Asymptotics Problems for Laser-Matter Modeling; Quantum and Classical Models

François Castella, Pierre Degond^2, Thierry Goudon^3

1 IRMAR, Université de Rennes 1 Campus de Beaulieu, 35042 Rennes Cedex, France

francois.castella@univ-rennes1.fr

2 MIP, UMR 5640 (CNRS-UPS-INSA-UT1) Université Paul Sabatier 118, route de Narbonne, 31062 Toulouse Cedex, France E-mail: degond@mip.ups-tlse.fr

3Team SIMPAF–INRIA Futurs & Labo. Paul Painlevé, UMR 8524, C.N.R.S.–Université Sciences et Technologies de Lille, Cité Scientifique, F-59655 Villeneuve d’Ascq cedex, France E-mail: Thierry.Goudon@math.univ-lille1.fr

Abstract. This paper is devoted to the asymptotic analysis of both quantum and classical models which describe the evolution of electrons subject to the potential of an atomic crystal perturbed by the highly oscillating potential of external electro-magnetic waves. We derive either Einstein rate equations or diffusion equations with respect to the energy variable, depending on whether the initial model is quantum or classical. We point out the analogies and differences in the treatment of the two models, considering successively the cases of (quasi-)periodic perturbations or random ones. We point out the different role of the relaxation effects according to the nature of the perturbation.

Key words. Vlasov equation. Bloch equation. Energy diffusion equation. Einstein rate equations.

AMS Subject classification. 74Q10, 35Q99, 35B25, 82C70

Nonlinearity, Vol. 20, pp. 1677–1720 (2007).

1. Introduction

We are interested in asymptotic problems motivated by the modeling of wave-particles interactions. Precisely, we consider the evolution of the electrons of an atomic crystal subject to electromagnetic solicitations. We consider two different frameworks:

- A classical framework, where electrons are seen as classical particles, and the unknown is their density in phase space f(t, x, p) ≥ 0, so that f(t, x, p) dp dx gives the number of charged particles at time t ≥ 0 in the infinitesimal volume dp dx centered at (x, p) ∈ R^D × R^D, with space dimension D ∈ {1, 2, 3}. This quantity obeys a Vlasov-type equation

∂_tf + {H_c, f} = 1 τ Q_c(f), (1) where

{H_c, f} = ∇_pH_c · ∇_xf − ∇_xH_c · ∇_pf,

the Hamiltonian H_c being a (smooth enough) function R^D × R^D → R.

- A quantum framework, where the unknown is a density matrix (ρ(t; n, m))_{n,m∈N} which describes the populations and coherences of the electrons on the various atomic levels. The diagonal elements ρ(t; n, n) describe the probability of finding the system in the state characterized by the index n while off-diagonal elements ρ(t; n, m), n ≠ m, describe quantum coherences between the contributions of the different states n and m. The evolution of the density matrix is governed by iℏ ∂_tρ + [H_q, ρ] = 1 τ Q_q(ρ), (2)

where

[H_q, ρ](n, m) = � k∈N (H_q(n, k)ρ(k, m) − ρ(n, k)H_q(k, m)),

the Hamiltonian H_q being a (possibly infinite) matrix. We can restrict to a finite set of energy levels by assuming that the coefficients vanish for n, m ≥ N, for a fixed N ∈ N.

In both situations, the dynamics is driven by a Hamiltonian H, and a certain interaction operator Q. We assume that H splits into a leading order contribution, say H_0, which is time independent, and a small perturbation, V , that (time-)oscillates very fast. Precisely, H_0 corresponds to the confining potential of the atomic nucleus, while V corresponds to the potential created by the wave. Let 0 < ε ≪ 1 be the ratio of the strength of the perturbation compared to the free Hamiltonian and let θ be the characteristic time scale of the evolution of the perturbation. Then, we have H = � H_{0c}(x, p) + εV_c(t, t/θ; x, p), H_{0q}(n, m) + εV_q(t, t/θ; n, m),

depending on the context. These quantities characterize the electro-magnetic interactions that the system is subject to, and the variations of the electro-magnetic waves are embodied into the potential V . Furthermore, the surrounding medium also produces some relaxation effects which are characterized by the operator Q, the detailed expression of which will be discussed later on, and the relaxation time τ > 0. We consider the asymptotic regime that corresponds to the following scaling assumptions. Given time, length and momentum units T, L and P respectively, we suppose that TH_{0c} LP ≃ 1 ε^2

≫ 1,

TH_{0q} ℏ ≃ 1 ε^2

≫ 1,

respectively, and T θ ≃ 1 ε^2 , T τ = 1 ε^2 . Therefore, we are concerned with the behavior of the following dimensionless versions of either (1) or (2), namely

∂_tf + 1 ε^2

{H_{0c}, f} + 1 ε {V^ε_c , f} = 1 ε^2

Q_c(f), (3) or i∂_tρ + 1 ε^2

[H_{0q}, ρ] + 1 ε [V^ε_q , ρ] = 1 ε^2

Q_q(ρ), (4)

respectively, as ε → 0, where from now on we adopt the notation V^ε_{c,q}(t) = V_{c,q}(t, t/ε^2).

In the limit ε → 0, we wish to describe the dynamics through a diffusion equation with respect to the “energy variable” in the classical case or to recover Einstein rate equations for quantum populations in the quantum case. Of course, the effective coefficients of the limit equations highly depend on the perturbation V^ε. We justify these asymptotic regimes when considering two kinds of fast oscillating perturbations:

- either the oscillations are random, and we obtain the limit equation for the expectations of the unknowns, - or the oscillations are (quasi-)periodic oscillations.

However, the role of the relaxation effects are very different in the analysis of these situations: in the deterministic (quasi-periodic) framework, it is crucial to consider a non vanishing interaction operator Q, while we can remove it when dealing with random potentials. At first look, this can be compared with the analysis of the behavior of the solutions of

∂_tu + 1 ε div_x(a^ε(t, x)u) = ηΔ_xu, (5)

as ε → 0 , where a^ε is some oscillating velocity field. For η > 0 and under periodicity assumptions, the question is well understood, see [29], and the limit is indeed described by a diffusion equation (with a positive effective diffusivity that can be smaller than η, depending on the properties of a^ε, see [5], [29]). But, for η = 0, the behavior is much more involved and cannot be reduced to a so simple equation, as discussed under various approaches in [32, 23, 4, 1, 2]... When the variations of the velocity field are random, we can get rid of the diffusivity η and the limit remains described by a diffusion equation. This is reminiscent of the Kubo analysis [39]. There exists a huge literature on this topics, see e.g. [35, 34, 37]... or [38] for recent breakthrough concerning Hamiltonian systems and for a simple PDE approach [31]. A similar comparison can be made with kinetic equations subject to large oscillating potentials: see [28, 46] for deterministic examples or [24, 25, 6, 47] for random cases. A rough way to explain these different behaviors is to say that damping terms are necessary in the deterministic framework since they introduce irreversibility in the equation. In the random framework, irreversibility comes from the stochastic properties of the oscillations. Another picture of these phenomena can be found in the derivation of the Boltzmann equation from many particles systems [40]. In (3) and (4), the role of the operator Q, beyond its physical meaning, is to introduce some source of irreversibility into the ε−dependent equation. This operator provides some dissipation mechanism which turns out to be crucial for our analysis. The difficulty with dealing with completely reversible equations in the (quasi-)periodic framework can be illustrated by very simple examples: the quantum two-level system in Section 2.2, or classical particles subject to the harmonic potential H_0(x, p) = (x^2 +p^2)/2 supplemented with the fast oscillating perturbation ε x cos(ωt/ε^2) in Section 3.2. These examples are amenable to fully explicit computations that clarify the role of the damping terms.

Besides, the analysis of (3) and (4) is slightly more involved than those of (5) since, in the limit ε → 0, we expect a coupling of the homogenization process to relaxation effects implying that the limit unknown (which we could call the local equilibrium) depends on a smaller set of variables than the original unknown: in the classical case, the limit only depends on the energy H_0(x, p); in the quantum case it only involves the level populations. Therefore, the leading order terms in the asymptotic expansion of the equations should provide some relaxation mechanism towards this manifold of equilibria, which leads to imposing some non-degeneracy assumptions on H_0. Since, from a physical viewpoint, these assumptions could be seen as somewhat unsatisfactory, they are replaced by the explicit introduction of the collision operator Q. Summarizing, we shall provide a mathematically rigorous theory of the asymptotic limits which lead from (3) to a diffusion equation in the energy variable and from (4) to Einstein rates equations in the following situations: - either when V^ε oscillates in a (quasi-)periodic fashion, and with the introduction of an O(1) operator Q at the right hand side (Theorems 1 and 4);

- or when V^ε oscillates randomly, in which case we can either completely remove relaxations at the price of additional non degeneracy assumptions on H_0 (Theorems 2 and 5), or we can at least consider relaxation operators Q that vanish at a rate slower than ε^2 (Theorems 3 and 6).

This work completes the analysis of the quantum model in [11], [12] and those of the classical model in [19], [20] for periodic, quasi-periodic or, more generally “KBM” oscillations. In particular, we emphasize the numerous analogies between the two models (3) and (4) and we treat their asymptotic analysis in a unified way. Our approach is based on energy estimates and standard homogenization techniques for (quasi-)periodic PDEs: double-scale convergence [3, 44] and the use of suitable oscillating test functions, in the spirit of the seminal works [50, 51, 26, 27]. Hence, in the deterministic framework, the present proofs are based on somewhat different functional analytical tools than those of [11], [12] (possibly at the price of less precise results). In the random framework (which, for the present problem and to our knowledge, has not been treated in the literature so far), we follow the strategy introduced in the reference paper [47] which relies on short-time decorrelation properties. These techniques have been successfully used in various physical contexts [13, 41, 30, 31, 8]. The remainder of the paper is organized as follows. Section 2 is devoted to the quantum model, and Section 3 deals with the classical one. In both cases, we first introduce more details on the model, then we treat (quasi-)periodic oscillations and we end with the study of the random framework.

2. Quantum Model

2.1. Modeling Issues and Mathematical Preliminaries

Considering the quantum model (4), the relaxation operator is intended to describe the loss of coherence due to the interaction of the electrons with the surrounding medium [21, 42]. Precisely, for a given sequence {ρ(n, m), n ∈ N, m ∈ N}, we set

P ρ(n, m) = � ρ(n, m) if n = m, 0 if n ≠ m,

Qρ(n, m) = iγ(n, m)(P − I)ρ(n, m),

with γ(n, m) ≥ 0. The action of the free Hamiltonian H_{0,q} through the commutator [H_{0,q}, ρ] only affects on the coherences; its action is essentially defined by the difference of energy levels. Namely, we suppose that

H_{0,q}(n, m) = 0 if n ≠ m which amounts to looking at the quantum system in the eigenbasis of the unperturbed Hamiltonian, and we set ω(n, m) = H_{0,q}(m, m) − H_{0,q}(n, n). Then, we have [H_{0,q}, ρ](n, m) = −ω(n, m)ρ(n, m).

Therefore, we can rewrite (4) as follows ∂_tρ(n, m) = − 1 ε^2

(iω(n, m) + γ(n, m))ρ(n, m) + i ε � k∈N � V^ε(n, k)ρ(k, m) − V^ε(k, m)ρ(n, k) � . (6)

Here and below, we assume (HQ1 ) γ(n, m) ≥ 0, γ(n, n) = 0, γ(n, m) = γ(m, n),

(HQ2 ) ω(n, m) = −ω(m, n) ∈ R,

(HQ3 ) V^ε(t; n, k) = V (t, t/ε^2; n, k), V (t, τ; n, k) = V (t, τ; k, n),

(HQ4 ) sup_{t,τ} sup_{n∈N} � k∈N |V (t, τ; n, k)| + sup_{t,τ} � n∈N sup_{k∈N} |V (t, τ; n, k)| = M < ∞.

We set Z(n, m) = γ(n, m) + iω(n, m).

which thus vanishes when n = m and verifies Z(n, m) = Z(m, n), as a consequence of (HQ1), (HQ2).

As usual, we shall denote by ℓ^2 the space of sequences u : N → C, which are square summable. We also consider the Hilbert space of sequences with double index ℓℓ^2 = � u : N × N → C, � n,m∈N

|u(n, m)|^2 < ∞ � . We denote by δ the sequence defined by δ(n, n) = 1, δ(n, m) = 0 if n ≠ m.

For u ∈ ℓ^2, we obviously have u(n)δ(n, m) ∈ ℓℓ^2. Finally, it is convenient to introduce the following notation Θ^ε(t)[ρ](n, m) = i[V^ε(t), ρ](n, m) = i � k∈N � V^ε(t; n, k)ρ(k, m) − V^ε(t; k, m)ρ(n, k) � . As a matter a fact, we observe that Θ^ε(t) is a well defined operator on ℓℓ^2. Lemma 1 Suppose (HQ4). Then, {Θ^ε(t), ε > 0, t ≥ 0} is a family of bounded operators on ℓℓ^2, the bound being independent on ε and t: for any ρ ∈ ℓℓ^2, we have ‖Θ^ε(t)[ρ]‖_ℓ2 ≤ 2M ‖ρ‖_ℓ2 .

We also remark that the adjoint operator satisfies Θ^ε(t)^⋆ = −Θ^ε(t).

Then, we can easily show that (6) is a well posed problem, thanks to a standard fixed point reasoning applied to the following Duhamel form of the equation:

ρ(t; n, m) = e^{−Z(n,m)t/ε2} ρ(0; n, m) + 1 ε �_t 0 e^{−Z(n,m)(t−σ)/ε2} Θ^ε(σ)[ρ(σ)](n, m) dσ. (7)

Moreover, estimates on the ℓℓ^2 norm of the solution can be obtained: the starting point of our analysis is the following statement.

Proposition 1 Suppose (HQ1), (HQ2), (HQ3), (HQ4). Consider a sequence of initial data such that

(HQ5 ) ρ^ε_0(n, m) = ρ^ε_0(m, n), sup_{ε>0} ‖ρ^ε_0‖_ℓ2 = sup_{ε>0} � � n,m∈N

|ρ^ε_0(n, m)|^2

�_{1/2}

= M_0 < ∞.

Then, for any ε > 0, the problem (6) with ρ|_{t=0} = ρ^ε_0 has a unique solution ρ^ε ∈ C^0(R^+; ℓℓ^2). It satisfies ρ^ε(t; n, m) = ρ^ε(t; m, n). Furthermore, the sequence (ρ^ε)_{ε>0} is bounded in L^∞(R^+; ℓℓ^2).

If we strengthen (HQ1) as follows (HQ1^′) There exists γ > 0 such that for any (n, m) ∈ N^2, n ≠ m, γ(n, m) ≥ γ > 0, then, we have

sup_{ε>0} � 1 ε^2

�_∞ 0 � n≠m

|ρ^ε(t; n, m)|^2 dt � < ∞. (8)

The difficulty of the asymptotics and the role of the damping term can be understood by looking at the simplest possible system: the two-level system.

2.2. The Two-level Model

We consider a quantum system with only two energy levels: the ground state, referred to by index 1, and an excited state, referred to by index 2. We set V^ε_{12} = V^ε_{21}, ω_{21} = ω = −ω_{12}, γ_{12} = γ = γ_{21}, and we readily verify that ρ^ε_{12} = ρ^ε_{21} and ρ^ε_{11} + ρ^ε_{22} remains constant. Since the density matrix has unit trace, this constant is 1. Let us assume furthermore V^ε_{11} = V^ε_{22} (which is actually 0 in the dipolar approximation), so that the system becomes d dt ρ^ε_{11} = − 2 ε Im(V^ε_{12}ρ^ε_{21}), d dt ρ^ε_{21} = − 1 ε^2

(iω + γ)ρ^ε_{21} + i ε V^ε_{21}(2ρ^ε_{11} − 1).

We define the perturbation as V^ε_{12}(t) = exp (i(Δ + ω)t/ε^2).

For the sake of simplicity, we set ρ^ε_{21}(0) = 0. We readily obtain that ρ^ε_{11} satisfies the following integral relation

ρ^ε_{11}(t) = ρ_{11}(0) − 2

�_t 0 1 γ^2 + Δ^2

(2ρ^ε_{11}(s) − 1) � γ[1 − e^{−γ(t−s)/ε2} cos(Δ(t − s)/ε^2)] + Δe^{−γ(t−s)/ε2} sin(Δ(t − s)/ε^2) � ds.

Thus, for γ > 0, we check that the behavior of ρ^ε_{11} is close, as ε → 0, to those of the solutions of the following Einstein rate equation d dt ρ_{11} = 2γ γ^2 + Δ^2

(ρ_{22} − ρ_{11}), d dt (ρ_{11} + ρ_{22}) = 0.

This conclusion applies for the resonnant case Δ = 0 as well.

However, when γ = 0, ρ^ε_{11} presents an oscillating behavior. Indeed, we obtain

ρ^ε_{11}(t) = 4 4 + Δ^2/ε^2

(ρ_{11}(0) − 1/2) cos( � 4 + Δ^2/ε^2 t/ε) + 1 4 + Δ^2/ε^2 �Δ2 ε^2 ρ_{11}(0) + 2 � , and the solution oscillates between the states ρ_{11}(0), and (4ρ_{22}(0) + Δ^2ρ_{11}(0)/ε^2)/(4 + Δ^2/ε^2). This formula applies to the resonant case Δ = 0 as well (in which case the population can be transfered completely into the excited state). This is the so-called Rabi oscillations phenomena.

This simple example shows that (6) has essentially an oscillating behavior when γ = 0; however, oscillations can be smoothed out in the limit ε → 0 by the damping terms, assuming (HQ1’). We shall see that another way for smoothing out the oscillating behavior, even with a vanishing damping rate γ = 0, relies on the introduction of short-memory stochastic effects in the definition of the coefficients V^ε.

2.3. The Quantum Model with a (Quasi-)Periodic Perturbation

In this Section, we restrict to a very particular framework concerning the variations of the perturbation V^ε. Precisely, let Y stand for the unit cube in R^d, d ∈ N. We suppose that

(HQ − P1 ) � � � There exist Ω ∈ R^d \ {0},with rationally independent components, such that V^ε(t; n, m) = V(t, Ωt/ε^2; n, m), where ϑ −→ V(t, ϑ; n, m)is Y−periodic.

The periodicity assumptions means that V(t, ϑ; n, m), = V(t, ϑ + ξ; n, m), for any t ∈ R, n, m ∈ N, ϑ ∈ Y and ξ ∈ Z^d. The vector Ω collects the frequencies of the oscillations present in the perturbation V^ε; it satisfies Ω · ξ = 0 for ξ ∈ Q^d iff ξ = 0. The simplest case where d = 1 corresponds to the usual framework of periodic oscillations. Note that (HQ3) and (HQ4) can be recast as � � � V(t, ϑ; n, k) = V(t, ϑ; k, n), sup t≥0, ϑ∈Y � sup_{n∈N} � k∈N |V(t, ϑ; n, k)| � + sup

t≥0, ϑ∈Y � � n∈N sup_{k∈N} |V(t, ϑ; n, k)| � ≤ M < ∞

We also assume that V depends smoothly on the slow time variable, and satisfies

(HQ − P2 ) sup_{t≥0, ϑ∈Y} � sup_{n∈N} � k∈N |∂_tV(t, ϑ; n, k)| + � n∈N sup_{k∈N} |∂_tV(t, ϑ; n, k)| � ≤ M < ∞.

2.3.1. Formal Asymptotics. Let us formally describe the asymptotics. We shall see how the strengthened condition (HQ1’) is crucial. We expect that the behavior of the solution is driven by the specific frequencies of the perturbation; in turn, this motivates us to expand the solution as a double scale series, in the spirit of [9],

ρ^ε(t; n, m) = ρ^{(0)}(t, Ωt/ε^2; n, m) + ερ^{(1)}(t, Ωt/ε^2; n, m) + ε^2ρ^{(2)}(t, Ωt/ε^2; n, m) + . . .

with the periodicity condition ρ^{(i)}(t, ϑ; n, m) = ρ^{(i)}(t, ϑ + ξ; n, m) for any t ≥ 0, ϑ ∈ Y, ξ ∈ N^d, n, m ∈ N. Then, using the relation ∂_t � ρ(t, Ωt/ε^2) � = (∂_tρ)(t, Ωt/ε^2) + 1 ε^2

(Ω · ∇_ϑρ)(t, Ωt/ε^2) and identifying terms arising with the same power of ε, we are led to the following equations 1/ε^2 terms: Ω · ∇_ϑρ^{(0)}(t, ϑ; n, m) + Z(n, m)ρ^{(0)}(t, ϑ; n, m) = 0, (9) 1/ε^1 terms: Ω · ∇_ϑρ^{(1)}(t, ϑ; n, m) + Z(n, m)ρ^{(1)}(t, ϑ; n, m) = Θ(t, ϑ)[ρ^{(0)}(t, ϑ)](n, m), (10) 1/ε^0 terms: Ω · ∇_ϑρ^{(2)}(t, ϑ; n, m) + Z(n, m)ρ^{(2)}(t, ϑ; n, m) (11) = −∂_tρ^{(0)}(t, ϑ; n, m) + Θ(t, ϑ)[ρ^{(1)}(t, ϑ)](n, m), . . .

where Θ(t, ϑ) stands for the bounded operator on ℓℓ^2 defined by Θ(t, ϑ)[ρ](n, m) = i � k∈N � V(t, ϑ; n, k)ρ(k, m) − V(t, ϑ; k, m)ρ(n, k) � . Indeed, by (HQ4), we have for any ρ ∈ ℓℓ^2, sup t≥0, ϑ∈Y

‖Θ(t, ϑ)[ρ]‖_ℓ2 ≤ 2M ‖ρ‖_ℓ2 .

Then, the time variable t being only a parameter, we are led to investigate the following transport equation Ω · ∇_ϑR(ϑ; n, m) + Z(n, m)R(ϑ; n, m) = h(ϑ; n, m) (12) with a given right-hand side h ∈ L^2_#(Y; ℓ^2) = � f : R^d × N × N → C, Y−periodic wrt the first variable such that � Y � n,m∈N

|f(ϑ; n, m)|^2 dϑ < ∞ � . These equations are completely different depending if we look at the populations n = m, in which case Z(n, m) vanishes, or the coherences n ≠ m in which case we shall require that Z(n, m) has a non vanishing real part. Therefore, we shall use the following claim.

Lemma 2 i) Let Z ∈ C with Re(Z) > 0. Then, for any h ∈ L^2_#(Y), the Hilbert space of Y−periodic functions which are square integrable on Y, there exists a unique solution R ∈ L^2_#(Y) of Ω · ∇_ϑR + ZR = h. (13) Precisely, the solution is explicitely given by R(ϑ) = −

�_{+∞} 0 e^{−Zσ} h(ϑ − Ωσ) dσ. (14) ii) When Z = 0, then R ∈ L^2_# satisfies Ω · ∇_ϑR = 0 iff R does not depend on ϑ. Proof. Observe that (14) defines an element of L^2_#(Y) since Re(Z) > 0. We obtain formula (14) by integrating (13) along the characteristic lines: d dσ � e^{Zσ}R(ϑ + Ωσ) � = e^{Zσ} (ZR + Ω · ∇_ϑR)(ϑ + Ωσ) = e^{Zσ} h(ϑ + Ωσ).

Integration over σ ∈ (−∞, 0) leads to the result. Uniqueness of the solution is a consequence of the following energy estimate: after multiplication of (13) by R and passage to complex conjugates, we get: � Y Ω · ∇_ϑ|R|^2 dϑ + � Y (ZR R + ZR R) dϑ

= 0 + 2Re(Z) � Y |R|^2 dϑ = � Y (h R + h R) dϑ ≤ 2‖h‖_L2_{(Y)}‖R‖_L2_{(Y)},

where we used the periodic boundary condition and the Cauchy-Schwarz inequality.

Clearly, constants are solutions of Ω · ∇_ϑR = 0. Then, the proof of ii) simply relies on the Fourier expansion

R(ϑ) = � ξ∈Z^d

^R(ξ)e^{−2iπξ·ϑ}, ^R(ξ) = � Y R(ϑ)e^{2iπξ·ϑ} dϑ.

For a solution R of Ω · ∇_ϑR = 0, we obtain 2iπ Ω · ξ ^R(ξ) = 0. Since the components of Ω are rationally independent, it implies ^R(ξ) = 0 for any ξ ∈ Z^d \ {0}, Accordingly, R does not depend on ϑ.

Corollary 1 Assume that γ(n, m) fulfills the strengthened condition (HQ1’). Let h ∈ L^2_#(Y; ℓℓ^2) such that h(n, n) = 0 for any n ∈ N. Then, there exists a solution R ∈ L^2_#(Y; ℓℓ^2) of (12) which is unique when imposing R(n, n) = 0.

Proof. The only point that deserves to be discussed is to estimate the L^2_#(Y; ℓℓ^2) norm of the solution. This requires the bound from below on the relaxation coefficients (HQ1’). Indeed, the Cauchy-Schwarz inequality yields � Y � n,m � � �_∞ 0 e^{−γ(n,m)σ} e^{−iω(n,m)σ} h(ϑ − Ωσ; n, m) dσ � �^2 dϑ

≤ � n,m 1 γ(n, m)

�_∞ 0 e^{−γ(n,m)σ} � Y |h(ϑ − Ωσ; n, m)|^2 dϑ � dσ ≤ � n,m 1 γ(n, m)^2 � Y |h(ϑ; n, m)|^2 dϑ ≤ 1 γ^2

‖h‖^2_ℓ2

Let us go back to (9), (10), (11). At leading order, we thus have

ρ^{(0)}(t, ϑ; n, n) = ρ^{(0)}(t; n, n), ρ^{(0)}(t, ϑ; n, m) = 0 if n ≠ m. Using this information, (10) becomes (Ω · ∇_ϑ + Z(n, m))ρ^{(1)}(t, ϑ; n, m) = i V(t, ϑ; n, m)(ρ^{(0)}(t; m, m) − ρ^{(0)}(t; n, n)). When n = m, the right hand side vanishes, and Z(n, n) = 0 too, so that Lemma 2-ii) applies and the diagonal part ρ^{(1)}(t, ϑ; n, n) actually does not depend on the fast variable ϑ. For n ≠ m, the solution factorizes, and we get � � � ρ^{(1)}(t, ϑ; n, m) = iχ(t, ϑ; n, m) (ρ^{(0)}(t; m, m) − ρ^{(0)}(t; n, n)),

χ(t, ϑ; n, m) = −

�_{+∞} 0 e^{−Z(n,m)σ} V(t, ϑ − Ωσ; n, m) dσ, n ≠ m.

The properties of the auxiliary function can be summarized as follows.

Lemma 3 Assume that (HQ1), (HQ2), (HQ3), (HQ4) and the strengthened condition (HQ1’) hold. Then χ satisfies χ(t, ϑ; n, k) = χ(t, ϑ; k, n) and sup t≥0, ϑ∈Y � n∈N sup_{k∈N} |χ(t, ϑ; n, k)|^2 ≤

M^2 γ^2 . Assuming (HQ-P2), a similar estimate holds for ∂_tχ(t, ϑ; n, m).

In particular, observe that for u ∈ ℓ^2, we have χ(t, ϑ; n, m)u(m) ∈ L^∞(R^+ × Y; ℓℓ^2). Then, we use (11) to obtain a closed equation on ρ^{(0)}. Indeed, for n = m, we have

Ω · ∇_ϑρ^{(2)}(t, ϑ; n, n) = −∂_tρ^{(0)}(t; n, n) + Θ(t, ϑ)[ρ^{(1)}(t, ϑ)](n, n).

The condition � Y h dϑ = 0 is at least a necessary condition to solve the equation Ω · ∇_ϑR = h (we do not claim that it is sufficient: this is a well known fact that the advection operator does not satisfy the Fredholm alternative; we refer to [19] and references therein for a detailed discussion on that question). Therefore, the compatibility condition leads to the following Einstein rate equation

∂_tρ^{(0)}(t; n, n) = � Y Θ(t, ϑ)[ρ^{(1)}(t, ϑ)](n, n) dϑ = i � Y � k∈N � V(t, ϑ; n, k)ρ^{(1)}(t, ϑ; k, n) − V(t, ϑ; k, n)ρ^{(1)}(t, ϑ; n, k) � dϑ = � k∈N A(t; n, k) � ρ^{(0)}(t; k, k) − ρ^{(0)}(t; n, n) �

where

A(t; n, k) = � Y � V(t, ϑ; n, k)χ(t, ϑ; k, n) + V(t, ϑ; k, n)χ(t, ϑ; n, k) � dϑ = 2Re � Y V(t, ϑ; n, k)χ(t, ϑ; k, n) dϑ.

(15)

(Remark that the diagonal part of ρ^{(1)} does not enter this definition.) Using the definition of χ, we readily check that

A(t; n, k) = 2Re(Z(n, k)) � Y |χ(t, ϑ; n, k)|^2 dϑ > 0,

for any n ≠ k. This formal discussion can be made rigorous, which leads to the following statement.

Theorem 1 Assume that (HQ1), (HQ2), (HQ3), (HQ4) and (HQ1’) hold. Let the initial data ρ^ε_0 satisfy (HQ5). We suppose that the coefficients are defined by (HQ-P1), and fulfill (HQ-P2). Then, up to a subsequence, ρ^ε converges to ρ(t; n, n)δ(n, m) weakly in L^2(R^+; ℓℓ^2); furthermore, the diagonal part ρ^ε(t; n, n) converges to ρ(t; n, n) in C^0([0, T ]; ℓ^2 − weak)‡, and the limit satisfies the Einstein rate equation � � � ∂_tρ(t; n, n) = � k∈N A(t; n, k)(ρ(t; k, k) − ρ(t; n, n)),

ρ(0; n, n) = lim_{ε→0} ρ^ε_0(n, n) weakly in ℓ^2,

(16)

where the coefficients A(t; n, k) are defined by (15). Since the solution of the limit problem is unique, if moreover ρ^ε_0(n, n) ⇀ ρ_0(n) weakly in ℓ^2, then the entire sequence converges.

‡ For a given Hilbert space H, a sequence of continuous functions u_n : [0, T ] → H is said to converge to u in C^0([0, T ]; H − weak), iff for any φ ∈ H, � u_n(t), φ � H converges to � u(t), φ � H as n → ∞ uniformly on [0, T ].

2.3.2. Rigorous Proof. We propose a rigorous proof of Theorem 1 which is based on double scale convergence arguments. This tool has been introduced in [44] and [3] as an efficient way to obtain explicit formulae when dealing with homogenization problems with periodic variations of the coefficients, since it make a “zoom” on the specific frequencies present within the equation. The theory can be extended to more general oscillations, as in [15] or [45]. Considering quasi-periodic framework, we shall use the following claim.

Proposition 2 Let u_ε be a bounded sequence in L^2(R). Let Ω ∈ R^d \ {0} the components of which are rationally independent. Then, there exists a subsequence, still labelled by ε, and a function U ∈ L^2_#(R × Y) such that for any trial function ψ ∈ L^2(R; C^0_#(Y)),§ we have

lim_{ε→0} � R u_ε(t) ψ(t, Ωt/ε^2) dt = � R � Y U(t, ϑ) ψ(t, ϑ) dϑ dt.

A detailed proof can be found in [19]. It adapts the arguments in [3], which are combined to the condition “Ω has rationally independent components”; this condition plays the role of an ergodic condition. Coming back to the problem under consideration, we have the following compactness statement.

Lemma 4 There exists a function R ∈ L^2_#(R^+ × Y; ℓℓ^2) and a subsequence still denoted by ρ^ε such that for any φ ∈ C^0_{c#}(R^+ × Y; ℓℓ^2) ‖

lim_{ε→0}

�_∞ 0 � n,m∈N

ρ^ε(t; n, m) φ(t, Ωt/ε^2; n, m) dt =

�_∞ 0 � n,m∈N � Y R(t, ϑ; n, m) φ(t, ϑ; n, m) dϑ dt.

Let us multiply (6) by φ(t, Ωt/ε^2; n, m), where φ ∈ C^∞_c (R^+ × R^d; ℓℓ^2) is a Y−periodic function with respect to its second argument. We get d dt � n,m∈N

ρ^ε(t; n, m) φ(t, Ωt/ε^2; n, m) = � n,m∈N

ρ^ε(t; n, m) � ∂_tφ + 1 ε^2

Ω · ∇_ϑφ − 1 ε^2

Zφ − 1 ε Θ[φ] � (t, Ωt/ε^2; n, m).

After multiplication by ε^2, the limit ε → 0 yields � n,m∈N

�_∞ 0 � Y R(t, ϑ; n, m) (Ω · ∇_ϑφ − Zφ) dϑ dt = 0.

This holds true for any test function φ, so that Lemma 2 applies, and we deduce that the double scale limit has only a diagonal part, which does not depend on the fast variable

R(t, ϑ; n, m) = R(t; n, n) δ(n, m).

§ We recall that the test function should be picked in a suitable space of admissible functions so that ψ(t, Ωt/ε^2) makes sense, which might lead to subtle measurability questions. Roughly speaking, regularity with respect to one variable, either the “slow” or the “fast” one, is required. Referring to [3], sp. paragraph 5, L^2(R; C^0_#(Y)) is the space of (classes of) functions ψ : R × R^d → R which are measurable and square integrable with respect to the variable t ∈ R, with values in the Banach space of continuous and Y−periodic functions.

‖ the space of continuous functions φ : R^+ × R^d → ℓℓ^2 which are Y−periodic with respect to the second variable and such that φ(t, ϑ; n, m) vanishes for t large enough.

Next, we use φ(t, ϑ; n, m) = ϕ(n)δ(n, m) + εψ(t, ϑ; n, m) as a test function, with ϕ ∈ ℓ^2. The leading term is now O(1/ε), and we obtain � n,m∈N

�_∞ 0 � Y R(t, ϑ; n, m)(Ω · ∇_ϑψ − Zψ − Θ[ϕδ])(t, ϑ; n, m) dϑ dt = 0.

However, we can get rid of the singular term by choosing ψ(t, ϑ; n, m) in such a way that (Ω · ∇_ϑ − Z(n, m))ψ(t, ϑ; n, m) = Θ[ϕδ](t, ϑ; n, m) = iV(t, ϑ; n, m)(ϕ(m) − ϕ(n)). Namely, we set ψ(t, ϑ; n, m) = i~χ(t, ϑ; n, m) (ϕ(m) − ϕ(n)), ~χ(t, ϑ; n, m) = −

�_∞ 0 e^{iω(n,m)σ} e^{−γ(n,m)σ} V(t, ϑ + Ωσ; n, m) dσ, n ≠ m.

Of course ~χ enjoys the same properties as χ in Lemma 3. In particular, ψ and ∂_tψ are admissible functions. For such a test function, we have d dt � n,m∈N

ρ^ε(t; n, m) ϕ(n)δ(n, m) + εψ(t, Ωt/ε^2; n, m) = � n,m∈N

ρ^ε(t; n, m) (−Θ[ψ] + ε∂_tψ)(t, Ωt/ε^2; n, m).

(17)

First of all, combining this relation with the estimate in Lemma 3, we deduce that d dt � n,m∈N

ρ^ε(t; n, m) ϕ(n)δ(n, m) + εψ(t, Ωt/ε^2; n, m)

is bounded in L^∞(0, T ) for any ϕ ∈ ℓ^2. Hence, by virtue of the Arzela-Ascoli theorem, � n,m∈N

ρ^ε(t; n, m) ϕ(n)δ(n, m) + εψ(t, Ωt/ε^2; n, m)

lies in a compact set of C^0([0, T ]). Using Lemma 3 again this is close, up to O(ε), to � n∈N ρ^ε(t; n, n)ϕ(n)

which therefore lies in a compact set of C^0([0, T ]) too. Combining this information with the separability of ℓ^2 and a diagonal argument, we show that we can extract a subsequence such that, for any ϕ ∈ ℓ^2, lim_{ε→0} � n∈N ρ^ε(t; n, n)ϕ(n) = � n∈N ρ(t; n, n)ϕ(n),

uniformly on [0, T ]. Of course, we have ρ(t; n, n) = � Y R(t, ϑ; n, n) dϑ = R(t; n, n).

Eventually, as ε → 0 in (17), we obtain d dt � n∈N ρ(t; n, n) ϕ(n) = − � n,m∈N � Y ρ(t; n, n)δ(n, m) Θ[ψ](t, ϑ; n, m) dϑ which corresponds to a “weak” formulation of (16). Indeed, we compute � Y Θ[ψ](t, ϑ; n, n) dϑ = i � k∈N � Y � V(t, ϑ; n, k)i~χ(t, ϑ; k, n)(ϕ(n) − ϕ(k))

−V(t, ϑ; k, n)i~χ(t, ϑ; n, k)(ϕ(k) − ϕ(n)) � dϑ = � k∈N ~A(t; n, k) (ϕ(k) − ϕ(n)),

where ~A(t; n, k) = � Y (V(t, ϑ; n, k)~χ(t, ϑ; k, n) + V(t, ϑ; k, n)~χ(t, ϑ; n, k)) dϑ = 2Re � Y V(t, ϑ; n, k)~χ(t, ϑ; k, n) dϑ.

Then, using the definition of the auxiliary functions ~χ and χ, we check that ~A(t; n, k) = 2Re � Y (Ω · ∇_ϑχ + Z(n, k))χ(t, ϑ; n, k)i~χ(t, ϑ; k, n) dϑ = 2Re � Y χ(t, ϑ; n, k)( − Ω · ∇_ϑχ + Z(n, k))~χ(t, ϑ; k, n) dϑ = 2Re � Y χ(t, ϑ; n, k)( − V(t, ϑ; k, n)) dϑ = −A(t; n, k).

This ends the proof of Theorem 1.

2.4. The Quantum Model with a Random Perturbation 2.4.1. Random Potential; Statement of the Results. In this Section we shall consider random variations of the perturbation V^ε. To this aim, we need to recall a few definitions. Let (Ω, P, μ) be a probability space (with μ a σ−finite measure). A random variable X is a measurable function on Ω. The expectation of such a random variable X is defined by For X : Ω −→ R, E(X) = � Ω X(ω) dμ(ω), which makes sense when X is an integrable random variable. A quantity is said deterministic when it does not depend on the alea variable ω ∈ Ω.

Now, we suppose that V^ε(t; n, m) = V(t/ε^2; n, m) is an integrable random variable (for the sake of simplicity, we assume that V^ε depends on time only through the “fast” variable). Accordingly, the solution of (6) depends on the realization of the event ω ∈ Ω and the solution ρ^ε is a random function too. Our analysis relies on the following assumptions (HQ − R1 ) V(τ; n, m) is a bounded random variable with E(V(τ; n, m)) = 0,

(HQ − R2 ) There exists a smooth function R : R × N^4 → C, such that for every k, l, m, n ∈ N, τ, σ ∈ [0, ∞) :

E(V(τ; k, l) V(σ; m, n)) = R(τ − σ; k, l, m, n).

(HQ − R3 ) There exists a constant T > 0 such that for any k, l, m, n ∈ N, and τ, σ ∈ [0, ∞), if |τ − σ| ≥ T then V(τ; k, l) and V(σ; m, n) are independent random variables.

The basic assumptions (HQ3) and (HQ4) can be reformulated as follows There exists a constant M > 0 such that sup_τ sup_{n∈N} � k∈N |V(τ; n, k)| + sup_τ � n∈N sup_{k∈N} |V(τ; n, k)| = M < ∞,

holds almost surely and we have V(τ; n, k) = V(τ; k, n).

Assumptions (HQ-R1) and (HQ-R2) mean that V is a centered and stationary random variable, respectively: the covariances of V evaluated at different times depend only on the differences between these times. Assumption (HQ-R3) is a cornerstone of the analysis; it can be seen as a Markov like assumption which plays a time-mixing role and excludes long-memory effects. This is reminiscent of the classical Kubo analysis, [39]. Notice that (HQ-R3) implies that τ −→ R(τ; k, l, m, n) is supported in [−T , +T ]. When dealing with such a perturbation, the strong condition (HQ1’) can be weakened, and we can consider relaxation coefficients γ(n, m) that vanish, up to a suitable non degeneracy condition. Precisely, we shall prove the following statement.

Theorem 2 Assume that (HQ1), (HQ2), (HQ3) and (HQ4) hold. Let the initial data ρ^ε_0 be a deterministic quantity satisfying (HQ5). We suppose that V^ε(t; n, m) = V(t/ε^2; n, m) with V verifying (HQ-R1), (HQ-R2), (HQ-R3). We also require that

(HQ1^{′′}) Z(n, m) = γ(n, m) + iω(n, m) vanishes iff n = m

Let 0 < T < ∞. Then, up to a subsequence, Eρ^ε(t; n, m) converges in L^∞(R^+, ℓℓ^2) weakly-⋆ to ρ(t; n, n)δ(n, m) and Eρ^ε(t; n, n) converges in C^0([0, T ], ℓ^2 − weak) to ρ(t; n, n) ∈ L^∞(R^+; ℓ^2), solution of the following Einstein rate equation � � � ∂_tρ(t; n, n) = � k∈N A(n, k)(ρ(t; k, k) − ρ(t; n, n)),

ρ(0; n, n) = lim_{ε→0} ρ^ε(0; n, n) weakly in ℓ^2,

(18)

where the coefficients are given by

A(n, k) = 2Re

�_T 0 R(τ; n, k, k, n) e^{−Z(k,n)τ} dτ. (19)

The new assumption (HQ1”) is a non degeneracy hypothesis. In particular, it holds when the energy levels are non degenerate: ω(n, m) ≠ 0 for any n ≠ m, in which case we can assume that all the γ(n, m)’s vanish. However, this situation is questionable in view of applications: recall that ω(n, m) = H_0(m, m)−H_0(n, n) where the H_0(n, n) are eigenvalues of a certain differential operator.

Assuming that all the energy levels are non degenerate means that all eigenspaces have dimension one. In fact (HQ1”) tells us that we should consider positive relaxations for degenerate energy levels which correspond to multi-dimensional eigenspaces. This hypothesis is crucial to conclude that the behavior as ε → 0 is governed by the evolution of populations only. Another possibility would be to consider ε−dependent coefficients γ^ε(n, m) > 0 that might tend to 0 as we do in the following Theorem.

Theorem 3 Assume that (HQ2), (HQ3) and (HQ4) hold. Let the initial data ρ^ε_0 be a deterministic quantity satisfying (HQ5). We suppose that V^ε(t; n, m) reads V(t/ε^2; n, m) with V verifying (HQ- R1), (HQ-R2), (HQ-R3). We consider the problem (4) with a sequence of coefficients verifying γ^ε(n, n) = 0 and for any n ≠ m

(HQ1^{′′′}) � � � 0 < γ^ε_⋆ ≤ γ^ε(n, m) = γ^ε(m, n) ≤ Γ < ∞, lim_{ε→0} ε^2 γ^ε_⋆

= 0,

lim_{ε→0} γ^ε(n, m) = γ(n, m) ≥ 0.

Let 0 < T < ∞. Then, the off-diagonal part ρ^ε(t; n, m)(1 − δ(n, m)) tends strongly to 0 in L^2(R^+, ℓℓ^2) while, up to a subsequence, Eρ^ε(t; n, n) converges in C^0([0, T ]; ℓ^2 − weak) to the solution ρ(t; n, n) ∈ L^∞(R^+; ℓ^2) of the Einstein rate equation (18), (19).

2.4.2. Proof of Theorem 2. From now on we suppose that (HQ-R1), (HQ-R2), (HQ-R3) are fulfilled. Let us integrate (6) over the time interval (s, t). We get for t, s ≥ 0

ρ^ε(t; n, m) = e^{−Z(n,m)(t−s)/ε2} ρ^ε(s; n, m) + 1 ε �_t s e^{−Z(n,m)(t−σ)/ε2} Θ^ε(σ)[ρ^ε(σ)](n, m) dσ. (20)

First, using this formula with s = 0 (see (7)), and assuming that the initial data is deterministic, we remark that ρ^ε(t) only depends on the realizations of V^ε(σ) for 0 ≤ σ ≤ t. Consequently, we obtain the following key property.

Lemma 5 Suppose that the initial data ρ^ε_0 is deterministic. Then, V^ε(t^′) and ρ^ε(t) are independent provided t^′ ≥ t + ε^2T .

Secondly, combining (20) and Lemma 1 leads to the following continuity estimate.

Lemma 6 Suppose that 0 ≤ γ(n, m) ≤ Γ ≤ ∞. For any t, t + h ≥ 0, we have

‖ρ^ε(t; n, m) − e^{Z(n,m)h/ε2} ρ^ε(t + h; n, m)‖_ℓ2 ≤ 2M M_0 e^{Γ max(0,h)/ε2} |h| ε . We point out that this estimate is not uniform with respect to ε, and thus does not provide any compactness on ρ^ε. However, it will be very useful when estimating some remainder terms in the evolution of Eρ^ε. Eventually, we can insert (20), with s = t − ε^2T into (6). It is convenient to introduce the multiplication operator e^{−Zτ} : ρ ∈ ℓℓ^2 −→ e^{−Z(n,m)τ} ρ(n, m) ∈ ℓℓ^2, and we obtain ∂_tρ^ε(t; n, m) = − 1 ε^2

Z(n, m)ρ^ε(t; n, m) + 1 ε Θ^ε(t)[e^{−ZT} ρ^ε(t − ε^2T )](n, m) � = D^ε(t; n, m) + 1 ε^2

Θ^ε(t)

�_t

t−ε^2T

e^{−Z(t−σ)/ε2} Θ^ε(σ)[ρ^ε(σ)] dσ � (n, m) � = I^ε(t; n, m), for t ≥ ε^2T . We rewrite the last term as the sum I^ε(t; n, m) = 1 ε^2

�_t

t−ε^2T

Θ^ε(t)e^{−Z(t−σ)/ε2} Θ^ε(σ) dσ � e^{Z(t−σ)/ε2} [Eρ^ε(t)](n, m) � = L^ε(t; n, m) + 1 ε^2

�_t

t−ε^2T

Θ^ε(t)e^{−Z(t−σ)/ε2} Θ^ε(σ)[ρ(σ) − e^{Z(t−σ)/ε2} Eρ^ε(t)] dσ � (n, m) � = R^ε(t; n, m).

(D^ε(t) as “Delayed term”, L^ε(t) as “Leading term” and R^ε(t) as “Remainder term”). The crucial observation is that taking the expectation makes the singular quantities vanish. Proposition 3 Let the assumptions of Theorem 2 be fulfilled. The following properties hold: i) ED^ε(t) = 0, ii) There exists a constant C > 0, depending only on M, M_0 and T , such that sup_{t≥ε2T} ‖EI^ε(t)‖_ℓ2 ≤ C,

iii) There exists a constant C > 0, depending only on M, M_0 and T , such that sup t≥2ε^2T

‖ER^ε(t)‖_ℓ2 ≤ C ε,

iv) The expectation of the leading term can be recast as EL^ε(t; n, m) = Q[Eρ^ε(t)](n, m) where Q is a bounded operator on ℓℓ^2 (which does not depend on ε).

Proof. Claim i) relies directly on Lemma 5, combined to Assumption (HQ-R1). Next, we get ‖I^ε(t)‖_ℓ2 ≤ 1 ε^2

(2M)^2 ‖ρ^ε‖_L∞_{(R}+_{;ℓ}2_)

�_t

t−ε^2T dσ, which proves ii). To prove property iii), we remark that, for t − ε^2T ≤ σ ≤ t and ζ given in C, ρ^ε(σ − ε^2T ) and V^ε(t)e^{−ζ(t−σ)/ε2} V^ε(σ) are independent since t, σ ≥ σ − ε^2T + ε^2T . This is a consequence of Lemma 5 again. In turn, we have E �_t

t−ε^2T

Θ^ε(t)e^{−Z(t−σ)/ε2} Θ^ε(σ)e^{−ZT} ρ^ε(σ − ε^2T ) dσ �

= �_t

t−ε^2T E � Θ^ε(t)e^{−Z(t−σ)/ε2} Θ^ε(σ) � e^{−ZT} Eρ^ε(σ − ε^2T ) dσ, for any t ≥ 2ε^2T . Hence, we get ER^ε(t) = 1 ε^2 E �_t

t−ε^2T

Θ^ε(t)e^{−Z(t−σ)/ε2} Θ^ε(σ)[ρ^ε(σ) − e^{−ZT} ρ^ε(σ − ε^2T )] dσ + 1 ε^2 E �_t

t−ε^2T

Θ^ε(t)e^{−Z(t−σ)/ε2} Θ^ε(σ)[e^{−ZT} Eρ^ε(σ − ε^2T ) − e^{Z(t−σ)/ε2} Eρ^ε(t)] dσ.

We conclude by using Lemma 6, which allows us to estimate the ℓℓ^2 norm of both terms by 2M_0 (2M)^3 1 ε^2 ε^2T ε �_t

t−ε^2T

dσ = 2M_0 (2M)^3 T^2 ε.

Eventually, we prove iii) by using the following computation: since E � V^ε(t; j, k)V^ε(σ; l, m) � = R �t − σ ε^2

; j, k, l, m � , for any ζ ∈ C we are led to 1 ε^2 E �_t

t−ε^2T

V^ε(t; j, k)e^{−ζ(t−σ)/ε2} V^ε(σ; l, m) Eρ^ε(t; n, r) dσ �

= �_t

t−ε^2T E � V^ε(t; j, k)V^ε(σ; l, m) � e^{−ζ(t−σ)/ε2} dσ ε^2

Eρ^ε(t; n, r) = �_T 0 R(τ; j, k, l, m) e^{−ζτ} dτ Eρ^ε(t; n, r).

Hence, we check that � � � � � � � � � � � � � � �

EL^ε(t; n, m) = Q[Eρ^ε(t)](n, m),

Q[ρ](n, m) = − � k,l∈N

� � T 0 R(τ; n, k, k, l) e^{(Z(l,m)−Z(k,m))τ} dτ ρ(l, m) − �_T 0 R(τ; n, k, l, m) e^{(Z(k,l)−Z(k,m))τ} dτ ρ(k, l) − �_T 0 R(τ; k, m, n, l) e^{(Z(l,k)−Z(n,k))τ} dτ ρ(l, k) + �_T 0 R(τ; k, m, l, k) e^{(Z(n,l)−Z(n,k))τ} dτ ρ(n, l) � .

Summarizing, we have obtained the following equation for Eρ^ε, when t ≥ ε^2T ,

∂_tEρ^ε(t; n, m) + 1 ε^2

Z(n, m)Eρ^ε(t; n, m) = EI^ε(t; n, m) = Q[Eρ^ε(t)](n, m) + ER^ε(t; n, m). (21)

Recall that Z(n, m) = iω(n, m) + γ(n, m) vanishes iff n = m by the non degeneracy condition (HQ1”). Thus, restricting (21) to the diagonal part of the density matrix, the singular term vanishes, while for n ≠ m we obtain lim_{ε→0} Z(n, m)Eρ^ε(t; n, m) = 0 in D^′((0, ∞)).

We deduce the following compactness properties.

Lemma 7 Possibly at the cost of extracting subsequences, we can suppose that Eρ^ε converges to some ρ(t, n, m) in L^∞(R^+; ℓℓ^2) weak−⋆, which satifies ρ(t; n, m) = 0 if n ≠ m. Furthermore, after a possible further extraction, we have lim_{ε→0} � n∈N Eρ^ε(t; n, n)ϕ(n) = � n∈N ρ(t; n, n)ϕ(n) ,

for any ϕ ∈ ℓ^2, uniformly on any finite interval [0, T ].

Proof. A few words deserve to be said for proving the compactness since (21) applies for t ≥ ε^2T only. Combining (21) to the Arzela-Ascoli proves that, for any fixed ϕ ∈ ℓ^2, � E � n∈N ρ^ε(t + ε^2T ; n, n)ϕ(n), ε > 0 �

lies in a compact set of C^0([0, T ]), for any 0 < T < ∞. However, since Z(n, n) = 0, reasoning as in Lemma 6 we obtain

‖ρ^ε(t + ε^2T ; n, n) − ρ^ε(t; n, n)‖_ℓ2 = 1 ε � � �_{t+ε}2_T t Θ^ε(σ)[ρ^ε(σ)](n, n) dσ � �_{ℓ2} ≤ 2M ε �_{t+ε}2_T t ‖ρ^ε(σ)‖_ℓ2 dσ ≤ 2M M_0 T ε.

18 We deduce that {E � n∈N ρ^ε(t; n, n)ϕ(n), ε > 0} lies in a compact set of C^0([0, T ]) too. We conclude by using the separability of ℓ^2 and a classical diagonal argument.

We can now finish the proof of Theorem 2. Choosing n = m in (21) and letting ε go to 0 yield ∂_tρ(t; n, n) = Q[ρ(t)](n, n).

However, since the off-diagonal part of the limit density matrix vanishes, this is actually a closed equation for the populations, which reads as follows ∂_tρ(n, n) = � k∈N �_T 0 � R(τ; n, k, k, n) e^{−Z(k,n)τ} + R(τ; k, n, n, k) e^{−Z(n,k)τ} � dτ ρ(k, k)

−ρ(n, n) � k∈N �_T 0 � R(τ; n, k, k, n) e^{−Z(k,n)τ} + R(τ; k, n, n, k) e^{−Z(n,k)τ} � dτ. Then, we remark that R(τ; k, n, n, k)e^{−Z(n,k)τ} = E(V(s + τ; k, n)V(s; n, k)) e^{−iω(n,k)τ} e^{−γ(n,k)τ} = E(V(s + τ; n, k) V(s; k, n)) e^{+iω(k,n)τ} e^{−γ(k,n)τ} = R(τ; n, k, k, n) e^{−Z(k,n)τ} .

Thus, we set A(n, k) = 2Re

�_T 0 R(τ; n, k, k, n) e^{−Z(k,n)τ} dτ, and we recognize the Einstein rate equation (18).

We end this Section by discussing the non-negativity of the effective coefficients. Lemma 8 The coefficents A(n, k) are non negative.

Proof. The proof relies on the following observation, due to [47]: for any F ∈ L^1(R), we have � R F (τ) dτ = lim_{R→∞} 1 2R �_{+R} −R �_{+R} −R F (σ − τ) dσ dτ. (22) Indeed, remark that R(τ; n, k, k, n) = EV(τ; n, k)V(0; k, n) = EV(0; k, n)V(τ; n, k) = R(−τ; k, n, n, k) = R(τ; k, n, n, k). Hence, recalling (HQ1) and (HQ2), we can write A(n, k) = 2Re

�_T 0 R(τ; n, k, k, n)e^{−Z(k,n)τ} dτ = 2Re

�_0 −T R(τ; k, n, n, k)e^{Z(k,n)τ} dτ = 2Re

�_0 −T R(τ; n, k, k, n)e^{Z(n,k)τ} dτ

= Re

�_{+T} −T R(τ; n, k, k, n)e^{−iω(k,n)τ} � e^{−γ(k,n)τ} 11_{τ >0} + e^{+γ(k,n)τ} 11_{τ <0} � dτ.

Note that the integral is taken over the interval [−T , +T ] only, by virtue of (HQ-R3). Coming back to (22), we are led to compute A(n, k) = Re( lim_{R→+∞} I_R/(2R)), with

I_R =

�_{+R} −R �_{+R} −R R(σ − τ; n, k, k, n)e^{−iω(k,n)(σ−τ )}(e^{−γ(k,n)(σ−τ )}11_{σ>τ} + e^{+γ(k,n)(σ−τ )}11_{σ<τ} ) dσ dτ = �_{+R} −R �_{+R} −R EV(σ; n, k)V(τ, k, n)e^{−iω(k,n)(σ−τ )}(e^{−γ(k,n)(σ−τ )}11_{σ>τ} + e^{+γ(k,n)(σ−τ )}11_{σ<τ} ) dσ dτ = E �_{+R} −R V(σ; n, k)e^{−iω(k,n)σ}

� � σ −R V(τ; k, n)e^{iω(k,n)τ} e^{γ(k,n)τ} dτ � e^{−γ(k,n)σ} dσ +E �_{+R} −R V(τ; k, n)e^{iω(k,n)τ}

� � τ −R V(σ; n, k)e^{−iω(k,n)σ}e^{γ(k,n)σ} dσ � e^{−γ(k,n)τ} dτ.

Let us set U(σ) =

�_σ −R V(τ; k, n)e^{iω(k,n)τ} e^{γ(k,n)τ} dτ, U(σ) =

�_σ −R V(τ; n, k)e^{−iω(k,n)τ} e^{γ(k,n)τ} dτ.

We recognize that I_R is nothing but E �_{+R} −R � U^′(σ)U(σ) + U^′(σ)U(σ) � e^{−2γ(k,n)σ} dσ = E �|U(R)|2 2 e^{−2γ(k,n)R} + γ(k, n)

�_{+R} −R |U(σ)|^2e^{−2γ(k,n)σ} dσ � , which is therefore non negative.

The proof of (22) starts with the following simple remark � R F (s) ds = 1 2R �_{+R} −R � R F (s) ds dt = 1 2R �_{+R} −R � R F (σ − t) dσ � dt. Therefore, it suffices to show that

lim_{R→∞} 1 2R �_{+R} −R � |σ|≥R

|F (σ − t)| dσ � dt = 0.

Changing variables again, we reduce the problem to investigating the behavior of 1 2R �_{+R} −R � s+t≥R

|F (s)| ds � dt, for large R, and similarly for the quantity obtained by replacing s + t ≥ R by s + t ≤ −R. The Fubini theorem allows us to rewrite this integral as 1 2R �_∞ 0 |F (s)| � R 11_{−R≤t≤R}11_{R−s≤t} dt � ds = 1 2R �_{2R} 0 |F (s)|

�_R R−s dt � ds =

�_{2R} 0 |F (s)| s 2R ds. A simple application of the Lebesgue theorem ends the proof.

2.5. Proof of Theorem 3

We only sketch the main arguments, since the proof remains quite close to the previous one. First of all, we readily obtain the following estimates, for any t ≥ 0, � � � � �

� n,m∈N

|ρ^ε(t; n, m)|^2 +

�_t 0 � n,m∈N

|h^ε(s; n, m)|^2 ds ≤ � n,m∈N

|ρ^ε(0; n, m)|^2 ≤ M_0 < ∞,

h^ε(t; n, m) = � γ^ε(n, m) ε ρ^ε(t; n, m).

This motivates to split the solution as follows

ρ^ε(t; n, m) = ρ^ε(t; n, n)δ(n, m) + ε √ γ^ε_⋆

~ρ^ε(t; n, m)

where ~ρ^ε(t; n, m) =^{√γε⋆}_ε ρ^ε(t; n, m)(1 − δ(n, m)) is thus bounded in L^2(R^+; ℓℓ^2). Therefore, the scaling assumption (HQ1”’) implies that, up to a subsequence, ρ^ε(t; n, m) converges to some ρ(t; n, n)δ(n, m) weakly in L^2(0, T ; ℓℓ^2), 0 < T < ∞. Then, we observe that

∂_tρ^ε(t; n, n) = 1 √ γ^ε_⋆

Θ^ε(t)[~ρ^ε(t)](n, n), (23)

while the evolution of the remainder is driven by

∂_t ~ρ^ε(t; n, m) +

Z^ε(n, m) ε^2

~ρ^ε(t; n, m) = √ γ^ε_⋆ ε^2

Θ^ε(t)[ρ^ε(t)](n, m),

with the obvious notation Z^ε(n, m) = iω(n, m) + γ^ε(n, m). We deduce that, for t ≥ ε^2T ,

~ρ^ε(t; n, m) = e^{−Zε(n,m)T} ~ρ^ε(t − ε^2T ; n, m) + √ γ^ε_⋆ ε^2

�_t

t−ε^2T

e^{−Zε(n,m)(t−σ)/ε2} Θ^ε(σ)[ρ^ε(σ)](n, m) dσ

holds for t ≥ ε^2T ; we insert this formula into (23) and get

∂_tρ^ε(t; n, n) = 1 √ γ^ε_⋆

Θ^ε(t) � e^{−ZεT} ~ρ^ε(t − ε^2T ) � (n, n) + 1 ε^2

�_t

t−ε^2T

Θ^ε(t) � e^{−Zε(t−σ)/ε2} Θ^ε(σ)[ρ^ε(σ)] � (n, n) dσ.

(24)

(The notation e^{Zεt} still stands for the multiplication operator in ℓℓ^2 ρ(n, m) → e^{Zε(n,m)t}ρ(n, m); similarly, we shall use the operator e^{iωt} : ρ(n, m) → e^{iω(n,m)t}ρ(n, m).) Of course, the decorrelation property Lemma 5 still holds so that the expectation of the first term at the right hand side of (24) vanishes, while the ℓℓ^2 norm of the second one is clearly dominated by

(2M)^2 M_0 1 ε^2

�_t

t−ε^2T

dσ = (2M)^2 M_0T .

Reasoning like in the previous Section, this provides the compactness of Eρ^ε(t; n, n) in C^0([0, T ]; ℓ^2− weak), since we also have

‖ρ^ε(t; n, n) − ρ^ε(s; n, n)‖_ℓ2 = � � � 1 ε �_t s Θ^ε(σ)[ρ^ε(σ)](n, n) dσ � � �_{ℓ2} ≤ 2M M^0

|t − s| ε . To conclude, we need further continuity estimates. To this end, we rewrite (4) as follows

∂_tρ^ε(t; n, m) + i ε^2 ω(n, m)ρ^ε(t; n, m) = + 1 ε Θ^ε(t)[ρ^ε(t)](n, m) − � γ^ε(n, m) ε h^ε(t; n, m),

which yields � � �ρ^ε(t; n, m) − e^{−iω(n,m)(t−s)/ε2} ρ^ε(s; n, m) � � �_{ℓ2} = 1 ε � � � �_t s e^{−iω(n,m)(t−σ)/ε2} � Θ^ε(σ)[ρ^ε(σ)](n, m) − � γ^ε(n, m)h^ε(σ; n, m) � dσ � � �_{ℓ2} ≤ |t − s| ε 2MM_0 + � |t − s| ε √ Γ �_t s ‖h^ε(σ)‖^2_ℓ2 dσ

�_{1/2} . (25)

Then, we expand the second integral in the right hand side of (24) � � � � � � �

1 ε^2

�_t

t−ε^2T

Θ^ε(t) � e^{−Zε(t−σ)/ε2} Θ^ε(σ)[ρ^ε(σ)] � (n, m) dσ = L^ε(t; n, m) + R^ε(t; n, m),

L^ε(t; n, m) = 1 ε^2

�_t

t−ε^2T

Θ^ε(t) � e^{−Zε(t−σ)/ε2} Θ^ε(σ)[Eρ^ε(t)] � (n, m) dσ,

R^ε(t; n, m) = 1 ε^2

�_t

t−ε^2T

Θ^ε(t) � e^{−Zε(t−σ)/ε2} Θ^ε(σ)[ρ^ε(σ) − Eρ^ε(t)] � (n, m) dσ.

By using the decorrelation properties again, we can write the expectation of the remainder as follows, for any t ≥ 2ε^2T ,

ER^ε(t; n, m) = E 1 ε^2

�_t

t−ε^2T

Θ^ε(t) � e^{−Zε(t−σ)/ε2} Θ^ε(σ)[e^{−iωT} Eρ^ε(σ − ε^2T ) − e^{−iω(σ−t)}Eρ^ε(t)] � (n, m) dσ +E 1 ε^2

�_t

t−ε^2T

Θ^ε(t) � e^{−Zε(t−σ)/ε2} Θ^ε(σ)[ρ^ε(σ) − e^{−iωT} ρ^ε(σ − ε^2T )] � (n, m) dσ.

This can be evaluated by using (25); we get,

‖ER^ε(t)‖_ℓ2 ≤ 1 ε^2

(2M)^2

�_t

t−ε^2T E � �e^{−iωT} � ρ^ε(σ − ε^2T ) − e^{−iω(σ−ε2T −t)}ρ^ε(t) � �_{ℓ2} + � � �ρ^ε(σ) − e^{−iωT} ρ^ε(σ − ε^2T ) � � �_{ℓ2} � dσ ≤ 1 ε^2

(2M)^2

�_t

t−ε^2T � 6MM_0 ε^2T ε + √ 2ε^2T ε √ ΓE � � t

σ−ε^2T

‖h^ε(σ^′)‖^2_ℓ2 dσ^′

�_{1/2}

+ √ ε^2T ε √ ΓE � � σ

σ−ε^2T

‖h^ε(σ^′)‖^2_ℓ2 dσ^′

�_{1/2} � dσ ≤ C � ε + 1 ε^2

�_t

t−ε^2T E � � t

t−2ε^2T

‖h^ε(σ^′)‖^2_ℓ2 dσ^′

�_{1/2} dσ �

≤ C � ε + E

� � t

t−2ε^2T

‖h^ε(σ^′)‖^2_ℓ2 dσ^′

�_{1/2}�

where the constant C > 0 depends on T , M, M_0 but does not depend on ε. For any t ≥ 2ε^2T , this quantity is bounded uniformly with respect to ε. Actually, it tends to 0 in L^2 norm since �_∞

2ε^2T

� � t

t−2ε^2T

‖h^ε(σ^′)‖^2_ℓ2 dσ^′ � dt =

�_∞ 0 ‖h^ε(σ^′)‖^2_ℓ2

� � σ^′+2ε^2T

σ^′ dt � dσ^′ ≤ M_0 ε^2T .

It remains to compute the leading order term, namely

EL^ε(t; n, n) = 1 ε^2

�_t

t−ε^2T

EΘ^ε(t) � e^{−Zε(t−σ)/ε2} Θ^ε(σ)[e^{−iω(σ−t)}Eρ^ε(t)] � (n, n) dσ = � k,l∈N � − �_T 0 R(τ; n, k, k, l) e^{(iω(l,n)−Zε(k,n))τ} dτ Eρ^ε(t; l, n) + �_T 0 R(τ; n, k, l, n) e^{(iω(k,l)−Zε(k,n))τ} dτ Eρ^ε(t; k, l) + �_T 0 R(τ; k, n, n, l) e^{(iω(l,k)−Zε(n,k))τ} dτ Eρ^ε(t; l, k) − �_T 0 R(τ; k, n, l, k) e^{(iω(n,l)−Zε(n,k))τ} dτ Eρ^ε(t; n, l) � .

As ε goes to 0, this converges to � k∈N �_T 0 � R(τ; n, k, k, n)e^{−Z(k,n)τ} + R(τ; k, n, n, k) e^{−Z(n,k)τ} � dτ ρ(t; k, k) − � k∈N �_T 0 � R(τ; n, k, k, n) e^{−Z(k,n)τ} + R(τ; k, n, n, k) e^{−Z(n,k)τ} � dτ ρ(t; n, n),

and we recover the announced Einstein rate equations.

3. Classical Model

3.1. Modeling Issues and Mathematical Preliminaries

Let us describe the specific relaxation operator that we use in (3). The operator is intended to mimic, at the classical level, the relaxation effect of the quantum relaxation operator. The classical counterpart of the quantum population is the number of particles on a given energy surface {(x, p) ∈ R^{2D}, H_0(x, p) = Constant}. Hence, we shall assume that this number is well defined and finite for almost all energy. Precisely, let us introduce the following requirements on the free Hamiltonian H_0.

(HC1 ) H_0 ∈ C^∞(R^{2D}), H_0(x, p) ≥ −C_0 for some C_0 ≥ 0, lim_{|(x,p)|→∞} H_0(x, p) = +∞.

(HC2 )

� � � � � � � � � � � �

For almost all E ∈ R, the set Σ_E = {(x, p) ∈ R^{2D}such that H_0(x, p) = E} is a smooth orientable (2D − 1) submanifold of R^{2D}. For any such E, let dΣ_E (x, p) denote the induced euclidean surface measure. We define

δ(H_0(x, p) − E) := dΣ_E (x, p) |∇_{x,p}H_0(x, p)| . For any E, we suppose that Σ_E has finite measure h_0(E) := � Σ_E

δ(H_0(x, p) − E) < +∞, a.e. E ∈ R.

These assumptionsP are fulfilled e.g. by the harmonic potential H_{harm}(x, p) = (x^2 + p^2)/2, in which case energy shells simply reduce to spheres. Hypothesis (HC1) allows us to define the measure δ(H_0(x) − E) which is actually nothing but the microcanonical measure, or Liouville measure, on the energy shell Σ_E = {H_0(x, p) = E}.

The integral

Πf(E) := 1 h_0(E) � Σ_E

f(x, p) δ(H_0(x, p) − E). (26)

gives the number of particles in the energy shell Σ_E . Now, let us set P : f −→ P f(x, p) := Πf(H_0(x, p)). (27) Going on with the analogy between classical and quantum mechanics leads to the following definition of the relaxation operator to be used in (3) Q(f) = γ(P f − f), (28)

P It would be more rigorous to consider E ∈ H_0(R^{2D} ) = {H_0(x, p), (x, p) ∈ R^{2D}} instead of E ∈ R, but we shall make the slight abuse of notation of considering E ∈ R.

with γ ≥ 0. This operator models relaxation phenomena that make the distribution of particles uniform on any energy shells. We will go back to the derivation of such an operator from the quantum equation via semi-classical limits in a forthcoming work (see [46] for a related question). For further purposes, let us collect the basic properties of the operator P . Lemma 9 The operator P satisfies:

(i) P is a continuous projection operator on L^r spaces: P (P f) = P f and ‖P f‖_Lr_{(R}2D_) ≤ ‖f‖_Lr_{(R}2D_) for any 1 ≤ r ≤ ∞.

(ii) P is conservative in the sense that for any integrable function, we get � R^{2D}

P f dp dx = � R^{2D}

f dp dx.

(iii) P is self-adjoint in L^2(R^{2D}). Consequently, the following orthogonality property holds: for any function f ∈ L^2(R^{2D}) and φ : R → R such that (x, p) −→ φ(H_0(x, p)) lies in L^2(R^{2D}), we have � R^{2D}

φ(H_0(x, p))(I − P )f dp dx = 0.

(iv) P is a non negative operator: if f ≥ 0 a.e., then P f ≥ 0 a.e. (x, p) too. Moreover, if f ≥ 0 and P f = 0 a.e. then f = 0 a.e.

(v) The operators f −→ P f and f −→ {H_0, f} are orthogonal, in the sense that P {H_0, f} = 0, holds for any f ∈ L^2(R^{2D}) such that {H_0, f} ∈ L^2(R^{2D}). Consequently, for any f, g ∈ L^2(R^{2D}) such that {H_0, f} and {H_0, g} belong to L^2(R^{2D}), we have P ({H_0, f}g) = −P (f{H_0, g}). (vi) The operator Q is a bounded operator on L^2(R^{2D}) and for any f ∈ L^2(R^{2D}), we have − � R^{2D}

Q(f)f dp dx = γ � R^{2D}

|P f − f|^2 dp dx ≥ 0.

We refer to [19] for proofs, which are more or less direct consequences of the coarea formula � R^{2D}

f(x, p) dp dx = � R � Σ_E

f(x, p) δ(H_0(x, p) − E) � dE, (29)

for any function f ∈ L^1(R^{2D}). In particular, we have � R^{2D}

f(x, p) dp dx = � R Πf(E) h_0(E) dE. (30)

The starting point of our analysis relies on the following statement (which is the classical analog of Proposition 1).

Proposition 4 Suppose (HC1), (HC2) and let γ ≥ 0. Let V^ε be a smooth potential, say V^ε ∈ C^2(R × R^{2D}) with bounded second order derivatives. Consider a sequence of initial data such that (HC3 ) f^ε_0 (x, p) ≥ 0, sup_{ε>0} � R^{2D}

|f^ε_0 (x, p)|^2 dp dx = M_0 < ∞.

Then, for any ε > 0, the problem

∂_tf^ε + 1 ε^2

{H_0, f^ε} + 1 ε {V^ε, f^ε} = 1 ε^2 γ(P f^ε − f^ε), (31)

with f|_{t=0} = f^ε_0 has a unique (non-negative) solution f^ε ∈ C^0(R^+; L^2(R^{2D})). Furthermore, the sequence (f^ε)_{ε>0} is bounded in L^∞(R^+; L^2(R^{2D})). If γ > 0, then we also have

sup_{ε>0} � γ ε^2

�_∞ 0 � R^{2D}

|(f^ε − P f^ε)(t; x, p)|^2 dp dx dt � ≤ M_0 < ∞.

Actually, we can obtain more estimates. Indeed, for any convex function Ψ : R^+ → R^+, t → � R^{2D} Ψ(f

ε) dp dx is a non increasing quantity and we can establish uniform estimates in any L^r(R^{2D}) space, 1 ≤ r ≤ ∞.

Our aim is to show that, up to some physically relevant assumptions on V^ε, the phase space density f^ε(t; x, p) behaves like F (t; H_0(x, p)), where F (t, E) satisfies a diffusion equation ∂_t(h_0F ) − ∂_E (h_0d ∂_E F ) = 0, (32)

with h_0 defined in (HC2). Coming back to the physical meaning, h_0F (E) dE can be interpreted as the number of particles having their energy in the interval (E, E + dE) while h_0d ∂_E F (E) gives the density of the flux of particles through the energy surface Σ_E . The expression of the effective coefficient d, that will indeed be checked to be nonnegative, highly depends on the oscillating features of the potential V^ε. We shall describe the two different frameworks: - either we deal with (quasi-)periodic oscillations, in which case the relaxation operator is crucial for smoothing out too sharp resonance effects.

- or V^ε is defined through a random variable with short-time memory, in which case we can neglect the relaxation effects (at least in the limit ε → 0).

3.2. Liouville Equation with an Oscillating Potential: an explicit example

The solution of the kinetic equation

∂_tf^ε + 1 ε^2

{H_0, f^ε} + 1 ε {V (t/ε^2), f^ε} = 0,

with H_0(x, p) = (x^2 + p^2)/2, V (t; x) = x cos(ωt)

can be explicitely computed. Indeed, let us consider the characteristics (X^ε, P^ε) associated to the full Hamiltonian H_0(x, p)/ε^2 + V (t/ε^2; x)/ε. We have � � � � � d ds X^ε(s; t, x, p) = 1 ε^2

P^ε(s; t, x, p), X^ε(t; t, x, p) = x, d ds P^ε(s; t, x, p) = − 1 ε^2

X^ε(s; t, x, p) + 1 ε cos(ωs/ε^2), P^ε(t; t, x, p) = p.

Since the microscopic density is conserved along these curves, we get f^ε(t; x, p) = f_0(X^ε(0; t, x, p), P^ε(0; t, x, p)).

Hence, we observe that f^ε has a very different behavior than that of a solution of a diffusion equation, see [19]. This illustrates the crucial role of the relaxation in the deterministic framework, or of the stochastic effects.

3.3. The Classical Model with a (Quasi-)Periodic Perturbation

We consider a perturbation V^ε which oscillates in a quasi-periodic way. Let Y be the unit cube in R^d, for some integer d ≥ 1. We assume that � � � � �

There exists a vector Ω ∈ R^d \ {0} and a smooth function V : R^d × R^{2D} → R, which is Y-periodic with respect to the first argument, such that V^ε(t; x, p) = V(t, Ωt/ε^2; x, p).

Such a function can be written by means of its Fourier series

V(t, ϑ; x, p) = � ξ∈Z^d

^V(t, ξ; x, p) e^{2iπξ·ϑ}, ^V(t, ξ; x, p) = � Y V(t, ϑ; x, p) e^{−2iπξ·ϑ} dϑ.

Taking into account the oscillation frequencies of the perturbation, we expand the solution of (4)

f^ε(t; x, p) = F^{(0)}(t, Ωt/ε^2; x, p) + εF^{(1)}(t, Ωt/ε^2; x, p) + ε^2F^{(2)}(t, Ωt/ε^2; x, p) + . . .

where all functions F^{(i)} are supposed Y−periodic with respect to the second variable. Since

∂_t � F^{(i)}(t, Ωt/ε^2; x, p) � = � ∂_tF^{(i)} + 1 ε^2

Ω · ∇_ϑF^{(i)} � (t, Ωt/ε^2; x, p),

we introduce the operator T F = Ω · ∇_ϑfF + {H_0, F } − Q(F ), the adjoint of which is T^⋆φ = −Ω · ∇_ϑφ − {H_0, φ} − Q(φ). We are led to the following system 1/ε^2 term: T F^{(0)} = 0, (33) 1/ε term: T F^{(1)} = −{V, F^{(0)}}, (34) ε^0 term: T F^{(2)} = −∂_tF^{(0)} − {V, F^{(1)}} (35) and so on... They are the analogs of (9), (10) and (11).

The general form of these equation, where the time variable t appears only as a parameter, reads T F = h. Clearly � Y P h dϑ = 0 (36)

is a necessary condition if we want to solve the cell equation, and we might wonder if it is also sufficient. This is a quite subtle question and we refer to [19] for details on the solvability of the cell equations. However, the situation simplifies when the data h satisfies the pointwise relation P h = 0. Indeed, applying the operator P to the equation yields Ω · ∇_ϑP F + 0 = P h = 0. Hence, passing to Fourier coefficients, we obtain Ω · ξ ^P f(ξ; x, p) = 0. Since the components of Ω are rationally independent, we deduce that ^P f(ξ; x, p) = 0 for any ξ ≠ 0 and therefore P f does not depend on ϑ. Requiring � Y P F dϑ = 0 gives P F = 0. Therefore, when P h = 0, we are led to solve Ω · ∇_ϑF + {H_0, F } + γF = h, P F = 0.

Let us introduce the characteristics Θ ∈ R^d, (X , P) ∈ R^{2D}, the solutions of the ODE system � � � d ds Θ(s) = Ω, d ds X (s) = ∇_pH_0(X (s), P(s)), d ds P(s) = −∇_xH_0(X (s), P(s)), Θ(0) = ϑ, X (0) = x, P(0) = p.

Note in particular that Θ(s) = ϑ + sΩ and (X , P) are well defined by (HC1). Hence, we get d ds � e^{γs} F (Θ(s), X (s), P(s)) � = e^{γs} h(Θ(s), X (s), P(s)).

Integration with respect to s yields the following statement.

Lemma 10 Assume (HC1), (HC2) and let γ > 0. Let us denote by L^2_#(Y × R^{2D}) the space of functions from R^d × R^{2D} to R, which are Y−periodic with respect to the first variable and square integrable on Y×R^{2D}. We set H_# = {u ∈ L^2_#(Y×R^{2D}), T u ∈ L^2_#(Y×R^{2D})}. Let h ∈ L^2_#(Y×R^{2D}) be such that P h = 0. Then the solution F ∈ H_# of T F = h with P F = 0 is given by

F (ϑ; x, p) = −

�_∞ 0 e^{−γs} h(ϑ − sΩ; X (−s; x, p), P(−s; x, p)) ds. (37)

Accordingly, if h lies in C^0(Y; L^2(R^{2D})), then, so does F .

The crucial role of the relaxation coefficient γ > 0 becomes clear and this statement has to be compared to Lemma 2 and Corollary 1. Coming back to (33), we get F^{(0)}(t, ϑ; x, p) = F (t; H_0(x, p)), Therefore, (34) becomes

T F^{(1)} = −{V, H_0} ∂_E F (t; H_0(x, p)),

which can be solved by F^{(1)}(t, ϑ; x, p) = −χ(t, ϑ; x, p) ∂_E F (t; H_0(x, p)), with

χ(t, ϑ; x, p) = −

�_∞ 0 e^{−γs} {V, H_0}(t, ϑ − Ωs; X (−s; x, p), P(−s; x, p)) ds, (38)

a formula which makes sense under suitable regularity assumption on V. For the time being, let us use (38) formally. We obtain a closed equation for F (t; H_0(x, p)) by applying the compatibility relation (36) to (35). We get

0 = ∂_t � Y P � F (t; H_0(x, p)) � dϑ + � Y P � {V, F^{(1)}} � (t, ϑ; x, p) dϑ

= ∂_tF (t; H_0(x, p)) − � Y P � {V, χ}(t, ϑ; x, p) � dϑ � ∂_E F (t; H_0(x, p)) − � Y P � {V, H_0} χ(t, ϑ; x, p) � dϑ � ∂^2_{EE} F (t; H_0(x, p)).

By using the coarea formula (30), we deduce that F (t; E) verifies the following drift-diffusion equation

∂_t(h_0(E)F (t, E)) = h_0(E)a(t; E)∂_E F (t; E) + h_0(E)d(t; E)∂^2_{EE}F (t; E),

with coefficients defined by � � � a(t; E) = Π � � Y {V, χ} dϑ � (E),

d(t; E) = Π � � Y {V, H_0} χ dϑ � (E).

However, using the coarea formula, we will show that

h_0(E)a(t; E) = ∂_E � h_0(E)d(t; E) � , so that (32) can be finally deduced. These manipulations require some regularity assumptions for expression (38) to make sense as well as those involving derivatives of χ. To this aim, we assume

(HC4 )

� � � � � � � � � � �

Let (X , P) : (t; x, p) ∈ R × R^{2D} −→ (X (t; x, p), P(t; x, p)) ∈ R^{2D} stand for the solution of the ODE system � � � d dt X (t) = ∇_pH_0(X (t), P(t)), d dt P(t) = −∇_xH_0(X (t), P(t)), X (0) = x, P(0) = p.

We assume that for any 0 < R < ∞, there exist C_R, q_R ≥ 0 verifying for any t ∈ R: sup_{|(x.p)|≤R} |∇_{x,p}(X (t; x, p), P(t; x, p))| ≤ C_R (1 + |t|)^{qR} .

Next, we specify the assumptions on the perturbation.

(HC − P1 )

� � � � � � � � � � � � �

We assume that V^ε(t; x, p) = V(t, Ωt/ε^2; x, p) where ϑ ∈ R^d → V(t, ϑ; x, p) is Y−periodic, Ω ∈ R^d has rationally independent components, V ∈ C^0(R × Y × R^{2D}), ∂^α_{t,x,p}V ∈ C^0 ∩ L^∞(R × Y × R^{2D}), |α| = 1, 2. Furthermore, there exists some β ≥ 0 such that sup t∈Rϑ∈Y � R^{2D}

{V(t, ϑ; x, p), H_0(x, p)}^2 w(x, p)^β dp dx < ∞,

where w(x, p) = (1 + H_0(x, p)^2)^{1/2}.

Of course, hypothesis (HC4) is satisfied globally, with exponent q = 0, by the harmonic oscillator Hamiltonian. It is a strong stability assumption on H_0, which actually plays a crucial role in the estimates that allow to justify the asymptotics. For instance the following property is useful.

Lemma 11 Add (HC4) to the hypothesis of Lemma 10. If, furthermore ∇_{x,p}h lies in C^0(Y; L^2_{loc}(R^{2D})), then, so does F .

In particular, we can make the definition of the auxiliary function χ rigorous.

Corollary 2 Assume Hypothesis (HC1), (HC2), (HC4) and (HC-P1). Then, there exists a unique function χ : R × Y × R^{2D} → R such that

T χ = {V, H_0}, � Y×R^{2D}

|χ(t, ϑ; x, p)|^2 dp dx dϑ w(x, p)^β

< ∞, � Y P χ dϑ = 0.

χ is defined by the formula (38). For any 0 < R < ∞, χ, ∂_tχ and ∇_{x,p}χ belong to C^0(R × Y; L^2(B(0, R))), where B(0, R) = {(x, p) ∈ R^{2D}, |(x, p)| ≤ R}, and P χ = 0. Similar conclusions hold considering the solution χ^⋆ of T^⋆χ^⋆ = {V, H_0}.

The role of Hypothesis (HC4) is to guarantee enough regularity on χ (or χ^⋆) to justify the formal manipulations made above. Remark that assuming H_0 ∈ W^{2,∞}(R^{2D}), we readily obtain the estimate |∇_{x,p}(X , P)(s)| ≤ e^{Cs} (1 + |(x, p)|) for some C > 0. Then, the same proof can be adapted, at the price of considering large enough values of the parameter γ (which should be > C), which is not satisfactory from a physical viewpoint. To conclude, the asymptotic behavior of (31) with (quasi-)periodic perturbation as ε → 0 is described by the following statement.

Theorem 4 Let f^ε_0 ≥ 0 satisfying (HC3) be the initial data for (31). We suppose that Hypothesis (HC1), (HC2), (HC4) and (HC-P1) are satisfied. Then, f^ε = P f^ε + εg_ε where g_ε is bounded in L^2((0, T ) × R^{2D}) and, up to a subsequence, P f^ε(t; x, p) converges to F (t; H_0(x, p)) in C^0([0, T ]; L^2(R^{2D}) − weak), where F : R^+ × R → R^+ satisfies the diffusion equation (32) with the initial data F (t = 0; E) given by the weak limit of Πf^ε_0 (E) in L^2(R, h_0(E) dE).

We skip the details of the proof which remains in the spirit of Section 2.3.2, and we refer to [19] instead. The arguments rely on a convenient choice of oscillating test functions: multiplying (3) by ε^2ψ(t, Ωt/ε^2; x, p) and letting ε → 0, we prove that f^ε converges to a function that depends on the energy only, and we identify the limit equation by using the following test function � � � ϕ(H_0(x, p)) + εχ^⋆(t, Ωt/ε^2; x, p)∂_E ϕ(H_0(x, p)) , where χ^⋆(t, ϑ; x, p) = −

�_∞ 0 e^{−γs} {V, H_0}(t, ϑ + Ωs; X (s; x, p), P(s; x, p)) ds

Here, we only check that d is non negative (see [19] for details). Indeed, for any φ ∈ C^∞_c (R), we have � R^{2D}

d(T ; H_0(x, p))φ^2(H_0(x, p)) dp dx = γ � R^{2D} � Y |P χφ(H_0) − χφ(H_0)|^2 dϑ dp dx ≥ 0.

Moreover, due to the coarea formula, we obtain − � R h_0(E)d(t; E)ψ^′(E) dE = � R^{2D}

{V, χ} ψ(H_0) dp dx = � R a(t; E)ψ(E)h_0(E) dE

which shows that h_0(E)a(t; E) = ∂_E (h_0(E)d(t; E)).

3.4. The Classical Model with a Random Perturbation

We now consider the case where the perturbation oscillates randomly, in the spirit of Section 2.4. Namely, we deal with V^ε(t; x, p) = V(t/ε^2; x, p), with V(s; x, p) a random variable. This Section is organized as follows. First, we set up some notations and definitions and we state the main results precisely. Then, we study the free relaxation case and we end this section with the analysis of the case of possibly vanishing relaxations.

3.4.1. Random Potential; Statement of the Results. Throughout this section, in addition to (HC1) and (HC2), we assume that H_0 verifies

(HC4^′) sup_{y∈R2D} |∂^αH_0(y)| ≤ C for |α| = 2, 3,

where we have used the shortened notation y = (x, p) ∈ R^{2D}. We also introduce the following 2D × 2D matrix J = � 0 −I I 0 � , I being the D ×D identity matrix. Given two vectors a, b ∈ R^{2D}, we denote a·b the usual euclidean product in R^{2D} and a ⊗ b stands for the 2D × 2D matrix with components a_ib_j . We shall make use of the following relations

{a, b} = J∇b · ∇a, Ja · b Jc · d = b ⊗ d : Ja ⊗ Jc, (39)

29 where for two 2D × 2D matrices A, B, we denote A : B =

�_{2D}

i,j=1 Aij Bij .

We shall make use of the characteristic curves

Y : R × R^{2D} −→ R^D × R^D (t, y) −→ Y(t; y) = (X (t; x, p), P(t; x, p)), the solutions of the differential system d dt Y = J∇H_0(Y), Y(0; y) = y.

Since the differential system is autonomous, the solution of the ODE with initial data equal to y at time s is given by Y(t − s; y). Moreover, energy is conserved H_0(Y(t; y)) = H_0(y).

This implies, due to (HC1), that Y(t; y) remains in a bounded set when t ∈ R and y lies in a bounded set of R^{2D}. As a consequence of (HC4’), Y is, at least, a C^2 function of its arguments, and we check that � There exist constants C_1, C_2 > 0, depending on (HC4’), such that |Y(t; y)| ≤ C_1(1 + |t|)e^{C2|t|} (1 + |y|), |∂^αY(t; y)| ≤ C_1 e^{C2|t|} for |α| = 1, 2.

(40)

In some sense, (HC4’) strongly weakens (HC4) that appeared in the deterministic framework. Let us introduce the family of operators, parametrized by t ∈ R, defined by S_t[φ](y) = φ(Y(t; y)).

Since div(J∇H_0) = 0, {S_t, t ∈ R} defines a group of isometries on C^0(R^{2D}) or L^p(R^{2D}) spaces. It will be also useful to consider the action on Sobolev spaces; we get � There exists constants C_1, C_2 > 0, depending on (HC4’), such that ‖S_tφ‖_Hk_{(R}2D_) ≤ C_1e^{C2|t|} ‖φ‖_Hk_{(R}2D_) for k = 1, 2

(41)

Furthermore, the adjoint operators are defined by S^⋆_t [φ](y) = S_{−t}[φ](y), and we note that S_t[P f] = P f = P S_t[f]. (42) Indeed, by virtue of the energy conservation, for any smooth trial function, we get � R^{2D}

S_t[f](y) ϕ(H_0(y)) dy = � R^{2D}

f(y) S_{−t}[ϕ(H_0(y))] dy = � R^{2D}

f(y) ϕ(H_0(y)) dy

Let us now collect the necessary assumptions on the potential. We suppose that V^ε(t; y) = V(t/ε^2; y) is an integrable random variable which is required to satisfy:

(HC − R1 ) ∇V(τ; y) is a bounded random variable with E(∇V(τ; y)) = 0,

(HC − R2 ) There exists a smooth function R : R × R^{2D} × R^{2D} → R^{2D×2D}, such that for any i, j ∈ {1, . . . , 2D}, τ, σ ∈ [0, ∞), y, z ∈ R^{2D} :

E(∂_{yi} V(τ; y) ∂_{zj} V(σ; z)) = R_{ij} (τ − σ; y, z).

(HC − R3 ) There exists a constant T > 0 such that for any i, j ∈ {1, . . . , 2D}, τ, σ ∈ [0, ∞), y, z ∈ R^{2D}, if |τ − σ| ≥ T then ∂_{yi} V(τ; y) and ∂_{zj} V(σ; z) are independent random variables,

(HC − R4 ) There exists a constant M > 0 such that, for 1 ≤ |α| ≤ 3 sup τ ∈R, y∈R^{2D}

|∂^α_y V(τ; y)| = M < ∞,

holds almost surely.

It would be tempting to completely remove the relaxation operator when dealing with random perturbations. With respect to this question, we are able to prove the following result.

Theorem 5 Let γ = 0, i.e. let the equation under consideration be

∂_tf^ε + 1 ε^2

{H_0, f^ε} + 1 ε {V^ε, f^ε} = 0, (43)

Assume that H_0 fulfills (HC1), (HC2), and (HC4’). We also suppose that H_0 is such that

(HC5 ) {H_0, f} = 0 iff f(y) = F (H_0(y)) is a function of the energy only.

Assume that (HC-R1), (HC-R2), (HC-R3), and (HC-R4) hold. Let the initial data f^ε_0 be a deterministic quantity satisfying (HC3). Let 0 < T < ∞. Then, up to a subsequence, EP f^ε converges to F (t; H_0(y)) ∈ L^∞(R^+; L^2(R^{2D})) in C^0([0, T ]; L^2(R^{2D}) − weak), with F (t; E) being the solution of the following diffusion equation � ∂_t(h_0F ) = ∂_E (h_0d∂_E F ), F (0; E) = lim_{ε→0} Πf^ε(0; y) weakly in L^2(R, h_0(E) dE), (44)

and where the effective coefficient is given by

d(E) = Π

�_T 0 R(τ; Y(τ; y), y) : J∇H_0(Y(τ; y)) ⊗ J∇H_0(y) dτ � (E).

Condition (HC5) is questionable since it may be not satisfied when D ≥ 2, in particular for systems presenting symmetries. Of course, in the one-dimension case it is fulfilled by the harmonic oscillator H_0(x, p) = (x^2 + p^2)/2, but even this simple Hamiltonian fails in verifying (HC5) when D ≥ 2 (since F (x, p) = x ∧ p satisfies {H_0, F } = 0). Clearly (HC5) is related to ergodic properties of the flow associated to H_0: as a matter of fact, ergodicity of the free Hamiltonian on the energy shells {H_0 = Cst.} guarantees (HC5). Therefore, it is not obvious at all that we are able to find a smooth Hamiltonian H_0 such that (HC5) holds, as discussed in [10], [36], [22]. Coming back to the analogy with the quantum case, condition (HC5) is not surprising: it has to be compared to

(HQ1”) when γ(n, m) = 0. Note also that the analogy with quantum modeling leads to consider the following natural generalization of the interaction operator

Q(f)(x, p) = � Σ_{H0(x,p)}

B(x, p; y, q) (f(y, q) − f(x, p) � δ(H_0(y, q) − H_0(x, p)),

for a certain kernel B ≥ 0. However, the analysis of the classical model remains much more involved than for the quantum case, due to the following reasons. The analog of the operators e^{−Z(n,m)t/ε2} would be the semi-group associated to the operator^1_{ε2} {H_0, ·} +^1_{ε2} γQ(·). Then, the difficulty is two-fold:

- First, the operator Q is non local: evaluating Qf at (x, p) involves the values of the unknown f on many other points (y, q) while in the quantum case, the relaxation operator evaluated on (n, m) does not depend on other energy indices;

- Second, the operator Q is well defined as an endomorphism of L^2(R^{2D}), but its action on Sobolev spaces and commutation with derivatives is far from clear. Hence, this leads to difficulties when considering the action of the semi-group on the Poisson bracket {V^ε, f}.

Nevertheless, we are able to consider sequences of relaxation coefficients γ^ε, that are positive functions of the energy and that might tend to 0, at least for some energy levels, when ε → 0. We assume

(HC5^′)

� � � � � � � � �

Let γ^ε : R → R be a sequence of C^1 functions verifying

0 < γ^ε_⋆ ≤ γ^ε(E) ≤ Γ < ∞, lim_{ε→0} ε^2 γ^ε_⋆

= 0, sup ε>0, E∈R � � d dE γ^ε(E) � � ≤ Γ < ∞,

lim_{ε→0} γ^ε(E) = γ(E) ≥ 0 uniformly on compact sets,

and we consider the problem

∂_tf^ε + 1 ε^2

{H_0, f^ε} + 1 ε {V^ε, f^ε} + 1 ε^2 γ^ε(H_0)(P f^ε − f^ε) = 0. (45)

Theorem 6 Assume that H_0 fulfills (HC1), (HC2), and (HC4’). Let γ^ε be defined as in (HC5’). Assume that (HC-R1), (HC-R2), (HC-R3), and (HC-R4) hold. Let the initial data f^ε_0 be a deterministic quantity satisfying (HC3) and let f^ε be the corresponding solution of (45). Let 0 < T < ∞. Then, up to a subsequence, EP f^ε converges to F (t; H_0(y)) ∈ L^∞(R^+; L^2(R^{2D})) in C^0([0, T ]; L^2(R^{2D}) − weak), with F (t; E) being the solution of the diffusion equation (44) where the effective coefficient is given by

d(E) = Π

�_T 0 e^{−γ(H0 )τ} R(τ; Y(τ; y), y) : J∇H_0(Y(τ; y)) ⊗ J∇H_0(y) dτ � (E).

3.4.2. The Relaxation-Free Case. Using the characteristics, the solution of (43) can be seen as a fixed point of the following Duhamel formula

f^ε(t; y) = S_{(s−t)/ε}2 [f^ε(s)](y) − 1 ε �_t s S_{(σ−t)/ε}2 [{V^ε(σ), f^ε(σ)}](y) dσ. (46)

Using this formula with s = 0 shows that f^ε(t) depends only on the realizations of V^ε(σ) for 0 ≤ σ ≤ t, and we deduce the following claim.

Lemma 12 Assume (HC1), (HC2), (HC4’), and (HC-R1), (HC-R2), (HC-R3), (HC-R4). Suppose that the initial data f^ε_0 is deterministic. Then, f^ε(t) and V^ε(t^′) are independent random variables when t^′ ≥ t + ε^2T .

Next, we obtain the following continuity estimate.

Lemma 13 Assume (HC1), (HC2), (HC4’), and (HC-R1), (HC-R2), (HC-R3), (HC-R4). Then, for any φ ∈ C^∞_c (R^{2D}), we have � � � R^{2D}

(f^ε(t; y) − S_{(s−t)/ε}2 [f^ε(s)](y))φ(y) dy � � ≤ C e^{C2 |t−s|/ε2}

|t − s| ε ‖φ‖_H1_{(R}2D_),

where C depends on (HC3), (HC-R4) and (HC4’).

Proof. By using (46), and integrating by parts, we are led to evaluate 1 ε � � � �_t s � R^{2D}

f^ε(σ) {V^ε(σ), S_{(t−σ)/ε}2 φ} dy � � � ≤ 1 ε ‖f^ε‖_L∞_{(R}+_{;L}2_{(R}2D_{))} ‖∇_{x,p}V^ε‖_L∞_{(R×R}2D_) � � � �_t s ‖∇_{x,p}(S_{(t−σ)/ε}2 [φ])‖_L2_{(R}2D_) dσ � � � ≤ MM_0C_1

|t − s| ε e^{C2|t−s|/ε2} ‖φ‖_H1_{(R}2D_),

where we used (41). This proves the Lemma.

By using (46) with s = t − ε^2T , we get, for t ≥ ε^2T ,

∂_tf^ε + 1 ε^2

{H_0, f^ε} = − 1 ε {V^ε(t), f^ε(t)} = − 1 ε {V^ε(t), S_{−T} [f^ε(t − ε^2T )]} � := D^ε(t) − 1 ε^2 � V^ε(t),

�_t

t−ε^2T

S_{(σ−t)/ε}2 [{V^ε(σ), S_{(t−σ)/ε}2 f^ε(σ)}] � � := I^ε(t).

Then, we split the last term as follows 1 ε^2 � V^ε(t),

�_t

s−ε^2T

S_{(σ−t)/ε}2 [{V^ε(σ), S_{(t−σ)/ε}2 [Ef^ε(t)]}] � dσ � := L^ε(t) + 1 ε^2 � V^ε(t),

�_t

s−ε^2T

S_{(σ−t)/ε}2 [{V^ε(σ), f^ε(σ) − S_{(t−σ)/ε}2 [Ef^ε(t)]}] � dσ � := R^ε(t).

Lemma 14 Assume (HC3), (HC4’), (HC-R2), (HC-R3) and (HC-R4). Then, the following properties hold: i) ED^ε(t) = 0, ii) There exists a constant C > 0, depending on (HC3), (HC4’), (HC-R4), and T , such that for any φ ∈ C^∞_c (R^{2D}), t ≥ ε^2T , � �E � R^{2D}

I^ε(t)φ(x, p) dp dx � � ≤ C ‖φ‖_H2_{(R}2D_).

iii) There exists a constant C > 0, depending on (HC3), (HC4’), (HC-R4), and T , such that for any φ ∈ C^∞_c (R^{2D}), and t ≥ 2ε^2T , � �E � R^{2D}

R^ε(t)φ(x, p) dp dx � � ≤ C ε ‖φ‖_{H3(R2D )}.

iii) There exists an operator Q, which does not depend on ε, nor on t, such that

EL^ε(t) = Q(Ef^ε(t)), � � � R^{2D}

Q(f)φ dp dx � � ≤ C ‖f‖_{L2(R2D )} ‖φ‖_{H3(R2D )}

holds for any φ ∈ C^∞_c (R^{2D}), the constant C > 0 depending only on (HC3), (HC4’), (HC-R4), and T . Proof. Throughout the proof we denote by C a quantity which depends only on (HC3), (HC4’), (HC-R4), even if the value of C may change from a line to another. The expectation of D^ε(t) vanishes since f^ε(t − ε^2T ) and V^ε(t) are independent, by virtue of Lemma 12, while EV^ε(t) = 0. Next, the estimate on I^ε follows from (HC-R4) and (41) which imply � � � R^{2D}

I^ε(t)φ(x, p) dp dx � � ≤ ‖D_{2x,p}V_ε‖_{L∞(R×R2D )} ‖∇_{x,p}V_ε‖_{L∞(R×R2D )} ‖φ‖_{H2(R2D )}

×‖f^ε‖_L∞_{(R}+_{;L}2_{(R}2D_{))} 1 ε^2

�_t

t−ε^2T

C dσ,

and proves ii).

Now, we remark that for any σ ∈ (t − ε^2T , t), f(σ − ε^2T ) and V^ε(t), V^ε(σ) are independent since t, σ ≥ σ − ε^2T + ε^2T . Hence, we get for t ≥ 2ε^2T , E �_t

t−ε^2T

S_{−T} [f^ε(σ − ε^2T )] � V^ε(σ), S_{(t−σ)/ε}2 [{V^ε(t), φ}] � dσ = �_t

t−ε^2T E � S_{−T} [f^ε(σ − ε^2T )] � E � V^ε(σ), S_{(t−σ)/ε}2 [{V^ε(t), φ}] � dσ = E �_t

t−ε^2T E � S_{−T} [f^ε(σ − ε^2T )] � � V^ε(σ), S_{(t−σ)/ε}2 [{V^ε(t), φ}] � dσ. This allows us to write E � R^{2D}

R^ε(t)φ(y) dy = 1 ε^2 E � R^{2D}

�_t

t−ε^2T � f^ε(σ) − S_{−T} [f^ε(σ − ε^2T )] � � V^ε(σ), S_{(t−σ)/ε}2 [{V^ε(t), φ}] � dσ dy + 1 ε^2 E � R^{2D}

�_t

t−ε^2T � ES_{−T} [f^ε(σ − ε^2T )] − S_{(t−σ)/ε}2 [Ef^ε(t)] � � V^ε(σ), S_{(t−σ)/ε}2 [{V^ε(t), φ}] � dσ dy.

Note that in the last integral, we have

ES_{−T} [f^ε(σ − ε^2T )] − S_{(t−σ)/ε}2 [Ef^ε(t)] = ES_{(t−σ)/ε}2 � S_{(σ−ε}2_{T −t)/ε}2 [f^ε(σ − ε^2T )] − f^ε(t) � . Then, applying Lemma 13 and (41), we evaluate as follows � � �E � R^{2D}

R^ε(t)φ(x, p) dy � � � ≤ C 1 ε^2

�_t

t−ε^2T 1 ε e^{2C2 T} ε^2T E � � � � V^ε(σ), S_{(t−σ)/ε}2 [{V^ε(t), φ}] � �_{H1(R2D )} ≤ C 1 ε^2 e^{3C2T} ε^2T ε ε^2T ‖φ‖_H3_{(R}2D_).

This proves iii).

Finally, we check that E � R^{2D} L

εφ dy can be recast as the sum of terms looking like 1 ε^2 E � R^{2D}

�_t

t−ε^2T

S_{(t−σ)/ε}2 [Ef^ε(t)](y) ∂_iV^ε(σ; y) ∂_j V^ε(t; Y((t − σ)/ε^2; y))

×(∂^2_{kl}φ)(Y((t − σ)/ε^2; y)) ∂_mY_n((t − σ)/ε^2; y) dσ dp dx or 1 ε^2 E � R^{2D}

�_t

t−ε^2T

S_{(t−σ)/ε}2 [Ef^ε(t)](y) ∂_iV^ε(σ; y) (∂^2_{jk}V^ε)(t; Y((t − σ)/ε^2; y)) ×(∂_lφ)(Y((t − σ)/ε^2; y)) ∂_mY_n((t − σ)/ε^2; y) dσ dp dx where the indices i, j, k, l, m, n, ∈ {1, . . . , 2D} and ∂ stands for any first order derivative with respect to the variable y. As a consequence of (HC-R2), these expressions become � R^{2D}

�_t

t−ε^2T

S_{(t−σ)/ε}2 [Ef^ε(t)](y) R_{ij} ((σ − t)/ε^2; y, Y((t − σ)/ε^2; y)) ×(∂^2_{kl}φ)(Y((t − σ)/ε^2; y)) ∂_mY_n((t − σ)/ε^2; y) dσ ε^2 dp dx = � R^{2D}

�_T 0 S_{−τ} [Ef^ε(t)](y) R_{ij} (τ; y, Y(−τ; y)) ×(∂^2_{kl}φ)(Y(−τ; y)) ∂_mY_n(−τ; y) dτ dp dx or � R^{2D}

�_t

t−ε^2T

S_{(t−σ)/ε}2 [Ef^ε(t)](y) (∂_{yk} R_{ij} )((σ − t)/ε^2; y, Y((t − σ)/ε^2; y)) ×(∂_lφ)(Y((t − σ)/ε^2; y)) ∂_mY_n((t − σ)/ε^2; y) dσ ε^2 dp dx = � R^{2D}

�_T 0 S_{−τ} [Ef^ε(t)](y) (∂_{yk} R_{ij} )(τ; y, Y(−τ; y)) ×(∂_lφ)(Y(−τ; y)) ∂_mY_n(−τ; y) dτ dp dx respectively, which define the operator Q.

Up to now, the non degeneracy assumption (HC5) does not play any role; it will appear when identifying the limit equation. The end of the proof of Theorem 5 splits into several steps.

Step 1. Projecting the Equation; Compactness.

By using Proposition 4, we can extract a subsequence such that Ef^ε ⇀ f weakly in L^2((0, T ) × R^{2D}), 0 < T < ∞.

Furthermore, multiplying (43) by ε^2 yields E{H_0, f^ε} = {H_0, Ef^ε} = − � ε^2∂_tEf^ε + εE{V^ε, f^ε} � . Letting ε go to 0 leads to {H_0, f} = 0.

This is where Hypothesis (HC5) is used: it implies that f(t; y) = F (t; H(y)) only depends on the energy. Therefore, we realize that it suffices to determine the behavior of EP f^ε as ε → 0. Indeed, EP f^ε satisfies ∂_tEP f^ε = −EP �1 ε {V^ε, f^ε} � = EP (D^ε − L^ε − R^ε) = −EP (L^ε + R^ε). (47) Thus, we obtain that EP f^ε satisfies some compactness properties in a space of continuous functions with respect to the time variable.

Lemma 15 We can extract a subsequence such that, for any φ ∈ L^2(R^{2D}),

lim_{ε→0} � R^{2D}

EP f^ε(t; y) φ(y) dy = � R^{2D}

F (t; H_0(y)) φ(y) dy.

uniformly on [0, T ].

Proof. Combining (47) to Lemma 14, we first deduce that, for any φ ∈ C^∞_c (R^{2D}), the set � � R^{2D}

EP f^ε(t + ε^2T ) φ dy, ε > 0 �

is relatively compact in C^0([0, T ]), for any 0 < T < ∞, by virtue of the Arzela-Ascoli Theorem. Since P is self-adjoint, we can use Lemma 13 with φ(y) = ϕ(H_0(y)), ϕ ∈ C^∞_c (R), as test function. Indeed, we get � � � � R^{2D}

(f^ε(t; y) − f^ε(s; y))ϕ(H_0(y)) dy � � � = � � � R^{2D}

(f^ε(t; y) − S_{(s−t)/ε}2 f^ε(s; y))ϕ(H_0(y)) dy � � ≤ Ce^{C2 |t−s|/ε2}

|t − s| ε ‖ϕ(H_0(y))‖_H1_{(R}2D_).

Consequently, using this information with s = t + ε^2T , we deduce that � � R^{2D}

EP f^ε(t; y) ϕ(H_0(y)) dy, ε > 0 �

is relatively compact in C^0([0, T ]), too. Since we also have � � � � R^{2D}

EP f^ε φ dy � � � ≤ M^0 ‖φ‖^{L2(R2D )},

we can extend the compactness property to any test function φ ∈ L^2(R^{2D}). Then, by standard arguments, we extract a subsequence, still labelled by ε, such that, for any φ ∈ L^2(R^{2D}), � R^{2D} EP f

ε φ dp dx converges uniformly on C^0([0, T ]). It is already known that Ef^ε converges to a function which only depends on the energy, weakly in L^2((0, T ) × R^{2D}), and we now identify the limits.

Step 2. Computation of the Leading Order Term.

Since we consider the projected equation (47), it is enough to consider test functions only depending on the energy: φ(y) = ϕ(H_0(y)). By Lemma 14, the contribution of ER^ε disappears as ε tends to 0, and we are left with the task of discussing E � R^{2D} L

ε(t; y) ϕ(H_0(y)) dy. The energy conservation implies that S_τ [ϕ(H_0(y))] = ϕ(H_0(y)), and thus we obtain E � R^{2D}

L^ε(t; y) ϕ(H_0(y)) dy = 1 ε^2 E � R^{2D}

�_t

t−ε^2T

Ef^ε(t; y) S_{(σ−t)/ε}2 � V^ε(σ), S_{(t−σ)/ε}2 [{V^ε(t), ϕ(H_0(y))}] � dy = � R^{2D}

Ef^ε(t; y) � A^ε(t; y)∂^2_{EE}ϕ(H_0(y)) + B^ε(t; y)∂_Eϕ(H_0(y)) � dy with

A^ε(t; y) = 1 ε^2

�_t

t−ε^2T

ES_{(σ−t)/ε}2 [{V^ε(σ), H_0}] {V^ε(t), H_0} dσ,

B^ε(t; y) = 1 ε^2

�_t

t−ε^2T

ES_{(σ−t)/ε}2 � V^ε(σ), S_{(t−σ)/ε}2 [{V^ε(t), H_0}] � . In view of Lemma 14-iii), we can expect that these coefficients do not depend on t nor on ε.

Lemma 16 The coefficients A^ε(t; y) and B^ε(t; y) are given by

A(y) =

�_T 0 R(τ; Y(τ; y), y) : J∇H_0(Y(τ; y)) ⊗ J∇H_0(y) dτ,

B(y) = −

�_T 0 S_τ � div_z � JR(τ; y, Y(−τ; z))J∇H_0(Y(−τ; z)) � �_{z=y} � dτ. Proof. The proof relies on the following relation S_{s−t}[{V(s), H_0}] {V(t), H_0}(y) = J∇H_0(Y(s − t; y)) · ∇V(s; Y(s − t; y)) J∇H_0(y) · ∇V(t; y) = ∇V(s; Y(s − t; y)) ⊗ ∇V(t; y) : J∇H_0(Y(s − t; y)) ⊗ J∇H_0(y).

Taking the expectation leads to ES_{s−t}[{V(s), H_0}] {V(t), H_0}(y) = R(s − t; Y(s − t; y), y) : J∇H_0(Y(s − t; y)) ⊗ J∇H_0(y).

(48)

We apply this formula with t, s replaced by t/ε^2, s/ε^2. We get

A^ε(t; y) =

�_t

t−ε^2T

R((σ − t)/ε^2; Y((σ − t)/ε^2; y), y) : J∇H_0(Y((σ − t)/ε^2; y)) ⊗ J∇H_0(y) dσ ε^2 = �_T 0 R(τ; Y(τ; y), y) : J∇H_0(Y(τ; y), y) ⊗ J∇H_0(y) dτ.

We perform similar maniplulations for the second coefficient. Let us define U(s, t; y, z) = div_z � J∇V(s, y) ⊗ ∇V(t; Y(t − s; z))J∇H_0(Y(t − s; z)) � and U(τ; y, z) = div_z � JR(τ; y, Y(−τ; z))J∇H_0(Y(−τ; z)) � , so that EU(s, t; y, z) = U(s − t; y, z) holds. We have � V(s), S_{t−s}[{V(t), H_0]} � (y) = J∇ � J∇H_0(Y(t − s; y)) · ∇V(t; Y(t − s; y)) � · ∇V(s; y) = −U(s, t; y, y).

Therefore, taking the expectation yields E � V(s), S_{t−s}[{V(t), H_0]} � (y) = −U(s − t; y, y). (49) Applying this formula with t, s replaced by t/ε^2, s/ε^2 leads to the asserted formula for B^ε(t; y).

Step 3. Passing to the Limit; Effective Coefficients.

As ε goes to 0 in (47), using the fact that Ef^ε(t; y) converges weakly to F (t; H_0(y)), we obtain d dt � R^{2D}

F (t; H_0(y)) ϕ(H_0(y)) dy = � R^{2D}

F (t; H_0(y))(A(y)∂^2_{EE}ϕ(H_0(y)) + B(y)∂_Eϕ(H_0(y))) dy.

Since the limit F and the test function both depend on the energy only, using the coarea formula, this can be seen as a very weak formulation of the following drift-diffusion equation ∂_t(h_0F ) = ∂^2_{EE} (h_0dF ) + ∂_E (h_0cF ), with d(E) = ΠA(E) and c(E) = ΠB(E).

Lemma 17 The coefficient d(E) belongs to L^∞_{loc}(R) and satisfies d(E) ≥ 0. Moreover, we have d dE (h_0(E)d(E)) = h_0(E)c(E).

Proof. We start by remarking that R_{ij} (τ; y, z) = E(∂_iV(τ, y) ∂_j V(0, z)) = E(∂_j V(0, z) ∂_iV(τ, y)) = R_{ji}(−τ, z, y). In other words, R(τ; y, z) =^T R(−τ; z, y). Then, we compute P A(y) = P

�_T 0 R(τ; Y(τ; y), y) : J∇H_0(Y(τ; y)) ⊗ J∇H_0(y) dτ = P �_T 0 S_τ � R(τ; y, Y(−τ; y)) : J∇H_0(y) ⊗ J∇H_0(Y(−τ; y)) � dτ = P �_T 0 R(τ; y, Y(−τ; y)) : J∇H_0(y) ⊗ J∇H_0(Y(−τ; y)) dτ using (42) = P �_0 −T R(−τ; y, Y(τ; y)) : J∇H_0(y) ⊗ J∇H_0(Y(τ; y)) dτ changing variables τ → −τ .

However, we have R : a ⊗ b =^T R : b ⊗ a which yields P A(y) = P

�_0 −T R(τ; Y(τ; y), y) : J∇H_0(Y(τ; y)) ⊗ J∇H_0(y) dτ = 1 2 P �_{−T} −T R(τ; Y(τ; y), y) : J∇H_0(Y(τ; y)) ⊗ J∇H_0(y) dτ.

Now, recalling that τ → R(τ; y, y^′) is compactly supported in [−T , +T ], we use (22) which leads to P A(y) = lim_{R→∞} 1 4R P �_{+R} −R �_{+R} −R R(t − s; Y(t − s; y), y) : J∇H_0(Y(t − s; y)) ⊗ J∇H_0(y) dt ds = lim_{R→∞} 1 4R P E �_{+R} −R �_{+R} −R ∇V(t; Y(t − s; y)) ⊗ ∇V(s, y) : J∇H_0(Y(t − s; y)) ⊗ J∇H_0(y) dt ds = lim_{R→∞} 1 4R P E �_{+R} −R �_{+R} −R S_{−s} � ∇V(t; Y(t; y)) ⊗ ∇V(s, Y(s; y)) : J∇H_0(Y(t; y)) ⊗ J∇H_0(Y(s; y)) � dt ds = lim_{R→∞} 1 4R P E �_{+R} −R �_{+R} −R ∇V(t; Y(t; y)) ⊗ ∇V(s, Y(s; y)) : J∇H_0(Y(t; y)) ⊗ J∇H_0(Y(s; y)) dt ds

= lim_{R→∞} 1 4R P E �_{+R} −R S_t[V(t; y) · J∇H_0(y)] dt

�_2

≥ 0.

Finally, let us go back to (48) and (49) which tell us that P A = P E

�_T 0 S_τ [{V(τ), H_0}] {V(0), H_0} dτ.

and, using (42), P B = P E

�_T 0 � V(τ), S_{−τ} [{V(0), H_0}] � dτ.

Let ψ ∈ C^∞_c (R). Using the coarea formula, we obtain � R ∂_E (h_0(E)d(E)) ψ(E) dE = − � R h_0(E)d(E) ∂_E ψ(E) dE = − � R^{2D}

P A(y) ∂_E ψ(H_0(y)) dy

= −P E

�_T 0 � R^{2D}

S_τ [{V(τ), H_0}] {V(0), H_0} ∂_E ψ(H_0(y)) dy dτ

= −P E

�_T 0 � R^{2D}

S_τ [{V(τ), ψ(H_0)}] {V(0), H_0} dy dτ

= P E

�_T 0 � R^{2D} � V(τ), S_{−τ} [{V(0), H_0}] � ψ(H_0) dy dτ = � R^{2D}

P B(y) ψ(H_0(y)) dy = � R h_0(E)c(E) ψ(E) dE.

3.4.3. The Case With Relaxation. In this section we deal with a relaxation coefficient which depends on the energy, as presented in (HC5’). Of course, a noticeable case consists in assuming full relaxation, γ being a positive constant. But, we can also consider a sequence of coefficients that vanishes, not too fast, as ε goes to 0, see (HC5’). Our analysis heavily uses the additional information on f^ε − P f^ε which is offered by the relaxation. Indeed, we readily obtain the following adaptations of Proposition 4.

Proposition 5 Suppose that H_0 verifies (HC1), (HC2), (HC4’). Consider a sequence of initial data such that (HC3) holds. Let V^ε be a smooth potential, say V^ε ∈ C^2(R × R^{2D}) with bounded second order derivatives. Let γ^ε satisfy (HC5’). Then, for any ε > 0, the problem (45) with f|_{t=0} = f^ε_0 has a unique (non-negative) solution f^ε ∈ C^0(R^+; L^2(R^{2D})). The sequence (f^ε)_{ε>0} is bounded in L^∞(R^+; L^2(R^{2D})). Furthermore, let us set h^ε(t; x, p) =

√_{γε(H0(x,p))} ε (f^ε − P f^ε)(t; x, p);

then, we have

sup_{ε>0}

�_∞ 0 � R^{2D}

|h^ε(t; x, p)|^2 dp dx dt � ≤ M_0 < ∞.

Hence, we can expand the solution as

f^ε = P f^ε + ε √ γ^ε_⋆ g^ε, g^ε = � γ^ε_⋆ ε^2

(f^ε − P f^ε) is bounded in L^2(R^+ × R^{2D}),

since |g^ε| ≤ |h^ε|. From now on we assume ε^2/γ^ε_⋆ → 0, so that we already deduce that f^ε behaves like its projection P f^ε. Accordingly, we can suppose that Ef^ε converges to a function F (t; H_0(y)) depending on the energy only, weakly in L^2((0, T )×R^{2D}), and we shall derive the equation satisfied by the limit. To this end, we start by applying the projection operator to (45). We get

∂_tP f^ε = − 1 ε P {V^ε, f^ε}.

The key observation is that the right hand side only depends on the remainder g^ε since P {V^ε, f^ε} = P {V^ε, P f^ε} + ε √ γ^ε_⋆

{V^ε, g^ε} = ε √ γ^ε_⋆

P {V^ε, g^ε}

holds by using Lemma 9-v). Hence, we deduce that

∂_tP f^ε = − 1 √ γ^ε_⋆

P {V^ε, g^ε}. (50)

This will be combined with the following evolution equation for the remainder

∂_tg^ε + 1 ε^2

{H_0, g^ε} + 1 ε^2 γ^ε(H_0)g^ε = − √ γ^ε_⋆ ε^2

(I − P ){V^ε, f^ε}. (51)

We shall use various formulations of (45) and (51) integrated along the characteristics Y associated to the free Hamiltonian in order to establish useful properties and estimates. Note that the energy conservation yields exp

� �_t

s γ^ε(H_0(Y(u)) du � = exp � γ^ε(H_0)(t − s) �

First, f^ε satisfies the following Duhamel formula

f^ε(t; y) = e^{−γε(H0)t/ε2} S_{−t/ε}2 [f^ε_0 ](y) − 1 ε �_t s e^{−γε(H0)(t−σ)/ε2} S_{(σ−t)/ε}2 [{V^ε(σ), f^ε(σ)}](y) dσ + 1 ε^2

�_t s e^{−γε(H0)(t−σ)/ε2} γ^ε(H_0) S_{(σ−t)/ε}2 [P f^ε(σ)](y) dσ.

This shows that f^ε(t) depends on the realizations of V^ε(σ) for 0 ≤ σ ≤ t only. We deduce the following:

Lemma 18 Suppose that the initial data f^ε_0 is deterministic. Then, f^ε(t) and V^ε(t^′) are independent when t^′ ≥ t + ε^2T .

Second, we also have

f^ε(t; y) = S_{(s−t)/ε}2 [f^ε(s)](y) − 1 ε �_t s S_{(σ−t)/ε}2 [{V^ε(σ), f^ε(σ)}](y) dσ + 1 ε^2

�_t s γ^ε(H_0)S_{(σ−t)/ε}2 [P f^ε(σ) − f^ε(σ)](y) dσ.

Let ψ ∈ C^∞_c (R^{2D}). We set

H^ε[ψ](t, s) = � R^{2D}

(f^ε(t; y) − S_{(s−t)/ε}2 [f^ε(s)](y)) ψ(y) dy = − 1 ε �_t s � R^{2D}

f^ε(σ; y) {V^ε(σ), S_{(t−σ)/ε}2 [ψ]}(y) dy dσ + 1 ε^2

�_t s � R^{2D}

γ^ε(P f^ε − f^ε)(σ; y) S_{(t−σ)/ε}2 [ψ](y) dy dσ.

(52)

Lemma 19 i) Let 0 < R < ∞. Then, there exists C(R) > 0, depending on R, (HC4’) and (HC-R4) such that for any ψ ∈ C^∞_c (R^{2D}), with supp(ψ) ⊂ B(0, R) and for any t, s ≥ 0 we have |H^ε[ψ](t, s)| ≤ C(R) ‖ψ‖_W 1,∞_{(R}2D_) ‖f^ε‖_L∞_{(R}+_{;L}2_{(R}2D_{))} ε e^{C2|t−s|/ε2}

+C(R) √ Γ‖ψ‖_L∞_{(R}2D_) � |t − s| ε �_t s ‖h^ε(σ)‖^2_L2_{(R}2D_) dσ

�_{1/2} . ii) Furthermore, if ψ(x, p) = φ(H_0(x, p)) with φ ∈ C^∞_c (R), supp(φ) ⊂ (−R, +R), then one has

|H^ε[φ(H_0)](t, s)| ≤ C(R) ‖∂_E φ‖_L∞_{(R)} ‖f^ε‖_L∞_{(R}+_{;L}2_{(R}2D_{))}

|t − s| ε . Proof. Estimate i) is an immediate consequence of (52), using (40) and (HC-R4). We show ii) by considering a test function which depends on the energy only

|H^ε[φ(H_0)](t, s)| = � � � � R^{2D}

(f(t; y) − f(s; y))φ(H_0(y)) dy � � � = 1 ε � � � �_t s � RD f(σ; y) {V^ε(σ), H_0} ∂_E φ(H_0(y)) dy dσ � � � .

We perform similar manipulations on (51). Integrating on the time interval (t − ε^2T , t), we get g^ε(t; y) = e^{−γε(H0(y))T} S_{−T} [g^ε(t − ε^2T )](y) − √ γ^ε_⋆ ε^2

�_t

t−ε^2T

e^{−γε(H0(y))(t−σ)/ε2} S_{(σ−t)/ε}2 � (I − P ){V^ε(σ), f^ε(σ)} � (y) dσ.

(53)

Then, we insert (53) into (50). Using Proposition 9-v), we obtain

∂_tP f^ε = − 1 √ γ^ε_⋆

P {V^ε(t), e^{−γε(H0(y))T} S_{−T} [g^ε(t − ε^2T )]} + 1 ε^2 P �_t

t−ε^2T � V^ε(t), e^{−γε(H0(y))(t−σ)/ε2} S_{(σ−t)/ε}2 [{V^ε(σ), f^ε(σ}] � dσ, (54)

for t ≥ ε^2T . Multiplying by φ(H_0(x, p)) where φ ∈ C^∞_c (R), supp(φ) ⊂ (−R, +R) yields d dt � R^{2D}

f^εφ(H_0) dy = 1 √ γ^ε_⋆ � R^{2D}

g^ε(t − ε^2T ) e^{−γε(H0(y))T} S_T [{V^ε(t), H_0}] ∂_E φ(H_0) dy � := D^ε(t)[φ] + 1 ε^2

�_t

t−ε^2T � R^{2D}

f^ε(σ) Φ^ε(t, σ) dy dσ � := I^ε(t)[φ],

(55)

where we have set Φ^ε(t, σ) = � V^ε(σ), e^{−γε(H0(y))(t−σ)/ε2} S_{(t−σ)/ε}2 [{V^ε(t), H_0}] ∂_E φ(H_0) � Using Lemma 18, we observe that ED^ε(t)[φ] = 0 and we split

I^ε(t)[ψ] = 1 ε^2

�_t

t−ε^2T � R^{2D}

S_{(t−σ)/ε}2 [Ef^ε(t)] Φ^ε(t, σ) dy dσ � := L^ε(t)[ψ] + 1 ε^2

�_t

t−ε^2T � R^{2D}

(f^ε(σ) − S_{(t−σ)/ε}2 [Ef^ε(t)]) Φ^ε(t, σ) dy dσ � := R^ε(t)[ψ]

where, for t ≥ 2ε^2T

ER^ε(t)[ψ] = E 1 ε^2

�_t

t−ε^2T � R^{2D} � f^ε(σ) − S_{−T} [f^ε(σ − ε^2T )] � Φ^ε(t, σ) dy dσ +E 1 ε^2

�_t

t−ε^2T � R^{2D}

S_{(t−σ)/ε}2 � f^ε(t) − S_{(σ−ε}2_{T −t)/ε}2 [f^ε(σ − ε^2T )] � EΦ^ε(t, σ) dy dσ,

As a matter of fact, due to the regularity assumptions (HC4’), (HC-R4), (HC5’), we can evaluate

|Φ^ε(t, σ)| |∇_yΦ^ε(t, σ)| � ≤ C(R) e^{C2|t−σ|/ε2} � 1 + |t − σ| ε^2 � � ‖φ‖_W 2,∞_{(R)} ‖φ‖_W 3,∞_{(R)}.

(56)

This allows us to prove the following claim.

Lemma 20 Let H_0 satisfy (HC1), (HC2), (HC4’), and let V^ε satisfy (HC-R1), (HC-R2), (HC-R3) and (HC-R4). Let f^ε_0 be deterministic and satisfy (HC3). Let 0 < R < ∞ and pick φ ∈ C^∞_c (R), with supp(φ) ⊂ B(0, R). Then, the following properties hold: i) ED^ε(t)[φ] = 0, ii) For any t ≥ ε^2T , |I^ε(t)[φ]| ≤ C, iii) For any t ≥ ε^2T , |EL^ε(t)[φ]| ≤ C, iv) For any t ≥ 2ε^2T , |ER^ε(t)[φ]| ≤ C and moreover �_T

2ε^2T

|ER^ε(t)[φ]|^2 dt ≤ Cε^2,

for a constant C > 0 which depends on the assumptions on the data, R and ‖φ‖_W 2,∞_{(R)} (or ‖φ‖_W 3,∞_{(R)} in iv)).

Proof. Only iv) deserves to be discussed. Combining Lemma 19 to (56), we get

|ER^ε(t)[φ]| ≤ C 1 ε^2 E � ‖f^ε‖_L∞_{(R}+_{;L}2_{(R}2D_{))} ε

�_t

t−ε^2T

e^{C2(t−σ)/ε2} dσ + √ ε^2T ε �_t

t−ε^2T

� � σ

σ−ε^2T

‖h^ε(σ^′)‖^2_L2_{(R}2D_) dσ^′

�_{1/2} + � � t

σ−ε^2T

‖h^ε(σ^′)‖^2_L2_{(R}2D_) dσ^′

�_{1/2}� dσ � . ≤ CE � ‖f^ε‖_L∞_{(R}+_{;L}2_{(R}2D_{))} ε + 2 ε^2

�_t

t−ε^2T

� � t

t−2ε^2T

‖h^ε(σ^′)‖^2_L2_{(R}2D_) dσ^′

�_{1/2} dσ �

≤ CE � ‖f^ε‖_L∞_{(R}+_{;L}2_{(R}2D_{))} ε + 2

� � t

t−2ε^2T

‖h^ε(σ^′)‖^2_L2_{(R}2D_) dσ^′

�_{1/2}�

which is uniformly bounded by virtue of Proposition 5. We deduce the sharp L^2 estimate by observing that �_∞

2ε^2T

� � σ

t−2ε^2T

‖h^ε(σ^′)‖^2_L2_{(R}2D_) dσ^′ � dt =

�_∞ 0 ‖h^ε(σ^′)‖^2_L2_{(R}2D_)

� � σ^′+2ε^2T

σ^′ dt � dσ^′ = ε^2T ‖h^ε‖^2_L2_{(R}+_{×R}2D_).

Coming back to (55), we deduce that, for any fixed φ ∈ C^∞_c (R),^d_{dt} � R^{2D} Ef

ε(t + ε^2T ; y)φ(H_0(y)) dy is bounded in L^∞(0, T ). Using the Arzela-Ascoli theorem, and coming back to Lemma 19-ii), we show that � R^{2D} Ef

ε(t; y)φ(H_0(y)) dy lies in a compact set of C^0([0, T ]). Thus, by using standard approximation and separability arguments, we extract a subsequence, still labelled by ε, such that

lim_{ε→0} � R^{2D}

Ef^ε(t; y)φ(H_0(y)) dy = � R^{2D}

F (t; H_0(y))φ(H_0(y)) dy

uniformly on [0, T ] for any φ ∈ L^2(R; h_0(E) dE). Finally, it remains to pass to the limit in

EL^ε(t)[φ(H_0)] = � R^{2D}

Ef^ε(t) � 1 ε^2

�_t

t−ε^2T

ES_{(σ−t)/ε}2 [Φ^ε(t, σ)] dσ � dy. We conclude by reproducing the computations of Step 2 and 3 in Section 3.4.2.

4. Concluding remarks

In this paper, we have performed a mathematically rigorous investigation of the behavior of confined particles subject to a fast time-varying perturbation potential. We have dealt with both the quantum and classical cases and, beyond the different modeling contexts, tried to outline the analogies between the two cases. In the quantum case, the large time behavior of the particles is ruled by an Einstein rate equation for the level populations of the confining potential, while in the classical case, a Fokker-Planck type diffusion equation is found for the energy distribution of the particles. Two different frameworks have been considered. First, a fully deteministic framework has been used, but the asymptotic limit depends on a particular relaxation operator that is needed to ensure that the density matrix is close to a diagonal one (in the quantum case) or the distribution function to a function of the total energy only (in the classical case). A second framework deals with random time-varying perturbation under some assumption on the time-decay of the pair correlations. In this random framework, the introduction of a relaxation operator is not needed and we show that the expectation of the solutions converges to the limit equations.

At this level, a remark is in order, because the analogy between the two cases conceals a small difference. Indeed, the fact that the density matrix is diagonal does not mean that it is a function of the Hamiltonian only. In the case with spherical symmetry for instance, the density matrix will depend on the Hamiltonian and on the components of the angular momentum. Therefore, a strict analogy with the quantum case would have been that the solutions of the classical equation {H_0, f} = 0 are of the form f_0 = F (H_0, I_1, . . . , I_K ), where {I_1, . . . , I_K } is the set of all invariants of the trajectories (beyond the total energy H_0). Then, the relaxation operator should have been defined as a projection onto the manifold defined by constant (H_0, I_1, . . . , I_K ) and the limiting model would have been a K + 1-dimensional diffusion in the space spanned by (H_0, I_1, . . . , I_K ). The diffusion matrix would have been constructed by a similar procedure as the one used in section 3. In this paper, we have restricted ourselves to the case of one single invariant H_0 just for the sake of simplicity since the whole theory would obviously extend to the more general case (possibly at the expense of some mathematical technicalities).

A last remark is about the connection between the two limit models. Indeed, since one can pass from the quantum kinetic model to the classical one by a semi-classical analysis (using the Wigner equation formalism, for instance), it is natural to wonder whether it is possible to make a connection between the Einstein rate equations on the one hand and the Fokker-Planck diffusion model on the other hand. Although this program seems natural, its mathematical realization is made difficult by the different functional analytic frameworks of the two situations. Work is currently undertaken to try to bypass these technical difficulties.

References

[1] Alexandre R 1997 Some results in homogenization tackling memory effects, Asymptot. Anal. 15 229–259 [2] Alexandre R 1999 Asymptotic behaviour of transport equations, Appl. Anal. 70 405–430 [3] Allaire G 1992 Homogenization and two-scale convergence, SIAM J. Math. Anal. 23 1482–1518 [4] Amirat Y, Hamdache K, Ziani A 1994 On homogenization of ordinary differential equations and linear transport equations in Calculus of variations, homogenization and continuum mechanics (Marseille, 1993) Ser. Adv. Math. Appl. Sci., vol. 18, (World Sci. Publishing, 1994) pp. 29–50 [5] Avellaneda M, Vergassola M 1997 Scalar transport in compressible flow, Phys. D 106, 148–166 [6] Bal G, Papanicolaou G, Ryzhik L 2002 Radiative transport limit for the random Schrödinger equation, Nonlinearity 15 513–529 [7] Bardos C, Dumas L, Golse F 1997 Diffusion approximation for billiards with totally accommodating scatterers, J. Stat. Phys. 86 351–375 [8] Bechouche P, Poupaud F, Soler J 2006 Quantum transport and Boltzmann operators, J. Stat. Phys. 122 417–436 [9] Bensoussan A, Lions J-L, Papanicolaou G 1978 Asymptotic analysis for periodic structures, Studies in Mathematics and its Applications, 5 (North-Holland) [10] Berry M 1981 Semiclassical mechanics of regular and irregular motion, in Les Houches Session XXXV (North- Holland)

[11] Bidégaray B, Castella F, Degond P 2004 From Bloch model to the rate equations, Discrete Contin. Dyn. Syst., 11 1–26 [12] Bidégaray B, Castella F, Dumas E, Gisclon M 2004 From Bloch model to the rate equations II: the case of almost degenerate energy levels, Math. Models Methods Appl. Sci. 14 1785–1817 [13] Brassart M 2002 Limite semi-classique de transformées de Wigner dans des milieux périodiques ou aléatoires, Thèse Université de Nice-Sophia Antipolis [14] Bunimovich L A, Chernov N I, Sinai Ya G 1991 Statistical properties of two-dimensional hyperbolic billiards, Uspekhi Mat. Nauk 46 43–92; translation in Russian Math. Surveys 46 47–106 [15] Casado-Díaz J, I. Gayte I 2002 The two-scale convergence method applied to generalized Besicovitch spaces, R.

Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci. 458 2925–2946 [16] Castella F 1999 On the derivation of a Quantum Boltzmann Equation from the periodic von Neumann equation, Mod. Math. An. Num. 33 329-349 [17] Castella F 2001 From the von Neumann equation to the Quantum Boltzmann equation in a deterministic framework, J. Stat. Phys., 104 387–447 [18] Castella F, Degond P 1999 Convergence de l’équation de von Neumann vers l’équation de Boltzmann Quantique dans un cadre déterministe, C. R. Acad. Sci. 329, sér. I, 231–236 [19] Castella F, Degond P, T. Goudon T 2006 Diffusion dynamics of classical systems driven by an oscillatory force, J. Stat. Phys. 124 913–950 (2006).

[20] Castella F, Degond P, T. Goudon T 2007 Diffusion dynamics of classical systems driven by an oscillatory force:

The case without periodicity assumption, Preprint.

[21] Cohen-Tannoudji C 1990 Cohérence quantique et dissipation, Cours du Collège de France [22] Donnay V, Liverani C 1991 Potentials on the two-torus for which the Hamiltonian flow is ergodic, Comm. Math.

Phys. 135 267–302 [23] E W 1992 Homogenization of linear and nonlinear transport equations, Comm. Pure Appl. Math. 45 301–326 [24] Erdös L, Yau H T 1998 Linear Boltzmann equation as scaling limit of quantum Lorentz gas, Advances in Differential Equations and Mathematical Physics, Contemporary Mathematics 217 135–155 [25] Erdös L, Yau H T 2000 Linear Boltzmann equation as the weak coupling limit of a random Schrödinger equation, Commun. Pure Appl. Math. 53 667–735 [26] Evans L C 1989 The perturbed test function method for viscosity solutions of nonlinear PDE, Proc. Roy. Soc.

Edinburgh Sect. A 111 359–375 [27] Evans L C 1992 Periodic homogenization of certain fully nonlinear partial differential equations, Proc. Roy. Soc.

Edinburgh Sect. A 120 245–265 [28] Frenod E, Hamdache K 1996 Homogenisation of transport kinetic equations with oscillating potentials, Proc.

Roy. Soc. Edinburgh Sect. A 126 1247–1275 [29] Goudon T, Poupaud F 2004 Homogenization of transport equations: weak mean field approximation, SIAM J.

Math Anal. 36 856–881 [30] Goudon T, Poupaud F 2004 On the modeling of the transport of particles in turbulent flows, M2AN Math.

Model. Numer. Anal. 38 673–690 [31] Goudon T, Poupaud F 2007 Homogenization of transport equations: A simple PDE approach to the Kubo formula, Bull. Sci. Math. 131 72–88 [32] Hou T, Xin X 1992 Homogenization of linear transport equations with oscillatory vector fields, SIAM J. Appl.

Math 52 34–45 [33] Keller J B, Papanicolaou G, Ryzhik L 1996 Transport equations for elastic and other waves in random media, Wave Motion, 24 327–370 [34] Kesten H, Papanicolaou G 1979 A limit theorem for turbulent diffusion, Comm. Math. Phys. 65 97–128 [35] Khas’minskii R 1966 A limit thorem for the solutions of differential equations with random right-hand sides, Theory of Prob. Appl. 11 390–406 [36] Knauf A 1987 Ergodic and topological properties of coulombic periodic potentials, Comm. Math. Phys. 110 89–112 [37] Komorowski T 2001 Diffusion approximation for the convection-diffusion equation with random drift, Probab.

Theory Related Fields 121 525–550 [38] Komorowski T, Ryzhik L 2006 Diffusion in a weakly random Hamiltonian flow, Comm. Math. Phys. 263 277–323

[39] Kubo R 1963 Stochastic Liouville equations, J. Math. Phys. 4 174–183 [40] Lanford III O 1975 The evolution of large classical systems, in Dynamical systems, theory and applications, J.

Moser ed., Lectures Notes in Physics 35 (Springer) pp. 1–111.

[41] Loeper G, Vasseur A 2004 Electric turbulence in a plasma subject to a strong magnetic field, Asymptot. Anal.

40 51–65 [42] Loudon R 1983 The quantum theory of light (Oxford Science Publications) [43] Milnor J W 1963 Topology from the differentiable viewpoint (The University Press of Virginia) [44] Nguetseng G 1989 A general convergence result for a functional related to the theory of homogenization, SIAM J. Math. Anal. 20 608–623 [45] Nguetseng G Almost periodic homogenization: asymptotic analysis of a second order elliptic equation, Publications Mathématiques du laboratoire d’analyse numerique, Université Yaoundé I.

[46] Perthame B, Ryzhik L 2004 The quantum scattering limit for a regularized Wigner equation, Methods and Applications of Analysis 11 447-464 [47] Poupaud F, Vasseur A 2003 Classical and quantum transport in random media, Journal de Mathématiques Pures et Appliquées 82 711–748 [48] Sanders J A, Verhulst F 1985 Averaging methods in nonlinear dynamical systems, Applied Mathematical Sciences, Vol. 59 (Springer-Verlag) [49] Spohn H 1991 Large scale dynamics of interacting particles (Springer) [50] Tartar L 1977 H-convergence et compacité par compensation, Cours Peccot, Collège de France. Partially written in: F Murat, H-convergence, Séminaire d’Analyse Fonctionelle et Numérique 1977-78, Université d’Alger, multicopied 34 p. English translation in F Murat, L Tartar, H-convergence, in Topics in the mathematical modelling of composite materials, A Cherkaev - R V Kohn eds., Progress in Nonlinear Diff. Eq. Appl., 31 (Birkhäuser, 1997) pp. 21–43 [51] Tartar L 1986 Remarks on homogenization in Homogenization and effective moduli of material and media, IMA Vol. in Math. and Appl. (Springer) pp. 228–246