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Abstract

We investigate the asymptotic behavior of solutions to a kinetic equation describing
the evolution of particles subject to the sum of a fixed, confining, Hamiltonian, and a
small time-oscillating perturbation. Additionally, the equation involves an interaction
operator which projects the distribution function onto functions of the fixed Hamiltonian.
The paper aims at providing a classical counterpart to the derivation of rate equations
from the atomic Bloch equations. Here, the homogenization procedure leads to a diffusion
equation in the energy variable. The presence of the interaction operator regularizes the
limit process and leads to finite diffusion coefficients.
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1 Setting of the problem

We consider a particle system described by its phase-space density, or distribution function,
f(t,z,p): x € RY is the position variable, p € R? is the momentum, and ¢ is the time. In
practice, d = 1,2 or 3. It is convenient to also introduce the phase space variable X = (z,p) €
R2?. The evolution of the density f is governed by a kinetic equation of the form

o +{H.f} = QU (1.1

Given the Hamiltonian of the system H = H(t,X) = H(t,z,p), the Poisson bracket {H, f}
denotes the operator
{H.f} =V,H V,f—V,H-V,f.

The left-hand side of (1.1) describes the total time derivative of f along the trajectories of the

particles, i.e.
d

S (200, 5()) = (8f + {H, £}) (t,3(0),5(0).

where X (t) = (z(t), p(t)) is any solution of the characteristic system

CR0) = VL H(LR0).P0), o B) = ~VLH(E2(0), (1))

Then, (1.1) translates the fact that the time variations of f produced by transport along
the Hamiltonian flow of H balances the rate of change of f. The latter is due to complex
interaction phenomena, the description of which is embodied into the operator @) (see below).
The parameter 7 > 0 in (1.1) then appears as a relaxation time.

We are interested in a situation in which the Hamiltonian H splits into an unperturbed time-
independent Hamiltonian Hy(z,p), and a time dependent potential perturbation V(t, ), i.e.

H(t,z,p) = Ho(z,p) + V(t, ).

The technical requirements on Hy and V will be specified later on. A typical example is that
of a classical particle in an unperturbed potential Vj(x) which leads to

Hy(X) = %2 + Vo(x).

The prototype situation is the case where Hy is the harmonic oscillator

_p2+$2

Ho(X) = 25

= Hharm (X) .
This situation is presented in detail in Appendix E.

Besides, we assume that the potential ) is small but has very fast time variations. Precisely,
let us denote by e the ratio between the order of magnitude of the perturbation to that of
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the free Hamiltonian. We also have to define the observation time scale T, in comparison
to both the typical time scale of the perturbation 6 and the relaxation time 7. It turns out
that the perturbation is still negligible when looking at too short time scales (say of order
O(1/e)). This is reminiscent of the well established fact that perturbations of size € in an
integrable Hamiltonian dynamics enter at second order only: they induce an effect of typical
size O(g?). In this paper, the “integrability” assumption is played by Hypothesis 1.2 below.
For that reason, we define the time scale so that T/ = 1/e%, T/7 = /&2, with v > 0 a fixed
dimensionless parameter. Accordingly, the Hamiltonian can be recast in dimensionless form as

H(t,,p) = Ho(w,p) +eV(t/e* x)
and we wish to perform the asymptotic analysis € — 0 in the following scaled version of (1.1)

e20,f° + {Ho,fa} +e {V(t/eQ,x),fE} =7 Q(f). (1.2)

The derivation of (1.2) from (1.1) is detailed in Appendix B. Such a scaling is known under
the name of weak-coupling regime, and is a well-identified regime both in quantum mechanics
and in classical Hamiltonian systems, see [Sp].

The present situation is the standard setting for the description of an atom which interacts
with a light field. In that case, the unperturbed Hamiltonian Hj is the atomic Hamiltonian,
and the perturbation V(t,x) = eV (t/e%, x) is the potential energy induced by the light wave
in the vicinity of the atom. If a quantum mechanical setting is retained instead of a classical
one, the kinetic equation (1.1) must be replaced by the quantum Liouville equation, which, for
atoms, is often referred to as the atomic Bloch equation. It reads

220,07 (t) = [Ho, 7 ()] + ¢ [V(t/22), 07(0)] + 7 Qo (0). (13)

where the unknown now is a time dependent trace class operator p°(t), the so-called density
matrix of the quantum mechanical system, and all Poisson brackets {-, -} are formally replaced
by commutators [-,-] between operators, in the passage from the kinetic equation (1.2) to
the quantum equation (1.3). Also, in (1.3), Q(p°) is a relaxation operator that describes, at a
heuristic level, the observed trend of various atomic systems to relax towards equilibrium states
of the unperturbed Hamiltonian Hy. We do not give the precise expression of Q(p°) here, and
refer e.g. to [Lo| for a physical discussion.

Let us now turn to the definition of the operator ) that is relevant in our context. Our
basic approach follows the analogy between the quantum mechanical situation (1.3) and the
associated classical setting (1.2). For quantum mechanical systems, the large time behavior of
the system can be described by a time-differential system of rate equations, which describes the
evolution of the populations of the atomic energy levels (see e.g. [Lo| and references therein).
The rate constants depend on the frequency of the light field and the differences between the
atomic energy levels (transition energies). They are large when a resonance occurs i.e. when
the frequency of the light field matches one (or more) of the transition energies. These facts
have been recently proved on a rigorous basis in [BCD, BCDG], starting from equation (1.3)
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and performing both a density matrix analysis in the spirit of [CD, Cal, Ca2], and an averaging
procedure for Ordinary Differential Equations in the spirit of [SV]. In the present work, we
would like to explore a similar situation with a classical system. The classical counterpart
of the level population is the number of particles on a given energy surface. Hence, we shall
assume that this number is well defined and finite for almost all energies. For that purpose, let
us introduce the following requirements on the free Hamiltonian Hj.

Hypothesis 1.1 We assume that

Hy(X) € C=(R*), Ho(X) > —Cy for some Cy > 0, lim Hy(X) = +o0.

Hypothesis 1.2 (Well defined energy levels, having finite measure) We assume that
(1) For almost all E € R, the set*

Sp={X = (v,p) € R* | Hy(X) = E},

is a smooth orientable 2d — 1 submanifold of R*:. For any such E, we let dog(X) denote the
induced euclidean surface measure, and we define the measure 6(Ho(X) — E) as

S(Ho(X) — E) = %.

(ii) For any E as in (i), Sg also has finite measure with respect to §(Hy(X) — E). In other
words

ho(E) = | 8(Ho(X)— E) < 400,  ae. E€R.
Sg

This serves as a definition for ho(E).

Hypothesis 1.3 Let X : s € R — X(s) € R? stand for the solution of the ODE system

6%7(8) = (VpHo, —VIH()) (7(3))7 7(0) - (x,p).

Then we assume that the matrixz of the derivatives with respect to the initial data is such that
for any 0 < R < oo, there exist Cr,qr > 0 verifying

sup |V, X(s)] < Cg (1+ |s])%"
|(z.p)|<R

for any s € R.

'We should write here E € Hy(R??) instead of E € R to be rigorous. Since the distinction between Hy(R2)
and R is anyhow obvious — there is nothing to assume for energies £ ¢ Ho(R??) — we shall systematically
consider energies E € R in this article, meaning implicitely that energies should actually satisfy the rigorous
condition E € Hy(R2?).



Remark 1.1 Of course, these assumptions are fulfilled by the harmonic potential Hyapm. Then,
the energy shells reduce to spheres {X € R?? X? = 2E} and Hypothesis 1.3 simply holds
with Cr = 1, qg = 0. Moreover, one may take any smooth diffeomorphism of phase-space
d : R — R2. Clearly, the new Hamiltonian Ho(X) = Hpam(®(X)) also satisfies these

Hypotheses. Then, energy shells are deformed spheres.

Remark 1.2 Hypothesis 1.1 is essentially a confining condition. As discussed in Appendiz
A, once Hy is assumed C°, Sard’s Theorem together with the coarea formula imply that Sg
is indeed a smooth codimension one submanifold, for almost every E € R. Hence part (i) of
Hypothesis 1.2 is indeed a consequence of Hypothesis 1.1. The important point in Hypothesis
1.2 is part (i1). It can be seen as an additional growth condition on Hy with respect to the space
variable. It allows us to normalize the measure 6(Hy(x) — E). This is a key assumption in the
present paper, both from the point of view of the model (it allows us to define the operator @),
and of the techniques: through Jensen’s inequality, it gives us the desired “entropy estimates”
suited for our asymptotic analysis. Note that the measure 6(Ho(x) — E) is a standard object
in statistical physics: it is known as the microcanonical measure on the energy shell Sp =
{Ho(X) = E}. It is also refered to as the Liouville measure, which is the unique invariant
measure under the Hamiltonian flow generated by Hy.

Also, Hypothesis 1.3 is a strong stability assumption on the unperturbed potential V. Its
role will appear clear in Section 4.2, and is related to the reqularity of the solutions of certain
profile equations. Note that this Hypothesis can be relaxed, but at the price of restricting the
relazxation parameter vy to large enough values.

Associated with §(Hy(X) — E), the following mean-value operator is defined:

F(t, X) 6(Ho(X) — E)
F(6.X) 5(Hy(X) — B) = 252 S (L)

If(t, E) :=
/S 5(Ho(X) — E)

ho(E) Js,

For each energy level E, I1f defines the average of f over the energy shell {X | Hy(X) = E}.
In Appendix A, we check that II1f(¢, ) is well-defined for functions f belonging to the spaces
LP(R??). Physically, I1f(¢, F) denotes the mean number of particles which belong to the energy
shell Sg at time t. Now, the classical counterpart of the level populations being the number of
particles on a given energy surface, it is natural to define the following operator

P f— Pf(t,X) = ILf(t, Hy(X)). (1.5)

We shall see that P enjoys the natural self-adjointness and contraction properties of a projection:
it is the projection onto functions depending only on the energy. Going on with the analogy
between classical and quantum mechanics, we also observe that the classical counterpart of
the density-matrix correlations is the projection of the distribution function onto the space



orthogonal to functions of the energy only. This leads us to the following definition of the
relaxation operator to be used in (1.2):

QU)=Pf— T (1.6)

This operator models the relaxation of the distribution function towards a function of the total
energy of the system only. Physically, it describes a redistribution of the particles which makes
the distribution uniform on any energy shell. To motivate this interaction, we can think of some
resonant interaction process: two particles with different energies do not spend enough time in
a coherent motion one with respect to each other to interact significantly. Only particles which
have the same energy do interact, and if this interaction is repulsive, it eventually produces
a uniform distribution on the energy shell. Further considerations on how such a relaxation
operator can be derived are beyond the scope of this work.

Let us give some intuition of the phenomena involved in (1.2), endowed with the operator
(1.6). First, as ¢ — 0, we can expect that f¢ relaxes towards an equidistributed repartition
i.e. towards a solution to Pf = f. However, the fluctuations f¢ — P f¢, which are small but
definitely non zero, are transported by the Hamiltonian flow. Then, resonant interactions are
possible with the motion induced by the perturbation eV which oscillates with frequency 1/&2.
These intricate interactions will eventually give rise to diffusion in the energy variable. Of
course, the asymptotics is highly governed by the precise time dependence of V. It turns out
that the relaxation operator () somewhat regularizes the situation in this respect, in that it
prevents the possibility of too strong resonances (small denominators), through the introduction
of some damping in the model. Let us comment further the introduction of this operator:

e On the one hand, as explained above, the situation has to be compared with the quantum
Bloch equation (1.3), which has been analyzed in [BCD] and further in [BCDG]. There, the term
Q(p°) gives damping terms for the off-diagonal elements of the density matrix (the correlations,
analogous to f¢ — Pf¢ here). These damping terms make the large-time dynamics dominated
by the diagonal elements (the populations, analogous to Pf¢ here). They also contribute to
making the rate constants finite even at resonances (the “width” of the resonance being related
to the damping rates). These damping terms can be physically motivated in a number of ways
(for instance they can model the decoherence effects of atomic collisions in a gaseous medium,
see the discussion in [Lo]). Under more restrictive assumptions on the data, smaller damping
rates of order O(e*) with u < 1/2 could be considered and the usual (undamped) formulae for
the Einstein rate equations [Lo] could be recovered, see [BCD, BCDG].

e On the other hand, the operator () introduces non reversibility in the system through
dissipation mechanisms. Without damping rates, the Bloch equation is time-reversible while
the rate equations are time-irreversible. The damping terms in the quantum Liouville equation
make it an irreversible equation from the beginning and simplifies the mathematical theory. A
similar idea was used in [CD, Cal, Ca2| for the derivation of the Pauli master equation from
the quantum Liouville equation in a deterministic framework. Indeed, it is a well-known fact,
since the work of Lanford [La] about the derivation of the Boltzmann equation, that rigorously
passing from a reversible to an irreversible dynamics is extremely difficult. A second, probably
more standard, approach to overcome this problem is the introduction of stochastic averaging



in the model, as in [EY1], [EY2], [PV], [LV] (see also [KPR] in a different context). There
are several other examples of such an alternative: homogenization of convection(-diffusion)
equations (see [GP2, GP3| and references therein), Lorentz gas evolving in a billiard (see [BDG]
and [BCS]), quantum scattering limit of the Schrodinger equation [BPR], [EY2], [PR], [PV]...
For the (space-)homogenization of the kinetic equation without dissipative term, we refer e.g.
to [Ale2], [FH]. Here, as well as in [BCD] and [BCDG], we wish to treat the problem in a fully
deterministic framework. To some extent, in this framework, the damping term plays the same
role as the stochastic averaging process (see remark 3.2 below).

We wish to add a last comment. In the quantum context, it has been proved (see [BCD] and
[BCDG] for extensions) that the asymptotic behavior of the Bloch equations (1.3) leads to an
Ordinary Differential System (the system of rate equations) describing the occupation numbers
of the various energy levels. This system describes the jump process of the electrons between
the energy levels. However, in contrast with the quantum case where the energy levels are
naturally discrete (like the lowest energy levels of an atom), a classical system possesses a con-
tinuum of allowed energies and the corresponding transition energies are infinitesimaly small.
Therefore, the large time evolution of a classical system (or equivalently, in our framework, the
e — 0 limit of egs. (1.2), (1.6)) is expected to take place through infinitesimal energy jumps,
i.e. through a diffusion process in energy, rather than through a finite jump process. For this
reason, the limit model will be in the form of a diffusion equation in the energy variable, or in
other words, of a Fokker-Planck type equation. The goal of the paper is to rigorously show this
fact and to obtain the classical mechanics counterparts of the results proved in [BCD]. The
main result of this work can be summarized as follows.

Formal statement. We suppose that V' oscillates quasi-periodically: V(1,x) = Vy(wt, ),
where w € R" has rationaly independent components and 6 — Vy(6, x) is (0,1)"-periodic. Then,
up to some “reasonable” assumptions on Vi, fe(t,X) converges to some F(t, Hy(X)), where
F(t, E) satisfies a diffusion equation, which can be written in the following conservative form

Oy (hoF) — 0g (hob OpF) = 0, (1.7)

with hy defined in Hypothesis 1.2. The coefficient b(E) > 0 is defined by an expression involving
some average of V4.

The expression of the effective coefficient b, as well as the precise notion of convergence will
be stated later on (see Section 3). In (1.7), hoF(E)dE can be interpreted as the number of
particles having their energies in the interval (E, F 4+ dFE) while hob O F'(FE) gives the particle
flux through the energy surface Sg.

The remainder of this paper is organized as follows. Section 2 is devoted to the basic properties
of both the relaxation and transport operators, which will be crucial for our analysis. In Section
3, we provide a formal derivation of the asymptotic model. To this aim, we restrict ourselves to
the framework of quasi-periodic perturbation potentials V. In this framework, we are able to
give the precise and complete statement of our convergence result. This discussion allows us to
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point out the mathematical difficulties related to the resolution of adequate profile equations.
These difficulties are analyzed in Section 4. Next, details of the convergence proof are presented
in Section 5. We postpone the proofs of several technical facts — which could be interesting in
themselves — to the Appendix.

2 Preliminary considerations: properties of the relax-
ation operator

Since equations (1.2), (1.6) describe a relaxation phenomenon, we are naturally led to inves-
tigate the dissipation properties of the operator (). This will give a particular form of the
“entropy dissipation estimates” that are suited to our problem. Also, the commutator between
both operators f — Pf and f — {HO, f } is an important object in the asymptotic analysis
of (1.2). Hence, the following statement will be useful.

Lemma 2.1 The operator P satisfies the following properties:
(i) P is a continuous projection operator on LP spaces:

P(Pf)=Pf, [P fllzrweey < [[fllp@eay 1< p < o0,

(ii) P is conservative in the sense that for any integrable function, we get

/prf dX = | fdX.

R2d

(iii) P is self-adjoint with respect to the inner product in L*(R??) (denoted by (-, -) throughout the
paper). Consequently, the following orthogonality property holds: for any function f € L*(R*?)
and ¢ : R — R such that X — p(Hy(X)) lies in L*(R??), we have

(p(Ho(X)), (I1d = P)f) = 0.

(iv) P is a non negative operator: if f > 0 almost everywhere (a.e.), then Pf >0 a.e. as well.
Moreover, the stronger property holds:

If f >0 a.e., and Pf =0 a.e., then f =0 a.e.
(v) The operators f+—— Pf and f +— {Ho, f} are orthogonal, in the sense that
P{HOa f} - 07

holds for any f € L*(R*!) such that {Hy, f} € L*(R*!). Consequently, for any f,g € L*(R*")
such that {Ho, f} and {Ho, g} in L*(R*®), we have

P({Hy, f}g) = ~P(f{Ho.g}).



Property (iii) implies that
/ (Pf—f)PfdX =0.
R2d
Therefore, we deduce the following key property of the relaxation operator.

Corollary 2.2 The operator Q is a bounded operator on L*(R??) and the relation

- [Lawnsax= [ |Pr-Pax=o

R2d

holds for any f € L?(R*?).
Proof of Lemma 2.1. We split the proof as follows.

Proof of (1)-(i1)-(1i1)
The continuity of P on LP spaces is an immediate consequence of the coarea formula recalled in
Appendix A, together with the assumption that Sg has finite measure for £ € R a.e. Indeed,

HPfHI;Jp(dX) = /de ‘Hf<H0(X))‘de

= [ Ins(B)F h(E) aE

< (], o =)

< [ eopax

where the coarea formula (A.5) is used for the second equality, Jensen’s inequality for the first
inequality and the coarea formula again for the second inequality. Note that equality holds for
p = 1. The relation P(Pf) = PJf is obvious since P leaves any function depending only on
Hy(X) invariant. Finally, the self-adjointness of P simply comes from the identity P = II*II,
where IT* is the adjoint of II (with the notations of the Appendix — see Lemma A.1).

Proof of (iv)

It is obvious that P preserves non negativeness. Let f > 0 such that Pf = 0 a.e.. Since
Jgoa fAX = [poa PfdX =0, then, f is a nonnegative function with vanishing integral, which
implies that f(X) =0 for X € R* a.e.

Proof of (v)
We deduce that P{Hg,f} = 0 from H{Ho,f} = 0. To prove the latter, we take any test
function ¥(FE) € L*(R, ho(E) dE). We write

(U Ho. £} 0 s puiirary = |, Do FHE) 6(E) ho(E) dE

<?H07f}an*w>Lz(de)
- <{H0,f},’¢(H0(X))>L2(R2d)
- _<f’ {Ho’w(H0<X))}>L2(R2d)
= 0.
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where the definition of IT* can be found in Lemma A.1 of the Appendix and where we have used
an integration by parts to obtain the fourth equality. Then, combining this property together
with the Leibniz rule {HO, fg} = {Ho, f} g+ f {Ho, g} allows to conclude the proof. [

3 Formal derivation; quasi-periodicity

We consider a perturbation V' which oscillates in a quasi-periodic way. To be more precise, let
Y be the unit cube in R", for some integer » > 1. We assume the following
Quasi-periodicity Hypothesis: There exists a vector w € R"\{0} and a smooth and bounded
function Vy : R” x RY — R | which is Y-periodic with respect to its first variable, such that

V(r,z) = Vy(wr, x), for any 7 € R, v € R%.

The periodicity condition means that Vi (0 + j,z) = V4 (#, ) holds for any § € Y, z € R,
jJ € N". The vector w is called the frequency vector. It collects the r frequencies of V. We
assume that the r components of w are rationally independent, which means that k-w = 0, for
ke Qiff k =0. When r =1, V is simply said to be periodic, and one can take w = 1 without
loss of generality. It will be convenient later to make use of the Fourier series associated to Vj

Vy(0,2) = Z \//Il(k‘,a:) exp(2imk - 0), @(k,x) = /YVq(Q,x) exp(—2irk - 6) df.

kezr

Provided V, has the smoothness V, (0, z) € L*(Y x R?), the above Fourier series is convergent
in the topology ¢*(Z"; L*>(R?)) (note that we shall need the stronger regularity V, € C%, see
assumption 3.1 below).

With the help of this assumption, we can now guess the behavior of f¢ by inserting into eq.
(1.2) a double scale ansatz in the spirit of [BLP], [SP]:

fet,X) = féo)(t,wt/é?Q,X) + gfél)(t,wt/g,X) + €2f(§2)(t,wt/&72, X)+...

where all functions fo(li) are supposed Y—periodic with respect to the second variable. Then,
we formally identify all terms which appear with the same power of £. Remarking that

) ) 1 .
Oy <f(§’)(t,wt/€2,X)) = (&:fél) + 5w Vefc(lz)> (t,wt/e*, X),
€
it becomes convenient to introduce the operator

qu =Ww- Vqu + {H()»fq} - IVQ(fq)a
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and its formal adjoint 7*¢ = —w - Vyp — {Ho, ¢} — 7Q(p). We obtain the following profile
equations

% term: T <o, (3.1)
el term: T = V. Vy(0,2) -V, )
e? term: T = —9, £V 4 V. Vy(0,x) -V, e (3.3)

and so on. The general form of these equation reads 7 f, = hq, and the time variable ¢ appears
only as a parameter. As a matter of fact, we readily check that any function depending only
on the energy variable, but not on 6, belongs to the kernel of 7. Therefore, it is tempting to
infer from (3.1) that

féo)(ty 0, X) = F(t7 HO(X))

Since such a function also lies in the kernel of the adjoint operator 7*, we might imagine that
the orthogonality relation
/ Phy df =0
Y

can serve as a compatibility condition. Assuming that these considerations hold true, and
forgetting for the time being any functional difficulties, we rewrite (3.2) as

TV =V, Vy(0,2) - V,Ho(X) OpF (t, Ho(X)).

Note that V,V4(6, ) - V,Ho(X) = —{Vy, Ho} fulfils the compatibility condition, thanks to

Lemma 2.1-(v). Thus, we can define x4(6, X), a solution of the auxiliary equation
Txq = VoVi(0,2) - V, Ho(X),

and we set f((ll)(t, 0,X) = xq(0, X)0pF(t, Hy(X)). Inserting this expression into the ? order
equation (3.3), and using the compatibility condition, we are led to

0 = 0tP<F(t,H0(X))> —/P(vaqw,x)-foc(ll)(t,e,X)> df

= OF(t,Ho(X)) — (/ PY(Vqu(eal") : Vquw,X)) dé’) OpF(t, Ho(X))
. (/ P(vaq(e,x) Y, Ho(X) Xq(e,X)) d@) 92, F(t, Ho(X)).

Thanks to the coarea formula (A.5), we deduce that F(t, E') verifies the following drift-diffusion
equation

04 (ho(E)F (1, E)) = ho(E)a(E)IpF(t, E) + ho(E)NE)Rp F(t, E), (3.4)
the coefficients of which are defined by

o(2) = 11( / VL Val0,2) - V(0. X) d0) (),

b(E) —H(/szvq(e,x)-vao(X) Xq(0,X) d@) (E).
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For further purposes, it is also convenient to introduce xj, a solution of the adjoint profile
equation

T xy = VaVo(0,7) - V,Ho(X).

This function is precisely defined in Corollary 4.4 below. Let us set

a*(E) =11 ( /Y V. Va(6, 1) - V,x(6, X) d9> (E)

(3.5)
b (E) = I ( /Y VL Vy(0.2) - ¥, Ho(X) x5(6, X) d9> (E).

The following claim will make the connection with (1.7) clear.

Lemma 3.1 The following relations hold true:

Mo(E(E) = ho(EYNE),  ho(B)a*(E) = ho(E)a(B) = = (no( B (E)).

These relations are consequences of the coarea formula; detailed computations are presented in
Appendix C. Therefore, from (3.4), we are led to (1.7):

Ot (hoF) = 0 (hob) OpF(t, E) 4 ho(E)b(E)d3 5 F(t, E) = 0 (hobOgF).

We are now left with the task of making this formal guess rigorous. To this end, we need some
technical assumptions on the perturbation V.

Hypothesis 3.1 We assume that

(i) the quasiperiodic potential V(t,x) = Vy(wt,z) posesses the regularity V, € CZ(Y x R?),
where Vy is Y—periodic with respect to the first variable.

(ii) There ezists some 3 > 0 such that

/ |VaVa(0, ) - VyHo(X)[?
R2d w(X)ﬁ

sup dX < oo,

beY
where w(X) = (1 + Ho(X)?)'/2.

Remark 3.1 Considering the harmonic Hamiltonian, we get V,V -V, Hyarm (X)p -V, V' which
clearly does not belong to L?(R*®). However, Hypothesis 3.1-(ii) holds for any 3 > d+1. Thus,

the € order equation (3.2) makes sense in a reasonable functional space since the right-hand
side belongs to the weighted space L?(R** w(X) PdX).

We are now ready to give the statement of our main result.

Theorem 3.2 Let f§ > 0 be the initial data for (1.2). We suppose that f5 is bounded in
L*(R?1). We suppose that Hypothesis 1.1, 1.2, 1.3 and 3.1 are satisfied. Then, f¢ = Pf¢+ g.
where g. is bounded in L*((0,T) x R?*?) and, up to a subsequence, Pf¢(t,X) converges in
C°([0,T]; L*(R?*?) — weak) to F(t,Hy(X)), where F' : Rt x R — R* satisfies the diffusion
equation (1.7) weakly in L*(R), with the initial data F(t = 0, E) given by the weak limit of
TIf(E) in L*(R, ho(E) dE).
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Remark 3.2 We point out that assuming v > 0 is crucial in our analysis since the operator
Q plays the role of a dissipation which allows to avoid all resonance phenomena. The explicit
computations presented in Appendiz E may shed some light on this aspect. Without such a
relazxation, the mathematical analysis becomes very delicate and certainly does not lead to a
diffusion process. We refer in particular to [Ale2], [FH] where it is shown that the homoge-
nization of a kinetic equation with highly oscillatory force fields leads to an effective equation
involving memory effects. These results are in the spirit of those concerning the homogenization
of transport equations with transverse oscillations [Alel], [AHZ], [Pe] as initiated by [T]. In
the present approach, we avoid these effects thanks to the presence of a dissipation operator.

4 Profile Equations

This section is devoted to the analysis of the profile equation 7 f, = hq. We denote by Li(Y X
R??) the class of functions f, : R" x R* — R which are Y—periodic with respect to the first
variable and such that

/ 1,0, X)?dodX < <.
Y xR2d

We also introduce

Hy = {fo € IL(Y x R¥), T/, € LL(Y x R¥)}.

4.1 General setting

Proposition 4.1 Let hq € L3, (Y x R*!). We suppose that hq is either purely periodic or has
finitely many harmonics, which means that either r = 1, or, when r > 2,

ho(0,2) = Y ho(k,z) exp(ik - 0), (4.1)

keZr, |k|[<K

for some finite integer K. Then, the problem T f, = hq has a solution fq € Hy iff hy satisfies
the compatibility condition

/ Ph(0, X)d0 = 0. (4.2)

The solution is unique when imposing the additional constraint fY Pf,(0,X)df = 0. This
uniquely defined solution depends continuously on hy: there exists C' > 0 such that

1 fall 2w esy < € l1hall pogyacy-
Other solutions differ from fq by a function o(Hy(X)).

Proof. The arguments are inspired from [GP1], but specific difficulties appear, since in par-
ticular the operators w - Vg and {Hy, -} — @ act on independent variables. As it will become
clear in the proof, the restriction contained in (4.1) is related to small denominator difficulties

13



when solving the profile equations. These difficulties disappear in the purely periodic case. The
proof splits as follows.

Uniqueness
For any f, € Hy, we observe that

/ w-Veofy fqd0dX =0, / {Ho, fo} fqdfdX =0.
Y x[R2d Y xR2d

Let f, € Hy be a solution of 7 f, = 0. Multiplying by f, and integrating yields

_7/Y i Q(fo) fadfdX = 0= fq = P fall72yxzoa

thanks to Corollary 2.2. We deduce that f (6, X) = Pf,(0, X) depends on X only through the
energy. Then, we apply the operator P to the equation. We get

w - V@Pfq =0
thanks to Lemma 2.1-(ii) and (v). Accordingly, the Fourier coefficients of P f, verify
w-k Pfy(k, X) =0.

Since the components of the frequency vector w are assumed rationally independent, we deduce
that Pf,(k,X) = 0 for any k # 0, and thus this implies that P f (6, X) does not depend on the
variable § € Y. We proved that f, € L*(Y x R??) verifies 7 f, = 0 iff f,(6, X) = F(Hy(X)), for
some F such that [, |[F(Ho(X))[?dX < oo. In particular, if we impose that [, Pf,df = 0,
this implies that f, = 0, proving the uniqueness result.

Existence

Applying the projector P to the equation 7 f, = hy and integrating over Y, we realize that
(4.2) is a necessary condition for having a solution. From now on, we thus assume that (4.2)
holds true and we prove that it is also a sufficient condition. Let us temporarily assume that,
for any A > 0, there exists fé’\) € Hy verifying

A+ T = hg. (4.3)

We wish to prove the existence part of Proposition 4.1 by passing to the limit A — 0. This is

completely obvious once we know that the sequence ( é)‘) remains bounded in L?(Y x R??).

)30

Suppose that there exists a subsequence, say {A"™, n € N} such that lim,_., A = 0 and
N(n) = Hf(g)\n)HLQ(YXRQd) m —+00.

We set Fén) = fo(f\") /N™_ Without loss of generality, we can assume that Fén) — F, weakly in

L*(Y x R??) as n — oo. We have

h‘q
N

AW EM L TR =

14



Hence, multiplying by F\™ leads to

thHLQ(YXRQd)

hq
(n) (n)12
T IFE = PR gy < | 55 0 doax < =0l

We deduce that

Hchn) PF ||L2 (yxr2a) —— 0. (4.4)

Accordingly, F\" = pF™ + (F" — PF{M) — F, = PF, as n — oco. Now, we apply the
projection operator and we get

Phq
N®)’

AXMPEM 4w VPF™ = (4.5)

Integrating with respect to 8, we obtain for any n € N

/Y PE™(0,X)df =0,

as a consequence of (4.2). Besides, passing to the limit in (4.5) yields

w-VoPF" —— w-VyPF, =0  strongly in L*(Y x R*).

n—oo

Hence the limit is nothing but F, = 0. We will obtain a contradiction by showing that Fén)

converges strongly.

Let us consider the Fourier series associated with PF(gn)

PFM(0,X) =" PF"(k, X)e*™".

kezr

We have already remarked that the first Fourier coefficient vanishes
PE™(0,X) = / PF™(6,X)d = 0.
Y

Therefore, the Plancherel theorem gives

IPES R spany = > [P (kX))
kezr\{0}
1
= -k PF k, X
> o PIPE (k, X))
kezr\{0}
1 —_—
= _ VPF k, X
Z 47T2|w'k?|2 |w [ ( >|
kez\{0}

When r > 2, we use the assumption that the data hq has finitely many harmonics. By (4.5),
PFOE") shares the same property, with the same truncation index K and we are thus led to

1
PE" < S E— VyPE" —— 0.
IPE i eaon < ez \(O), <K (47T2!w : W) o= VoPF ixcrnn -
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When r = 1 the conclusion is immediate since we get HPF HLQ(YX]RM < H@gPF HL2 YxR2d)-

It remains to justify the existence of FM). This is obtained by a Banach fixed point argument.
Indeed, consider the operator ), which to a function ¢ € Li(Y x R??) associates the solution

PN =0V (¢) € L(Y x R?) to the transport equation
M0, X) +w - Vo + {Ho, vV} + 49 =5 P+ hy(0, X).

We prove that ®) is a contraction over L2,(Y x R*?). Since (4.3) also reads FN = @0 (fMy,

this clearly implies the existence and uniqueness of f(g’\), the solution to (4.3). Now, to prove the
contraction property of ), we take two functions ¢ and ¢, with the associated ) = CI)()‘)(¢)
and Y = ®M(¢). We readily obtain the following energy estimate

/y ‘<P¢ - Pg’g’ @Z)()\) - J(A)>L2(YXR2d)‘

()\ + ’V)HQ/}()\) - J(/\) ||iz(YXR2d) S _ (0
< 7 H¢ B ¢HL2(YxR2d) ||¢(/\) o w(/\)Hm(YxR?d)'

The second estimate uses the Cauchy-Schwarz inequality together with the continuity of P over
L*(Y x R??) (see Lemma 2.1). As a consequence, we have

~ v &
I = gy < 516 = Bl

This is the claimed contraction property.

This ends the proof of Proposition 4.1. The continuity estimate follows from the closed graph
theorem, once we have remarked that the set of functions verifying the compatibility condition
is a closed subspace of L2 (Y x R*?). ]

The distinction between the purely periodic case and the genuinely quasiperiodic case is
due to small denominator difficulties: while the transport operator dy is (essentially) invertible
over L?(df) in one dimension, the inverse of the transport operator w - Vy ceases to be bounded
in reasonable spaces when the angular variable 6 belongs to the r > 1 dimensional torus.
This appears clearly when we try to deduce the behavior of PF™ from informations on w -
VoPF™ . 1In the periodic case the required estimate is actually nothing but the classical
Poincaré-Wirtinger estimate for periodic functions on (0,1). When r > 2, the quantity |w-k|? is
never zero when k # 0, due to the rational independence of the components of w. Nevertheless,
small denominators might appear, corresponding to cases where w-k is small but nonzero. This
typically happens for large values of |k|. This is the reason why we assume, in the case r > 2,
that hq has finitely many harmonics. Another (classical) way to analyze this difficulty consists
in saying that the Fredholm alternative does not apply to the transport operator w-Vy; its range
is not closed in general. The difficulty can also be illustrated by imposing some diophantine
condition on w (which is therefore satisfied for almost all w). Some slight adaptations of the
previous proof then lead to the following claim
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Proposition 4.2 Let w satisfy the following diophantine condition: for any k € 7",

Cy

k> —L
|w |—|k:|,y7

holds for some v > 0 and C, > 0. Let hq € Li (Y x R2) satisfy
1Pha iy 2oy D IKFIPR(k, I Z2gasy < 0o
kLT

Then, the problem T fy = hq has a solution f, € Hy iff hy satisfies the compatibility condition
(4.2). The solution is unique when imposing the additional constraint [, Pfy(6,X)df = 0.
This uniquely defined solution depends continuously on hq in the sense that

17 = P fall coqupeay < C Whall agnmesy 1P Fallp2wseny < € l1hall o v zoguanyy
Other solutions differ from f, by a function o(Hy(X)).

In the course of the formal derivation, we have seen that we actually have to consider data
belonging to some weighted space:

hy: Y x R* R, Y — periodic, / |ho(0, X)) w(X)*dX df < oo
Y xR2d

for some real . The profile equation in such a weighted space is easily reduced to the
simpler L? framework. Indeed, define hy(6, X) = hq(6, X)w(X)*2. Then, h, belongs to
%2#(3}{' x R*?). Hence, we solve T fy = hq with fq € Hy, [, Pfqdf = 0 and we set fy(0,X) =
fo(0, X)w(X) /2. f, satisfies

/Y » 1£,0, X)) w(X)*dX df < oo, T fq=hg /YPfq do =0

since multiplication by a (smooth enough) function of Hy(X) commutes with the operator 7.
Clearly, similar conclusions hold for the adjoint operator 7*, which shows that the results can
easily be extended to the weighted space framework.

Let us now turn to the very particular case we are interested in.

4.2 Solution of the profile equation (3.2)

The computation of the effective coefficients relies on the resolution of the profile equation with
data V,Vy(0,z)-V,Hy(z,p). The compatibility condition (4.2) is satisfied in a strong way since
we actually have

P(V,Vy - V,Ho) = P{Vy, Hy} = 0.

This allows us to derive a more explicit expression for the solution y, (resp. Xa) of the profile
equation 7 xq = V,Vy - V,Hy (resp. T*x; = V.V, - V,Hy).
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Indeed, let us consider the profile equation 7 f, = hq under the condition Phq = 0. (Similar
computations can be performed for the adjoint equation.) Then, applying the operator P to the
equation yields w - Vo P f, = Phy = 0 which implies that P f, does not depend on 6. Requiring
Jy Pfqdf =0 gives Pfq = 0. Therefore, we are led to solve

{ w- Vofq+ {Ho, 4} + Vfq = hq,
Pf,=0.

Let us introduce the characteristics © € R", X € R??, the solutions of the ODEs system

d d v X
{ FOE) =w ZX(s) = (V,Ho(X(s). =V Ho(X(s)),
0(0) =0, X(0) = (z,p).

Note in particular that ©(s) = 0 + sw. Hence, we get

d

(¢ 10003 K (5)) = € ho(©(), K (5)).

Integration with respect to s yields the following statement:

Lemma 4.3 Let hqy € L*(Y x R*?) be such that Phq = 0. Then the solution f, € Hy of
Thq = hq with Pf, =0 is given by

0

fl.np) = [ (@) X(5)ds (46)
Accordingly, if hy lies in C°(Y; L*(R??)), then, f, lies in the same space. If, furthermore ¥V xhq
lies in C°(Y; L% (R??)), then, f, also satisfies this property.

loc

There only remains to discuss the regularity statement, which follows from a direct application
of Lebesgue’s dominated convergence theorem. Similarly, we can differentiate (4.6) with respect
to X and conclude thanks to Hypothesis 1.3. Let us now state the precise result which will be
used in the sequel:

Corollary 4.4 Assume Hypothesis 1.1, 1.2, 1.3, 3.1. Then, there exists a unique function
Xo: Y X R2? — R such that

dX db
(0, X)|? < T = V.V, -V, Ho, /P*dezo.
/YxR2d|Xq( ) )| U)(X)ﬂ 00, Xq q p+L0 N Xq

It is defined by the formula
GO = [ e VLV V(0 4+ 50, X sinp) ds
0

Furthermore, for any 0 < R < oo, x3 and V xx; belong to CY(Y; L*(B(0, R))), where B(0, R) =
{X e R* |X| < R}, and Py} =0.
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Remark 4.1 The role of Hypothesis 1.3 is to guarantee that x3 possesses enough regularity
to justify some algebraic manipulations below. If, instead of Hypothesis 1.3, we assume the
weaker hypothesis Hy € W2 (R*), we readily obtain the following estimate: |V, ,X(s)| <
e (1 + |(x,p)|) for some C > 0. Then, all our results will remain true provided that we
consider large enough values of the parameter v (which should be > C'). However, this looks too
strong a restriction from a physical viewpoint because usually, relaxation rates are rather weak.

5 Proof of Theorem 3.2

5.1 A priori estimates
We obtain the basic uniform estimate by multiplying (1.2) by f¢ and performing some integra-

tion by parts. Since the transport terms are antisymmetric, we get

1 d

- aQX:l/ aaX:_l/ Pfe — 52X<
2 dt R2d|f| d g2 deQ(f)fd g2 R2d| / f| dX <0,

thanks to Corollary 2.2. Hence, we deduce the following claim.

Proposition 5.1 Suppose that the initial data f§ is bounded in L*(R??). Then,
(i) (fE)DO is bounded in L= (R™; L?(R*?)),
(ii) (¢° = 2(f* = Pf9)) ., is bounded in L*(RT x R*®).

Remark 5.1 For any convex function ¥ : Rt — R, we have

L wrax = o [ euewax
R2d f)H}Zd )
= | (Pr=r) (ver) - v )ax <o

In particular, this provides uniform estimates of £ in any LP(R?*®) space, 1 < p < co. However,
these estimates will not be needed in the sequel.

5.2 Convergence proof

A possible proof would consist in solving the successive profile equations (3.1)-(3.3), construct-
ing an approximate solution f5,, = f¥ +ef" + 2 () evaluating the difference f*— f2 = and
showing that it is O(eg). Such an approach is usually very demanding in terms of regularity of
the solution and would lead to tedious technicalities. Moreover, the resolution of the profile
equation (3.3) can impose more restrictions on the potential V;, than those detailed in Propo-
sition 4.1. Here, we adopt another viewpoint, trying to pass to the limit in the equation. To
this end, we follow the general homogenization strategy developed e.g. in [GP2]. It combines
double scale convergence tools, as introduced in [N] and [A], combined with a suitable choice
of test functions, the so-called “oscillating test functions method”, see [Ev1l, Ev2, T0, T|. First
of all, let us give the following double scale convergence statement, which is adapted to the
quasi-periodic framework.
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Proposition 5.2 Let f. be a bounded sequence in L*(R). Let w € R” the components of which
are rationally independent. Then, there exists a subsequence, still labelled by ¢, and a function
Fy € L (R x Y) such that for any test function 1pq € L*(R; C%(Y)),> we have

hm/fa bt wt/e2) dt = // (t,0) ¥y(t,0) dO dt.

The proof follows the arguments of [A], which are combined to the ergodic condition “w has
rationally independent components”, through the use of a variant of the Birkhoff theorem
(see [DS]). This is detailed in Appendix D. Further adaptations to sequences of functions
with values in a Hilbert space can be readily obtained as in [GP1]. Therefore, coming back
to Proposition 5.1, we have the following compactness property, where C?, (R x Y; L*(R>?))
denotes the space of functions 1, : R x R” x R?*®* — R which are continuous with respect to
(t,0) € R x R", Y— periodic with respect to the second variable, with values in L?(R??), and
such that ¢(¢,0, X) = 0 when ¢ ¢ K, for some compact set K C R.

Lemma 5.3 We can suppose, up to the extraction of a subsequence, that f¢ converges to

Fy(t,0,X) € L%((0,T) x Y x R*) in the sense that

lim FE(t, X) gt wt/e?, X) dt = // / (t,0,X) ¥y(t,0,X)dodX dt,
R2d

e—0 R JR2d

holds for any trial function 1, € CO#(R x Y; L*(R?%)). Furthermore, f¢ converges weakly in
L2((0,T) x R*) to f(t,X) = [, Fy(t,0,X)db.

Let us multiply (1.2) by t(t, wt/e?, X), where 1), is a C* function of its arguments and is
Y—periodic with respect to the second variable. Integrations by parts yield

o, X) Yg(t,wt/e?, X)dX —e | fo(t, X) Opby(t,wt/e®, X) dX

R2d
—éf fEt,X) w- Voh(t,wt/e?, X) dX—l/ fe(t, X) {Ho, v} (t,wt/e®, X)dX
R2d R2d

c (5.1)
+/ fo(t, X) Vo Vy(wt/e? z) - Vb (t, wt/e®, X) dX
RQ(i
2 [P 20U st/ X)X =0
€ JRr2d
since Q* = Q.
Hence, we first conclude that
ing [ (0 [0 Vi + (o 0} +2Q()] 1t/ X) dX dt =0
g— RQd

/ /de/ Fo(t,0,X) [W V@¢q+{Ho,¢q}+’yQ(wq)] (t,0,X)d0dX dt.

2Referring to [A], section 5, L?(R; C%(Y)) is the class of functions ¢4 : R x R™ — R which are measurable
and square integrable with respect to the variable t € R, with values in the Banach space of continuous and
Y—periodic functions.
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It implies that the double scale limit F, does not depend on ¢ and is only a function of the
energy; we denote Fy(t,0,X) = F(t, Hy(X)) = f(t, X).

Next, we remark that for any function only depending on the energy, the most singular term
in (5.1) vanishes. Accordingly, let us choose 14(t,0, X) = p(Ho(X)) + cpq(t, 6, X), with ¢ €
C>*(R), as a test function. We get

lim { / ) [ I X) 0 Vaba ot {Ho, 60} +5Q(00)| (1<%, X) dX de
0 2d

e—0

- et X) ViVo(wt/e®, X) -V, (p(Ho(X))) dX dt} =0

R2d

0
] [
0 R24JY o

- / Fuy(t,0, X)V,Vi(0, X) - V,Ho(X) Opp(Ho(X))dO dX dt
0 R24JY

|

w - Vobq + {Ho, b} +1Q(69)] (1,0, X) do dX at

- /OO/ /Fq{t’H’X)vaqw?X) - VpHo(X) Opp(Ho(X))d0dX dt = 0.

Eventually, we choose ¢, depending on ¢ in such a way that the order O(1) term in (5.1) also
vanishes. This is indeed possible by choosing ¢ a solution of the (adjoint) profile equation

w - VG‘bq =+ {H07 ¢q} + 7Q<¢q) = _T*(bq = vzvq((g’X) : VpHO(X) aESO(H()(X))

Precisely, we set

qu(Q?X) = _Xa(07X> aE‘P(HO(X))
with xj defined in Corollary 4.4. Note that by the regularity properties in Corollary 4.4,
¢q(8, X) and V,04(0, X) = =V,x& 0pe(Ho(X)) — x5 VpHo(X) 0% pp(Ho(X)) can indeed be
used as “admissible” test functions. It follows that

< [P0 (X)) + et/ X) ) ax
+/ f(t, X) V,Vy(wt/e? 1) - Vg (wt/e?, X)dX =0,
R2d

(5.2)

holds in D'((0, +00)).
Equation (5.2) indicates that
d
‘E / P X) (P(Ho()) + eq(wt /%, X)) dX‘
R
S e N poomtsz2®2ay) (Ve Vall oo (vxredy [|[Vp@qllLoe (v 2 m2ey),

is uniformly bounded with respect to ¢ > 0, 0 < ¢t < T < oo, thanks to Proposition 5.1,
Hypothesis 3.1, Corollary 4.4 and the fact that ¢ has a compact support. Hence, for any ¢
fixed in C2°(R), the family

{ o et X) (e(Ho(X)) + egq(wt/e?, X)) dX, € > 0}
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is relatively compact in C°([0,T1]), by virtue of the Arzela-Ascoli theorem. But, we also have

f7#,X) o(Ho(X))dX = [ Pfo(t, X) o(Ho(X))dX

R2d R2d

= /2d fs(t,X)(go(Ho(X)) +€¢q(wt/52,X)) dX — €/2d ot X) gq(wt/e?, X)dX
R R
where the last integral is dominated by

11 poe e 22m2ay) [IXG I Lo ;L2 ({x €24, o) €supped) 1PN @)
Thus, the family
{ | Prx) o) ix. e > o}
]R2d

is relatively compact in C°([0,7]). Combining a separability and a diagonal extraction argu-
ment, we conclude that we can consider a subsequence, still labelled by ¢, such that

lim Pt X) o(Ho(X))dX = [ F(t, Ho(X)) p(Ho(X)) dX

e—0 R2d R2d

uniformly on [0, T, for any ¢ verifying [.,. [¢(Ho(X))|? dX < oo.
Furthermore, the limit of the second integral in (5.2) as ¢ — 0 reads

/ /Fq(t,e,X) VaVa(6,2) - Vxi(6, X) pp(Ho(X)) df dX
R24JY

n / Fo(t,0,X) VaVi(0,2) - VyHo(X) X (0, X) pip(Ho(X)) db X
R24JY

:/ F(t, Hy(X)) (vam(e,x)~vpxg(0,X) d9> O (Ho(X)) dX

R2d

[ FaHC0) ([ 900,00 900X x300.X) db ) Ol to(X) X

R2d

= [ Pl () (4 0ppHo(X)) + V0ol (X)) X,

R2d

since we have seen that Fy(t,0, X) = F(t, Hy(X)). Hence, letting ¢ tend to 0 in (5.2) yields

% R%F(t,Ho(X))so(Ho(X)) dX = » F(t,Ho(X))(a*aEw(Ho(X))+b*8%E90(Ho(X))> dX.
(5.3)

Let us detail some properties of the effective coefficients.

Lemma 5.4 The coefficients a* and b* belong to L (R, ho(E)dE), and we have b*(E) > 0 for

loc

almost all E € R. If furthermore, for any measurable set A C R, and 0 € Y, we have
(I — P)(ViVy(0,2) - V,Ho(X)) #0  on {X € R*, Hy(X) € A}

then, b*(E) > 0 almost everywhere.
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Proof. Regularity is a consequence of Corollary 4.4. Next, let ¢ € C2°(R). Thanks to Lemma
2.1-(iii), we get

/ b (Ho(X))?(Ho(X)) dX

/W (V2Val0, 2) - T Ho(X) @(Ho(X))) (x50, X)o(Ho(X))) d dX

d,

f T (0, X)p(Ho(X))) 40, X )p(Ho(X)) df dX

R24JY

= 7/ / [P0, X)p(Ho(X)) — X5(8, X)p(Ho(X))|* df dX > 0.

R24JY

Next, suppose that b*(E) = 0 for FE in some measurable set A C R. Let us set

X;A(ev X) - Xé(ea X) ﬂ{XG]RQd, Hy(X)eA} (X)
Reasoning as above we obtain
* * * 2
/ b*(Ho(X))dX =0 = 7/ / |Pxia — Xoa| dOdX.
{XeR2, Hy(X)eA} R24) ¥
Therefore, Pxj » = X; o, which implies that

]l{XeR?d,Ho(X)eA}(X> T*X(*l = T*XQ,A
= w-VoXia
= P(w-Voxia)
= ]]-{XGRM7H0(X)EA}(X) Vi Vq(0, ) - V,Ho(X)
holds. This would contradict the assumption (/—P)(1;xered, gy (x)ea(X) Ve Vo (0, 2)-V,Ho(X))
# 0 and proves that b*(F) > 0 for £ € R a.e. . ]

We end the proof by showing that (5.3) is a weak formulation of the conservative equation
(1.7). The coarea formula yields

d
dt Jy

with F € L®°(R*; L3(R, ho(E)dE)), and the right hand side makes sense by Lemma 5.4. Then,
Lemma 3.1 allows us to write:

ho(E)0*(E) = ho(E)b(E) € Lige(R, ho(E)™" dE),

ho(E)a*(E) = 0p(ho(E)b(E)) € Li(R, ho(E)™ dE).

F(t, E)p(E) ho(E) dE = / F(t, B) (a* (B)opo(E) + b () po(E) ) hol(E) dE,

Therefore, the right hand side in (5.3) becomes

| Ft.B) 0u (rn(E(E)24(E)) dE,

which proves the expected result. "
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A The coarea formula and its consequences

Let Hy : R?* — R be a C* function. The Sard Theorem (see e.g. [M]) asserts that, for almost
every real number® £ € R, and for any X such that Hy(X) = E, one has VxHy(X) # 0.
As a consequence, for almost every E € R, the level set Sp := {X € R*, Hy(X) = E}
is a smooth, codimension one, submanifold of R??. Now, the coarea formula asserts that the
following equality holds

[ seoax= [ ([ seoamen - 6) e (A1)
for any function f € L'(R??). We recall that the measure 6(Ho(X) — E) is defined by
[ seame0 )= [ 00 27T (A2)

using again the fact that the gradient VyxHy(X) never vanishes on Sg, dog(X) being the
euclidian surface measure on the level set Sg. We recall that a crucial hypothesis in our work
is

ho(E) ::/ d(Ho(X)— F) < o0 (A.3)
SE
for almost every F € R. Having defined the normalized average
1
If(E) = X)o(Ho(X) — E), A4
F8) = oy [, X0000(X) ~ ) (A4)
for f € L*(R??), the coarea formula then takes the form
f(X) dX:/Hf(E) ho(E)dE. (A.5)
R2d R

In particular, IT is an isometry from L'(R?*?) to L'(R;ho(E) dE). Since the analysis developed
in the present paper needs an L? framework, we next turn to the L? properties of the operator

IT.
Lemma A.1 Let f(X):R?* — R be in L?>(R*?). Then, we have

HHf||L2(R;h0(E)dE) < HfHL2(R2d).

Furthermore, let g : R — R satisfy g € L*(R; ho(E)dE). The adjoint TI* of the operator T1
with respect to the scalar product in L*(R; ho(E)dE) is

"g(X) = g(Ho(X)).

It satisfies
1T 9| L2 (r2ay = (|9l 2(ho()am)-

3Note that here, we make the same abuse of notation as in the main part of the present paper: instead of
writing the correct condition E € Hy(R??), we simply write £ € R.
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Proof. First we use the Cauchy-Schwarz inequality together with the coarea formula and we

/R T (B) P ho(E) dE =

\
\
&H
55

5
SN—
.
&5

IN

</ |f(X }25 Ho<X)—E)) (SEcS(Ho(X)—E)) dE
)—E)dEz/RQdU(X)\QdX.

IA
—
éf\

Z

om

Next, we observe that

<Hf’g>L2(hg(E)dE) = /Rg(E)< S f(X) 5<H0(X) _E)) dE
= [ [ #0900 3(00(X) ~ B)AE = [ 7(3) g(Ho(X))ax.

RJSE R2d

Eventually, the coarea formula yields

Mg = [ aHCONEAX = [ [ ot S(H(X)~E)aE = [ lo(E)ha(E) aE

B Dimensionless Equations

Let us detail the passage from (1.1) to its dimensionless version (1.2). The coefficients of the
operator () being dimensionless, Q(f) has the same dimension as f itself, while 7 > 0 is a
relaxation time. Let us introduce time and length scales, denoted by T and L respectively, and
let P stand for a momentum unit. Then, we set

{t*:t/Tv QZ*:I/L, p*:p/P7

1
fulty, vy, py) = LAPY f(¢, T, 2,L, p,P), Hoo(Tu, ps) = o Hy(z, L, p.P),

where the energy scale H > 0 characterizes the amplitude of the hamiltonian Hj. It remains to
discuss the perturbation V. To this end, we introduce additional parameters:
- ¢ > 0, which is a dimensionless quantity measuring the strength of the perturbation
compared with the free hamiltonian,
- 6 > 0, which is a characteristic time scale of the evolution of V.
Hence, we have
V(t,z) =e HV, (2 E)

Finally, (1.1) can be recast in the following dimensionless form

TH T
at*f* + —{Ho*,f*} +e LP{ *(t*T/Q),f*} = ; Q*(f*)
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Then, our analysis is based on the following scaling assumptions. First, we suppose that

T™H 1 > 1
LP 27 7
Roughly speaking it means that the time unit we adopt is large compared with the character-
istic time scale of the free hamiltonian Hy (e.g. for the harmonic oscillator the period of the

characteristic curves). Next, we are interested in the behavior of the system as ¢ < 1 when the
time scales involved in the problem satisfy the following ordering:

T 1 T ~
== S-= =00

Here, v > 0 is a fixed dimensionless quantity. This sets up the asymptotic regime we are dealing
with.

C Effective coefficients: Proof of Lemma 3.1

Let ¢» € C°(R). The coarea formula (A.5) yields

/RhobwdE - // (Vs Ho} X4(6, X) w(Ho(X)) d6 dX
- ﬁjmq XG0, X) G(Ho(X)) do dX
_ /ijxq T* (330, X) v(Ho(X)) ) a9 dX
= / jxq T™xq(0, X) ¥ (Ho(X)) db dX

_ /R]Xq {Vi, Ho) ¢(H0(X))d9dxz/hob W dE.
R24JY R

Similarly, combining the coarea formula and integration by parts, we get

/Rhoa* wdE = /R Y{vq,xg}(e,X) (Ho(X)) do dX
=~ [ [ tvautm(0) asax
= - o YXQ {V:anO(X>} (5E¢)(H0(X))d9dX

= — | hob* OpdE,
R
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which proves hoa* = 0g(hob*). We obtain the equality hoa* = hpa by remarking that

/R/Y X {Vas Ho(X)} (0m¢) (Ho(X)) dO dX
- /2d Xq TXq (O¢)(Ho(X)) dO dX
- f;d ] T*X4 Xa (0pv)(Ho(X)) df dX
- ]{Vq’HO X)} Xq (Op9)(Ho(X)) df dX
= f (Vi ¥(Ho(X))} xq 6 dX

holds. An integration by parts allows to conclude the proof. [

D Double scale convergence: Proof of Proposition 5.2

The double scale convergence framework has been extended to very complicated and general
oscillating coefficients, which leads to tedious technicalities; we refer on these aspects to [CG]
and [N2]. The case of quasi-periodic coefficients we are dealing with can be treated by following
closely the arguments of [A]. Indeed, consider a bounded sequence in L*(R)

sup/ |f-(D))?dt < C < .

e>0 JR

Let A stand for the space L*(R; C%(Y)), which is a separable Banach space. Let ¢ € A and

remark that
9 1/2
[ st < Il ([ (swplote) )
R z€
< Cl9fla
Hence, if we denote by ©, the linear form defined by

6 = / f-(t) S(t,wtfe) dt

we conclude that (@E)€> , is bounded in the dual set A’. Hence, by the Banach-Alaoglu theorem,
we can suppose that ©, converges to some v weakly-x in A’. However, we also have:

/ 1) ot wt/e)dt‘ <c ( / o(t, wt/e>|2dt)l/2,

so that letting ¢ tend to 0 yields:

' , 1/2
ol <t ([ fott/par)
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Therefore, we can identify v with a function F' € Li(R x Y) by the Riesz theorem once we are

able to justify that
hm/|¢twt/£ )P dt = // |p(t,0)|? d dt.

The proof of this fact follows the arguments of [A], with some slight modifications; the adapta-
tion to the quasi-periodic framework can be seen as a version of the Birkhoff ergodic theorem,
see [DS]. It is a consequence of the two following claims.

Lemma D.1 Let w be a element of]RT’ the components of which are rationaly independent. Let
¢ € CU(Y). Then ¢p(wt/e) — [, $(0) d§ weakly-+ in L>(R).

Proof. We start by proving the result for ¢(0) = exp(2ink - 0), k € Z". Indeed, let v € L'(R).

We get
) ~ 2k -
/ w(t)emﬂk-wt/s dtw( . m w) )
R

€
Therefore, for k = 0, this is nothing but

_ /R O(t) dt = /R ot dt /Y ¢2m00 .

while for £ # 0, the ergodic condition k - w # 0 yields

L~ 2k -wy\ 2imk-0
lg%@w(— - )—0—/R¢(t)dt/ye do.

Of course, we immediately deduce that the result also applies to any trigonometric polynomial.

Then, we extend the property to any ¢ € C%(Y). Indeed, such a function can be approached,
in the sup norm sense, by a sequence (pn)neN of trigonometric polynomials. Then, we note that

d(wt/e) dt—/z/)t /qb@ de dt‘

/ o) ot /2) = et/ e | [ wtomter/orar [ o [ poyan)an

w(ol [ 106) = @)l

< AWl 16— ol ‘/w mter/e)de~ [ v [ n(6)d0) i

Let 6 > 0 be a positive number. Then, there exists n = n(d) such that the first term at the
right hand side is less than d. Eventually, the previous step of the proof garantees that for
0 < e < ¢(0) small enough, the last integral is also less than ¢. This ends the proof. [
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Lemma D.2 Let w be an element of R" the components of which are rationaly independent.

Let ¢ € L'(R; C%(Y)). Then, we have

lim /R o(t,wt/e) dt — /Y /R 6(t.0) db dt.

Proof. Let us introduce a covering of the unit cube of R", made of I(n) open sets O; with
diameter < «,, where we assume that I(n) — oo and «, — 0 as n goes to oo. For each

i€{l,...,1(n)}, Let 6; be an element of O;. To this covering, we associate a set of functions
G,i€{l,...,1(n)} such that

0<GO) <1, supp(G) CO;, > GO) =1,
1=1

and we extend these functions to R” by periodicity. Let ¢ € L'(R; C%(Y)). We set

I(n)

Pn(t,0) = Z o(t,0:) Gi(0).

i=1
Then, we note that
I(n)
6(t,0) — 6a(1,0)] = | L - 6(t,0)]
I(n)

< ZQ sup}¢t 0;) ¢(t,9)}.

Since, for ¢t € R a.e., the function 6§ — ¢(t,60) is continuous on the compact set Y, and for
0 € Oy, 16— 0;] < cy — 0, we deduce that supgey |¢(t,0) — ¢,(t,6)] — 0 as n goes to oo.
Besides, we have supyey |6(t,0) — ¢ (t,0)| < 2 [|6(t, )HLoo(y € L*(R). Therefore, the Lebesgue
theorem yields

|6 — bullLr(® oo (vy) — 0. (D.1)

n—oo

Then, for n € N fixed, we write

I(n)

/gbntwt/e )dt = Z/gbtﬁ CGi(wt/e) dt

Since t — ¢(t,6;) belongs to L'(R) and ¢; € C%(Y), Lemma D.1 applies and leads to

lim (bntwt/g )dt = Z/¢t9 /gz de dt = //ngn(t,e)dedt.

Combining this to (D.1) ends the proof. "
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E A simple example

It is worth illustrating the previous developments with a fully explicit computation. This can
be performed when considering Hamiltonians based on the harmonic oscillator

:z:2—|—p2

Hharm(X) = |X’2/2 = 9 )

with X = (x,p) € R? and the simplest perturbation
V(t/e? x) = x cos(wt/e?), we R\ {0}.
Let us consider the following Hamiltonian
Ho(X) = G (Hparm(X)),
with G : Rt — RT a O, strictly increasing function. We note that Hy(X) = E iff | X|? =
2G7Y(FE). Therefore, integration over Sg reduces to integration over the sphere of R? with

radius 2G71(E): we write (z,p) € Sg as x = \/2G"Y(E) cos(c), p = /2G1(E) sin(o), with
o € (0,27) and dog becomes \/2G~1(F) do. Next, we compute

Vi) = xR (7).

so that |VHo(X)| = G'(|X|*/2) | X| = G'(G7Y(E)) /2G~'(E). In what follows, we denote
QE) = ¢'(GV(E)).

Hence, we obtain

o =D
ho(E) _ / dO’E 2G (E) do — 2Qm 7
=1 (m) [VHo(@,p)| Jo - Q(E) \/2GED(E) Q(E)

and
1

" or

IIf(E) /O%f( 2G(D(E) cos(a),1/2GN(E) sin(a)) do.

The characteristics X (¢; z, p) = (Z(t; z,p), p(t; z,p)) verify

Xt = (X appr) (M0 ) Ko = (1),

dt —Z(t; x, p) p

The keypoint relies on the observation that X (¢;z,p) lies on the same sphere of R? than the

initial data. Indeed, we have

d _
—Hy (X (t; = 0.
dt 0( ( 7xap))
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Since G is a diffeomorphism, we deduce that
T(t;2,p)? + Dt 2, p)* = 2® + p* = 2G7Y(E).

In turn, Z(¢; z, p) satisfies the following simple second order ODE
d2 — d 11 2 P 1 (1 2 d—
—saltep) = = |G(X (G p)/2) pltiz.p)| G (X (k2. p)/2) 2Bt . p)
= —QB)* z(t;z,p).

We immediatly solve this ODE, and we finally obtain

woen = ( “iie mag ) (5) #=0(F0)

In particular, we note that

/. o cos(QUEN) +p(t;z,p) tQV(E) x sin(QUE)L) + p(t; x, p) QY (E)
VapX(t2.p) = < S(OQ(E)) - (s .p) OV (E) = cos(QUEY) — Tt ) 1O (E) p )

Therefore, Hypothesis 1.3 is satisfied since F — Q€/(FE) is locally bounded. Of course, this is
also true in the purely harmonic case (G(h) = h, Q(F) = 1).

It remains to compute the effective coefficients. Since 0,Hy(x,p) = Q(E) p, we get
x(0,x,p) / e cos( — ws) QE) (zsin(QE)s) + pcos(Q(E)s)) ds.
0

Then, we are led to
27
bWE) — TI ( / 9.V (8, )3, Haems * (6,2, p) de) (B)
0

= — /000/0 ’ i 7rcos(@) Q(E)\/2GHE)sin(o) e cos(f — ws)
. ?)QEVEQ)\/%O ~1(E)(cos(o) sin(Q(E);;T) + sin(o) cos(Q(E)s)) df do ds
= (2; (E) /0 e 1 cos(QE)s) (/0 cos(0) cos(f — ws) dQ) ds
= 7GYE)QE)? /0 e 7% cos(QUE)s) cos(ws) ds
GTHE)QE)? g g
s (T eoemr )

Similarly, we obtain

o(B) — H( / 2W8xV(€,x)8px*(9,x,p)d8> (B)

0

- @%(hob*(ﬁ]))

- gQ(E)E)E [Q(E)G—l(E)

(Tramr + oamrr )]
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Let us end with a couple of remarks concerning these computations. Notice that the diffusion
coefficient b(E) vanishes when G™!(F) or Q(F) vanish, which is the case for the harmonic os-
cillator at the energy FF = 0. The coefficient becomes infinite when G has an infinite derivative.
Remark that the limit v — 0 reveals resonance phenomena: dealing with the purely harmonic
case (G(h) = h, Q(F) = 1), we remark that the coefficients tend to co as v — 0 if the pertur-
bation V' oscillates with the characteristic frequency of the system w = £1. The situation can
be different when dealing with another function G. Indeed, f the equation Q(F) = ftw has a
finite number of solutions { £, ..., Er}, resonances only occur on this finite set of energies.
Of course, it is also interesting to compare with the explicit solution of the kinetic equation

0" + 5 {Ho, 7} + (VD). £} =0,

that can be obtained in the simplest case Hy(z, p) = (2?+p?)/2 and V (¢, z) = z cos(wt). Indeed,
the characteristics associated with the full Hamiltonian can be readily computed. They satisfy
the ODE system

d 1 d _ 1 1
%I’(S;t,l',p) = gp(s;tvxvp)a %p(satxap) = _8_2x<3;taxap) + ECOS(("}S/€2)a
r(t;t, @, p) = =, p(t;t, x,p) = p.

We get for w # £1:

7(0;t,x,p) = wcos(t/e?) — psin(t/e*) +

f(l — cos((1 +w)t/e?) N 1 —cos((1— w)t/52)>7

2 l+w 1 —w
p(0:t,z,p) = wsin(t/?) + peos(t/s?) — g(sm((lliu:u)t/a ) N 81n((11—_c:)t/5 ))’

and for w = £1:
e 1 — cos(2t/e?)
2 2 ’

~ t
p(0;t,z,p) = :ESin(t/€2) —I—pcos(t/52) — Zsin(Zt/EQ) ~ 5
€

z(0;t,x,p) = wcos(t/e?) — psin(t/e?) +

Given an initial data fy, we thus have

fe(t,z,p) = fo(Z(0;t, 2, p), p(0; ¢, z, p)),

which develops different features than solutions of a diffusion equation.
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