ON THE WEAK-COUPLING LIMIT FOR BOSONS AND FERMIONS

D. BENEDETTO*, F. CASTELLAT, R. ESPOSITO? AND M. PULVIRENTI*

ABSTRACT. In this paper we consider a large system of Bosons or Fermions. We start with an
initial datum which is compatible with the Bose-Einstein, respectively Fermi-Dirac, statistics.
We let the system of interacting particles evolve in a weak-coupling regime. We show that, in
the limit, and up to the second order in the potential, the perturbative expansion expressing
the value of the one-particle Wigner function at time ¢, agrees with the analogous expansion
for the solution to the Uehling-Uhlenbeck equation.

This paper follows in spirit the companion work [2], where the authors investigated the
weak-coupling limit for particles obeying the Maxwell-Boltzmann statistics: here, they proved
a (much stronger) convergence result towards the solution of the Boltzmann equation.
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1. INTRODUCTION

In 1933 Uehling and Uhlenbeck in Ref. [17] proposed the following kinetic equation,
called U-U in the sequel, for the time evolution of the one-particle Wigner function f(z,v;t)
associated with a large system of weakly interacting Bosons or Fermions (see Ref. [18] for
the definition of the Wigner function). The U-U equation is

Ouf(z,v;t)+v -V f(z,vt) = /dv*/dv;/dv’ W (v, vi |0, v))

(1.1)
{F/710+8m%0F)(1+87%0 L) — F£.(1+87°0f')(1+ 87°0)) |

where we use the standard short-hand notation

f=fxut), fo=flzust), [ =Ff@05), fi=f(z,0;t).
Here, W denotes the transition kernel

~

W (v, vev',v)) = # [g(v/ —v) + (v — U*)]Q (1.2)

1
O(v+ v, — v — v;) 5(5(02 +Uf —v"? - Ufﬁ))-
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Finally,

~

(k) = / dx e * T p(z) (1.3)

is the Fourier transform of the two-body interaction potential ¢, and § = £1 for Bosons
and Fermions respectively.

Note that the factors 872 do not appear in the original U-U equation in Ref. [17],
because there, the distribution function is normalized in such a way that its integral on
the velocity variable equals the space density times 873. At variance, in (1.1), f is just
the standard Wigner function, whose integral on the velocities equals the space density.
Let us mention that equation (1.1) actually is cubic (and not quartic) in the unknown f:
apparent quartic terms have vanishing contribution, as shown by direct inspection.

Eq. (1.1) constitutes a natural modification of the usual quantum Boltzmann equation,
in order to take into account statistics. In particular, there is a H-functional

H(f) = /dm/dv{flogf—0(1+87r39f) log(1+ 87%0f)} (1.4)

driving the system to the Bose-Einstein and Fermi-Dirac equilibrium distribution:

1

M) = Frmez _s3g

(1.5)

outside the Bose condensation region. Here 3 and p denote the inverse temperature and
the chemical potential respectively.

Eq. (1.1) is largely studied (see for istance [1] and [12] for physical consideration, and
[15], [7], [13], [14] ... for a more mathematically oriented analysis concerning the existence
of solutions and asymptotic behavior), so that it is certainly of great relevance to derive
this equation from the first principles, namely from the Schrédinger equation.

As clearly explained by H. Spohn in [16], Eq (1.1) is indeed expected to hold in the so
called weak-coupling limit, which consists in scaling space, time and the potential according
to

x—ex, t—et, ¢— o, (1.6)

where € is a small positive parameter.

A slightly different limit, usually called van Hove limit, scales ¢t and ¢ as in (1.6) but
leaves the microscopic space scale unchanged. Eq. (1.1) cannot be derived in the van Hove
limit in general but, in case of translationally invariant states, we expect to achieve the
homogeneous version of the U-U equation (for a large system). In fact Hugenholtz [11]
proved formally that this happens. Later on Ho and Landau [10] proved that the homo-
geneous U-U equation holds rigorously up to the second order expansion in the potential.
These approaches, as well as the recent contribution by Erdés et al. [8] (where the quantum
analog of the Boltzmann’s Stosszahlansatz is formulated), are based on the commutator
expansion of the time evolution of the observables of the CCR and CAR algebras.

In the present paper we approach the problem from a different viewpoint. We start
from the time evolution of a IV particle quantum system in terms of the Wigner formalism.
Here the statistics enters only through the choice of the admissible states we take as initial
conditions. Such states, called quasi-free, must describe free Bosons and Fermions, so that
they cannot have any other correlations but those arising from the statistics. Therefore
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the first step is to characterize quasi-free states (see for example Ref. [4]) in terms of
the Wigner functions. Then we apply the dynamics (in terms of the usual hierarchy) and
represent the solution as a perturbative expansion. The truncation of this expansion up
to the second order in the potential is shown to converge to the expansion associated to
the U-U equation, up to the first order in the scattering cross section.

In other words we recover the result in Ref. [10] with the following main differences.
First we exploit the weak-coupling limit, so that we can deal with states which are not
necessarily translationally invariant. Second, we work directly in terms of the Wigner
formalism, in the same spirit of the Balescu book (see Ref. [1]). In doing so, we also
follow a previous work [2] by the authors for the Maxwell-Boltzmann statistics. Hence the
present work shows how the statistics can be handled in this formalism. Note in passing
that the case of the Maxwell-Boltzmann statistics allows for a much stronger (but still
partial) convergence result than the one presented here, see [2]. Note finally that the
present formalism also allows to handle the low-density limit, see [3], see also the last
section of this text.

It is also important to mention that a full rigorous derivation of the U-U equation (but
also of the usual Boltzmann equation arising for the Maxwell-Boltzmann statistics) is still
far beyond the present techniques and those of the previous references.

The plan of the paper is the following. In the next section we describe the particle
system. In Section 3 we establish the result. The rest of the paper is devoted to the
proofs.

2. THE PARTICLE SYSTEM.

We consider a Quantum particle system in R3. Let

9 =P L(R*)" := D 9n, (2.1)

n>0 n>0

be the Fock space. A state of the system is a self-adjoint, positive trace class operator

acting on :
o= @ O (2.2)
n>0
We assume
Tro = 1. (2.3)

The operator N, number of particles, is the multiplication by n on $),, and hence

(N) = ZnTran, (2.4)

n>0

where the left hand side is the average number of particles in the state o. If 0,,(X,,; Y},) is
the kernel of 0, the Reduced Density Matrices (RDM) are defined by:

(n+m)!
m!

pn(Xn; Yn) = Z

m>0

/o—nm(xn, Zon: Y Zom) A2 (2.5)
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Here X,, = (z1,...,2,), x; € R® denotes the n-particle configuration. Note that

Tr p, = /dZn on(Zn; Zn)

= Zm(m—l)...(m—n+1)Tr0m:<N(N—1)...(N—n+1)>7

m>n

(2.6)

and hence the RDM are equivalent to the classical correlation functions.
The Hamiltonian of the system is the self-adjoint operator acting on $) given by

H= éHn, (2.7)
n=1

where

1 n
H, = _5 ;Aa?j + Z ¢($1 - xj)? (2‘8)

1<i<j<n

and the potential ¢ is a smooth two-body interaction. Here, h as well as the mass of the
particles are normalized to unity.
Under these circumstances, the time evolved state is given by the usual

o(t) = e HigetHt, (2.9)

Now, quantum statistics is taken into account by suitable properties of the physically
relevant states. Namely, for the Maxwell-Boltzmann (M-B) statistics we require symmetry
of pn(x1,...,Zn;Y1 ..., Yyn) in the exchange of particle names. For the Bose-Einstein (B-E)
and Fermi-Dirac (F-D) statistics we require additionally

pn(-Tla sy Ty Yl 7yn) = es(ﬂ)pn(xlv s T Y1) - 7y7r(n)); (2-10)

where m € P, is a permutation of n elements, and s(7w) = 0 if the permutation is even,
s(m) = 1if it is odd.

Alternatively, the quantum statistics is automatically taken into account by considering
states on the algebra generated by the annihilation and creation operators a(z) and a'(z)
(with the commutation and anti-commutation relations according to the B-E and F-D
statistics respectively). Then the RDM are defined as

Tr [aaT(xn) cal(z)a(y). .. a(yn)] = pu(@1, - Tns Y1 Yn)- (2.11)

However we do not use here the second quantization formalism.
Given a state o, we define the Wigner transform [18] by

1 : 1 1
WX Vo) = D /dYn e¥YnVng, (Xn — Yo X + §Yn>. (2.12)

Therefore the analogous of the classical correlation functions are the j-particle Wigner
functions defined through

n—+j)!
Fj(Xj;‘/j> = Z (n—|)/an/dvn Wj—l—n(vaXn;‘/j?Vn)' (2'13)

n>0
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Note that the F}’s are the Wigner transforms of the RDM p;, as one can easily check.
Due to the dynamics imposed by (2.9), it is a standard computation to check that the
Wigner function W,, evolves according to the Wigner-Liouville equation

OW + Y i+ Vo, Wy, = T, W, (2.14)
i=1
As a consequence, the j-particle Wigner functions F}’s satisfy the associated hierarchy
J
8tFj +Zvl vsz] :Tij —|—Cj_|_1Fj+1, (215)
i=1
where T; and Cj41 will be defined below after Eq.(2.22), and the index j takes any value
between 1 and N. Equations (2.15) are analogous to the usual BBGKY hierarchy for the
classical systems and are derived in a similar manner. Note that by the definition of the
RDM the coefficient in front of Cj;; is one instead of N — j.
We now want to analyze (2.15) in the weak-coupling regime (1.6). Therefore, we set
f;(Xj;Vj;t) = Fj(e_lXj;Vj;e_lt), (2.16)
where € > 0 is a small parameter, and we scale the potential as well, by setting

¢ — Veg. (2.17)

The resulting, scaled, equation is

J
1
Oufs + > v Vo, ff = —Z= T+ —3011 o (2.18)
where
(T X5 V) = > (T (X5 V5), (2.19)
0<k<t<j
and the T ,’s are defined as follows: if j = 1, we simply have Tt = 0; otherwise,
dh
(T f5)(X;53V5) = ol 2 (ze=we)
o==+1 (220)
€ . h
J; (acl,...,xj,vl,...,vk —05,...,vg+a§,...,vj>.

On the other hand, the C%,, in (2.18) is computed as:

j
(C fi) (X33 V3) Z Crit1fi+1)(X5: V5), (2.21)
k=1
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where
e dh b (ap—y 1)
(Ck,j+1 j+1)(X]7‘/} Z dI‘JJrl deJrl ¢ e B J
i (2.22)
€ h h
fj_|_1<l'1,-..,:L’j+1;1)1,...,1]k —0'57...,Uj_|_1 —|—O'§)

Note that T and Cj 41 are T5 and 5, for e = 1. Last, we fix an initial condition sequence

{6,552 (2.23)
according to the quantum statistics, and perform the limit € — 0 in the resulting system.

Remark: Since

/fg,l(x,v)da:dv = 3(N), (2.24)

requiring || f§]/z, = O(1), implies (N) = O(¢™?). In other words we are working in the
Grand-canonical formalism and the density is automatically rescaled. O

In the following we shall fix f§; to be a given (independent of €) probability density fo.
This means that its inverse Wigner transform

P GEZY ., T +
p(w,y)=/dve : fo( Qy,v>, (2.25)

namely the one-particle rescaled RDM, is a superposition of WKB states.
We now make assumptions on the initial state to take into account the statistics. For
the M-B statistics a suitable initial sequence can be chosen completely factorized, e.g.

fo,g— 0. (2.26)

Such a notion of statistical independence, which corresponds to a complete factorization
of the RDM’s, is not compatible (but for the condensed Bose state) with the B-E and F-
D statistics which exhibit intrinsic correlations even for non interacting particle systems.
States describing free Bosons or Fermions are usually called quasi-free and are defined in
terms of the RDM’s by the following formula:

pj<x17"'axj;yl7"';y] Z 0° W)przayﬂ(z) (227)
TeP;

for some positive definite operator p on Lo(R?) with kernel p(z,y). We show in Appendix
how to construct explicitly quasi-free states for Bosons.

From now on we assume that the initial sequence (2.23) for the rescaled problem (2.18)
is given by the Wigner transform of a quasi-free state (2.27) generated by p(z,y) = p®(x,y)
given by (2.25). As a consequence the initial sequence {f}>°, for the hierarchy (2.18) is
of the form

X5, V5) =Y 0o (X5, V), (2.28)
TEP;
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with

1
ff(.’,l?l,...,l‘j,’l)l,...,’l)j): (27T)3J/dy1/dyj/dw1/dwj

J

et i Rk o Yk Y (k) Tk + To(k e
H (e Yk Uk Hiwk E k 2 fo <_2 m(k) Z(yk —yw(k)),wk>> .
k=1

(2.29)

Eq. (2.29) follows from (2.27) and (2.25).

We underline once more that, in the present approach, the dynamics is given by the
hierarchy of equations (2.18) which are completely equivalent to the Schrodinger equation,
while the statistics enters only in the structure of the initial state.

In the weak-coupling limit € — 0, we expect that f5(¢) converges to a factorized state
(because the effects of statistics disappear in the macroscopic limit). On the more each
factor should be solution to the U-U equation (the collisions being affected by the statistics
because they involve microscopic scales).

3. THE MAIN RESULT.

Let f = f(z,v,t) be a solution to the U-U equation and set f;(-, -, t) = f&I(-, -, ¢t).
Then the sequence {f;}52, satisfies the following hierachy of equations:

i
@+ ) vi Vo) fj = Qij1fivr + Qjjsafite. (3.1)

=1

Here the Q) j+1 contribution, a ”two particles term” in the terminology used below, is

i
(Qjj+1fi+1)(X;,V)) = Z/dv;e/dvj-i-l/dvg‘-i—l W (vk, vj1|vg, V)4 1)
k=1

(3.2)

{fj—i—l(Xj)xk;;vh e ,'U;(:, e U;_,’_l) — fj+1(Xj,.’Bk; Viy... ,'Uj_|_1>},

and the @); j42 contribution, a "three particles term”, is
J
3
(Qjj+2fj+2)(X;, V) = 87 9Z/dvf€/dvj+1/dU§+1W(vkan+1 Uk Vjg1)
k=1
{fj+2(Xj, Thoy Th3 Vs e ooy Vs oo Vg1, V) + Figa( Xy, Tpy Tas U1, 0, Uy Uy, Vjg1)
— fjr2(Xj, mp xp; 01, -« 041, 0) — fie(Xj @, xp; 01, . . 7Uj—|—17'U;‘+1)}-

(3.3)

Also, (X,,y) denotes the (n + 1)-sequence (z1,...,Zn,Yy).
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A formal solution to the hierarchy (3.1) is given by the following series expansion:

n—1

L =>"> /Otdtl/otldtg---/ot dt,,

h) (3.4)
St —11)Qjj+a: S(t1 = t2)Qjtay jtar+az St —13) ...
QUtart+-+an
Qj+a1+--~+an_17j+a1+_,_+anS(tn) 0 (J+oa a ),

where S(t) denotes the fream stream operator, namely,
(S )X, V5) = fi(X; = Vit, Vj). (3.5)

As for the solution to the e-dependent hierarchy (2.18), we can also expand fZ in the
similar way, at least at the formal level. This gives

Fo=> > /Otdtl/otldtz---/otnldtn

n>0 71-In

v;=0,1 (36)
S(t— tl)PﬁjﬂlS(tl o tz)PJ§+’Ylvj+'Yl+'YQS(t2 —t3)...
0
PJ'E+71+---+%71,j+71+~--+7ns<tn) JHyite Ao

where ij is an initial quasi-free state given by (2.29), and

_z _1
Pijp=¢ 205, Py =215 (3.7)

We are not able to show the convergence of f£(¢) to f;(¢) in the limit ¢ — 0 even for
short times. However we are going to show that the two series agree up to the second
order in the potential. Namely, defining the second order contributions

t t
g(t) = S(t)fo —|—/0 dtl S(t — tl)Ql,QS(tl) 68)2 —|—/O dtl S(t — tl)Q1’3S(t1) 68)3, (38)

associated with f;(¢), and

t
(1) = S(t)fo+ e / dty S(t — 0)C5S(t1) /8

t t1
+ 8_4/ dtl / dtQ S(t — tl)CS (tl — t2)T2ES(t2)f§ (39)
0 0
t t1
+ 5‘7/ dt, / dty S(t —t1)C5S(ty — t2)C5S(t2) £2,
0 0

associated with f£(t), we rigorously prove below the convergence of g°(t) to g(t), under
suitable assumptions on the data of the problem.

Assumptions: We require ¢ to be real and even, so that 5 is real. In particular
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This the most important assumption we need in the analysis. Besides, we shall need to
deal with ”smooth” data. Quantitatively, we assume the following regularity:

1B1<2
for a sufficiently large «, and
fo(z,v) € Ly,
A+IE[+mD* Y- > D+ DY) fo(ém)| € Ly, (3.10)

0<|BI<20<|y|<2
for a sufficiently large a as well. In (3.10), # and v denote multi-indices, and D?, Dy

denote derivatives with respect to the variables £ and 7. Note that throughout this paper
we use the following normalization for the Fourier transform:

fi = Fopy = | do fla)e,

~ (3.11)
f@) = (F P = o [ fiwee,

Our main result is the

Theorem. Under the above assumptions, we have

lim g°(&, 7. t) = §(&,n, 1), for any t >0 and any (&, 1) € R,
E—

Remark: In the above statement (and the proofs given below), we found convenient to treat
the terms in (3.8) and (3.9) in terms of their Fourier transforms, for which the convergence
arises more naturally. However, we would like to stress that in the companion paper [2], a
stronger, but analogous, result is formulated in terms of the pointwise convergence in the
x — v space, hence without going to the Fourier space. O

Before entering the details of the proof we first analyze all the contributions in the right
hand side of (3.9).
The two-particle terms are (we skip the unessential operator fot dty S(t —t1))

S5, :=e 3C55(4) f3, (3.12)

where the permutation 7 may take the two values 7 = (1,2) or 7 = (2, 1), together with

t1
Ty = e / dty CES(t1 — 1) TES (1) 7, (3.13)
0

with 7 taking the values m = (1,2) or m = (2,1). There are four such terms.
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The three-particle terms are twelve, namely:

t1
ng = 6_7/ dtz Cizs(tl — tz)Ci?)S(tg)fg, (314)
0

and .
Vo= [t C5,8(0 - )G S (3.15)
0

with 7 € Ps3, the set of the permutations of three objects, whose cardinality is six.

Note that all the above terms are funtions of (z,v) (and t; of course).

For further convenience, and in view of the proof of our main result, we readily express
all these contributions in terms of their Fourier transforms.

We start with the following obvious three formulae for the basic operators S(t), T, and
Cy (see (3.5), (2.19)-(2.20), and (2.21)—(2.22), respectively):

I h
5 [(&1,825m,m2) = —i Z /dh ¢l 3 (namm) f (51 - —,§2+ ,771;772)

o==+1
A~ A~ A~ A~ - _h h h
Cifen) =i im0 = =i 3 / an A1) oiotn (5— hohb ,n,o),

S()F(&n) = Fl&n+ &),
These relations give in (3.12) through (3.15):

_Z
2

h h
(fa = g Z /dh¢ e~ i5hm f7T (5_ , ,n—i—tl(f E),tlg).

o==+1

—4
27:5(5777) = - (;7-(-)6 0-10-2/ dt2/dh1/dh2 ¢ h]. )

o1,02==%1
e—i%hrﬂ et iZ2 ho-(n+E€(t1—t2)— 2 (t1—t2)h1)

7 L 1 tihy + tahs tihy +toh
fg(5_g(h1+h2)7g(h1+h2);n+t1§— 1l 22711—1—22),

€ €
(3.17)
Wi(&n) == 55 010'2/ dtz/dhlfdh2¢ (h1) ¢(hs)
( 7T) 01,02= :‘:1
e~ i G o =i o (1 +(E= ) (b1 —t2)) (3.18)
}’;T (5 - _(hl + h2) h_7 h_an tlg - tlhl +t2h27 tlhl ) t2h27) s
g 15 g
~ 5_7 ty
V?T,a(fﬂ?) = - W 0102/ dtQ/dhl/th o( h1 h2)
ﬂ- o1,00==%1
e_i%hl'n e—i%h2'7(t1—t2) (3.19)

- hi—ha h tih, tihy —taha tah
fg(g__l 152’2 t1€_11 1hy 22’22)

9 9
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Starting form those expressions, the plan of the proof is the following. In Section 4
we evaluate the two particle terms 87 _ and 7;".. We prove that they converge towards
the associated two particles terms in the U-U equation. In Section 5 we deal with the
three-particle terms associated to the permutations m with a fixed element. Those are
shown to converge towards the associated three particles terms in the U-U equation, while
contributing by the quantity ¢(v' —v)2 + ¢(v' — v,)? to the transition kernel W (see (1.2)).
Finally in Section 6 we treat the three particle terms relative to cyclic permutations. We
recover in this way the missing contribution to the transition kernel, namely the cross term
0o(v' — v) p(v — v,).

For sake of simplicity we shall carry out the computations for Bosons (6 = 1), being
clear that the Fermionic case is just the same with suitable changes of sign.

4. TWO-PARTICLE TERMS.
We introduce the partial Fourier transform
s : N dv. e " Zj Vi Tk T i
i, zgim, .. my) = vy vj e k=1 iy, xg01,.00,05).

As a consequence of (2.29) we have

f;r(xl,...,a:j;m,...,nj):

e (Tt L (k) Me — NMr(k) Tk — Ta(k) T+ Nxk) (4.2)
H fO — & y —'l_ .
Pt 2 4 € 2

In particular, we have the obvious

F38 (wr, 0, m2) = fol@n,m) fo(wa,ma), (4:3)

together with

~ (x1+x € r, —x -+
f;Z’l)(ﬂﬁhﬂﬁzsmmz) =fo . 2 - —(m —m2); — ! 2+ e
2 4 € 2
N N (4.4)
T (T1T 22 | € T S A A S
fo( 5 Ty =)t ——— 4+ )
Hence, upon now performing the complete Fourier transform, we obtain,
7(1,2) ’\ n
f2 (&, &25mum2) = fo(€1,m) fo(€2,m2), (4.5)
together with
f;z’l)(fbfz; 1, 772) zeg/dyl /dy2 e~ (1+5y2) o =il (Y1 —-5y2)
rs € m +n2
fo <Z/1 - 1(771 —n2); Y2 + 5 ) (4.6)
~ g +
fo <y1 + 7 (m = m)i 2 + n : 772) .
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We are now in position to analyse the term SF_ for 7 = (1,2) and 7 = (2,1). First,

using the identity
’ h
Z ge 95 = _2jgin

o==+1

we get the the explicit expression:

& 2c7% ~ hen\ - h h h, h
Sy, = —(;)3 /dh ¢(h)sin (%) I3 (é - oooint (€= Dt gtl) : (4.7)

In the case of «§§’1€’2), a change of variable h — eh then gives, using (4.5), the value

SE e =~y [ andenysin (") R — kit (€~ Mol b, (45)

Therefore, we may estimate
3(1,2)
|82,5 ’ <

< OVel|olr. /dh h] (In+ (€ = R)ta| + € — hltr) | fo(h; ht1)| | fol (€ — hsm + (€ — h)t1)

<Cyz <sup\nr|fo|<£;n> / de sup [€]] fol (&;m) + t1sup €]] fol (&) / ds|s|sup\ﬁ)<g;n>\)
&m n &m n

< Ve (1€l + Il fol(€m) [ e sup ((€l-+ 1)l €xm)

(4.9)
and the corresponding contribution vanishes with ¢.
In the case of 55,2571) on the other hand, equations (4.7) and (4.6) give

~ 2 -3 ' _ '
(2 1)(57 = (27r /dh/dyl/dyQ QS SlIl< )e—l(yl-l-gyz)f ezh-yQ

fo (yl—— [77+§t1__h:| ;_y2+n+§t1>
Etl 2
fO(yl {n+§t1——2h};yz+n+§tl)
et 2
2

= - /dh/dyl/dyz ¢(h sm( ) emilute’d) Lgihya

fo <y1—|——t1,—y2+ &t 1>f0( Zt1392+n+£t1) + O(Ve).

2 2
(4.10)
By the parity of ¢, the first term in the right hand side is vanishing: Indeed, it is anti-
symmetric in the exchange h — —h and ys — —ys. Note that the mechanism that makes
the dominant, O(s~'/2), contribution of 3;,2&11), vanish in the limit, is very different from

the one involved in the vanishing of 3;’15’2): here, antisymmetry plays a crucial role. This
aspect will play an even more important, and more intricate, role in the next two sections.
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There remains to prove that the O(y/2) term in (4.10) indeed has the claimed size. It can
be written as

2e2 ~ (h-n\ = +et " tet
— 5% /dhdyzd& ¢(h) sin nen fo 51777—51 —ye ) fol€— ¢ n 5 1 +
(2m) 2
oih-y2+iFh-(26-¢) (1 _ ez‘%(—y2-£+<§—zgl>-(—"+§t1))) _

It may be estimated by

n+ &ty

cet [anidn) [ dvsaci i (&,
(|£|'”+51+y‘+|§ &I‘n+€t1—yz

+92) |ﬁ)| (f £1;

Therefore the term Sé?s’l) vanishes as well.
As a conclusion, all terms &7, which are the ones that are linear in ¢, vanish in the
limit € — 0.

77+ft1 )
— Y2

We now pass to the evaluation of the terms 7.

The contribution ’]'2(2’2) has been already considered in Ref. [2]. However, for sake of
completeness, we analyze this term in the present context as well. Using (4.5) in (3.17),
and performing the change of variables:

hi+h t; —t
1+ 2:]{:’ hy = h. 1 2
€ €

= s, (4.11)

we arrive at

-~ 1
7'2(,?2)(5777) = _W 0102/ ds/dh/quﬁ (—h + €k)
oo=+1

4.12
fi[n.h("22_"1)+a'2h25} —ieZlkm ( )

e —ieoa & -[€s—2sk]

Fo€ = kim+t1€ + hs — kty) fo(k; kty — hs).

(&

This term converges formally to

~ 1 oo
7'2(1,2)(6777) = _(27(_) 0'10'2/ ds/dh/dk |¢ (4.13)

o1,020==%1

e_i[n~h<022 )+02h sl fo(f — k; n + t1£ + hs — ktl) ‘]/DE)(k', ktl - hS)

To justify the limit we split the integration in ds over the two intervals [0, 1], [1,4+00]. In
the first interval we bound the integrand by

16l [l ollzo Ia(h)lsgp [fo(k.m)], (4.14)
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which is a Li(dkdh) function for any s € [0,1]. In the second part of the integration
domain, after the change of variables h — (kt; — hs), we bound the integrand by

~ ~ ~ 1
19117, Il follz [fo(k,m)l 5, (4.15)

which is a Li(dk dh ds) function on R3 x R? x (1, 4+00). The claimed convergence in (4.13)
is then consequence of the Dominated Convergence Theorem. It holds uniformly in &, n

We now evaluate ’?2(3:1) Inserting (4.6) in (3.17), and rescaling time t; — ty = es, the
resulting expression is:

(2 1)(57 n) =— (271-06 Z 0102/0? ds/dhl/dhg/dyl/dyz gg(hl)a(hz)
o1,00==%1

e—’ic—glhl'n e—i%h2'(n+635—28h1) e~ & (Y1+5y2) gi(hitha)-y2

hit ho(t1 — t
1ty + ha(tq 68)};_%_*_774‘51)

fo(yl—f {77+§t1—2

4 € 2
~ 5 hiti + ha(t; — es + &t
fo(y1+1[n+£t1—2“ Z(l )};y2+n2€1>-

(4.16)
Now the formal limit is:

T2V () = — ﬁa 2 _ilalag/+wds/dhl/dhz/dw/dyz¢5 (h1) ¢(h2)

e_z'%lhl.n e—?,—hg (n—2sh1) o—i&y1 oi(h1+h2)y2

hi+h + ~ hi+h + &t
12 2;_y2+77 fl)fo(l_tl 12 2;y2+77 2§1>‘

fo (yl +t
(4.17)
To justify the limit we have to show the uniform (with respect to ¢) integrability of the

integrand in the right hand side of (4.16). To outline the decay with respect to the s
variable we observe

. 1 .
eZO’th'hQS — h . V 2e10'2h1~h28’ 418
52 |h2 |4 ( 2 hl) ( )
and then proceed with the natural integration by parts with respect to h; in (4.16) (Recall
that 1/|ha|? is integrable close to the origin in dimension d = 3). Splitting the integral in ds
as before we may apply the Dominated Convergence Theorem, upon using the smoothness

of d) and fo, thus justifying the above formal limit.

Our last task is to interpret the result we have obtained, in terms of the U-U equation.

To do so, we first go back to the original variables, expressing ’]'2(1’2) and 7'2(2’1) as functions
of (x,v). A straightforward computation yields, on the one hand,

1 02 — 01
7;(1’2)(x,v) = — 0102/dh/d1}1/d“2 (U_Ul h )
(27)3 2 (4.19)

o1,00==+1

A (=l (02 + (01 — v2)) |6(R)]? folx — vity,v1) fo(z — vat1,v2),
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and, on the other hand (with hy = h),

1
,2—2(2,1)(3:7,0) — _(27()3 0‘102/dh/d7}1/d?}2

o1,00==%1

1—0; 1+o0q 02 — 01
5(1}—1}1 5 V2 —h 5 ) (4.20)

AT (o2h - (—h — v1 + v2)) (h) B(—h — v + v2)

f()(iL' — ’Ultl,’Ul) fo(.ﬁlf — ’Ugtl,vg).

Here we define the distribution
AT (a) = / ds e'* = 7o(a) + ip.v. <—) : (4.21)
0 [0

Now, on both preceding formulae, we readily observe the following important fact. The
parity of (E, and the symmetries h — —h, 01 — —o01, 09 — —o2 in (4.19), and h — —h,
01 — —01, 09 — —03, V1 < vg in (4.20), show that AT may be replaced by 74 everywhere.
This will eventually give, as shown next, the desired conservation of energy in the limiting
U-U equation.

There remains to actually perform the sum ) o109 in (4.19) and (4.20), in order to
identify the very value of 7;(1’2) and ’72(2’1). For ’]'2(1’2) we make the following choice:

01 (o) h (%1 V2
1 1 v —w v Vs
-1 -1 v—1 v Vs
1 -1 v —wv v’ v’
-1 1 v— v vl

This results in the final expression:

T(12)xv =2 /dv*/dv/dv (Ve +v — v, =)
T

(4.22)
5(2( L >) B0 =2 (L~ F1).

where, with abuse of notation, we set the ”transported quantities”

f=folx —vt1,v), fo=folx—uvitr,vi), [ = folr —v't,0"),  fi= folx —vits,v).

Notice that, by changing v’ < v/, and using the conservation of momentum, we may
replace 3|p(v' — v)|* by $|o(v" — v.)|? in (4.22).
Besides, for ’]'2(2’1) we make the following changes of variables:

g1 g9 h U1 (%]
1 1 v— Vs v
-1 -1 v —wv v Uy
1 -1 v —w vl v
-1 1 v—1 v vl
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This results in the final expression:

T(zl):cv =1 2/alv*/dv /dv S(ve +v —v, — ')
T

R ) (4.23)
5(2< 1 Q—v'2>) 0 — 0) B —v) (F'f— FF.).

As a conclusion for the 75 terms, we have eventually established the (desired) equality

72 4 T2 = /dv*/dv’/dv*W(v,v*!v',vi)(f'fi — ffe). (4.24)

This ends up the analysis of the two-particle terms.

5. THREE-PARTICLE TERMS: PERMUTATIONS WITH A FIXED ELEMENT

In this section we analyze W _ and Vi _ for the permutations 7 with a fixed element.
To simplify the notation we set

WgE and Vga for m = (1,2,3),

and . ‘
Wi, and Vi, i=1,2,3,

for the three permutations leaving i fixed. To state the result briefly, let us readily say
that the factors
WQ,E, nga, together with nge, Vé’g,

give a vanishing contribution. Also, the sum
Wi+ Vi,

is shown to vanish asymptotically, while each of these two terms is O(e~!) separately.
Here, anti-symmetry will play a central role. Finally, the two terms

1 2
W3,€7 V3,€7

do contribute to the limiting U-U equation through the cubic term. They build up the
transition kernel ¢(v' — v)? 4+ ¢(v — v4)%. The missing cross term 2¢(v' — v) (v — v,) in
W (v, v,|v’,v)) will come up in the next section.

Let us show first that Wg’e and V??’E are vanishing. From (3.18), scaling h; and hs and
summing on o1, 0y, we have

WY, = / dts / dhy / dhs $(chy) B(chs)

sin (5 12 77) sin ( 53 c(n+ (t —t2) (€ — h1)) (5.1)
fol€ = (ha + h2),n + 1€ — (t1hy + taha)) fo(ha,tihy) fol(ha, tahs)
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due to the decay properties of ]?0. The same argument easily leads to 93?,5 = 0(e).

We now pass to the computation of )7\7\?}8 This term is associated with the permutation

= (1,3,2). Upon Fourier transforming in x the relation (4.2) for ]?;77 (with j = 3), and
using the change of variables y; = (x3 + 23)/2, y2 = (v2 — x3)/e in the corresponding
formula, we recover

A(132)(§17§27§3’n1,n2,n3) € fo &1,m) /dylfdyge €2 (11+592) g~ (1~ 5v2)

(5.2)
- —~ A, - +
Jo |y — e 773,_y2+u Jfo y1+€n2 n3>yz+u .
4 2 4 2
Then, inserting (5.2) in the formula (3.18) relating the value of WY ., we arrive at
—4 t1
— IS ~ ~
Wi (§m) = “ @ > 0102/ dt2/dhl/dh2/dyl/dy2 ¢(h1) ¢(h2)
0'1,0'2::|:1 0
e—i(h1-::-h2 g1+ h1;h2 _y2) e_z s Lp,. ne 17—1—(151 t2)(§— ))
~ hi+h t1hi + tah
fo (5— R 2) (5.3)
7y _ tihy —taho tihy + t2h2
0 4 )
~ tihy —tohe tihy +t2h
fo(y1+11422,11 2112 )
Changing variables
k:h1+h2 h—h S:tl—tg
c ) 25 c )

we obtain

Wi (&,n) = —(2i)6 3 0—10—2/0% ds/dh/dk/dyl/dyg d(—h + k) H(h)
o1,00=2+1

o1 (—hbek) (=i T he(nshites(§R) g=ikbvi—iva(~htek) B e p 4ot (€ — k) + sh)

~ tih kt1 + sh kt1 — sh ~ tih kt1 + sh kt1 — sh
f0<y1+7—8 1 ) 5 - )fo(yl—T'i‘t? 1 ) 5 +92)-

(5.4)
We are now in position to identify the rigorous limit of W%}s, using the assumed decay of

5 and ]/CE). The argument are those used in the previous section: we do not repeat them
here and in the sequel. Passing to the limit we get, eventually,

Wien =g 3 x| s [an [an [an [0

01,02= +1

oI5 hn  —i R hs —ikyi+ihy o (€ —k,n+t1(€ — k) + sh) (5.5)

~ t1h kt;1 — sh ~ t1h kti1 — sh
fo <y1+17’1T_y2) fo (yl_%alT'FyQ)-
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Last, we go back to the (x,v) variables, computing the inverse Fourier transform of the
above term. This gives

Wi (2,v) = -7 alag/dvl/dvg/dvg |b(vg — v3)[?

o1,00==+1

5([’02—1}3]- |:—U+’U21+0_1 +U31_01:|) 5(U—U1+01;UZ(U3—U2))

2 2

fo(z —viti,v1) fo(x — vat1,v2) fo(x — vsti, v3).
(5.6)

This is our final expression of Wi. It will be interpreted later in terms of the v, vy, v/, v,
variables of the U-U equation.

In a similar fashion we compute V3, and its limit V§. We write
/TS2 D (€1,62,63,m,m2,13) = € fo(E2,m2) /dyl/dy2 e~ (nt5y2) g=ils (1 -52)

= — + ~ — +
Jo <y1—6n14n3,—y2+n2 771) fo( 77147737y2+771 2773).

(5.7)

We insert this expression into (3.19), and perform the change of variables h = hg, k =
(h1 — ha)/e, and s = (t; — t2)/e. Passing to the limit € — 0 at once, gives the asymptotic
value

17%(5,77):—% 0102 /m ds/dh/dk/dyl/dm 30

o1,02==%1
~ tlh n+ ftl — ]{Ztl — sh tlh n+ ftl k‘tl — sh
folyi +—, —ya ) foly— ==, + y2
2 2 2 2
J?o(k,t1k+sh) —i(E=k)y1 gihyzq—ighhon o —iFh%s ;
(5.8)
whose inverse Fourier transform is
Vg(:c,v) = -7 Jlag/dvl/dvg/dvg |§b U1 —’U3)|
o1,00==%1
5 (1 ] 1+ 09 1—o09 5 1—0y 1401 (5.9)
v] —v3| - |vo — W -0 v —v -0
1 3 2 1= 375 1= 375

fo(x —vite, v1) folx — vaty, v2) fo(x — vst1, v3).

Before coming to the computation of the other W4’s and Vi’s, let us now identify the
link between the obtained values of Wi, V7, and the U-U equation. The following changes
of variables in Wi

g1 () U1 (%) V3
1 1 v 04 Vs
-1 —1 v Vs vl
1 -1 v v, Vs
—1 1 v’ Vs vl
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yields the explicit value

W3xv—27r/dv*/dv/dv ’U—U|

(5.10)
v+ v — 0 —v)5(2(v + 02 —v"? ULQ)) [fe ' o = FFe L
For V3 we set
o1 092 U1 V2 U3
1 1 v, Uy v
-1 -1 v Vs vl
1 -1 vl ! v
-1 1 v v vl
and obtain the final
Vi(z,v —27r/dv*/dv /dv’ (v — ")
(5.11)
S(w v~ =) 8 (G702 =0 =) 11 - L1
Last, using the symmetry v" < v, (note that v' —v = —(v, —v,) and v/ — v, = v —v) we
finally conclude after some computations that:
Wi+ V) (w0) = [du. v’ [ dul (F + FOr £ = (F + 55
(5.12)

5(v+v*—v’—v;)5(%

(v + o — 0" — viz)) (16 = v)]* + |60 = v.) ).
This is the desired cubic term in the U-U equation, up to the fact that we only recover
here part of the total cross-section W (v, v.|v',v.) = [¢p(v — v') + (v — v4)]?. The missing
cross term will come up in the next section.

We now show that all other terms associated to permutations with a fixed element,
namely W3 _, V3 _, and W5 _ + V3 _, give a vanishing contribution in the limit ¢ — 0.

We begin with W3 _. Inserting (5.7) into (3.18) and changing variables k = hje™",
ho = h, we readily obtain:

W2 (6,) = — (;_T; 010 / dia [k [ an [y [ g 50) 3et)

01,02— il

— % (o1n-ketorh-(n+(ti—t2)(§=F)) givz-h g—i(y1+eR ) (6—k)

(§]
2 1 (5.13)
fo Y1 — 77+§t1—t1k5——t2h ;§(n+§t1—t1k)—y2 :
2 1
fo <y1 + - {77 + &t — tik — gtzh} ;5(77 + &ty — k) + yz)
k:
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Summing on o1 and o5 allows to compute the limit which is:

WA, @ / dtQ/dk:/dh/dyl/dyz B(h) B(0) vz h =i (E=F)
’7'('

i}xm(me+ar%g@—m)m<m+§mm§m+ar¢mwwg (5.14)
J?O <y1 — %bh; %(77 + &t — k) + 3/2) fg(k:,tlkz).

Note that the product of the two fo s is invariant under the change of variables h — —h,

Y2 — —Y2, as well as | the oscillatory factor e?¥>"". Therefore, using the parity of ¢, it follows
that WS &n) = —W3 (&,m). Hence

W2 =0.

The term 173} is treated in the analogous way. We insert (5.2) into (3.19) and make the
change of variables h = ho, k = e 'h;, obtaining after summation over o; and os:

V(€)= _1/t1dt2/dk/dh/dy1/dy2$ k)

—iy1-k iyz-(h—s§) (e . L .
e e sin <27} k:) sin <2h k(t t2)>
~ 5 2 1 ~ 5 2 1
fo (yl 1 [tlk - —tzh] s =tk — yz) fo (yl + - [tlk - —tzh] itk +y2)
€ 2 4 € 2
fo(€ —kyn+t1(€ — k).

(5.15)

This term clearly goes to

Vi (27)8 / dtQ/dk/dh/dyl/dyz o(h)
—iy1-k z -h 1 1
o= i1k giy2: 27; k) sin (24 k(t —t2) ) fo (1 + Stehs Stk = y2 (5.16)

2
ﬁ)( 1752h t1k+y2) fol€ —k,n+t1(E = k).

DO |

Hence Vi = 0 for the same reason as before.

To end up this paragraph, let us last prove that the sum Wg,a + ng’g vanishes asymp-
totically. First, we write

%’3(51,527537771’7727173> = 53]/"6(53’773)/dy1 /dy2 e~ 1 (Y1+5y2) o—i&2-(y1—5y2)

> — -+ > —~ +
7 (y1_5n14n27_y2+n1 772) fo( 7714772’y2+771 2772).

(5.17)
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We insert this formmula in (3.18), and perform the change of variables h; = h, hy = ¢k.
In this way we recover, upon computing the sum »_ o109,

WE (€)= _1/dt2/dk/dh/dy1/dy2¢

1
eWzh o milyit5y2)-(E—k) gip (217 h> sin ( 5 M+ (t1 —t2)§) — §k’ ~h(t — tz))
~ € 2 1
fo (y1 -1 {n + &ty — ktay — gtlh] 5 (h+ &ty — tak) — yz>

fo (yl + i [77 + &ty — kity — ghh} ; %(ﬂ‘*‘ftl — lak) "‘?/2)
Folk, t2k).
(5.18)

Similarly, using (5.17), (3.19), and performing again the change of variables h; = h,
ho = €k, we obtain:

A~ _1 ~
V3 / dtg/dk/dh/dylfdyggb

Zy2h e~ W1 (§=k) o—i5y2-(£+k)

sin <%n : h) sin (Qk it - tZ)) (5.19)

. £ 2 1

fo (yl +7 {n + &t + kg — gtlh] 5+ &t — k) + y?)
. € 2 1

fo ( -7 {n + &ty + Kty — gtlh] 5 (0 + &t —tak) — yz)
folk, t2k).

Hence, both terms )7\/\9?5 and ]75’5 are O(e~1). However we have the following expansions:

€W§’E = Ag + A + O(e?), 6)7::;”6 = By + B + 0(e?),

and it is easy to realize that Ag = —By. Moreover, after some straightforward calculation,
we obtain at the next order:

X . 1
Ay + B, = / dtg/dk/dh/dyl/dyg o(h Jelvzh o=ty (§=k) gip <§n-h)
N 1 1
Folk, t2k) fo <y1 — §t1h 2(77 + &ty — tok) + y2) fo (y1 + 2t1h; 5(77+§t1 —tak) — y2>
k 1
ol (n 4+ (t1 — t2)§) cos §k ch(ty —t2) | +

. (1 fol(y — Itihy S+ &t — tak) +y2)
—k-h —t tok -V, log — -k )
S‘“(2 t ”) ( ’ S+ Skt~ et —tak) —g) >}
(5.20)
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Let us now exchange h — —h and yo, — —y2. The term in braces is invariant because the
log term changes its sign. All the other terms are invariant but sin(rn - h/2), which changes
sign. Therefore A; + B; = —(A1 + By), hence Ay + By = 0. This shows that W3 _ + V5 _
vanishes in the limit ¢ — 0.

6. THREE-PARTICLE TERMS: CYCLIC PERMUTATIONS

We still have to evaluate WJ _, Wg;l, Vi, and V?’;: with 7 = (2,3,1) and 71 =
(3,1,2).

We first observe, for later convenience, the two relations

/\71-_1 ) . i 237 e
f3 (517527 §3a,’7177727773) - dl’l d$2 dIg e k=1

s (T1tx2 € T -T2 M+
f0< 5 T gm )i ——— + = >
im vezs et (6.1)
Ty — 3 2 + 13
o (P o P )
s (w3t e v3— a1 mstm
fo( 5 +4(773 m); + >,
. 3
Fr(€1, €2, €331, 0, 713) /dml/dxg/dgcg,e 0 ey THoER
7o Z2t T Ta—21  N2t+m
fO( 5 T 4<n2 m)———+ )
Jo( B2 S —m); 22 4 BT
4 2
F(ritrs | € T —x3 | m
fO( 5 T 4(771 n3); — )

Armed with these expressions, we begin with the computation of Wg ;1 and )/Avg .- Todo

so, we insert (6.1) and (6.2) in the general formula (3.18) relating the value of the W\ge’s.
In the so-obtained formulae, we also change variables, hy — —hy, ho — —hg for 771, and
0y — —o01, 02 — —o9 for m. With this new set of variables, the £’s and 7n’s involved in
(3.18) are

hi+h h h
glzéi - 27 52::F_17 53::':_27
) t1hy +tah teh tgh (63)
m=n+&ht———22 p=Fo—, oy =Fo—,
€ € €
for 77! and 7 respectively. Also, the phases appearing in (3.18) are:
h
5r1=ﬂh1'77+2h2 n+(t1 —t2) E+—1),
2 2 €
(6.4)

h
Sﬂ:%hl'n_’_%hQ (77+(t1—t2) {f—?l])
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All this gives in (3.18), the two values

17\}\37:;1(5777) = -

6_7 t1
(27‘(‘)6 0'10'2/ dtg/dhl/dhg/dl‘l/dl‘g/dxg

g1oo==%1
~ T+ T2 2t1h1 + t2h2 9 _ 1 — X9 tzhg ﬁ
Jo ( > 1 T T T
]’cv To + T3 _ tlhl — tQhQ . To — I3 . tlhl —+ t2h2 (65)
2 4 7 ¢ 2
~ T3 + 11 tlhl + 2t2h2 g _ .%’3 — T tlhl ﬁ
Jo ( 2 4 4 oo T

h1+ho
€

. hy . hy .
) Jizo-—L iw3z-—2 iS__1
e e @' e @Ot

O(h1) d(hg) et (EF

5—7 tq
_ (27.(.)6 0'10'2/ dtg/dhl/dhg/d$1/d$2/d$3

o1o9=%1

~ (X9 + X1 2t1h1 + taho E_T2— 21 tohs 7
Jo ( SR 1 AL 2e 2
']? (xg —+ X9 tlhl — tghg . T3 — T9 4 tlhl + tghg) (66)
0 - 3
2 4 € 2¢e
}: xr1 + I3 B t1hy + 2toho E_T1—@3 t1hy +ﬁ
"\ 2 1 TRAR 2 2
$(h1) Cg(hz) emim (=TT iy L iy P2 S

where we use the notation 7 = n + £t;.
Now, we perform the following natural change of variables:

1 1
To = x1 + ~toho —ey1, x3 =1 — Zt1h1 +€cys,

for 771 :
f f (6.7)
for 7 : To = X1 + §t2h2 + gY1, r3 = T1 — §t1h1 — EYs3.

In both cases x; is unchanged. This finally gives the two relations

W;:(fﬂ?) =

5—1 t1
(27‘(‘)6 0'10'2/ dtg/dhl/dhg/dl‘l/dyl/dyg,

g1oo==+1

~ tlhl + t2h2 MM ]

fo (m1+ 2 2[2 v y1+2

~ tlhl — t2h2 9 (68)
folz 5 §(y1 y3) Y1 — Y3

> tihy +t2hy €[ ] , n

fo (CL‘1 5 2[2 Y3 ,y3+2

;5(711) $(h2) o~ i1 o—iy1-h1 Giys-ha ef%hl-i@(tﬁtg) ez‘sﬁ,l7
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ty
0'10'2/ dtg/dhl/dhg/dxl/dyl/dyg

™ €
W:’:r,e(&??) - — 6
(27T) o1o2=%1
~ t1hy + taho I [77 } 7
fo<m1+ 5 5 15 n ,y1—|—2
= tihy — taoh € (6.9)
fo <x1— . 12 2 2+§(y1—y3);—y1—y3>
s tlhl +t2h2 [77 } . 77
f°<1 2 5 |3 ~ Y] iUt g
é(hy) ngﬁ(hQ) o= i€ g—iy1-hy giys-he g3shatha(ti—t3) GiS
n (3.19).

Aﬁfl. We insert (6.1) and (6.2)
and ho — —ho, 09 — —o9 for m. This gives

Next, we come to the computation of Vi _ and Vi,
—1

We also change hy — —hy, 09 — —09 for 7

the two identities
0'102/ dtg/dhl/dhg/dl‘l/dxg/dwg
==+1

~ e~
V3E (5 77) (271_)
$1+902 2t1h1+t2h2+§__ $1—$2_t2h2+ﬂ
4 4T % 2

t1hy + tah n

1h1 2 2+77

tlhl — tzhz € _
"’ % 9

T3 + Ty
4 4
( tlhl

) (6.10)

xr3 — I

=H

=l

Lo+ a3  Uihi +20hy xo —x3
4 B 2e

hq+ho . hg .
2T T T @IS

1) Blg) e () gin

;ﬂ_ Z 0'10'2/ dtg/dhl/dhg/dxl/dl’g/dl’g,
o1002==+1
2t1h1 + taho $2 —x1 | taha 7
a € 2e >
) (6.11)

VI (&n) =

~—~

To + X1 g _

2 + 4 4

T+ I3 B tihy — taho n € _ B t1hy + taho n i
4 4T 2e 2

1 — T3

=S

2
T3+ 22  Uhi +20hy 3 -2  tilg
2 4 o€ 2e
hathy ei:c3~h€—2 oiSx

fo
d(h1) d(ha) eI E=H) e

=
7~ N N /7 N

Here the phases are:
~ o
hin+ éhQ :
(6.12)
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We make the following natural change of variable

1 1 n
for w~ T =7y + gtohs,  mo =) — ey, 333=$/1_§t1h1—6<y1+y3+g),
1 1 n
for 7 : $1:$l1+§t2h2, xo = Ty + ey, 903:%/1—5751}11 +€<Z/1 +y3+g>.
(6.13)
With this change of variables, we eventually obtain
. 5—1 t
7T 0102 —:|:1
~ / tlhl + tghz g |:77 ] 77
fo(wl 5 t5 g ity
~ tlhl — t2h2 g _ 614)
Jo (x/ _T_i(n‘f'yl +y3)§_y1—y3) (
~ , tlhl + tghz IS |:77 :| n
- 2
f0<$1 5 B 2+ y1+ys3 ,y3+2
Blh1) Blha) €14 € o= givhs gdehha(tn—in) i (r4e(ti—t2) giS -1
as well as
e~
Vi_(&n) = (% > 0102/ dtQ/dhl/dhg/dxl/dylfdyg
g102= +1
tihy +t2h2 € [77 } n
fO(x—’_ 219 1 7y1+2
tih1 — tah €, _ 6.15
fo (ZU — 2+§(77+y1+y3);—y1—y3> (6.15)
tih1 + tah EN Tl
( — 22+§[g+2y1+y3];y3+g)

i . h g
( 2) ’LCEl E e zyl hl lyg hz e*—ahl‘hg(tlftz) el%'(ﬂﬂ’f(tlf‘tg)) elsﬂr.

Let us come to the computation of the limit of the above four terms 17\/\:? :, Wg o 17:7{ :,

]7§ .- The phases carried by these terms are respectively:

Ulhl;UQh_Q.n+%h2 f(tl—tg)—-’flh'f—yl'h1+y3'h2—1_202t1_t2h1'h2’
01h1;02h_2.n+%h2 g(tl—tg)—.’m'f—y1~h1+y3'h2+1_202t1_t2h1'h2’
w'TlJr%hz-«S(tl—tz)—:c'1~§—y1-h1+y3-h2+1+U2t1_t2h1'h2’
gif + he n+1h2-§(t1—t2)—x'1-§—y1'h1+y3-h2—1+U2t1_t2h1'h2-

9 ' 2 2
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— —1 — ~
Denoting by Wy . = Wy = V; . V; % the eight terms relative to the values of o5 = %1,

— —1 —
we realize that W;f R a W; ,€+7 V3’ e V37 ., have only slowly varying phases, so that they
are individually O(s~1). However, setting

YV L 2 AT+ 2
eWs,. " =Ao+ A1e+0(e%), eW3. = Bo+ Bie+ O(e%),

. R (6.16)
Vs, =Co+ Cie + O(e7), eVi. = Do+ Die + O(£?),

an easy first order Taylor expansion gives Ag+Cy = Bg+Dg =0and A1 +By =C1+D; =
0. Hence

lim (W5, + W5+ V. +V50) =0, (6.17)
e— ’ ’

For the other terms, which carry a rapidly oscillating phases, it is natural to rescale time,
setting s = e71(¢; — t3). Then, an easy computation shows

lim (VAV:?,;_ + VAVQ:’_) = W, (6.18)
where
— 1 o0 N R ‘ '
W?:r(&n) :(277-)6 Z 0'1/ dS/dhlfdhg ¢(h1)¢(h2) (e_Zhl'h23+ezh1'hzs)
UlE:l:l 0
/dwl/dyl/dy3 e3(01h1—ha)n o—iz1-§ (—y1-h1 Giys-ha
fo (@ +t=——3y 1+ folo1—ti———;—y1 — 3
2 2
~ hi+h
fo (3?1—751 ! 5 2;y3+g).

Finally, taking the inverse Fourier transform of this term, we obtain:

WE (x,v) 27T/dU1/d’Ug/dU3 d(vy — v1) Bvg — vs)

d(v+ve —vp —w3) — 6(v —v3)] 6((ve —v1) - (v3 — v2))
fo(x — viti,v1) fo(x — vati, v2) fo(x — vsti, v3) (6.20)

o / dv, / v / ' G’ = 0.) (' — ) {fof FL = [ F}

1
—(v? 42— - 012)) .

5(v+v*—v’—v;)5(2

In the similar way we compute the limit

—1
lim (V3. F 4 Vi) =y,

e—0
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whose inverse Fourier transform admits the value

Vi (z,v) 27r/dv1/dvg/dvg¢ g—vl)qg(vg—vg)

(v —v2) —d(v—v1)]0((vy —v1) - (v3 — v2))

fo x — vity,v1) fo(x — vat1, v2) fo(x — vst1,v3) (6.21)
_27r/dv*/dv /dv gbv—v* (v'—v){ff’fi—ff*f;}
d(v+uv,—v —0v,)d (%(02 + 02 —0'? — v;2)> .

There remains to sum up the contributions of the terms W5 and V3. It gives, after
some computations using the exchange of variables v’ < v, the missing cross term

VT +V)(a,0) =2 [do. [av' [l [(F+ 208 8= (17 + £)££2)
S(v+uve—0v —0v,)d (%(02 i T vff)) QAS(U’ —0) (v — vy).

This completes the proof of the theorem.

7. CONCLUDING REMARKS

It is well known that other possible scaling lead to kinetic equations as well. The most
important is the low-density limit (or Boltzmann-Grad limit): it is the regime in which
classical rarefied gases are described by the usual Boltzmann equation.

In our grand-canonical formalism it can be introduced in the following way. We do not
rescale ¢ which is O(1). On the other hand the rarefaction hypothesis is given by the
condition 2(N) = O(1). This means that (see (2.24))

fo(a,v) = O(e). (7.1)

Under this scaling, the hierarchy becomes (see (2.18))

J
1 1
Ofs + Y vk -V ff = ETjef; + 5_40;+1f;+1' (7.2)

k=1

Rescaling the correlation functions by defining:
f5 =g 5 (7.3)

we arrive at the hierarchy

J
re re 1 £ f€ 5
Oufs +> k- Vo, ff = T+ c Y (7.4)
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with a fixed initial datum of O(1). It is now clear that the terms C'C' are vanishing in
the limit ¢ — 0 and the statistical correlations are lost. On the other hand many terms
of the type CT'...T are finite in the limit. It turns out that the sum of these terms
lead to the Born series expansion of the cross section. The underlying series actually
converges provided the potential ¢ is small. This task is performed in the case of the
Maxell-Boltzmann statistic in Ref. [3] by the authors. Here, a difficult point lies in the
identification of the cross section as the Born series expansion of quantum scattering, a
task which is achieved using an original identity derived in [6].

Another comment is in order. The U-U equation has been partially derived whenever
fo is the Wigner transform of a one-particle quasi-free state. As shown in Appendix, a
sufficient condition for the explicit construction of such a state is a small value of the
activity z. On the other hand the U-U equation for Bosons makes sense also for more
general initial conditions describing states with large activity. It seems very interesting to
understand whether the U-U dynamics of such states make sense from a physical point of
view and whether it can describe dynamical condensation phenomena.

APPENDIX: QUASI-FREE STATES FOR BOSONS

Let 7 be a one-particle state i.e. a self-adjoint positive operator whose kernel is denoted
by r(x,y). We want to construct a state which is compatible with the B-E statistics and
with a given average particle number.

Let o,, be a n-particle completely symmetric state given by

O'n(Xnvyn) = Z r(ajlayﬂ'(l))"'T(x’myﬂ'(n))' (Al)
TEPn
The state
"= 5 Do (42
- =(2) e n! " '
where

(1]

(2) = Z %Tran, (A.3)

n>0

is a normalized state for Bosons and
d
(N) =Tr[c*N] = S log =. (A.4)
z

We now compute the partition function =(z) (see [9]):

(2) = Z %7: /dwl ..dxy, Z T(21, Tr(1)) - - T(Tr, Tr(n))- (A.5)

(1]

Given 7, let a1,...,a,, be non negative integers, a; denoting the number of cycles of
length 7 in 7. Clearly

Zjaj =n. (A.6)
j=1



ON THE WEAK-COUPLING LIMIT FOR BOSONS AND FERMIONS 29

Given the sequence aq, ..., ay,

/dl‘l c.o.dxy, ’I“(:L’l, 7r(1)) l’n, 7r(n) H (Trr]> j_ (A?)

The number of permutations associated to a given sequence aq, ..., qy, is

n! H 'j% : (A.8)

Hence

(Tr Tj> “ (29)

2
ST T I e | SR

Je = 7

In the second equality s denotes the number of actual cycles in each permutation and
Ji,---,Js are the lenghts of the cycles. The last sum is convergent for z sufficiently small
(away from Bose condensation region). Then, by (A.4) and (A.9)

= Tr(rz)) =z+o(2), (A.10)

J=21

for z small.
The RDM’s according to (2.5) are:

1 (n+j)! P
pi(X;,Y;) = > /dZn m0j+n(Xj,Zn53?72n)- (A.11)

= |
=(2) =

Therefore we have:

p;i(X;,Y;) = = Z 7 Z /dzﬁ_l /dzn (21, &x)) - - T(2n, &)y (A12)
=( n>j

" weP,

where £ = (Y}, Z,,—;). Hence

K= 25 G ]<n_j>

n>j s=0

Z /dZ T zl,zﬂ/(l)) (Zsazﬂ”(s))

' EPs

n—j=sy > 1™
T€P; ki,...,k; 21 i=1
kj=n—s

[I]

<.

(A.13)
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with 7% (2, y) the kernel of 7%

Since . _
(n;j)(n_j_s)':l’ Zn:ZSZn_S:ZSZEke,

(n—j4)! s!
we obtain
1 z° I
pi(X;,Y;) = % Z ng"Us Z H Z Zkerkg(xéayw(e))-
- s>0 TEP; £=1ko=1
Defining the one-particle operator

2r
== ZZkrk Tl
k>1

for z sufficiently small, we arrive at

pj(X],YV]) = Z rz(xlyyﬂ”(l))"‘Tz(mj’yﬂ(j))7
TEP;

that is the characterization of the quasi-free state in terms of RDM.

(A.14)

(A.15)

(A.16)

(A.17)
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