O < @ +iV)R@)llzap) + IVV ) D)2 +/1t8 IVV (@) (s)l[72ds .

hence,

HIVV@) DIz < Clléllzw. 1 dllza) +/1 s [VV()(s)lZ2ds - (32)
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Therefore Gronwall’s Lemma gives in (32)

Uollz 17 ollz2n)
t

And, combining (33) with Theorem 2.3 (iv) for p = 2, we obtain

< Cll#ll2n, 17 Allz2eny)
a t]2

Vi1, [VV@) @)k < S (33)

=

VEeR, [[VV()@)]r

This proves the statement (v) in Theorem 2.4 for p = 2. Also, we obtain, thanks
to (31)

VteR, [[(z +itV)Y(t)llz20) < CUISI L2, 12 llzzey) (1+[t]) - (34)
As usual (See [Cz]), we consider ¢,(t) := exp(—%)w(t). We notice the

Lemma 6.1 The following formula holds true :
. ix2 .
itVy(t) = exp(—5-)(x +itV)(t) .

In particular, for t # 0, the assumption (z + itV)w(t) € L*(\) is equivalent to
Vi (t) € L*(N).
Thanks to this lemma, (34) writes

Clllollzzo, 1z @ll2 ) 1

1
Vg (Bl 20y < 1 (I+2)%. (35)
Then, Gagliardo-Nirenberg’s inequality gives
149@)llzon = (9@l < C) IV (O)lI20r) 15T - (36)

with a = 3(5 — %), and p € [2,6]. Notice that Gagliardo-Nirenberg’s inequality
in the weighted spaces LP()) is a straightforward consequence of the usual one.

Finally, (35) and (36) give the asymptotic behaviour as t — 0 and t — oo of
1% (t)]| zr(ry for p € [2,6]. Now, Holder’s and Riesz’ Inequalities give the results
of Theorems 2.3 (ii)-(iv), 2.4 (ii). Now it remains to state the decay estimates of
Theorem 2.4 for V(t) and VV(t) as t — oo. Again, Riesz’ Inequality gives the
estimates

IVV®)l, < C 1%, ¥ p e]3/200], VIt > 1,
VO, <C #7209 Vpel3ioof, V[t > 1.
p

Now, we write (Holder),

VvV, < IVV@SI IIVV @I
< O 00w

)
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and we choose successively ¢ < 0o but close to co in the case p > 2, then ¢ > 3/2
but close to 3/2 in the case p < 2, and get Theorem 2.4 (v)-(vi), including the
case p = 2 which is given in (33). Finally, we write (Gagliardo-Nirenberg),

VOl = CIVVE©l e

and use Theorem 2.4 (v)-(vi) in order to get Theorem 2.4 (iii)-(iv). This method
holds as p # co. In the case p = oo, we should write,

IV#t)lew < CIVV(E)|5e V()09

and choose € > 0 close to 0, r €]3, 00[,  close to 1.

7 Proof of Theorems 2.5 and 2.6

The proof is performed in two steps. As it was announced at the beginning of
section 6, we first prove that Jiy(t) = (z + itV)y(t) € C°(R; L*()\)). Then we
deduce that the pseudo-conformal law of Theorem 2.4 (vii) holds as an equality,
and also prove Theorem 2.5 as an easy consequence of the continuity of Ji¢. In
a second step, similar arguments allow to prove Theorem 2.6.

First step. Proof of the continuity of Ju(t). Let ¢, and 1, be as in section
6. One can easily check the following formula, where the ¢/ are the components
of the vector ,,,

i C , 2C e
S = G ATV — i 5 3N VL) T + (S 5 Imo MW" Tv) ) eom.
J J
Hence this equation gives, for all k£, m € N, the integral formulation
JVyp —JYYy, = A+B+ D, (37)
where A, B, D are given by
A = T)(xpy —xoy) ,
[t c 2 c 712
B = =i [ Tlt=s)((5 ¢ ML) Jom — (xS AR T (s)ds
J j

D = /Ot T(t— s)((QS * [m(z Ml Jh ) ) o

(S A ) (s

We now prove that the sequence Ji,, is Cauchy in the space
X&P = CY[-T;T); L*(\)) N LE(N\) for 0 < T < 1 sufficiently small, where
the admissible pair (g, p) is as in Theorem 2.2 (see definition 2.2). In order to do
this, we need the following Lemma.
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Lemma 7.1 Let T" > 0, and o, p, q be as in Lemma 4.1. Let u,v,w €
CO(R; L*(N)).  Let M(u,v) = supyei_rp(lu(t)ll20 + lo)ll2n).  Then the
following holds :

(i) (/7% 325 Ajugog) - wllyar < Cla) M(u,v) max(T5,T) ]| xgr .

(ii) (L7 5 T Aoy - wllyge < Clg) M(u,w) max(T5,T) ol g

Proof of Lemma 7.1. It is a straightforward adaptation of the proof of Lemma
4.1. [ |

We come back to the first step of our proof. First we note that
HAHX%”’ <C(Qllr pm — = ¢k||L2(A) .

Let now M := supe(_y1)([|/8m (0 2 ) F IS0k (O 2 ) F140m () [ 2 ) F 0k ) [ £23))-
Section 6 (see (34)) shows that M is well-defined and depends only upon ||¢|| 12,
|z @||r2(r). We are able to majorize B and D as in the proof of Theorem 2.2 (see
estimates (14)-(18)). Indeed, thanks to Lemma 7.1 and Theorem 2.1 (iii),

_2
1Bllxgr < Cla) M> T3 (| T¢0m — Jllxar + [[om — Grllxar ),

IDl|xsr < Clg) M2 T (|| Jthm — Jokllxar + 9m — ellxgr ) -

Therefore, if C denotes any constant depending only upon ||¢[[z2(x), ||7 @[/z2(n),
(37) implies

[ Thm = Tpllxsr < C llx dm — 2 dillz2n
_2
+C T 70 ([[Jpm — Tkl xar + 1om — Vellxzr) . (38)

Now, for T' = T(||¢[|z2() » || ¢[|z2(n)) sufficiently small, we conclude as in section
4 that Ji,, is Cauchy in X% since 1, is also Cauchy in this space.

Now, starting the same argument on [t — T";t + T'], we find therefore a
T" depending only on |[9(t)|r2n), [|J ¥(t)||r2(n) such that Jib,, is Cauchy in
CU [t = T';t +T'; LA(N) N L[t — T';t + T']; LP())). Since we already know by
section 6 that ||.J ¥(t)| 12 < oo for all ¢, this allows us to cover the whole real
line and show

Jy(t) € CO(R; L*(N)) ( LE2(N)

loc

Indeed, any compact interval of time is a finite union of small intervals
[t —T't+ T

Also, given a t € R, we can take the limit in (26) as in the first step of section
6, but this time in C°(R; L?())), and we get the equality in the pseudo-conformal
law.

The standard use of ¢, (see Lemma 6.1 above) gives now Theorem 2.5. Indeed,
the assumption Jy(t) € C°(R; L*(\)) implies ¢, € C°(R*; H*(\)). Thanks to
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Gagliardo-Nirenberg’s inequality (36), we get ¢, € CO(R*; L*(\) N L%())), hence
Theorem 2.5.

Second step. Proof of Theorem 2.6. Theorem 2.6 is now proved in the case where
k = 1. We now deduce the general case from the following

Lemma 7.2 Let ¢ be as in Theorem 2.6 (k # 00), ¢y € HY(N) such that z%¢,,
converges to x%¢ in L2(\) for all || < k. Let v, be the corresponding sequence
of solutions to the SPS. Finally, let T' > 0. Then the following holds :

(i) [Tl xar < C(T,q,[|(1+2*)20|2()) ,
(i1) J%y, is Cauchy in XF* .

Proof of Lemma 7.2. The Lemma is already proved if £ = 1. Suppose it is
proved up to order k. Let now «, |a| = k+ 1. Coming back to the SPS, we easily
get

S =T +A+B+ D, (39)

where
A= i [ T(-s) (—*ZA DM, + 0T 0] () ds
B = -if T(t—s)(**ij¢a*w;)Jawm<s>ds,

D = —22/ (t—s) —*Zx\ (T4 ) wafn)(]cwm(s)ds

a,b,c

In D, the sum is taken over all multi-index a, b, ¢ # « such that a +b+ ¢ = a.
We prove (i). Let 0 < Ty < 1, Ty < T, to be chosen later. We have, thanks
to Theorem 2.1 (i),

1T @)% Gmll xgr < Cl@)|2PmllL20n) -

Besides, thanks to the induction hypothesis, Lemma 7.1 and Theorem 2.1 (iii)
give
1Dl xgr < C(T,q, (1 + %) 2] 2()-

Finally, we can again majorise A and B as we did for D, and write for instance

1-2 o
|Allxge <To™* C(T, g, [6llz2) 1%l -

and the same for B. Collecting the inequalities in (39), we get

2

1T mllxgr < C@)labmllL2ea) +T, C(T' g, 119l 2 ) 1% xg.r (40)
+O(T, ¢, ||(1 + 25 20| r2ny) -
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2

Now we choose Tol_q =1/2C(T, q, ||¢[|L2(n)) in (40) and get
1T xgr < C(@)J2*Pmll 20 + C(T g, [I(1 + )20 12n)) -

Starting back from Tj, and reiterating the argument on [0, 27,] with the same Tj
gives now, with obvious notations

C@NT*bm(To) 2209 + C(T, ¢, (1 + 2°) 2 12()
C@|2*Gmllr2r) + C(T, g, (1 + %) 20| 1200)) -

HJ%/}mHX‘?*p([OQTo}) <
<

Hence we can cover the whole interval [-T;T] and get Lemma 7.2 (i).
Part (ii) of this Lemma is obtained through the same manipulations and
makes use of the point (i). We refer also to the first step of this section. |

Now, Lemma 7.2 (ii) clearly shows the point (i) in Theorem 2.6.
The point (ii) is given by considering the function v,. Let ¢ # 0 and « satisfy
|a| < k. The point (i) of Theorem 2.6, combined with Lemma 6.1 above, implies

V() = ()" exp(— )0 € CURY T(N)

hence
Y, (t) € COR*; HE(N)) .

Therefore, with the notation of Theorem 2.6, we get
Y(t) € CO(R*; Ey) .

But for any k, we note that ||14(t)| g, = [|¥(t)| g, because ¥(t) = exp(%)wg(t).
Therefore, the point (ii) of Theorem 2.6 is proved.

8 Appendix

In the previous sections, we have developed a theory for the SPS with rough
initial datas, and observed in this case strong smoothing properties. We show
here how one can get a similar theory for smooth initial datas. We begin with
the following

Lemma 8.1 (i) Let u,v,w € H*(\). Then,
1L/ =D Nwgvwllmey < Cllullpzey [vllzzon[wllm oy
J

H(l/T‘*ZAjujUj)wHHl(A) < Cllullpzpny vl aroyllwllzzon
J
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(ii) Let m > 1 and u,v,w € H™(X). Then,

[(1/r %> Njujvp)w| amy < Cllullamy vl amoyllwllam oy
i

(1) Let m > 1. Then, the nonlinearity V()i = (1/r % 305 Ajlt;]*)e
is locally Lipschitz in H™(X).

Proof of Lemma 8.1. Thanks to the Sobolev imbedding H™()\) C L?(A) N L5(\),
a straightforward adaptation of the proof of Lemma 4.1 above gives

||(1/T*Z>\jujvj)w||L2(A) < Cllullpzey ol ey lwll zeny (41)
J

1(1/r > Aujvp)wlepy < Cllullzopyllvllaoyllwllzz oy - (42)
j
We write then

V(17 Sy Augop)w) = (/% 55 MV (ug)v)w + (1/7 % 525 \ju V(v;))w
+(1/r % 3, Ajujv;) Vo,

and, thanks to (41), (42), we get the desired estimates on || V(1/7+3°; Aju;v;)w|| L2(x).-
Therefore, (i) is proved.

Then, (ii) becomes immediate by induction on m. Indeed, (ii) is proved for
m = 1 and, for any multiindex «, we have

V(1 X Nuguw) = 32 (1frx 3NV 0) Vo,

B,7,0 J

where the sum is taken over all 3,~,d such that 6+ v+ 6 = . We note that
Viu € H™WI(N), Vv € H™PI(N), Vow € H™PlI(\). But, the condition
B+~ +0 =« implies |B| + || + |6] = |a] = m > 1. Thus, at least one of the
integers m — |3, m — ||, or m — |d] is greater than 1. We conclude thanks to
the Lemma 8.1 (i), by writing, say in the case m — || > 1,

[(1/7 * ZAJ'VBUJ‘V”UJ)V‘;@UHLZ(A) < O IVl 2oy IV 0| 220 VoWl
J
< Cllullamoyl|vllam oy lwl] zm sy -

A summation over the multi-index gives the result (ii).
Now, (iii) is an easy consequence of (ii). Thus, Lemma 8.1 is proved. |

Lemma 8.1 (iii) immediately gives the local-in-time well-posedness of the SPS
in H™(\) for m > 1 (see, e.g. [Pal]). But this can be improved, since we have the
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Theorem 8.1 Let m > 1, and ¢ € H™(\). Then the SPS with initial data ¢
has a unique global solution

U(t) € COR; H™(N)) -
Moreover, the following regularity holds for all k such that m — 2k > —1,
P(t) € COR; H™N) (N CH R H™ (M) () -- [ CF(R; H™2*(N)) .

Proof of Theorem 8.1. In order to prove the first part of the Theorem, it
suffices to show that the local solution ¢ (t) built through Lemma 8.1 is in fact
global. Thus, we now prove that ||¢(t)||gm(») is bounded on bounded intervals.

This result is proved in [Ar| when m = 1 and in [ILZ] when m = 2. Now, we
prove it by induction on m. We write,

00 = TWo+ [ Tl =)V (@)(s)ds

hence, since the group T'(t) is unitary on any space H™(\) (it preserves the L2(\)
norm and it commutes with the derivation), we get,

9Oy < Mol + [ IV mds. (43)

It remains to bound the integral term in (43). But, following Lemma 8.1, we get
for m > 2,

V)b mmny < Cllo) I Fmroy 1908z - (44)

(It suffices to count the orders of derivation as in the proof of Lemma 8.1
(ii)). Moreover, the induction on m gives that the term [|1)(s)|| gm-1(y) in (44) is
bounded on bounded intervals. Thus, if ¢ € [—M; M], (43) together with (44)
gives

[P |y < ll@llamy + € sup (||1/) M zm—1( /||¢ Mzm )
M ;M

and we conclude thanks to Gronwall’s Lemma.
The second part of Theorem 8.1 is obtained by induction on k. Indeed, we first
write, thanks to Lemma 8.1, together with the assumption 1 € C°(R; H™(\)),

O = SO — iV} € OO H™*()

(the loss of two derivatives is in fact due to the Laplacian). Then, we set u := 0yt
and write

Dt = ;Au +A(t) + B(1) | (45)
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where A(t), B(t) are given through

Alt) = _i(Qf « Re(Y Ayusts)) v
BU) = i AN

Lemma 8.1, together with the assumptions ¢ € C*(R; H™())), u € CO(R; H™2())),
implies

Orb € CO(R; H™ (V) -

And one can reiterate the argument, applying again Lemma 8.1 in order to get
that any time derivative ¢*)(¢) is continuous as soon as ¥*~Y(¢) € H'()\). Thus,
the induction can be carried out for values of k such that m —2(k—1) > 1. This
gives the second part of the Theorem. [

Acknowledgements. J. Ginibre recently indicated to us that S. Zagatti in-
troduced in an independent work ([Za]) spaces which are similar to the weighted
spaces LP(\) we use in the present paper (Definition 2.1). In particular, Strichartz’
inequalities that are equivalent to our Theorem 2.1 are mentionned in [Za], and
an existence Theorem similar to our Theorem 2.2 is proved. We would like to
thank J. Ginibre for having mentionned this reference to us.
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