Fokker-Planck Equations as Scaling Limits of Reversible
Quantum Systems

Francois Castella Laszl6 Erdos
CNRS et IRMAR School of Mathematics

Université de Rennes 1 Georgiatech
Campus de Beaulieu Atlanta GA-30332, USA

35042 Rennes Cedex, France

Florian Frommlet and Peter A. Markowich
Institut fur Mathematik
Universitat Wien
Boltzmanngasse 9
A-1090 Wien, Austria,

December 10, 1999

J. Statist. Phys., Vol. 100, no. 3-4, pp. 543-601 (2000).



Abstract

We consider a quantum particle moving in a harmonic exterior potential and linearly
coupled to a heat bath of quantum oscillators. Caldeira and Leggett [6] have derived the
Fokker-Planck equation with friction for the Wigner distribution of the particle in the
large temperature limit, however their (nonrigorous) derivation was not free of criticism,
especially since the limiting equation is not of Lindblad form. In this paper we recover
the correct form of their result in a rigorous way. We also point out that the source of the
diffusion is physically restrictive under this scaling. We investigate the model at a fixed
temperature and in the large time limit, where the origin of the diffusion is a cumulative
effect of many resonant collisions. We obtain a heat equation with a friction term for the
radial process in phase space and we prove the Einstein relation in this case.

Keywords: Fokker-Planck equation, Wigner distribution, scaling limit, coupled harmonic oscil-
lators.
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1 Introduction

In [6], Caldeira and Leggett introduced a Hamiltonian for a quantum system of a test-particle
coupled to an abstract reservoir. The Schrodinger equation for the evolution of the quantum
state can be equivalently written as a kinetic (phase-space) equation for the associated Wigner
distribution of the test particle-reservoir system. The goal of [6] was to derive (formally) a
Fokker-Planck equation for the Wigner distribution of the test-particle by considering various
asymptotic regimes which we explain below and by "tracing out” the reservoir coordinates.
The Fokker-Planck equation represents an irreversible collisional evolution with a diffusive
term, while the Schrodinger equation is reversible. Hence this derivation was expected to
shed some light on the origin of diffusion in the evolution of a small system coupled to an
infinite reservoir. Caldeira and Leggett used a Feynman path integral approach which has no
rigorous mathematical justification (despite its great successes in formal computations). More
importantly, several other steps in their derivation admittedly lack mathematical precision.

Starting from this observation, the aim of the present paper is twofold. In Sections 4 and
5 we present a mathematically rigorous derivation of the frictionless Fokker-Planck equation
from the model introduced in [6]. In Sections 6 and 7 we show how to recover another type
of Fokker-Planck equation from the Caldeira-Leggett Hamiltonian, using a different diffusion
mechanism, scalings and limiting procedures.

In both models we focus on determining the precise assumptions which lead to the given
equations. We do not attempt to describe the variety of physical models for which the Caldeira-
Leggett Hamiltonian is used as a phenomenological description. In particular we do not inves-
tigate to what extent the required assumptions are realistic in actual applications. However,
we keep in mind one possible physical realization of the Caldeira-Leggett dynamics, namely the
motion of an electron in a nearest neighbor harmonic crystal (Section 2).

We point out that [6] heavily relies on the use of ideas from Feynman, Hibbs, and Vernon [23],
[24]. In particular Feynman and Vernon [24] considered a system of the form { test “particle”
(A) + reservoir (R) }. The Hamiltonian is Hy + Hp + Hj, where H, is the free Hamiltonian
for the test-particle, Hi is the free Hamiltonian for the reservoir, and H; is the interaction
Hamiltonian. They integrated out the reservoir variables, i.e. they computed the time evolution
of the wave function of the test-particle itself, given by Trg{exp(ith™ (H4+ Hr+ H7))}, where
Trg is the partial trace on the Hilbert space of the reservoir and A = h/27 where h is the
Planck constant. Feynman path integral formalism was used which is particularly powerful
when Hp is quadratic and the interaction is linear in the reservoir variables. In this case the
partial trace T'rg leads to explicit Gaussian integrals in the reservoir variables, but in general it
is not Gaussian in the test-particle variables. However, if the total Hamiltonian is quadratic, in



particular the coupling is linear in the test-particle variables, then the full evolution is given by
a Gaussian integral, which, in principle, is explicit. The difficulty stems from the large (infinite)
number of variables.

In this context [6] introduces the following Hamiltonian,

Herp = Ha+ Hp+ H (1.1)
(- > ) (S
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The first term of (1.1) represents the Hamiltonian of the test-particle with mass M where
z € IR? denotes the test-particle position in dimension d. The abstract reservoir here is a set
of finitely many (say N2, which is assumed to be integer) independent oscillators written in
normal variables R; € IR?, having frequencies w; € [0,9] and masses m = 1. Here Q is the
maximum frequency of the oscillators and N is the number of oscillators per unit frequency.
The typical case is the uniform frequency distribution: w; = ]iv on [0,9]. The coupling is
linear in « and the R;’s, with coupling coefficients given by the C;’s. The normalization factor
N~1/2 simply stems from the central limit theorem, since, roughly speaking, the variables R;’s
become independent random variables with vanishing expectation in the thermodynamic limit

N — 0o. The operator H acts on the Hilbert space L?(IR%) ® <®NQ L% (R )) The authors
of [6] consider only d = 1 for simplicity, as we shall do as well, but the method extends to any
dimension.

Caldeira-Leggett assume that the reservoir is initially in thermal equilibrium at inverse
temperature 3, i.e. the initial density matrix of the system A + R is given by,

P’ = pl @ exp (—BHg) , (1.2)
where p% is the initial state of the test-particle. Finally, they choose the coupling coefficients,
Cj = )\u)j (13)

with some A > 0.

Remarks. (i.) Instead of uniformly spaced oscillator frequencies w; = J +» it is sufficient
to assume that the frequency distribution oy(w)dw = + Z;V:Ql O(w — wj)dw tends, in the ther-
modynamic limit (N — o0), to a uniform distribution o(w)dw on [0,9Q] with density, say, c,
ie.

o0

lim — Zh w;) = lim h(w)o(w)dw = c/Q h(w)dw, Yh e C[0,9Q] (1.4)

with p(w) being ¢ times the characteristic function of [0,€]. Without loss of generality ¢ = 1
can be assumed because changing ¢ to 1 is equivalent to changing A\ — /c\.



(ii.) In fact, the physically relevant quantity is the spectral density of the bath, i.e. the
measure

J(w)dw = Ci()w)g(w)dw = % ' S—jé(w — wj) (1.5)

(see (3.23) in [6], apart from constants), which in the case of [6] converges to the measure
ANw - 1(w < N)dw in the limit N — oo (here 1(-) is the characteristic function). The original
model can be considered for any spectral density, but our analysis shows that the assumption
J(w) ~ w is needed for the Caldeira-Leggett derivation. However, in Section 6 we present a
model where this assumption is not needed to derive a modified Fokker-Planck equation. For a
different model in Section 7 we show that the diffusion mechanism is robust; derivation of the
Laplacian term in the Fokker-Planck equation does not require uniform frequency distribution.
However, in that model the friction term would be time-delayed if g is not uniform.

(iii.) We consider a bath of finitely many oscillators, but we will take the thermodynamic
limit N — oo before any other limit. It is possible to construct the time evolution of the limiting
Hamiltonian directly (see [5] Brattelli-Robinson) but we prefer to keep the presentation on the
most elementary level. For the same reason, we avoid the second quantized formalism. For
the phenomena discussed here, there is no need to define a Hamiltonian with infinitely many
degrees of freedom and the corresponding Hilbert space; the N — oo limit can be taken after
the heat bath variables are integrated out as we keep all estimates uniform in N.

(iv.) We chose N to denote the number of oscillators per unit frequency instead of the total
number of oscillators. Since N — oo limit will be taken first, mathematically it is equivalent
to letting the total number of oscillators go to infinity. However, in case of the only physical
model discussed here (in Section 2), this choice of N will have a physical meaning: it will be
the the size of the harmonic crystal measured on the lengthscale of the confining potential.

(v.) The total potential in (1.1) may be negative, in particular Hg;, may be unbounded
from below as N — oo. In several related models a term

is added to the Hamiltonian (1.1) to ”complete the square” of the potential in the interaction
term and in the bath oscillators. With our choice of C; this term is )\QQ§. Similarly to equation
(3.1) in [6], here we prefer not to add this term explicitly to the Hamiltonian, rather we will see
that the effective potential acting on the test-particle will be Vis(x) = V(x) — /\29 , where
the quantity A2Q) is called the frequency shift. This approach is analogous to the procedure
followed in Section 3 of [6], see especially equation (3.39). The model becomes translation
invariant for V¢; = 0.

2
CJ
2
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Now the main steps of [6] are the following:



e First, using that Hy + Hpg is quadratic and relying on Feynman path integrals, Caldeira
and Leggett explicitly compute the evolution of the test-particle after tracing out the reser-
voir variables. The evolution equation of the test-particle involves a diffusive forcing term
and a memory term (friction), the latter being non-local in time (see (3.2) below, as well as
(4.14)). These terms translate the effect of the evolution of the reservoir on the test-particle.
It is very standard in this context that integrating out the reservoir variables gives rise to a
non-Markovian evolution for the test-particle, despite that the evolution of the full system is
Markovian.

e Second, they perform the thermodynamical limit where the number of oscillators (per unit
frequency) in (1.1) becomes infinite (N — 00).

e Third, they consider the semiclassical limit A — 0, they perform the limit {2 — oo, i.e.
the frequency range becomes infinite (removing ultraviolet cutoff), and they let the inverse
temperature 3 go to zero.

These last two limits allow them to eliminate all the non-Markovian effects. Caldeira and
Leggett state the Fokker Planck equation

Ow+v - Vow —V,Vess(z) - Vyw =4V, (vw) + oAyw (1.6)

for the particle’s Wigner distribution w = w(t, x,v), which can be interpreted as a phase space
(quasi)density, as a result of their asymptotic procedures. The friction coefficient v is given as
v = of/M, which is the well-known Einstein’s relation between friction, diffusivity and inverse
temperature.

This type of equation is also known under the name of “Quantum Brownian motion”,
or “Quantum Langevin equation”, and received a large interest in the context of interaction
between light and matter (see, e.g. [12]).

We mention that the idea of formally deriving Fokker-Planck-like equations from a reservoir
of oscillators with linear coupling has been exploited by many authors, e.g. [7], [15, 16], [13],
[30], [47] (see also [17] for comments on this equation and the relationship with questions of
decoherence). These authors use similar scalings as [6]. In particular, in [15, 16], [47], [30],
corrections to (1.6) are derived when the temperature is large but finite, and these equations
involve both a diffusive term in velocity and friction terms in space and velocity. Mathematically
rigorous work on these types of models is slightly less abundant. A rigorous operator-algebraic
approach is given in [14], and a path-integral approach is found in [10]. A similar model has also
been used in the program of Jaksi¢ and Pillet to study thermal relaxation with spectral methods
(see [31] and references therein). Recently an analogous system with an extra white-noise is
studied in [25]. Under different scalings Arai derives ballistic behaviour for the test-particle
[2]. In a different context and with different scaling assumptions than [6] and others, but still
with the assumption of linear coupling, we also mention [12]. The key assumption in all these
papers is that the test-particle is linearly coupled to the infinite bath of harmonic oscillators,
which gives rise to Gaussian computations, and many quantities of interest become explicitly
computable. This certainly explains at least part of the interest that these kinds of models
have received.



The paper by Caldeira and Leggett raises several questions which have to be addressed.
The most serious is that the limiting equation (1.6) is not of Lindblad form (see [1], [16], [38]),
which is a generic condition for quantum systems to preserve the complete positivity of the
density operator along the evolution. Recall that the true quantum evolution preserves this
property. This shortcoming is closely related to the fact, that the equation itself contains 3 (as
the ratio of v and o), while  — 0 limit was actually used along its derivation. This is not just
a mathematical inconsistency. Either the friction term should be negligible compared to the
diffusion term in (1.6) if # — 0 limit is really taken; or there should be an extra term in the
equation if ( is thought of as a small but nonzero number. In the latter case this extra term
should restore the Lindblad form of the equation, and it is not clear why this term could be
considered negligible compared to the friction.

The confusion probably comes from the unspecified order of limits, which is the second
important question and the paper [6] is admittedly vague about it (see comments after (3.33)
in [6]). In fact, in several cases [6] uses ”"asymptotic regimes” without taking rigorous limits.
The Caldeira-Leggett system relaxes to equilibrium under very mild conditions [5] without any
further limits (apart from N — oo). However, the precise equation which governs this relaxation
depends on the physical parameters of the system. In particular, only in some limiting regimes
it is true that the limiting equation is a differential equation (i.e. time-delayed memory terms
vanish). Furthermore, to obtain a Fokker-Planck type equation, especially a Laplacian term
(A,), requires further restrictions which are implicitly assumed in various steps of the Caldeira-
Leggett derivation. We will demonstrate in particular, that the A, term in (1.6) is due to the
special choice of the coupling constants Cj ~ wy, (or, equivalently, to J(w) ~ w) and to the
fact that the cutoff frequency €2 goes to infinity. In physical systems finite €2 is more realistic,
but then the resulting equation contains a modified (cutoff) Laplacian, and the system will
not be described by a diffusive equation for short times. Although apparently Caldeira-Leggett
are not interested in short times (see their remark below (3.35) in [6]) they do not formulate
this concept rigorously. The scaling limit, we introduce in Sections 6 and 7 will be the precise
mathematical tool for this.

Finally, from mathematical point of view, it is desirable to eliminate the nonrigorous steps
in the original derivation; especially since the order of limits actually does influence the form
of the limiting equation. In addition, the systematic use of the Feynman path integral should
be avoided in a rigorous proof, since it is a mathematically undefined.

We should emphasize that we do not intend to give a full list of equations arising from
various regimes of the parameters; and we do not plan to discuss which actual physical systems
fall into these regimes. Our purpose is merely to determine the precise conditions and limits
which lead ezactly to a Fokker-Planck equation for the Wigner function (especially with A,
term). These conditions turn out to be quite restrictive, which does not contradict to the fact
that the Caldeira-Leggett approach has been used quite extensively and successively in models
with phenomenological friction and diffusion mechanisms. There are many different equations
which behave similarly to the Fokker-Planck equation, especially if only certain space and
time regimes are considered. In fact, we also present two limiting regimes, different from



the one implicitly used in [6], which lead to modified Fokker-Planck equations and which use
less restrictive assumptions. Their diffusion mechanism does not require uniform frequency
distribution (see Remark 1. after Theorem 6.1 and Remark 3. after Theorem 7.1). Moreover,
the model in Section 7 does not require high temperature.

The present paper has five parts:

a) In Section 2 we present a concrete physical model which, in certain approximation, leads
to the Caldeira-Leggett Hamiltonian (1.1). This section is for illustration and is independent
of the rest of the paper.

b) In Section 3 we explain that the origin of the diffusive A, term from the original Caldeira-
Leggett model is the {2 — oo limit. Then we explain how to modify the model to obtain diffusion
via a more realistic mechanism using scaling limit. We also explain how these derivations are
related to other derivations of the Fokker-Planck equation via the Boltzmann equation.

c) In Section 5, we present a rigorous mathematical convergence result for the model intro-
duced in [6]. Our approach is very elementary and physically transparent.

d) In Section 6, we show that one can also recover a diffusive non-kinetic behaviour (fric-
tionless heat equation) from the Caldeira-Leggett Hamiltonian using scaling limit and without
assuming infinite frequency range and uniform frequency distribution.

e) In Section 7, under a different scaling limit, we derive a Fokker-Planck equation with
friction but without convective terms. The temperature is finite. Einstein relation is valid in
a modified form which takes into account the ground state quantum fluctuations of the heat
bath. The diffusion mechanism is independent of the uniformity of the frequency distribution,
but the friction term becomes local in time only in this case.

Our main results are Theorem 5.1, 6.1 and 7.1.

Remark. The equation derived in Section 5 is of Lindblad form (see [1]). Since there
is no rescaling in the variables, one can reconstruct the quantum (restricted) density matrix
from the evolved Wigner distribution, hence the equation must preserve the positivity of the
corresponding density matrix. The Wigner distribution itself is typically not positive. On
the other hand, the heat equations in Sections 6 and 7 are positivity preserving equations in
pointwise sense. After rescaling the space-velocity variables (Section 6), the weak limit of the
Wigner distribution is a nonnegative phase space density, hence the equation must preserve
this property. The time dependent quantum states (density matrices) cannot be reconstructed,
but the heat equation determines their rescaled weak limits at any time.

2 Electron in a harmonic ionic lattice

One of the physical situations described by the Caldeira-Leggett Hamiltonian is a single local-
ized electron interacting with phonons. For simplicity, we consider only the one dimensional
situation.

The electron with mass M is subject to a confining potential V' (z) and its Hamiltonian is
Hy = —%Am + V(z). We consider units, where h = M = 1.
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The phonons are generated by a periodic chain of ions, sitting at the the points of A = {é ;
j=0,1,2,... NQ} C Ty where the points 0 and N are identified. Here Ty is the 1 dimensional
torus of length N. Let A* = {% : 7 =0,1,2,... NQ} C T be the dual lattice. Assuming
nearest neighbor harmonic coupling, the Hamiltonian of the lattice vibrations is exactly Hg in
(1.1) written in normal variables, R;, which are the Fourier transforms of the ion displacements
(see e.g. [43]). After linearization in the phonon variables the interaction of an electron with
the crystal lattice is,

H; = Z Cy - Ry exp(ik - z) , (2.1)
keA*

where (Y is the k-th Fourier component of the electron-photon interaction, which comes from
a two-body interaction between the electron and the ions.

The essential point in (2.1) is that this interaction is non-linear in x. One can reach linear
coupling by assuming that the quantity k - z in (2.1) remains small during the full evolution
of the system, and linearize the exponential accordingly. This means that the wavelength (=
O(|wavevector|™!) = O(|k|™!)) of the crystal oscillation should be bigger than the displacement
of the particle (x) during its full evolution. Furthermore, in the original Caldeira-Leggett
model (as well as in Section 5.3) the ultraviolet cutoff was removed (£2 — 00) in order to obtain
diffusion (see Section 3.1). Therefore, we are led to assume big frequencies together with big
wavelengths, whereas there product, the sound speed, is a bounded physical constant.

On the level of the Hamiltonian, notice that if Cj were frequency independent (equivalently,
J(w) ~ w™') then >, . Rk, to which the particle coordinate is coupled (1.1), is just the
displacement of the ion at the origin as the normal modes are the Fourier transforms of the
displacement vectors. In other words, the test-particle is assumed to remain in the vicinity of
the origin, and it is assumed to interact with only one single ion of the crystal lattice for all its
dynamics (see e.g. [14]). On the other hand, if we wish to derive a diffusive equation for the
electron, then for large values of time it is expected to move away from the origin. Even if the
diffusion appears only in the velocity (see (1.5)), the large velocity implies large fluctuation in
the configuration variable as well.

Coupling depending linearly on the frequency, C; ~ wj, considered in [6], corresponds to
J(w) ~ w. Theoretically, it can be obtained from a three dimensional phonon model with
radial coupling. In this case R; is the sum of all modes Rj with the same frequency w;, where
k runs through the dual of the three dimensional lattice A. However, we should remark that
the Ohmic law J(w) ~ w breaks down for large frequencies in real systems.

In summary, the linear model effectively involves an implicit mean-field assumption by
requiring that the test-particle is coupled to the same mode for all its evolution, which seems
incompatible with the finite sound speed of the metals along with the removed UV cutoff. This
leaves a serious doubt on the applicability of the linear coupling assumption for diffusion models
for electron propagation in an ionic lattice (see also [2] for a brief criticism of this assumption).
For electrons coupled to photons (Section 4 in [6]) this assumption is more realistic and indeed
it is widely used in electromagnetic radiation theory (dipole approximation, see [12]).

However, this model is more realistic if {2 — oo is not required, and this is the case for
the model discussed in Section 7. In this model the electron is subject to a confining potential



V(z) = %2 and is performing a fast harmonic oscillation. Moreover, it is subject to a weak
coupling to the phonons, which slowly modifies the phase space support of the fast oscillation.
It is this slow motion which is described by a Fokker-Planck type equation with friction, after
an appropriate time rescaling. Here the electron remains confined in the vicinity of a single ion,
hence the linear approximation is more reasonable. Since only the modes near the resonant
frequencies are used effectively, the exact form of the spectral bath density J(w) is irrelevant

for the diffusive mechanism.

3 Source of diffusion in various kinetic models

In order to explain the origin of diffusion (A,) in [6], we have to analyze the effects of the
limits introduced there. To avoid Feynman path integrals, we present the basic idea of [6] in
the mathematical language we will use in our proofs.

We take the Hamiltonian as in [6] (see (1.1)) with M = 1 and specify the choice V (z) = 122
(harmonic oscillator), in the spirit of [13], [2], [30], [47], [12]. We use the fact that, for Gaussian
Hamiltonians, the evolution equation for the Wigner transform of the density matrix is a first
order linear partial differential equation ([48], [39], [27]), which can be solved by the method of
characteristics (see also [47] for a similar observation).

In the quadratic case, we can scale i out of the equation (1.1). Let

1 ) 1NQ ) 1 NQ
H:zi(—ijLx)+§Z<—A3j+ijj>+ﬁ<ZCjRj>-x, (3.1)

Jj=1 J=1

then exp (—ith 'H¢yp) and exp (—itH) are unitarily equivalent under the rescaling of variables
x — ch™ /2, R; — thfl/Q, or in other words, we choose units where h =1, M = 1.

If V(x) is not quadratic, then it gives rise to a genuine pseudodifferential operator in the
Wigner equation and A cannot be scaled out. In the semiclassical limit (A — 0) this term
converges to the differential operator V,V - V,w in (1.6). This fact is well-known for general
semiclassical Wigner equations [39], [40], [28], [41]. We will not prove Theorem 5.1 for a general
potential because our main goal is to find the origin of diffusivity which is independent of the
confining potential. We restrict ourselves to the most convenient quadratic case.

We also present two different scaling limits starting from (3.1) which allows one to follow
the dynamics up to long times. However, we believe that not just our result on the original
Caldeira-Leggett model (in Section 5) can be extended to include general potential, but also
the resonance effect in Sections 6 and 7. Due to the lack of explicit solutions, this requires
extra analysis which we leave to further works.

3.1 Diffusion in the original model

After integrating out the reservoir variables in the equations for the characteristics, it eventually
reduces to the following ODE for the particle’s position variable X (¢) (see (4.14) for the exact
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result),

X”(t)JrX(t):f(t)+)\2/t5(t—s)X(s) ds . (3.2)

Here )\ is as in (1.3), S is an explicit function corresponding to the memory effects, and the
forcing term f is,

sin wjt

f(t) = \/A_ ij [R cosw;t + P; , (3.3)

Wi

where R;, P; are the initial position and momentum variables of the oscillators. Let R} :=
V2pw;R; and P; := /20 P; be their rescaled versions. In the high temperature limit these
become standard Gaussian variables since the classical Gibbs distribution is given by,

H o BPF+wiR?) _ H e~ 2P HED?
j

and at high temperature the quantum Gibbs distribution converges to the classical one (for the
precise formulas, see (4.15)-(4.17)). Hence the choice (1.3) for C; gives that,

* *

f(t) = \/_ Z [\/_ cos(w;t) + \/_JNSiH(th)] : (3.4)

and as 8 — 0, R}, P} approach to standard Gaussians.
After integratlon by parts in the memory term in (3.2) we obtain (see (4.36))

X"(t) + X () = f(t) + N2QX(t) — (M * X')(t) — xM(t) (3.5)

where M is an approximate Dirac delta function M (t) ~ A?§y(t) in the limit Q@ — oo. Here
% stands for convolution. The term A%Q) is the frequency shift of the test-particle oscillator.
The friction term M % X’ has a main Markovian part A2X’ and a non-Markovian part which is
negligible as ) — oo.

The effect of the limits introduced in [6] are as follows

e The high temperature limit (5 — 0) plays two roles. First, it makes the rescaled ini-
tial data R}, P’ standard Gaussians. Second, it forces the full friction term to be negligible
compared to the forcing term.

e In the thermodynamic limit (N — oo) the sum in (3.4) becomes the sum of the real and
imaginary parts of the truncated complex white noise,

AV (1) = /0 Y (i)

where g(dw)’s are independent centered Gaussian random variables with variance E [g(dw)z] =

dw (for precise definition see Section 4.4).
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e Removing the ultraviolet cutoff (2 — 00) gives the (complex) white noise,

AW (t) = /0 " ety (dw) (3.6)

for the forcing term. To prevent instability (A*Q > 1), we have to take the simultaneous limit
A — 0, Q — oo which may lead to a nonzero constant phase shift A2,

Our main concern is to identify the origin of the A, (diffusion) term, which will come from
the forcing term. Hence this term should not vanish in the limit, which indicates that 6 — 0
and A — 0 limits must be related:

A= \3Y/? (3.7)
with some fixed \g.

In summary, the solution X (¢) to (3.2) converges to the solution of a pure harmonic oscillator
with a white noise forcing, i.e. 0X(t) + o X'(t) ~ (nx dW)(t), where n(s) = 0sins + o cos s
is the harmonic oscillator trajectory (with initial condition n(0) = o, ’(0) = 6). In particular
the mean square displacement (both in space and ve1001ty

/’/ (t — s)e= s dw (3.8)

behaves quadratically in t for small ¢ for every finite €2, hence it is not diffusive for short times.
The diffusive behavior (linear mean square displacement) is regained only after the Q — oo
limit or after long times.

We emphasize that, from this point of view, the v-Laplacian in the CL model immediately
stems from the particular asymptotic distribution of the frequencies (uniform from zero to
infinity) in the forcing term. In other terms this model demonstrates diffusion in a setup
where a plain diffusive forcing mechanism was essentially put in by hand. Diffusion appears
already in very short time scales as a result of high frequency oscillators. This means that
there is a shorter, unexplored time scale on which most of the oscillators live, hence the initial
Hamiltonian with the Caldeira-Leggett limits should not be considered microscopic, rather
mesoscopic. This problem is especially transparent if the heat bath is provided by phonons
(crystal lattice vibrations) which have an physical ultraviolet cutoff (lattice spacing). In other
words, for systems with UV cutoff and without time rescaling, A, is not the correct diffusion
operator.

In contrast to this diffusive mechanism, the source of the diffusion in more realistic models
dealing with a moving test-particle interacting with many degrees of freedom is the scaling limit,
especially time rescaling. This means that in these models the full frequency spectrum of the
diffusion is collected over a long time from the cumulative effects of interactions with bounded
frequency, and the diffusive behaviour is visible only on a much larger time (and sometimes
space) scale than that of the microscopic interaction (collision) mechanism. This makes a key
difference between the present model and other works dealing, for instance, with collisional
models as scaling limits of microscopic dynamics, i.e. macroscopic long time behaviour of
Schrodinger equations (see e.g. [45], [46], [35], [29], [19], [20], [21], [22], [41], [42], [8], [9], [33]
or also [4]).

We remedy this drawback of the CL scaling in Sections 6 and 7, as we indicate now.

E|0X (1) + o X'(t) ’ NE‘(n*dW
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3.2 Diffusion from resonances in the scaling limit

In Section 6, we show that one can also recover a diffusive non-kinetic behaviour from the
Caldeira-Leggett Hamiltonian under a more realistic space-time scaling limit. Namely, for a
fixred cutoff in frequency €2, and after the high-temperature limit, we consider the resulting
dynamics for the test-particle for large time t ~ a2 and large space and velocity variables x,
v~ a~ ! Here a — 0 is a scaling parameter and we define X = ax, V = av, T = ot to be the
macroscopic (or rescaled) position, velocity and time variables. We prove that the phase space
density is subject to a heat equation both in the (rescaled) velocity and position variables. In
particular, the energy of the test-particle increases up to a2 due to the resonances with bath
particles of high energy (but bounded frequency). Recall that the temperature of the heat bath
is 47! — o0, hence bath particles can have large energy even with bounded frequency.

In this case the diffusion indeed comes from the cumulative effect of bounded frequency
interactions via a change of scale. This is in fact a high energy diffusion in phase space; the
test-particle is heated up. The forcing frequency distribution can be quite arbitrary, the only
condition is that it has to carry energy at the resonant frequency. The diffusion comes from
a pure resonance effect, and this seems to be a more universal physical feature in this context
(see [12]). However, the high temperature limit is still essential in this derivation.

In Section 7, we keep the temperature fixed and we rescale only time, t = T§~ ! (where
§ — 0 plays to role of o above), space and velocity remain unscaled. The reason is that the
bath temperature is finite, hence the typical energy (”temperature”) of the test-particle remains
finite as well. Since the particle Hamiltonian is confining (energy level sets are compact in phase
space), the particle remains effectively localized. As a result we get a small scale diffusion in
phase space with friction, after integrating out the fast circular motion. Again the diffusion
comes from resonance and is developed over a long time period, and the contributing bath
frequencies are bounded.

One of the important feature of these models is that the derivation is quite insensitive to
the actual form of the spectral density J(w) (1.5); the only relevant quantity is its value at the
resonant frequency.

3.3 Comparison of the three models

The main goal of our investigation is to derive diffusion, i.e. A, term in the limiting equation.
The time dependence of the mean square displacement of the characteristics (3.8) is quadratic
for small time (unless 0 — oo) and is linear for large time. To see diffusion on all times
considered, there are two alternatives: either we take ) — oo or we rescale time.

I.) If Q — oo, then the coupling A must go to zero to keep the frequency shift A\*Q finite.
Up to a positive time ¢, the total effect of the friction term is of order A\?t, while the diffusive
(forcing) term is roughly of order A\?t/3 for larger times, see (5.14), however for short times it
is only quadratic in ¢. Hence for finite times A%t — 0, the friction term vanishes. Moreover, the
diffusive term vanishes as well, unless 3 — 0 is chosen such that A2 ~ (3, i.e. the weak coupling
and high temperature limits must be related. The frequency shift is A2Q and its actual size
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depends on the simultaneous limits A — 0, €2 — oo. If A — 0 is taken first, then 2 — oo, then
the frequency shift vanishes. If \2Q) is kept at a positive constant along the limits, then we see a
frequency shift. These two cases are described in Theorem 5.1, where frictionless Fokker-Planck
equations are derived on the microscopic time scale.

I1.) If we consider long times, i.e. t = a 2T, a — 0 and T is fixed, then the size of the
diffusive term is roughly A\2a—2T'/$3 for all T. To compensate for the blowup a~2, we can either
rescale space and velocity (z = a™' X, v = a™'V) or we set \? ~ a?.

IT/a. If we rescale space and velocity as well, then the friction term has a size A>T and the
diffusion term is of order A*T'/(3 (in the new variables). One would like to keep A and (3 fixed
to see both friction and diffusion. But since the phase shift, A\2Q, has to be kept finite, it forces
keeping () finite as well. This is the most realistic physical situation. However, the friction has
a non-Markovian part, whose size is A>T if € is fixed (and it goes to zero only if  — o0).
Hence the limiting equation must have a term which is nonlocal in time. This is the extra term
which is missing in (1.6), but its inclusion would lead to an integro-differential equation and
not to Fokker-Planck.

To derive a differential equation, the non-Markovian friction part has to be killed. With
finite 2 it is possible only if A — 0, and then the full friction is eliminated. In order not
to eliminate the diffusive term as well, 3 ~ A2 is necessary. This again leads to the high
temperature limit, but now Q is fixed and the diffusion comes from long-time cumulative
resonance effects. The fast oscillator motion on the microscopic time scale has to be integrated
out; either in time or by a radial averaging. This is the model in Section 6.

I1/b. If we set A\* ~ o? and keep (3 finite, then we see a finite diffusion on a microscopic
space and velocity scale. The friction term A?t remains positive and the ratio of the friction
to the diffusion is 3, which gives Einstein relation. Hence €2 could be kept fixed to see the
diffusion mechanism.

However, the non-Markovian part of the memory does not vanish unless {2 — oco. The
qualitative analysis of Section 7 shows that  can grow very slowly (like |logal”), i.e. the
non-Markovian part of the friction is weak for large times and moderately large §2. This was
probably the heuristic idea of Caldeira and Leggett to neglect this term. However, this effect
shows up only after time rescaling; for finite microscopic times ¢ this term is not negligible.

Hence we let Q — oo, and assume that A?Q) converges to a fixed number (possibly zero). This
number gives the frequency shift. Again, we see that the size of the frequency shift delicately
depends on the simultaneous limiting procedure. This is the model of Section 7 (where § := o
is introduced for brevity).

We point out that in models II/a and II/b the origin of the diffusion is the time rescaling.
Since the forcing frequencies are kept finite, there is no diffusion on the microscopic scale; it
becomes visible only after the large time rescaling. Hence the physically questionnable limits,
£ — 0, Q — oo have nothing to do with the emergence of the diffusion in these models.

However, at least one of these limits is necessary to arrive at a differential equation instead
of an integro-differential equation with time delayed memory term. In model II/a. (Section 6)
we used 3 — 0 and kept 2 fixed, while in IT/b. (Section 7) we let Q@ — oo and kept (3 finite.
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We always consider nonnegative times t > 0. However, most of our computations are valid
for any time, except those which are directly responsible for the emergence of the diffusion
(Laplacian, or linear mean square displacement). We shall point out these steps. If time were
evolved backward, t < 0, then the same argument would yield an opposite sign of the Laplacian
(so that along the evolution it is regularizing) in the final limiting equations. This is the usual
phenomenon of irreversibility of the parabolic equations.

3.4 Derivation of Fokker-Planck equation via Boltzmann equation

In the Caldeira-Leggett type models we assumed that the test-particle is localized and is subject
to a harmonic heat bath with linear interaction. This usually describes particles trapped in a
cavity.

For transport phenomena it is more natural to consider a free test-particle subject to a
collision mechanism. In these models the collisions are provided by impurities (Lorenz gas) or
by a system of many noninteracting particles (Rayleigh gas or phonon models) and one focuses
only on the dynamics of the test-particle. The goal is to derive an equation for the reduced
phase space distribution from the Hamiltonian dynamics with many degrees of freedom. A
scaling limit is necessary to eliminate the details of the single collisions and to keep only their
cumulative long-time effects. The effect of a single collision is weakened. One can introduce
a weak coupling parameter A — 0; one can consider a gas at low density o — 0 or, in the
Rayleigh gas case, one can let the mass ratio of the gas particle and test-particle m/M go to
zero. In all cases the time is rescaled as t = T9~!. The first scale on which collision effects are
visible is § ~ A\? (weak coupling or van-Hove limit) or § ~ o (low density or Grad limit) and
d ~m/M (heavy test-particle limit).

In classical mechanics, the limiting equation is the linear Landau equation (or: diffusion
on the energy surface) for the van-Hove limit [34]; the linear Boltzmann equation for the low
density case ([26], [44], [3]); and the Fokker-Planck equation for the heavy test-particle case
([18]). The Fokker-Planck equation can be obtained in a two step limit as well: first one obtains
a linear Boltzmann equation via a low density limit, then a Fokker-Planck equation from a mass
rescaling (for an excellent review see [45]).

In quantum mechanics the limiting equation is the linear Boltzmann equation both in the
case of the Lorenz gas (see [19] for the low density case and [20] for the weak coupling case) and
in the case of the weakly coupled phonons [21]. In the model of [21] a more realistic nonlinear
phonon coupling is considered.

In all cases when the first nontrivial limiting equation is Boltzmann, one needs an extra
limiting procedure to derive a diffusive equation. For example if the momentum change in the
collisions is small (e.g. the mass ratio m/M is small), then a Taylor expansion in the Boltzmann
collision operator gives the Fokker-Planck equation in the first nontrivial order (see [37], for
rigorous proof [32]). The smallness of the collisions has to be compensated by an extra time
rescaling. However, the two step time rescaling cannot be considered as a fully satisfactory
derivation since in the first (Boltzmann) limit correlations are neglected which could become
relevant on a longer time scale. The proper (but much harder) procedure is to follow the
Hamiltonian dynamics up to the desired (larger) time scale.
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We remark that a considerably more difficult collision mechanism is when all particles
interact, they are identical, and we are interested in the evolution of the one particle marginal
distribution (or density matrix). In this case, the limiting equation is expected to be a nonlinear
Boltzmann equation and in classical mechanics it was proven by Lanford [36]. In quantum
mechanics the correlation structure is complicated and even the first nontrivial (Boltzmann)
time scale is not understood rigorously.

Finally, we compare our model II/b to these free kinetic models with collisions. The closest
related model is a free electron subject to a weakly coupled phonon interaction considered in
[21], where a (linear) Boltzmann equation was derived. In both models the time scale is the van
Hove scale t ~ A™2 where ) is the coupling constant. In case of the realistic (nonlinear) electron-
phonon coupling in [21], each phonon mode contributes equally to the collision mechanism. In
the model II/b the source of the diffusion is resonance which originates merely in the test-
particle confinement, however for the rigorous proof we need to use the special form of the
linear coupling and test-particle Hamiltonian. Phonons with frequencies away from the base
frequency of the test-particle Hamiltonian do not contribute, while phonons near the resonance
frequency have a strong long time effect. In particular, it is easy to see that the Duhamel
expansion used in [21] diverges for the model II/b, which is also an indication that there is no
Boltzmann equation behind the Fokker-Planck equation derived in Section 7.

4 Preliminary results

4.1 The Wigner formalism

The density matrix,

pN7€ = pN7€<t7 x’ y? R7 Q) ) (4'1>
which is the solution of,
0" = [H, p"7] (4.2)

represents the state of the system ”particle + reservoir” at time ¢ with the reservoir variables
R=(Ry,...,Rynq), @ = (Q1,...,Qnq). Weindex the density matrix by N and the superscript
e = (0,9, \) stands for all the other scaling parameters; recall that (3 is the inverse temperature,
Q2 is the frequency range and A is the coupling strength in the Hamiltonian (3.1).

We take the initial data (independent of € for simplicity),

phwein, (4.3)
with p% := p)°(t = 0). Here Hg := 33 7% ( — Ag, + wiRi) is the reservoir Hamiltonian and

pg’a(t, x,y) is the density matrix at time ¢ of the test-particle. It is defined by

pg’g(t,x,y) = / PNVt y, R R) dR (4.4)

RNQ
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with the obvious notation dR = dR; ...dRyNq. As usual, we do not distinguish between opera-
tors and their kernels in the notation. Following [6], we have to compute,

Trr (e_itH(pOA ® e_ﬁHR)e”H> : (4.5)

where Trg is the partial trace over the reservoir variables. We observe that the Hamiltonian
(3.1) is quadratic, so that equation (4.2) can actually be transformed into a first order transport
partial differential equation by using the Wigner transform. Indeed, let us define the Wigner
transform w™¢(t) of p™<(t) by,

w™e(t,z,v, R, P) = (4.6)
NQ
= / pN’€<t,l‘+ gw — Q,R—i— Q,R— Q) X exp ( — z’[y’u+ZQkPk]> dy dQ .
RNO+L 2 2 2 2 —
Also, let us define the Wigner transform of pf’e by,
wh S (t,z,v) = / p* (t, T+ g,x — Q) exp(—iyv) dy . (4.7)
" 27" T2
We have the well-known property,
wh* (t,z,v) = / w™e(t,z,v, R, P) dR dP | (4.8)
R2NQ

N,e

and the initial datum for w™ < is easily computed from (4.3) and the Mehler kernel,

wNe(t = 0,z,0, R, P) = wo(z, )W) (R, P) (4.9)

with
N

Q
Ne o cosh(fwy) — 1\1/2
Wo (R, P) = = kl_[l [47T(cosh(ﬁwk) + 1)

o (- (O ) ()]

Here, wg(x,v) is the initial datum for the test-particle, i.e. it is the Wigner transform of
p%(x,y). Here and in the sequel, we shall assume the following regularity for wy,

wo(&,m) = /IR2 wo(z,v) exp(—i[z€ +vn]) dz dv € L'(Re x R,) . (4.10)

It is well known that, if p™¢ satisfies the Von-Neumann equation (4.2) with Hamiltonian

given by (3.1), then its Wigner transform (4.6) satisfies the following partial differential equa-
tion,
NQ
Aw™Ne + v 9, wNF — 2 9w + Z (Pk 8RkwN’5 — WiRy, 8pkwN’€) (4.11)
k=1

PR o) 5 e PR e
—\/—N<k2:;wk k) W —ﬁ<;wkx P, W >—

17



As a conclusion we can now rephrase our original problem in the Wigner formalism: fol-
lowing [6], we want to derive a diffusive behaviour for w’*(t), the trace of w™<(t), in the
thermodynamic limit (N — o0o) and in certain limiting regimes of €. Here, w™** satisfies (4.11)
with initial datum (4.9).

4.2 Solution by characteristics

Equation (4.11) can easily be solved by the method of characteristics. In fact, for all values of
time ¢, and for all smooth, compactly supported test functions ¢(z,v), we have,

/ wh* (t, z,v)(x,v) dr dv = / w(t =0,2,v, R, P) (X (t),V(t)) dz dv dR dP (4.12)
IR2 R2N9+2

= / wo(&,0)(0, 0)e! @ =i XWIV OO YN (R PY dr dv dR dP dE dn df do,
IR2N9+6

where we have introduced the (forward) characteristics,

X'(t)=V(t), V(t)=-X(t)— 7% ;kak(t) (4.13)
Rit) = Bilt) . PLt) = —wfRu(t) — - X(1)

with initial data X (0) = z, V(0) = v, Rg(0) = Ry and P,(0) = P;. Here we used that the
flow (4.13) preserves the Lebesgue measure over R+ For simplicity, we did not index the
characteristics by N, e, but X(¢),V(¢) in (4.12) depend on N,e. However, sometimes we will
use Xy (t) for special emphasis.

Integrating with respect to Ry () in (4.13) and inserting the result in the equation for X (¢)
gives,

t
sin wy, ] (4.14)

\ NQ
" _
X (t)—i-X(t) = \/_Zwk[RkCOSCUkt+Pk ™

)\2 NQ

/ wisinwg (t — s)X (s)ds .

The right-hand-side of (4.14) is of the form ’forcing term + memory term’.
In view of (4.9) and (4.12), the partial trace over the oscillators is an integral with respect
to a Gaussian distribution in Ry, P, with (unnormalized) density,

_ w(cosh Swy, — 1) 2

B sinh Swy, 2]
sinh Swy, k w(cosh fwy + 1)

2 (4.15)

exp
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Changing variables such that,

2 h —1 2 sinh
Tk = \/ w(cosh fu )Rk s b= \/Wk( sinh Py, (4.16)

sinh Swy, cosh fwy + 1)

we obtain (after normalization) the standard Gauss measure,

NQ 1
1
k=1

i.e. 7, pr are independent standard Gaussian variables. The integration with respect to this
probability measure will be denoted by Ep.

Using these new variables and integration by parts with respect to s, the equation (4.14)
for Xn(t) = X(t) becomes,

X))+ Xn(t) = fn(@t) + NQXn(t) — (My * Xn)(t) — 2My(t) , (4.18)
with,
\ Mo
() = - ; As(w) [rk coswyt + py sin wkt] , (4.19)
and,
\2 MO
My(t) =% 3 cos wit . (4.20)

Here we defined,

AW) = Ag(w) = \/ ”(C;ziﬁ%: D (4.21)

We see that the memory term is split into three parts. The term A\2QX y induces a frequency
shift of the test-particle oscillator, My * X} is the friction term and the last inhomogeneous
term will be irrelevant. We define

> =a2:=1-\Q

(recall that e stands for the triple (3, €2, A)), and we always assume that a. is uniformly separated
from zero, i.e. ¢y < a. <1 with some constant ¢ > 0. We can rewrite (4.18) as

XU(1) + a®Xn(t) = fa(t) — (My + X3)(t) — My (1) . (4.22)
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4.3 The thermodynamic limit

We now perform the limit N — oo. A possible way is to solve (4.14) (iteratively), and compute
the limit in the corresponding formulae (see (4.42) later). This rigorously gives the thermody-
namic limit but we present an alternative approach which is more illuminating to explain the
asymptotic diffusion that we shall recover in Section 5.3. We first need an a priori bound.

Lemma 4.1 Let Xn(t) solve (4.22) with initial conditions X (0) =z, X'(0) = v, and let

F(t) := sup Ex| Xy (8)] + sup Ex| X4 (1) - (4.23)

s<t s<t

Then there is a constant C' > 0 such that

1/2
Fn(t) < C’eKt(|x| + |v| + Klz| 4 sup {se_Ks} [)\29 (ﬂ_l + Q)} ) . (4.24)
s<t
uniformly in N, where
1
K =K(\Q):=C0N(1 : 4.2
O 9) = 0R(1+ =) (4:25)

and a®> =1 — N\*Q € (0,1].

Proof. From the fundamental solution of (4.22), one has

Xn(t) = zcosat+va 'sinat (4.26)
¢
+/ a 'sina(t — s) [fN(s) — (My * X}y)(s) — xMN(s)}ds :
0
Xy(t) = —zasinat + vcosat

—I-/Otcosa(t —s) [fN(S) — (My*Xy)(s) — $MN(S)]ds .

First step. To estimate the memory term in (4.26), we write,
t
/ sinfa(t — (M » Xi)(s)ds = (sin(a )« My x X ) (1) (4.27)
0

_ /Ot </0 sinfa(s - u)]MN(u)du>X;V(t — s)ds

An easy calculation shows that the inner integral is bounded by

‘ /O sinfa(s — u)]MN(u)du‘ - )(MN % sin(a - )) (3)‘ < w(1 o _1 Q|) , (4.28)

with a universal constant k& uniformly in N. Indeed, notice that,

in Q
lim My(s) = A2 s) (4.29)
—00 S
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uniformly for s € [0,¢]. Moreover [;sinfa(s — u)]M(u)du can be estimated by splitting the
integration into two regimes u < 1 and u > 1 (or u < s regime only if s < 1) and both regimes
can be estimated by elementary integration by parts to obtain (4.28).

Hence the expected value of the integral of the memory terms in (4.26) is estimated by,

t
Ex / a 'sina(t — s) [ — (My*Xy)(s) — :EMN(S)} ds (4.30)
0
1 t
<a 'kN*(1 F d
oo ) e [ o]
and similarly for the cosine term in (4.26).
Second step. For the forcing term one computes,
t 1/2
Byl [ sinfa(t - s)lin(s)ds| < ¢ sup (Exlfw(o)) (4.31)
0 s<t
We have,
\2 e A
Elfn(s)f = 5 D 43w) < WQ(W + Q) , (4.32)
k=1

where k is again some positive constant, independent of N. Indeed, this sum is an approximat-
ing Riemann sum for the integral,

Q 0
hfw +1)
2 7 2 2 w(cos
A /0 sw)dw = A /0 > sinh 0w dw ,

which satisfies the estimate (4.32). Hence we obtain,

By [|Xn ()] + X5 (0] < \x|+1v|+w(1+‘a_lm)“xu/;m(s)ds} (4.33)
+t [/%A?Q(ﬁ—l + Q)] v

By a standard Gronwall-type argument we conclude (4.24). [

4.4 Digression on stochastic integrals

Stochastic integration is integration with respect to a random measure. Once the measure is
specified, the integrals are defined as limits of integrals of stepfunctions. We do not develop
this notion here, just indicate how it is related to the present problem.

Definition 4.1 The ensemble of random variables g(A), A running over the Borel sets of IR, is

called standard Gaussian random measure if g(A) is a centered real Gaussian random variable
for all A and Eg(A)g(B) = |AN B| where | - | is the Lebesque measure.
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In the thermodynamic limit N'— oo, the forcing term (4.19) converges in an L?(duy) sense
towards the stochastic integral,

f(t) = —)\/OQ Ag(w) [r(dw) coswt + p(dw) sinwt} : (4.34)

where r(dw), p(dw) are independent standard Gaussian random measures. The expectation with
respect to their joint measure is denoted by E. Clearly fx(t) is a Riemann sum approximation

of f(t) by choosing ry, := N1/2r<[k—]’vl, %D and py, == N1/2p< [k—;[l, %] ), since their distribution

is dun (see (4.17)). In particular we can realize all fy’s and f on a common probability
space. Note that f(t) is formally a white noise (see (3.6)) when the hyperbolic factor’ Az(w)
is replaced by one and €2 = oo.

Lemma 4.2 For 1 < < oo there exist a random function X (t) such that,

lim (supE\XN(s) — X(s)| +supE| X} (s) — X’(s)\) =0, (4.35)

=00 \ 5<t s<t
and X (t) almost surely satisfies the equation,
X't)+a®X(t) = f(t) — (M xX")(t) —zM(t) , (4.36)
with initial conditions X (0) = z, X'(0) = v. Moreover,
F(t) :=supE|X(s)| + sup E|X"(s)| ,
s<t s<t
satisfies the same estimate as Fn(t) (see (4.24)),
F(t) < CeKt(|:)3| + |v| + K|z| + sslgt) {se_KS} [AQQ(ﬁ_l + Q)]m) : (4.37)
Proof. Let us define X () by the integral equation,
X(t) = wxcosat+wva ‘sinat (4.38)
+/Ot a~'sinfa(t — s)] [f(s) — (M *x X")(s) — ZEM(S)} ds ,

Since,

¢ Q
21 N2 w(cosh fw + 1)
/0 E|f(s)|?ds = A /0 > sinh fw dw < 00,

X () is well defined almost surely and satisfies (4.36). Moreover, the uniformity of (4.24) in NV,

and (4.35) shows that F'(t) satisfies (4.37). So we are left with proving (4.35).
Let Zy(s) := Xn(s) — X (s), then it satisfies (from (4.26) and (4.38)),

Zx(t) = [ atsinfa(t = )] [fv(s) = 1) = O 5 Z3)(o
—(My — M) *x X(s) —x(My — M)(s)|ds ,
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and a similar formula holds Z} (). Clearly Zx(0) = Z(0) = 0. Hence, similarly to (4.33),
¢
B(1Zx(s) +|2x(s)]) < K/ Fu(s)ds
0
+a”tsup <{|$| + tSlipE\va(U)|}|MN(S) — M(s)| + E|fn(s) = f(8)|> :
u<t

s<t

with Fiy(t) = sup,<, E|Zy(s)| + sup,<, E| Z} (s)|. We use again a Gronwall argument to obtain
(4.35), based upon the control of sup,,, B[ X} (u)| from Lemma 4.1 and the facts that |My(s) —
M(s)| — 0 (see (4.29)) and E|fn(s) — f(s)| — 0 uniformly for s <t as N — oc.

In order to check E|fx(s) — f(s)| — 0, we observe that,

ot () By IO RO

to obtain,

s - P = [ [~ Y Ao 1(oe B BN a

which goes to zero as N — oo, uniformly in s < ¢t. For uniformly spaced frequencies, wy =
(4.39) is straightforward. For frequencies satisfying only the uniform density condition (1
with ¢ = 1, first one has to verify that

L3
N
4

)

1 k
lim N#{k : |wk—ﬁlzn}:0

N—oo

for any 7 > 0, and then using the continuity of the function Agz(w) to conclude the result. W

Let us remark that for the present paper there is no need to use stochastlc 1ntegrals A
reader who is unfamiliar with this concept, can keep the finite sums Zk , instead of fo dw,
fn(t) instead of f(t), and keep on thinking of E as expectation Ey with respect to the finite
dimensional measure duy. We shall compute various expectations involving f(¢). The results
are given as an ordinary fo ...)dw integral. However, one can keep the finite dimensional
approximations fy(t), and perform the expectations with respect to duy. In this case the
expectations involve a finite sum over the frequencies, like ]km1( .). It is sufficient to take the
N — oo limit only in this sum, which is a Riemann sum for the integral fo ...)dw using (1.4)
with ¢ = 1. However, for notational simplicity we will use the continuous formahsm. Note that
the thermodynamic limit N — oo is always taken before any other limits.

The conclusion of Section 4 is the,

Lemma 4.3 Assume (1.4) with ¢ = 1 and assume (4.10). Let w'’(t) be defined as (4.8), while
w™Ne(t) is the solution of (4.11) with initial datum (4.9). Then, in the thermodynamic limit,
we have for all ¢(x,v) € C(R?) locally uniformly for t € R,

lim wh* (t, 2, 0)(x, v)de dv = / w5 (t, z,v)p(x,v)dz dv , (4.40)

N—o0 R2 R2
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where w4 s defined by,

/wj(t, z,v)p(z,v)drdy = (4.41)
RZ
—E / Wo(€,1)p(0, 0)e!EHvm = UXMO+X O ge any da dv df do |
IRG
and X satisfies (4.56) .

For the proof one only has to observe that the dominated convergence theorem applies and
use Lemma 4.2 and (4.12) (recalling that X is actually Xy in that formula). |

Remark. As an alternative proof which avoids any reference to probabilistic concepts, we
can easily compute the right-hand-side of (4.12) directly by performing a finite dimensional
Gaussian integration with respect to dux (again, X (¢) is actually Xy(¢) in (4.12)). In this case

all the integrals fo .)dw are finite sums and the N — oo limit is taken only after having
performed the duy mtegratlon. We easily find that the right-hand-side of (4.12) is equal to,
/ o (A0 + Ao . B+ B(1)o) 9(0.0) (4.42)
IR2
AL 00+ AL (t)o]? ©[B,(t)0 + B (t)o]?
0 2\, 0 24,
where A, = [2w(cosh(fw) — 1)]/[sinh(Sw)], p, = [2sinh(fw)]/[w(cosh(Bw) + 1)], and,
U(t) = )\2/ / wsin(w(t — s|) sin(s) ds dw
A(t) = cos(t) + (T A)(1),
B(t) = sin(t >+ (W B)(1) .
t
AL(t) = —/ Aw cos(ws) sin(t — s) ds + (U A,) () ,
0
t
B,(t) = —/ Asin(ws)sin(t — s) ds + (¥ * B,)(t) .
0

5 The Fokker-Planck equation from the original Caldeira-
Leggett model

5.1 Evolution without friction

In the spirit of [6], we would like to exhibit a scaling where the solution of (4.36) is close to

the solution X (¢) of the equation without friction term below. The scaling parameters are
e = (8,9, A). The frictionless equation (compare with (4.36)) is,

X"(t) +a?X(t) = f(t) with, X0)=z, X'(0)=v, (5.1)
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recalling that a®> = a? =1 — \2Q € (0, 1].
We need a continuity result ensuring that X (¢) and X (t) are close. If Y'(t) = X (t) — X (1),
then,

Y'(t) + a2V (1) = —(M % X')(t) — xM(t) , (5.2

with initial conditions Y'(0) = Y’(0) = 0. Given the bound (4.37) on X (¢) and (4.28) it is

trivial to see that,

E@ﬁ»ﬂwwogm&(m+w+Km+2ﬁ%%ﬂpm@*+®rﬁ,(M)

where K = CN\*(1 + |Q£a‘) (see (4.25)). So in particular the solution of (4.36) tends to the
solution of (5.1) in a very strong norm if the right-hand-side of (5.3) goes to zero. This happens
for example for such limiting regimes of ¢ = (3,2, A) that A — 0 and Q — oo in such a way
that a®> = 1 — A\2Q € (0,1] and \2371/2 — 0.

Hence, as soon as one can ensure a small right-hand-side in (5.3), we can replace X by X
in (4.40)-(4.41) by the Lebesgue theorem, since the x,v, 8, o integrations range over a bounded

domain (¢ is compactly supported) and we assumed wo(¢,n) € L' (see (4.10)). This proves

Lemma 5.1 Let w5 be defined as,

/@j(t, 2, v)é(z, v)drdy = E/wo(f, n)o(6, U)ei(x&m)e_i()}(t)e“zl(t)“)df dn dx dv df do , (5.4)

R? RS

analogously to (4.41). Then,

lim/@;(t,x,v)a(x,v)dxdv = lim/wj(t,x,v)a(x,v)dxdv, (5.5)
R? IR?

for any limit of the parameters € = (3,2, \) for which the right hand side of (5.3) goes to zero.
|

5.2 Computing the dynamics of the test-particle when the memory
vanishes

In this section we compute w* (¢, x,v) when X is actually replaced by X, the solution of (5.1),
in (4.41). We have,

t
X(t) = xcosat+wva 'sinat+ / a 'sina(t — s)f(s)ds , (5.6)
0

X'(t) = —=xasinat+ vcosat + /t cosla(t — s)|f(s)ds .
0
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Hence
/@Z(t,x,v)gﬁ(m,v)dx dv = E/wo(f n)
R2 R

- E / i (0.0(6), 10 (1) ) (6, ) o 0= i i (5.7)
RQ

6(0, o) @ e —i(XOHX'00) g qn dy dv df do

with,
Moo (t) :=0a ' sinat + o cos at , €9.o(t) := 0O cosat — oasinat , (5.8)

which are, by the way, harmonic oscillator trajectories,

d d
ane,a(t) = &0(1) , %50,0(15) = —a’ng,(t) . (5.9)

After performing the expectation in (5.7), we arrive at

Lemma 5.2 With the notations above, we have for anyt > 0,

~

/ w5 (t, x,v)é(z,v) de dv = / Wo <§9,0(t), T)@,g(t)) o(0, 0')6_%Q(t) dé do (5.10)
R2 R2

with

Q) :=Q(t;0,0;0,a) = /\2/ Aj(w)H (t,w)dw (5.11)

0

H(t,w) = H(t,w;0,0;a) ‘/ Moo (s “sds‘ : (5.12)

The functions &g, Ny, are defined by (5.8). The function H(t,w) satisfies the following estimate

Hitw) < 22{ |0 =P, 4 (5.13)
T a—w (a+w)?
with v = 0% + a®0?%. Assuming Q > 1 we also have
hfa + 1
£) = I P02 4 N22p 5.14
Q(1) Y Sasmhga TN B (5.14)

with I := 5 and with a function B satisfying B(0) = 0 and

B(t)] < C[L+ 3L+ (log £)][1 + log ) (5.15)

with a universal constant C. Also, we have the estimate:
2 - ~ 2
Q) =E(fxm,) (1) =E(0X(1) + o X)) +O|(lal + [v))(10] + |o])] (5.16)
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Remark 1. Notice that Q(t) grows quadratically in ¢ for small ¢ (since H does so). This means
that the test-particle as described by the Wigner distribution w% has a ballistic behaviour when
the memory effects disappear (quadratic growth of the mean squared displacement EX 2(t)). In
the rest of this paper we show that, under several specific scaling limits, one can indeed replace
w4 with w5 (see Lemma 5.1) and recover a linear growth for Q(¢), i.e. a diffusive behaviour
for the test-particle. In particular, this is where the time asymmetric condition ¢ > 0 is used.

Remark 2. Suppose that the frequency distribution p(w) (see (1.4)) is not uniform (hence
J(w) is not linear). By the same calculation, we still obtain (5.10) except that Q(t) is given by
A2 fOQ A% (w)H (t,w)o(w)dw. Assuming that o(w) is bounded and it is differentiable around the
resonant frequency w = a, we obtain the analogue of (5.14),

cosh fa + 1

2.2
_— B
2asinh fa +AB()

Q(t) = INt7*o(a)

and the estimates (5.13), (5.15) remain valid. The proof is identical. This remark will be used
in Sections 6 and 7.

Proof. We only have to show the estimates (5.13) and (5.15). These are straightforward
calculations. We use the following notation,

ao + 6 = ve'’ . (5.17)

(i.e. § = ysing, ac = ycos ¢ and y* = 0% + a*0?). Hence, from (5.8),

Moo (1) = o (€070 4 e (5.18)
and
2  p—it(atw) 1 it(a—w) __ 12
- i 27,(156 € ‘
H(t,w) = —‘ . : 5.19
(tw) 4a? a—+w a—w (5.19)
which proves (5.13).
To prove (5.14)-(5.15), for any 2 > 1 we obtain, by extracting the worst singularity
Q
w(cosh fw + 1)
t) = N\ H(t,w)d 5.20
Q) /0 2sinh fw (t w)dw (5:20)
72 5 V2 w(cosh fw + 1) |etla=w) — 12
AL B(t) + A2 d
4a? 4a? / 2 sinh Bw a—w v
with,
By | uleoshf + 1) eI 1 gy (et TSI 1 )
0 2 sinh fw a+w a+w a—w ’
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and B(0) = 0. With the substitution w’ = t(a — w) in (5.21), one casily computes
|B(t)| < C[1+ 57Y[1 + (logt),][1 +log Q] . (5.22)

The second integral in (5.20) is proportional to ¢ for large t since 2 > 1. Obviously it
becomes uniformly bounded if 2 < a <1 (a trivial behaviour), and this is the very reason why
we assumed {2 > 1 in this section. Then the main contribution comes from w ~ a, and by the
same change of variables as above, the result is,

ycoshaf +1

1) = AN2A2B(t) + I %t
Q(t) V" B(t) + IN*ty 20 simhad

(5.23)
with [ := 7, and B(t) is replaced by some B(t) which also satisfies (5.22) and B(0) =0. W

5.3 The Caldeira-Leggett limits: obtaining the Fokker-Planck equa-
tion
In this section we rigorously perform the scaling limit introduced in [6]. We prove the following,

Theorem 5.1 Let w5 be the Wigner distribution of the test-particle after the thermodynamic
limit, as given by Lemma 4.3. We recall that € stands for (3,Q,\). Let A\ = X\oBY? with some
fixed \.
a) [Nonzero frequency shift.] Assume that a®> =1 — X ?*Q =1— X\38Q € (0,1] is fized.
Then for any t > 0 the following weak limit exists
W(t,x,v) = lim w5 (t, z,v) . (5.24)

Q—00,8—0
B2=(1-a2)25 >

The limit holds in the topology of C°([0,00)s; D, ). Moreover, W satisfies the Fokker-Planck
equation,

A2

OW + vO,W — a’xd,W — 5

AW =0, (5.25)

with initial datum W (t = 0) = wy satisfying (4.10)
b) [No frequency shift.] For anyt > 0 the following weak limit exists,

W(t,z,v) = lim lim w(t, z,v) . (5.26)

Q—o0 —0
[the order of limits cannot be interchanged], and W satisfies the Fokker-Planck equation,

2
AT

oW +vo W — x0,W — 5

AW =0, (5.27)

with initial datum W (t = 0) = wq satisfying (4.10)
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Proof. For the proof of part a) first notice that Lemma 5.1 applies since the right hand
side of (5.3) goes to zero under the prescribed limits. Hence X can be replaced by X and we
can therefore rely on Lemma 5.2 above. On the other hand, since we assumed A = \o3Y/2, we
readily observe,

Q
lim* Q(t)= A2 lim* / BA%(w)H (t,w)dw = X2 / ) / Ro(s)eds| do ) (5.28)
0

where lim* stands for the simultaneous limit 3 — 0, Q — oo such that a? = 1—A\36Q € (0,1] is
fixed. Here we used that 3Az(w)? — 1 in our limit if w < QY2 and that H(t,w) € L(dw), see
(5.13). The contribution w > Q2 to the integral vanishes in the limit by the estimate (5.13)

and the trivial bound 2=t < 9(1 4 z). Hence from the unitarity of the Fourier transform

/ ‘/ mds‘zd“’ - ”/Ot lg(s)ds | (5.29)

which is valid for any real function g, we obtain

lim* Q(t) = M\om / tnaa(s)ds. (5.30)
0

Here ¢ > 0 is used, and this step is the origin of irreversibility. The end of the calculation is
trivial. From Lemma 5.2 together with (5.30) we have,

lim* [ wi(t,z,0)é(z,0) de dv = / @0(597(,@),77970(7:)) (5.31)

IR2

where 7 and { are defined in (5.8) and I = 7. We can define,
W(t,xz,v) ;= lim" w(t, z,v) , (5.32)

as a weak limit given by (5.31). Then differentiating (5.31) gives (using (5.8)),

oW (t,x,v)d(x,v)dx dv = W (t,0,0)0(0,0)d0 do (5.33)
R? R?

= / [— 0?10, ()0 + 9.0 (1) — TN (1 >] i (€0.0 (1), 105 (1) ) (6, 7)™ 8678004
]R2

Letting ¢t = 0, we have,

O W(t, 0,0)= [ — a0y + 00, — I)\(Q)UQ} /W(t, 9, 0)’ : (5.34)

t=0

t=0

which is exactly the Fokker-Planck equation (5.27) after Fourier transforming,

O (5.35)

W(t, z,v) = [a%@v — 00, + [AgAv} W(t,z,v)

t=0 t=0
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Considering ¢ = 0 is not a restriction, since the proof works for any L' initial condition.

The proof of part b) is completely analogous. We again notice that under the prescribed
limits the right hand side of (5.3) goes to zero, hence Lemma 5.1 applies. Here 19, and &p,
depend on the limiting parameters, since a? = 1 — A2 = 1 — A\23Q. But limg_ga = 1, hence

[lginé Noo(s) =0sins+ ocoss, éir% £9.0(s) =0coss —osins (5.36)

uniformly for s € [0,¢]. Therefore

Q t ) 2
lim lim Q(t) = AJ lim ‘/ [@sin s + o cos s]e’wsds‘ dw (5.37)
o Jo

Q—o00 —0 Q—o0
00 t ) 2
= )\(2)/ ‘/ [951n3+acoss]e_wsds‘ dw
0 0
t
= 7T/\(2)/ [0sin s + o cos s]°ds .
0

Again, the last step is robust in a sense that it does not use the particular form of the function
[@sin s + o cos s, instead it uses (5.29). But it is rigid in a sense that € = oo is essential to get
diffusive (linear) behaviour for the mean square displacement (5.16).

To conclude, we follow the calculation (5.31)-(5.35). In addition to the limit (5.37), we have
to replace & ,(s), M9.5(s) by their limiting values (5.36) in the argument of @y to arrive at the
analogue of (5.31). Dominated convergence theorem applies if we assume, additionally, that w,
is continuous and bounded. However @, € L', hence it can be approximated by such functions

in L'-norm. Using that the flow (6,0) — (5910(3), ngﬁg(s)) is measure preserving and that ¢ is

bounded, one can easily see that the approximation error can be made arbitrarily small.
The rest of the calculation is identical to the proof of part a) and we obtain (5.27). |

6 Scaling limit at high temperature: the frictionless heat
equation

We propose a different way to get diffusion from the Hamiltonian (3.1). As we mentioned,
obtaining diffusion for the test-particle means that we have to extract linear dependence in
time for Q(¢). In this section, linear growth is obtained from time rescaling and from the
special form of linear combinations of sins and coss in Lemma 5.2. It relies on a resonance
effect which comes from a singularity near w ~ a. The system X" () + a>X (t) (see (5.1)) picks
up those modes from the forcing term f(¢) in (4.34) for which the frequency w is close to its
eigenfrequency. So, in this section we assume €2 > 1 but finite, contrary to the previous section.
This effect is more robust (see the remark after (5.37)) in the sense that one could leave the
hyperbolic functions ﬁA% in (5.28) without ensuring a limit where it goes to 1. In other terms,
we do not need the high temperature limit 5 — 0 to obtain diffusion, unlike in Section 5.3,
where this limit made the dw measure uniform and we recovered a white noise forcing term.
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Nevertheless, Lemma 5.2 needs the right-hand-side of (5.3) to go to zero in order to be
applicable (one needs the friction to vanish), and this cannot be achieved keeping (3 fixed
(Section 3.3), hence we again set A = \3'/2, 3 — 0.

6.1 Large space/time convergence of the Wigner distribution

Let o be a small parameter. We describe the behaviour of the test-particle, as given by its
Wigner distribution w9 on time scales of order 1/a?. We consider the diffusive scaling, i.e. the
space coordinate scales as 1/a. Since the test-particle is a fast harmonic oscillator, and energies
are transferred back and forth between space and velocity, we also have to consider velocities
of order 1/a. Hence we introduce the following scaling,

t=Ta 2, r=Xa !, v=Val, (6.1)

where the capital letters are unscaled quantities (macroscopic variables). The rescaled reduced
Wigner transform is defined as,

Wo(X, V) =wi(Ta 2 Xa ', Va™), (6.2)
where w? is defined in Lemma 4.3 (after the thermodynamic limit). Its Fourier transform is,

/W;’a(@, ¥) = *w5(Ta 2, 0a, Xa) , (6.3)

1

where we use © = fa~! and ¥ = oa~! rescaled dual variables. The initial condition is,

W2 (X, V) = Wo(X, V), W (0,%) = Wy(e,3), (6.4)
and we assume that,
Wo(0,%) € L'(Ro x Ry) . (6.5)

The macroscopic testfunction ®(X,V) is a smooth function with compact support, the
microscopic testfunction is defined as,

o(z,v) = ¢(za,va) = (X, V), (6.6)

and in Fourier variables, (0, 0) = a~2®(fa!, ca1) = a~28(0, %).
We are now in position to state the theorem of this section,

Theorem 6.1 Define the large time/space scale Wigner distribution W7*(X, V) as in (6.2).
Assume (6.5) for the initial data. Assume that X\ = X\oBY? with a fived g > 0 and fix the
frequency cutoff Q@ > 1. Hence the limits of the parameters ¢ = (3,2, \) are reduced to 5 — 0.
Then:

a) The following high-temperature limit ezists in the weak sense for any T > 0:

Wi (X, V) = lim Wi (X,V) (6.7)
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b) Define the following time average of W over one cycle of the harmonic oscillator (5.8),

# 1 T+27ra2
X = (X, V)dsS . .
Wi V)= s [ WX V)as (69
Then the weak limit,

Wi (X, V) = lim WES(X.V) (6.9)

exists for each T' > 0 and it satisfies the heat equation in phase space,

2
TS

8TW+ - T(AX + AV)W; 5 (610)

with initial condition Wi_,(X, V) given by

— 1 [?7
WH(X,V) = —/ Wo(Xsins + Vcoss, X coss — Vsins)ds . (6.11)
T Jo
c) Define the radial average,
1 2
WX, V) = P W2 (R cos s, Rsin s)ds (6.12)
T Jo

with R := v/ X%+ V2, and clearly W7* depends on R only. Again, the weak limit,
WX, V) := lim W7 (X, V) , (6.13)

exists and the radially symmetric function W} satisfies the heat equation (6.10) with initial

condition,
1 21

Wi_ (X, V) := Dy Wo(Rcos s, Rsin s)ds .
0

Remark 1. The same theorem is true if the frequency distribution function p(w) is not
uniform (see (1.4)), but it is only bounded and with bounded derivative. In particular the sharp
cutoff is not necessary. The right hand side of the equation (6.10) is multiplied by the resonant
spectral density o(1). The proof relies on two modifications of the ¢ = 1 proof given below.
First, the memory kernel M (t) (see (4.20) and (4.29)) is modified to \? fOQ cos(wt)o(w)dw, and
it still satisfies an estimate similar to (4.28) which leads to Lemma 5.1, hence the memory can
be eliminated. Second, Remark 2. after Lemma 5.2 gives the large time behavior of Q(¢) in
the general case. The details are left to the reader.

Remark 2. Here we identified the equation in a weak sense in the space and velocity
variables, but in a strong sense in the time variable and some averaging ((6.8) or (6.12)) was
needed to ensure the existence of the limit. If we want to consider the limit in a weak sense in
time as well, then there is no need for averaging. Based upon part b), one can easily prove that
W (X, V) can also be identified as the weak limit in space, velocity and time, i.e. we have the
following
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Corollary 6.1 Under the above conditions the weak limit

W (X, V) i= lim lim W5 (X, V)

exists in the topology of D'( [0,00)r x Rx x Ry ), it coincides with (6.9) and satisfies (6.10).

|
Proof of Theorem 6.1. Using the rescaling and the definition of w9 (4.41), we have,
(W @) = WX, V)®(X,V)dX dV = o / w(Ta™?, z,v)¢(z,v)dx dv
R? R?
= o’E / @o(&,m) (0, )@ Hvm =X O+ X ) ge qp da dv db do (6.14)
RS

= E | Wya ", na Y®(O, D)e!#tvm e~ ®XWH3X'®0) ge qp da dv dO dS
RG

where t = Ta 2.
First Step: the limit 3 — 0.

Due to the choice A = X\o3/2, we can replace X (t) by X(t) in the 8 — 0 limit. For, the
right hand side of (5.3) goes to zero as § — 0, hence Lemma 5.1 applies. Hence,

lim (W2, @) =

B—0
= ImE Wo(ca™, na 1) d(O, X)eiwetom (i OXO+2X' ) g¢ dp da dv dO dX.
— ]I{G
= ImE / Wo (5@,2(%4—2),n@,Z(Ta”))cB(@,z)e—%W“) do dy (6.15)
— RQ

where in the second step we also used Lemma 5.2 and the fact that a‘lfa@@g = oy and

oflnae,ag =neyx (see (5.8)).
Recall that both Q(t) and the trajectories gy, 7m0 depend on f3, since a? = 1 — \?*Q) =
1 — A2(392 appears in their definition (see (5.8)). Similarly to the argument at the end of the

proof of part b) of Theorem 5.1, using that Wy € L}(d© dX), ® € L* N C° Q > 0, we see
that the limit can be taken inside the integral and the trajectories {g 5,70 x can be replaced
by their limiting values (as a — 1)

No.s(s) == 0sint + ocost {ox(s) :=0cost —osint . (6.16)
We also use (see (5.14)) that

}}n% Q1) = INtY? + A\ov*Bo(t) (6.17)

with By(t) satisfying By(0) = 0 and
| Bo(t)] < C[1 + (log t)4][1 + log €] (6.18)
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(see (5.15)). We also recall that 72 = 6% + 02 = a?(©? 4+ X?) =: o*T". Hence,

(W5 0) = [ (6 u(Ta ). m5,(Ta ) x (6.19)
B—0 R2

_ ]_
x®(O, %) exp { = [MgTof? + AgBO(Ta*)} a?(6? + 22)}d@ ds .
This relation defines the Fourier transform,

Wi(©,%) = lim Wi(0,%) | (6.20)

as a weak limit, and its inverse Fourier transform,

WX, V) = élr% Wr(X, V).
We can compute its time derivative in Fourier space,

05 ®) = [ o] < a(Ta 0+ Gx(Ta)0, - (621

2

| 8

1N+ X3By(Ta™)| (67 + z?)] Wo(&5(Ta™), b5 (Ta™?))

)

1
«3(0,) exp{ = [mgw-? n AgBO(Ta—Z)} a2(0? 4 22)}d@ 4 .
As usual, we can let T"= 0 to obtain,

—_~ 2 —~
Or ng(@, ¥)=a? { — Y0 + O0s — % [M% + A(Q)B{)(O)] (0% + 22)} We(6,%) . (6.22)
Second Step: the macroscopic limit o — 0.

Now the difficulty in (6.22) is that the convective term is too big compared to the last
diffusive term since the motion takes place on two different time scales. There is the fast
(microscopic) time scale of the harmonic oscillator described by a=2[—X0e + ©ds]. Then there
is a slow, macroscopic diffusive scale. We present two ways to average out the fast motion.

Part b) of Theorem 6.1: Averaging over a cycle.
Here we define W#< according to (6.8). Now for any 7' fixed the formula,

i@o@#’a,@: lim Wi, )9(0, 2)dods (6.23)
T+27roz2/\ ) ) ) —
= lim [mz / Wo (€6,5(5072), 15 5(Sa™2) e~ 1850+ >d5}<1><@,2>d@dz,
a—> T

defines a function,

WH(0,%) = lim Wi*(©,%), (6.24)

a—0
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weakly, as we show below. Here I} := % = T for brevity. Note that in (6.23) we neglected
the term involving By in the exponential (see (6.19)) since the estimate (6.18) readily implies
a?’By(Ta~?) — 0. The exponential factor in (6.19) converges to that in (6.23) uniformly for
all S < T. Using d € L', we can apply the dominated convergence theorem along with
approximating W, by bounded functions, similarly to the argument at the end of the proof of
Theorem 5.1.

We have to show that the limit on the right-hand-side of (6.23) exists,

T+2mwa?
Wi d) = ! W (£6.5(5072), 1y 5 (Sa~2) e 1HTE 30 4
T 0,5 Ne.x
IR2

2ra? Jp
T+27ra2/\
* —2 * —2
s [ W s(sa ) mes(5072) (6.25)

% [6—11/\35(@2+22) _ e—hA%T(GZ—FEZ)} dS} Ef;(@? 2)dOdy .
The first term in (6.25) is independent of «a, as it is just the integral of /Wo(f*(s),n*(s)) over

one full cycle of the harmonic oscillator (6.16),

1

2mae?

T+27ma? 2T
— % _ % _ 1 — % %
/ Wo(&5.2(Sa™), 1 5(Sa™?) )dS = o= / Wo(€on(s),mb(s))ds . (6.26)
T 0
The second term in (6.25) vanishes in the limit o — 0 since,

’e—fﬂ%S(@%z% — e INTOFE ] < o[ 002 (02 + D2)e MNT(O%+E) (6.27)

(use that |[S — T| < 2wa?), which kills the factor a2 in (6.25) and then the length of the
integration interval goes to zero. Dominated convergence theorem again has to be applied after
an approximation. This shows that the limit in (6.24) makes sense and,

(Wit ®) = (Wi, o)

1 27r/\ * * — 2 2 2\
= /}R , [g /0 Wo(fa,z(s),n@,z(s)>ds]e INTE ¢ (0, 8)dods .(6.28)

The time derivative is,

(O Wi, D) =
1 I 2 2 v\
= -1 [ (@45 o [ W(60n(0)m50(6) s O (0, D)o
R2 T Jo
- —11A3</M7T+, (02 + 22)6> - —11A§<W;, —(Ay + Av)q>> , (6.29)

which completes the proof of (6.10). The initial condition (6.11) is easily obtained from (6.28)
by setting T = 0 and taking inverse Fourier transform.
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Part ¢) of Theorem 6.1: Radial average

The other possibility to eliminate the fast modes is to use the radial function W;* defined
in (6.12). Now the formula,

lim (W, ) = lim W0, 2)9(0, ) dO dx (6.30)

a—0

1 L 2 2 v\,
= lim |:2_ / WO (gi'k‘ cos s Fsins(Ta_2)7 n;‘coss Fsins(Ta_2)> d8:| 6—11)\0T(@ > )(I)(@, E) d@ ax ’
™ Jo ’ ’

a—0

(with I' := +/©2 + X2) defines a radial function,
WiO,5) = lim W:*(O,3), (6.31)

(depending only on ©% + ¥?) as a weak limit, as we show below. Note that in (6.30) we again
neglected the term involving By in the exponential for the same reason as in (6.23).
We have to show that the limit on the right-hand-side of (6.30) exists. But,

5;: cos s,Fsins(TOéiQ) =T COS(S + TQ?Z) ) n;cos s,Fsins(Ta72) =T sin(s + TO[72> )

hence,
1 [~

WO <€>Ik‘ cos s,['sin s (Ta_2)7 77; cos s,I"sin s(Ta_2)> ds

27 Jo
1 2 P
= 2—/ Wo(T cos s, 'sin s)ds =: WJ(0,%) ,
T Jo

independently of «, which is the "radialized” initial condition in Fourier space.
So it is clear that the limit on the right-hand-side of (6.30) exists,

lim (77727, &) — / Wi(0, £)e "NTO I F(0 3 6 d. —: (W, B) ,

a—0

and clearly W} also satisfies the heat equation (6.10). This ends the proof of Theorem 6.1. Il

7 Heat equation with friction at finite temperature

Here we choose a scaling where the Markovian part of the friction term does not vanish, i.e.
we can keep 3 fixed and still get finite diffusion. Again we look at large time t = T~ but now
we do not scale the space variable. To eliminate the fast mode, we again integrate the angle.
The result is a radial Fokker-Planck equation with friction. While the test-particle performs
many cycles, it slowly diffuses out, and this diffusion is slowed down by a friction. The diffusion
comes from resonance.
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In this scaling limit the solution of (4.36) is close to the solution X (¢) of an equation without
a time delayed (non-Markovian) friction term, but a Markovian friction term will be present.
Let us choose,

A= A\d'/2 (7.1)
with some \g < 1 fixed. We compare the solution of (4.36) to that of
X"t)+INX'(t)+a?X(t) = ft); XO0)=z, X'(0)=uv, (7.2)

with a? :=1—X?Q =1-A267'Q, and,

> sin (s T
J = ds = — . 7.3
| (7.3)

We choose the scaling such that a € (0, 1], hence we always assume that 2 < §~!, but to exploit
resonance, we also assume € > 2. The new term \2I X’ (t) for the approximate characteristic is
due to the fact that M(t) ~ A2I5y(t) as Q — 0, where J; denotes the Dirac delta measure. This
term is the main part of the full friction (M % X”’) in (4.36). Notice that it is small compared
with the pure harmonic oscillator terms, X"+a®X , but it is not negligible, since we will consider
long times t ~ A2,

7.1 A priori bounds and continuity results

As in Section 5.1 we need a priori estimates for X, i.e. for,

F(t) = sup BX ()] + sup E|X"(s)] |

s<t s<t

and estimates on the difference between X (t) and X(t). The estimate (4.37) in Lemma 4.2
(which originates in (4.24) in Lemma 4.1), however, is not precise enough for large times. The
following estimate is a more precise version of Lemma 4.2.

Lemma 7.1 Let t = T6 ', X\ = \d'/? with fized \g < 0 and T > 0 and we assume that
2 <|logd|” < Q<671 We also fix 3> 0, hence the limit of scaling parameters e = (3,Q, \) is
reduced to § — 0, @ — oo with the side condition that 2 € [|logd|",671].

Let X be the solution to (4.36), then,

F(T§Y) < C(8, )\O,T)<1 4|+ |v|> , (7.4)

where C' is monotone increasing in'T'. Moreover, zf)? is the solution to (7.2), then the difference

V() = X(t) — X(t) satisfies,

lim< sup E|Y(s)|+ sup E|Y’(s)|> =0. (7.5)

6—=0 \ y<ps—1 s<T6—1
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In particular,

6—0
IR2

lim [ w5 (s, z,v)d(x,v)drdy = (lsin(l)/wj(s,x,v)a(x,v)dxdv : (7.6)
RQ

uniformly for all s < Té~', where w(t,x,v) is the Wigner transform corresponding to )A(:,
defined exactly as (5.4), but X (t) now being the solution to (7.2).

Proof. We follow essentially the proof of Lemma 4.1. The characteristics (4.36) fulfill
¢
X(t) = wxcosat+wva 'sinat + / a 'sina(t — s) [f(s) — (M % X")(s) — ZL"M(S)] ds (7.7)
0
t
X'(t) = —szasinat+vcosat + / cosa(t — 5)[7(s) — (M « X')(s) — 2] (s)]ds
0
Similarly to the proof of (4.30) one obtains
t t
E‘ / a 'sina(t — s) [(M*X’)(s) + a:M(s)}ds‘ < K[/ F(s)ds + |:E]] , (7.8)
0 0
recalling the value of K (4.25), and the cosine term in X'(¢) is similar.

Now we estimate the random forcing term. First we use

2) - (7.9)

then notice that a ' sina(t — s) =g, (t — s) with § =1, 0 = 0 (see (5.8)). Hence (cf. (5.12))

E‘ /Otf(s) a 'sina(t — s) ds‘ < (E‘ /Otf(s) a 'sina(t — s) ds

t 2 Q
E‘ / f(s)a tsina(t — s) ds‘ < )\2/ A%(w)H (t,w; 1,0;a) (7.10)
0 0

which is just Q(t) = Q(t;1,0; 5, a), see (5.11). Hence from (5.14), (5.15) we get

E)/O f(s) a 'sina(t — s) ds i < O (B, Mo, T) (7.11)

using the relations among the parameters; t = 761, A = X\o0/? and Q < §~!. Similar estimate
is valid for the cosine term.
The estimates (7.8), (7.9) and (7.11) lead to the a priori bound,

t
P(O) < lal + o] + K[ [ Fo)ds+ lal] + Ci(3.00.7) (7.12)
0
and by the standard Gronwall argument we obtain,
F(t) < Co(B,20,T)(1+ ol +1v]) (7.13)
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By monotonicity of Cy in T, we get the a priori bound (7.4) on X (¢) and X'(t).

From the equation (4.36) we also get a similar bound for X”(¢). We estimate
" 2 2 1/2 ! /
BIX'(0)] < @B+ (BIOF) " +[allMO]+ [ M) BIX@ - 9)lds
0

For the forcing term we use

B 2 w(cosh fw + 1)
B|f(1)]? = )\2/ g d < Ca(Ne?

0

(see (4.32)) and that

sin s 20)\2

M) =N |——| < T - (7.14)
These estimates, along with t = 76, A = \gd'/? and Q < §~', give that
sup BIX" ()] < Ca(8, 0. 7) Jal + ol +027%) (7.15)
using the a priori bounds (4.37), and C} is monotone in 7.
For the continuity result, notice that Y (t) := X (¢t) — X (t) satisfies the equation,
Y"(t) 4+ INY'(t) + a®Y (t) = INX'(t) — (M % X')(t) — M (t) , (7.16)

with initial conditions Y (0) = Y’(0) = 0. Using (7.3) we obtain,

/0 s (X)X —w) au|  (717)

u

+ A2 |X(s)| ‘/OO Sian“ du|

INX'(s) — (M%X')(s)| < A2

The second term is estimated by (const)A\?|X’(s)| with a universal constant if s < 1 and by
(const)\*(Qs)7HX'(s)] < (const)N2Q7HX'(s)] if s > 1.

In the first term we split the integration domain. For v > Q~2/3 we use integration by parts,
(4.37) and (7.15)

B | [ () (X06) - X5 u)) du] < Ca(8,30, 78] log I (1L o]+ o]

for all s < T'6~*. For the domain 0 < u < Q2/3 we use Taylor expansion: |X’(s)— X'(s—u)| <
lu| sup,<, | X"(0)| and the bound (7.15). We obtain finally, using (4.37),

E (m?x’(s) ~ (M X’)(s)‘ < Cs(B, 2o, T, x,0)d] log 6|16 | (7.18)
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if 1 <s<T§ ! and
E [IN2X(s) — (M x X')(s)| < TA20F(t) < C(B, )\o,x,w)6<1 + ]logé!Q’%) . (7.19)

it s < 1.
We now introduce the two fundamental solutions ¢ and ¢ of Y” + IN*Y’ + a?Y = 0 with
©(0) =0, ¢'(0) =1 and ¥(0) = 1,¢'(0) = 0. They are explicitly given as,

T 2
o(t) = b e ™ sinbt | W(t) = e 2 cos bt + %tp(t) ) (7.20)

with b := (a? — I2)\*/4)'/2. Note that they are bounded functions for small enough §. Hence,
by (7.14), (7.18) and (7.19),

E[Y(1)|

E ‘ /0 ol —s) <[)\2X’(s) ~ (M * X")(s) — wM(s)) ds‘ (7.21)

IN

(08(67 )‘07 T7 xz, U)| 10g5|971/6 + C?(ﬁa )‘07 z, U)5 + 2)\2|I‘| |:]' + (lOg Qt)+i|> H¢||OO
< Co(B, ho, T, 0)2 0| log 4]

The constants Cy and Cg can be chosen monotone in 7', so the same estimate is valid for
sup,<rs-1 E [Y(s)]. The argument for Y is similar, which proves (7.5). |

7.2 Transport equation before scaling limits

Armed with (7.6), it is enough to compute w% (¢, z,v). The calculation is the same as in Section
5.2 except for the different fundamental solutions ¢ and v given in (7.20). We redefine,

Moo = Bp(t)+o¢(t), (7.22)
69,0 = 0¢(t) + U¢/(t) ’

and in complete analogy to Lemma 5.2 we state the,

Lemma 7.2 We have fort > 0,

/ wi(t, x,v)p(z,v) do dv = / W (fe,a(t), 779,0(15)> 5(9, J)e’%Q(t) df do , (7.23)
R? R2
with
Q
O(t) = A2 / AW H(t, w)dw | (7.24)
0
2

[3 6.0 (s)e™ds| , but with the new ng,, defined in (7.22).
We also have exactly the same estimate as (5.16), but with the redefined quantities. |

and H is given again as H(t,w) =

40



7.3 Obtaining diffusion from scaling limit

In this section, and with similar arguments as in Section 6, we again obtain linear dependence
in time of Q(t) for large ¢. Indeed, we first write,

1 ) I)\?
Sp(t) — ﬂ (etu — etu) , With, u = —T -+ ib . (725>
1

With these notations, we have,

o) = 55 (6 = ) 4o (ue — ae) ) (7.26)

hence,

et(u—iw) -1 6t(ﬁ_iw) 1 2

0+ ou)—— — (0 + ou)

H(t,w) = —
(t,w) U — iw i — iw

(7.27)

We now take the scaling t = 76! for a fixed T and § — 0. The terms with denominator
u—iw = —IX?/2 —i(y/a? — [?’A*/4 + w) have no singularity (they are bounded) so the first
term of H is the main term. Extracting the main term, we can write (cf. (5.20)),

1
H(t,w) = (92 + CL20'2) |:4—a2

t(u—iw) __ 12
) +U(t,w)] |

U — W

Using u = ai + 0(9), 0 < a® < 1, b* = a* + O(§?) we obtain for small enough ¢ that,
| 0@ s < Cute, 520, Dl10g 1.
0

With some elementary calculations this implies,

-1 2/12 2 2 1 “ 2 70 i) 2 1
A2(a a—V6 | T L(u—iw) _ 1|2
— )\2(92 + CL202) ﬁ/ € - dw —+ Bg(Té_l) y
4a?  Joivs u — iw

where the functions B; (j = 1,2,3) satisfy |B;(T67 )| < Cui(a, 3, X, T)d /2. We used that
the function w — A%(w) is bounded with a bounded derivative around w ~ a, and that the
function z — (e'* — 1)/z is uniformly bounded by ¢ in the vicinity of the imaginary axis.
Since the derivative of z — |(e* — 1)/z|* is bounded by #2, one can replace u by ai in the
last integral at the expense of an error 2v/8|u — ialt> = O(6~"/?). Finally one can evaluate,

a—V3
/a+\/$

2

6T6_1(a7w)i _
dw = 27T5 "+ O(57/?)

a — W
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At this step T' > 0 is used. In summary, we obtained,

- h(Ba) + 1) B
T61) = (6 + a?o?) (T T BJ(Ts)) . 2
Q( )= (0" +a’o )( 0 Jasinh Ba + By( )) (7.29)
The error satisfies | By (T6 )| < C2(83, Ao, T)5'/?, hence,
lim Q(T6) = csXy°T (7.30)
with v := 02 4+ a%0? and
m(cosh(Ba) + 1)
= 31
“ 4asinh Ba (7.31)
assuming that
N — 3 _ . - 71
=, Nim o= lm (1= 200 (7.32)

exists, and a € (0, 1].

Since we will keep 3 fixed and choose A = A\¢d'/? with a fixed Ao, § and Q are left as a
scaling parameters from the triple € = (3,Q, A). Like in Section 6 (cf.(6.2)) we introduce,

We(z,v) = ws (T, z,v) (7.33)

and notice that only the time is rescaled. We will assume that 2 — oo along with 6 — 0 in
such a way that the limit (7.32) exists and Q € [|logd|”,671]. Clearly either Q ~ 6!, in which
case @ < 1, or Q < 6!, when @ = 1. In the latter case, however, we need > |log d|".

7.4 Derivation of the limiting equation

We need the notion of "radial” function with respect to the elliptical phase space trajectories
of the oscillator Y” + a?Y. As usual, the dual variables to the phase space coordinates (z,v)
are (0,0). With a > 0 fixed, let

v =7(0,0) == V0> + a’0?, r=r(z,v) = Va2 4+ a 20?2,

which will be considered either variables or functions, depending on the context. If a func-
tion w(x,v) depends only on z? + a~%v?, then it can be written as u(z,v) = wu*(r) with
some function u* defined on IR;. Then the two dimensional Fourier transform u(f,o) =
[exp[—i(0x + ov)|u(z,v)dzdv is a function of 62 + a*c? only, hence it can be written as
u(0,0) = u*(y). Here u* can be thought of as the ”elliptical-radial” Fourier transform of u*,
but in order to avoid confusion, we will always perform Fourier transforms on IR?, i.e. between
u(z,v) < u(f,0), even if these functions are "radial”.

For any function u(z,v) we can form the "radial” average of its Fourier transform u(, o)
by defining

1 2 1 ~ ~
u*(0,0) = —/ u(ycoss,a 'ysins)ds ( = — ﬁ(G,&)de&) :
0

2m 271'7 024+a252=~2
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which is a function of 7, hence it can be written as
a(0,0) =u"*(y) .

In this notation # refers to "radial” averaging, and % indicates that we consider the radial part
of the function. Tilde indicates that it comes from the two dimensional Fourier transform # of
the original function w.

Theorem 7.1 Define the large time scale Wigner function Wi (x,v) as in (7.33). Assume that
A= X0Y2 N\g < 1 and fix 3 >0, a € (0,1]. The initial condition W§(x,v) = wo(w,v) satisfies
wo(0,0) € L'(Ry x R,). Consider the "radial” average of W£,

__ 1 [27
WHe(y) = 2—/ We(ycoss,a 'ysins)ds . (7.34)
T Jo
Then for any T > 0 the limat,
/\+ P o N#aa
WT (970) T 6H£1}2ILOO WT (970) ) (735)
1-2%0s—a
Q>|log 8|7

exists in a weak sense and it is a function of v = (0> + a%0?)'/? only. Hence, ils inverse

Fourier transform W (x,v) is a function of r = (z* + a=2v*)Y2 only and it can be written as

W (r) .= Wi (x,v). This function satisfies the “radial” Fokker-Planck equation,

. T N caN2
oWy = =2 0, W) + =5

AW (7.36)

ﬁc\g is given in (7.31)) with initial condition Wy ™ (r) := Wj_,(x,v) whose Fourier transform
W (0,0) is given by,
1

2T
Wi (0,0):=a0,0) = %/0 o (y cos s, 'y sin s)ds . (7.37)

Remark 1. The weak limit lim**/W%(Q,a) (without averaging over the angular variables)
does not exist (here lim** stands for the same limit as in (7.35)). However, time averaging
can again replace angular averaging (see Remark and Corollary 6.1), i.e. our method easily
proves that lim**WZ(z,v) exists in a weak sense in all variables (x,v,T'), i.e. in the topology
of D'( R, x IR, x [0,00)r ), and it satisfies (7.36) weakly in space, velocity and time.

Remark 2. Since the diffusion coefficient 1 cs in (7.36) behaves as 37! for small 3 (high
temperature), we see that Einstein’s relation is satisfied at high temperatures. At small tem-
peratures the diffusion does not disappear (limg_o ¢z > 0), which is due to the ground state
quantum fluctuations of the heat bath.

Remark 3. Similarly to Remark 1. after Theorem 6.1, one can investigate how this theorem is
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modified if g is not uniform (in particular if the cutoff is not sharp). The diffusive mechanism
is not affected by this generalization, thanks to Remark 2. after Lemma 5.2, the only change
is an extra o(a) factor in the second term on the right hand side of (7.36). But the modified
memory kernel, M(s) = \? fOQ cos(ws)o(w)dw, does not converge to the delta function dy(t)
as {2 — 00, hence the nonuniform frequency distribution makes the memory term nonlocal in
time. The details are left to the reader.

Proof. The proof is similar to the proof of Theorem 6.1, hence we skip certain steps. Let
o(z,v) € C(R x IR). Similarly to (6.14) we obtain from (4.41),

(We, ¢) = / @5(T5,0,0)0(0,0)d0 do (7.38)

= E / Wo(&,m) (0, )@ Hvm =i X WO+ X O) ge g da dv d6 do .

Thanks to (7.6), in the limit § — 0 we can replace X by X and to take the limiting value (7.30)
of @ in the formulae (we again have to approximate wy by bounded functions first). We obtain

(cf. (6.15)),
hm**<W;,¢> — hm**E/@0<§,n>$(970)6i($f+v7))6i(@)?(T6—1)+U)Z'/(T5—1))d€ d’)7 dgj d’U dQ do’
= lim* / Wy (gQ,U(Ta—I),n@,(,(Té—l))g?s(e,a)e—%Q<T5‘1>d9 do (7.39)

where lim** stands for the limit in (7.35). Recall that the functions &, and 1y, now depend
on the limiting parameters, since ¢ and ¢ do, and they are oscillating, which again prevents
the existence of the weak limit in the last line of (7.39) without averaging.

Time averaging is analogous to part b) of Theorem 6.1, and it gives the weak limit in space,
velocity and time. We skip the details of the proof of the statement of Remark 1.

Performing a radial avegaring (with respect to the limiting ellipses given by the level curves
of r =r(z,v) or v =~(0,n)) is the same as using "radial” testfunctions ¢ which depend only
on r; i.e. (6, ) depends only on  hence it can be written as ¢(6, o) = ¢*(7). In this case

(W=, 6y = (Wi, 9) .

From the explicit formulas (7.20), (7.22) it is straightforward to check that

tim™ sup | (€0 (5))” + @00 (5))*) = €78 (G0 ()] + @i (5))| =0, (7.40)
s<T§—1
where € and 7 are the solutions to Y + a2y = 0, i.e.
o.0(8) := O cos(as) — oasin(as) , Tig.0(s) := 0a "' sin(as) + o cos(as) .
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Since the flow (0,0) — <§9,0(3), n970(5)> is measure preserving, one can change variables

/ i (€0.0(8),10o(1) ) (6, 7)e 29 B do (7.41)
RQ
— / o(0,)5 (&, (1), 75, (1) ) e~390 B do
IRZ

where n*(t) := n(—t), £*(t) := {(—t) are the backward trajectories. In this way we pushed the
trajectories into the argument of ¢, where only their €% + a%*n? combination matters, and we
can apply (7.40) to replace &, n by &, 7, finally we can change variables backwards, now along
these new trajectories.

Hence together with (7.30) and with cj; := c3/2 for simplicity, we have

Hm™ (W 6) = lim™ (W5, 6)
— Hm™ o <€—IA(2)T/2€970 (T5_1) ,e_D\gT/QﬁaU(T(S_l))%* (’7)6_%)\%T72d9 do
IR2
if we can show that this latter limit exists. But the right hand side above is in fact independent
of the limiting parameters 6,2, since we can first integrate on ellipses 6% + a%0? = (const),
similarly to the same calculation in the proof of part c¢), Theorem 6.1. Hence,

/ g (e TMT126 (T671) 8T 25 o (T571) ) 6 (7)™ df dor (7.42)
RZ

:/ T (,ye—IA%Tﬂ)5*(7)67023)\37“726&9 i .
RQ
where we recall the definition of WOJ“ (7.37), which depends only on 7* = 6 + a%c%, and we let
W™ (y) :== Wy (0, 0). Therefore, the relation,
lim™ (W, 3) = /

WJ* (f}/efIAgT/2>;Z;*(,y)efc’ﬁ)\%T»ﬁde o
IR?

defines the weak limit, . .
W;(6,0) := lim*W}*(6,0)
and it is a function depending only on 62+ @%¢2, i.e. it can be written as W7 (y) := Wi (6, o).

Also, we readily obtain the equation satisfied by W; () by computing,

w+ 2\ Tt (o —IN2T/2\ T (N o—Cla A2 T2
<8T)T—0WT’¢> B aT‘T:o/]RzWO (76 ’ )925(7)@ 57077 df do (7.43)

12 / 17 +* .
= [ [ 5500, = | W )i s o

from which (7.36) follows, recalling that I = 7 and the value of ¢} = c5/2 from (7.31). |
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