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ABSTRACT. In this paper we analyze a system of N identical quantum particles in a weak-
coupling regime. The time evolution of the Wigner transform of the one-particle reduced
density matrix is represented by means of a perturbative series. The expansion is obtained
upon iterating the Duhamel formula. For short times, we rigorously prove that a subseries of
the latter, converges to the solution of the Boltzmann equation which is physically relevant
in the context. In particular, we recover the transition rate as it is predicted by Fermi’s
Golden Rule. However, we are not able to prove that the quantity neglected while retaining
a subseries of the complete original perturbative expansion, indeed vanishes in the limit:
we only give plausibility arguments in this direction. The present study holds in any space
dimension d > 2.
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1. INTRODUCTION.

A large quantum particle system in a rarefaction regime should be described by a
Boltzmann equation. However, while the rigorous validity of the Boltzmann equation has
been proved for classical systems for short times [L] or globally in time for special situations
[IP] (see Ref. [CIP] for further comments), there is no rigorous analysis for the equivalent
quantum systems.

The problem is physically relevant because quantum effects, although usually negligible
at ordinary temperatures (except for few light molecules), happen to play a réle in the
applications at mesoscopic level. We refer, for example, to the treatment of electron
gases in semiconductors (for physical references, see the textbooks [RV], [AM], [Ch], as
well as [Bo], [CTDL] - see also the articles [Fi] or [Co] - see [MRS] for a mathematically
oriented presentation). Therefore, establishing a well founded quantum kinetic theory is
certainly interesting not only from a conceptual viewpoint but also from a practical one.
In fact, kinetic descriptions for quantum systems, beside dilute gases, include dense weakly
interacting systems, as e.g. the electron gas in semiconductors, whose classical analogues
rather yield diffusion processes.
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2 QUANTUM BOLTZMANN EQUATION

One pragmatic way to introduce the Quantum Boltzmann equation (see e.g. [CC]) is to
solve the scattering problem in Quantum Mechanics and then to replace, in the classical
Boltzmann equation, the classical cross section with the Quantum one.

A better logically founded approach is to derive an evolution equation for the Wigner
transform of a quantum state associated to a dilute particle system. Working on this
equation, one can hope to recover, at the quantum level, the same physical arguments
than those used at the classical level to obtain propagation of chaos and a suitable kinetic
description for the one particle distribution function. This is the strategy we adopt in the
present paper to treat quantum N-particle systems. We refer to the textbook [CIP], or
the article [L] for the analysis of the classical case.

Summarizing, in the present paper, we consider a quantum N-particle system and look
at the time evolution of the j-particles Wigner functions (1 < j < N), when N — oo in
the weak-coupling limit. In order to make the argument simpler, we assume a factorization
property of the j-particles Wigner functions at the initial time ( 0.16.1 below), which is
correct for the classical statistics (Maxwell Boltzmann statistics), but is in general not true
for the quantum statistics. Indeed the limiting equation for bosons and fermions, in the
weak coupling limit, is expected to have a different structure than the usual Boltzmann
equation (see [Sp4]). Then we represent the one-particle Wigner function at positive times
in terms of a perturbative series expansion. On the basis of some heuristic arguments
developed in the next section, we neglect some terms and consider only a subseries which
is proven to converge, for short times, to the solution of the Boltzmann equation with
a suitable cross section computed by quantum rules (namely the Fermi Golden Rule).
Therefore, the present analysis is not a rigorous derivation of the Quantum Boltzmann
equation, but we hope it constitutes a step in this direction. Our main result is Theorem
3.1 below. Although we work in dimension 3 the present statements are easily extended in
any space dimension d > 2. Our analysis heavily relies on stationary phase computations
(see Proposition 3.3), as well as appropriate representations of the various solutions of the
hierarchies we need to handle. We leave further comments to the last section and conclude
the present one by establishing the model and the scaling.

We consider a N-particle quantum system in R3. We assume the mass of the particles,
as well as h, to be one. The interaction is described by a two-body potential ¢ so that the
potential energy is:

Uxy...on) =Y dla; — ;). (1.1)

i<

The Schrodinger equation reads:
1
iat\I’(XN,t) = —§AN\I/(XN,t)—|—U(XN)\II(XN,t) (12)

where Ay = Zivzl A;, A; is the Laplacian with respect to the x; variables, and Xy is a
shorthand notation for x1...xyN.
We rescale the equation according to the hyperbolic space-time scaling

T — ex, t— et (1.3)
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and simultaneously we rescale also the potential ¢ — \/e¢. Hence the resulting equation

1S
2

120, U (XN, t) = —%AN\Iﬁ(XN, £) + U (X N) T (X, 1), (1.4)
where
Ues(z1...2N) :Z(ﬁa(xi—xj) (1.5)
1<J
and .
e = Ved(2)- (1.6)

Note that W& (X, ) is fully determined by Eq. (1.4) and the initial datum which will be
specified later on.

We want to analyze the limit € — 0 in the above equations, while keeping
N=¢3, (1.7)

This kind of limit is usually called weak-coupling limit. Another possible scaling to be
considered is the low-density limit. In this case ¢ is unscaled but N = O(¢72). In the
classical context this is nothing but the Boltzmann-Grad limit (see e.g. [CIP]). In the
present paper we will only be concerned with the weak coupling limit which is, to some
extent, technically easier.

We now introduce the Wigner function:

3N
1 . _
WN(Xy, V) = <%) /dYN YV VNG (X + %YN)\IIE(XN - %YN). (1.8)
A standard computation yields:
1
(0 + Vi - VN WY (XN, V) = %(Tﬁ,WN)(XN, V) (1.9)

where V- Vy = Zivzl v; -V, and (0 + Vv - V) is the usual free stream operator. Also,
we have introduced

(TRWN) (XN, V) = Y (T, W) (XN, Vi), (1.10)
0<k<t<N

with

1. 1 . ,
(TE W) (X, Viv) = = (5™ / dYy / dVy, eV N EVIWN (X, VR

(22— - w) —o (B2 S|
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In other words,

dh -
(TE W) (X, V) = =i ) / (et o)
" ﬂh (1.11)
o o
WN(xl’Ul""’xk7Uk_77"'7:1’1@71]5—'—77"'7xN7UN)'

The operator Ty , describes the “collision” of particle k& with particle ¢, and the total

operator T, takes all possible “collisions” into account. Here and below, f denotes the
Fourier transform of f, normalized as follows:

fh)y = (Fof)(h) = | daf(z)e ™, (1.12)

]RB

fa) = [ e, (113)

We now introduce the Wigner transform of the partial traces according to the formula,
forj=1....,N —1:

f;v(Xj, ‘/J) == /d$j+1 .. .dJ?N/de+1 .. .dUN WN(Xj,$j+1 ... INy V}',Uj_|_1 . .UN)

(1.14)

Obviously, we set f¥ = W/,

From now on we shall suppose that, due to the fact that the particles are identical, the

objects which we have introduced (W&, W, fJN ) are all symmetric in the exchange of

particles.

Proceeding as in the derivation of the BBKGY hierarchy for classical systems (see [CIP]),

we readily arrive at the following hierarchy of equations (for 1 < j < N):

4 1 N—j
(6t+zvk Vk)f f] CE+1 41 (1.15)
— J \/’ J \/’ J J

The operator €75, is defined as:

J
1= Chjsr s (1.16)
ki
and
Cli,j‘i‘lfj'i'l( <Ly U1 =—1 Z / /dxj+1/dvj+1 ¢
o=+ (1.17)
B o
ezs(k J+1) fj+1<.’131,.’132,...,{L’j+1,U1,...,Uk;—0'5 Uj+1+02)-

The operator Cj ;. describes the “collision” of particle k, belonging to the j-particle
subsystem, with a generic particle outside the subsystem, conventionally denoted by the
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number j + 1 (this numbering uses the fact that all the particles are identical). The total
operator C%; takes into account all such collisions. As usual ([CIP]), equation (1.15)
shows that the dynamics of the j-particle subsystem is governed by three effects: the free-
stream operator, the collisions “inside” the subsystem (the 7" term), and the collisions with
particles “outside” the subsystem (the C' term).

We fix the initial value {f{}7; of the solution {f(t)}} and we assume for simplicity

that {fjo j=1 is factorized, that is, for all j = 1, N

=1, (1.18)
where fj is a one-particle Wigner function which we assume also to be a probability distri-
bution. We remind that the quantum state whose Wigner transform is a general positive
fo, is not in general a wave function but rather a density matrix. As a consequence the
evolution equation we have to use is not the Schrédinger equation (1.2) but rather the
Heisenberg equation for the density matrix. In both cases the corresponding Wigner equa-
tion is (1.9). We also remark that (1.18) is only compatible with the Maxwell-Boltzmann
statistics but not with the Bose-Einstein and Fermi-Dirac statistics for which the derivation
of the kinetic equations involves extra difficulties related to the quantum correlations.

One can try to handle the hierarchy (1.15) as for the Boltzmann-Grad limit for classical
systems, namely to study the asymptotic behavior of the solution expressed in terms of
the series expansion for 1 < j < N, obtained upon iterating the Duhamel formula,

— j —n / n—1 e
dtl / dt znt )C'—|—1
— ] (1.19)

isnt(tl_t )Cj+2 stnt(tn 1 ) jit+n znt(t ) j+n-

N—j

Here S5, (t)f; is the j-particle interacting flow, namely the solution to the initial value

problem:
. _ 1. .
(at + Vj -V )Sznt( )f - \/—T znt( )fJ’ (120)
znt( )f] fj'

If we expand 5§, (t) as a perturbation of the free flow S(t) defined as

(SO F5)(X5,V5) = [i(X; = V3L, V), (1.21)

we find

MONE fJ+Z / . / drs-- / " dr (- )T

S(ﬁ - TQ)Tje T S(Tm—l - Tm)TjES<Tm)fj'

(1.22)

Inserting (1.22) into (1.19), the resulting series contains a huge number of terms. However,
we claim that many of these contributions are negligible in the limit. In the next section,
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we shall give heuristic arguments in that direction. We first make our point more precise.
We write shortly (1.19) and (1.22) as

Z antca znt ;—1—2 antcj—l—nsfnt 9
Szant: Z(STJ) Sa
m>0

with an obvious abuse of notation. Here the tilde above C and T terms absorbs the
normalization by N//¢ in (1.19), respectively 1/+/¢ in (1.22). Now, the insertion of (1.19)
into (1.22) readily gives

N—j N N N N
= Z Z Z Z (ST;)"SCF 11 (STj41)™ SCh g -+ (1.23)

n=0 my>0m1>0 my >0

(STjrn—1)"" 1 SC5 1 (STyan) ™S .

In view of the expansion (1.23) of fJN , we first claim that all the relevant terms in (1.23)
are those corresponding to

moy=0,m=mo=---=m, =1.

Hence as ¢ — 0, fJN is asymptotic to,

Zs 18T 118C, 3 STjva -+ STj4n-15C5 1, STi1nS . (1.24)

On the more, expanding each “collision” term in (1.24) into C5 ;= e jt1, and T =

Zi =117, we also claim that fJN is in fact asymptotic to,

j Jjt+1 j+n—1
E E SC o ]HSTT1 1 E SC o j 429 Ly j2 E SC ]+nSTrn j+nS .
n=0 r;=1 ro=1 ron=1

(1.25)
In other terms, we claim that the dynamics of the j-particle subsystem is only made up of
collision/recollision events in the asymptotics € — 0.

Summarizing the above claims, we define the sequence { fJN }jvzl by

N 0 .(N—j—n) /t /tl /7'1 /t2
f ( f +Z on Odtl ) dTl . dtg . dTQ...

J+1 j+n—1

tn—1 tn J
/ dtn/ dry, Z Z Z S t—tl " j+1S< ) 41 (126)
0 0

ri=lre=1 rp=1

S(m — t2)0ﬁ27j+25(t2 — 7—2)Tr€1,j+1 e
- S(Tue1 — tn)CE S (b — ) TE

Tn,j+n Tn,j+n

S(7n) Ny

Jj+n:
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Obviously fJN is a subseries of the series expansion (1.23) defining the true value fJN It
relates the value of the right-hand-side of (1.25). The remainder part of this paper is
dedicated to the rigorous proof that f;(t) converge to (f(t))®? for short times, where f(t)
solves the Boltzmann equation with the suitable cross-section. The result will be precisely
established and proved in Section 3.

Note that unfortunately, we are not able to rigorously prove the asymptotics (1.25): neither
can we prove reasonable uniform bounds on the relevant series expansions, nor can we even
prove that the asymptotics (1.23) holds term-by-term .

2. HEURISTIC CONSIDERATIONS.

In this section, we give some reasons justifying the claimed asymptotics (1.24) and
(1.25). These are illustrated upon analyzing the lower order terms in the true expansion
(1.23). This section thus heuristically justifies the fact that we restrict ourselves with the
mere analysis of fJN in the present paper.

Also, we analyze the term corresponding to n = 1 in the expansion (1.25) defining fJN .
We prepare in this way the analysis of the complete series expansion performed in the next
section.

To have an idea of the various orders of magnitude of the terms appearing in (1.19)
once S, is expanded (see (1.23)), we consider the first two terms in (1.19) expanding S,
up to the first order. As a result we have the following five terms which we are going to

analyze:

To=S®)f7, (2.1)
N—j [t _
h=—"7 /0 dty S(t = 01)Ci1 S (0) f4n (2.2)
1 t
N _] K m £ 5 0
N — .7 ¢ h e e 0
1y = / dtq dry S(t —t1)C5, 1 S(t — )T S(11) [
ve Jo 0

where

r,l,s N —j ¢ h
grts ~ N /O dh [ dn S(t = )5y S - TESM (260

As we shall see, the terms Z;, ¢« = 1,2, 3 are negligible in the limit ¢ — 0. This illustrates
(on a particular example) the claim (1.24) above. Also, all the contributions to Z, but
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that for r = ¢ and s = j + 1, corresponding to a collision/recollision event, are equally
vanishing. This illustrates the claim (1.25) above.

Clearly Zy does not require any asymptotic analysis.

For 7; we have:

N_] d ! dh - iz, —vn(t—t1)—x 11
Il = —1 \/E Z Z O’/O dtl/dl'j+1/dvj+1/w¢(h>e € ( " r(t—t1) J*)
h

r=1o0=%1
0 o oh
fivi(mw —vit, . mp — vt + 7151, cey Tjp1 — Uity — 7751,
ch
VlyeonyUp — 7,...,vj+1) .

(2.7)
Now, upon using the stationary phase Theorem for the variables z;,; and h in formula
(2.7), we readily obtain the following asymptotics, valid if fJQ +1 and ¢ are smooth and
decaying enough (which we assume),

7, = —@'NJ; x ((27r)353 x zj: > a/ot dtl/dvj+1<§(0)

r=1oc==41

fJQH(xl —vit, .. Ty — O, X — U (8 — 1) — vt (2.8)

Ulyeooy Upyenoy Ujgl) +O(s4)) .

In other words, the integral in (2.7) concentrates on the set x;11 =z, —v,.(t —t1), h =0,
as € — 0, and it has size €3 + O(e?). Recall indeed that, 1)(x) being a smooth function of
r € R, and o(x) being a smooth phase such that V,p(x) = 0 iff = 0, and such that
the Hessian at = = 0, Dg’mgp(O), is invertible, then the stationary phase theorem states the
asymptotics (see [HO))

(2i7)/?
(detD2 ,(0))"/?

/Rd dzr exp <ég0(x)>¢(x) — 8 $(0) + O(aH%) _

In the case (2.7), we have d = 6. At this stage, we observe that the main contribution in

(2.8) vanishes, due to the sum over o = £1. Hence we recover,

3
Il = O(N53m> = 0(51/2) .

For 75 we have:

L--iz2 Y Yo / tdﬁ/ dh 3 hyert (@r=vo)~@e=vo)=m)
NG A (2r)?

1<r<s<jo==%1

ah (2.9)

0 o
fj(xl—vlt,...,xr—vrt—k771,...,%—11575—?Tl,...,xj—vjt,

VlyennyUp — —
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Now, we compute the limiting behavior of Zs in a weak sense. Hence we test formula (2.9)
against a smooth function ¢(x1, -, x;,v1, - ,v;). We obtain, using the stationary phase
theorem in the variables =, and h (one could use the variables zs and h as well)

/da:l...dmjdvl...dvj Ty p(z1,...,25,01,...,0;) :O<m) :O<€5/2) .

This again assumes some smoothness and decay assumptions on fJQ .

The term Z3 can be treated in the same way. We write,

N_.] J ! ™ g g
I3 = Z Z/O dTl/O dtl S(t — TI)TT,SS(TI — tl)CE,j—i—lS(tl)fJQq-l . (210)

€ .
1<r<s<j ¢=1

Here, as in formulae (2.7) and (2.9) defining Z; and Z,, the T" term in (2.10) induces an
integration over a variable which we call k; € R3 (playing the role of h in formula (1.11)),
and the C term induces an integration over variables which we call h; € R3 (playing the
role of h in formula (1.17)), as well as z;,1 € R and v;;; € R3. Now, for each value of r,
s, and ¢, the corresponding term in formula (2.10) is tested against a smooth function 1,
as we did for Z,. The result involves an integral over all variables z1, ..., 41, vi, ...,
Vj+1, h1 and k1. As in (2.9), we now apply the stationary phase theorem. More precisely,
if r #{, we use the stationary phase in the variables k1 and z, (to handle the T term), as
well as h; and 241 (to handle the C term). In the case r = ¢, we rather use the variables
k1 and x4 for the T' term, as well as hy and x4 for the C' term. We refer to the treatment
of 7, below for details. Using this approach, we eventually obtain,

I3 = O(?e(") =0(e?),

in a weak sense (i.e. in the sense of distributions in x4, ..., x;, v1, ..., v;). This again
. . . 0
requires some smoothness and decay properties for the function f;; as well as ¢.

To treat the last term Z, we have to distinguish various cases:
1) {r,j+1}n{L s} =0,
2) r={land s #j+1,
3) r#l, s=j+1,
4) r=4,s=75+1,

and treat them separately. Item (4) obviously corresponds to a collision/recollision event,
and this is the dominant term that we want to keep in the limit, while replacing the true
expansion (1.23) by the reduced series (1.25).
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As regards case 1), we write,

. N—; t dh dk
St ST

0’1,0‘1

YRSV Y ST P

otk otk o1h
Ty — vpt + 1217'1,...,:138—vst— 1217'1,...,xr—vrt+ 121t1,...,
O'lhl O'/]{Jl O'/]{Jl O'1h1
Tjr1 — Vit — 5 t1;01,...,0p — 12 yee oy Ug + 12 yee, Up — 5
Ulhl
.,Uj+1+T).

(2.11)
As before, we test formula (2.11) against a smooth function v, and the stationary phase
theorem in the variables hi, x;11 as well as k1, x¢, readily gives in this case,

N _j56> = 0(e?),

7 = 0(—

in the sense of distributions in x4, ..., x;, v1, ..., v;.

Case 2) follows along the same lines, except that we now use the stationary phase
Theorem in the variables hi, x;41, as well as kq, x, in the formula,

0,0, N—yj dh, dk
I4 = — - 0'10'1/ dtl/ dTl/d$J+1dUJ+1/( ) /(27‘_)3

o1,07==%1

)by )ei - (me=aaa —vet=tn)) i (o= (oemv) (1) = (ve= D v} (11 =m)

o1h otk otk
ff+1($1—vlt,$z—wt+ 1212514- 12171,---,£Bs—vst— 12171, )
O'lhl O'lhl 0',1{31 0',1{31 O'lhl
$j+1—’l)j+1t— 5 tl;’Ul,...,’Ug— 5 — 12 ,...,’Us—i—lT, .,’Uj+1-}- )

(2.12)

Case 3) is the same, and we simply need to use stationary phase in the variables hq,
x,, as well as k1, x4, in a formula analogous to (2. 12) All these computation require, as
usual, some smoothness and decay assumptions on f 11 and ¢.

Now, case 4) cannot be treated by a direct stationary phase approach, since the space
variables (the difference z, — z41) in the two oscillating factors appearing in this case,

hy

—(we =@ — vt - tl)))

kg (2.13)
exp (7,;1 : (.I‘g — Xj41 — Ug(t - tl) - (Ug —UVj41 — O'1h1)<t1 — T1)>>

are the same: one cannot decouple the problem into simply applying twice the stationary

phase theorem (one time for each oscillating factor) as we did before. It turns out that the
present contribution is, beside Zy, the only contribution O(1) which survive in the limit.
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We thus end up this section by carefully analyzing the limit ¢ — 0 in case (4). The
analysis performed here allows to understand in a particular case all the arguments needed
for the general proof given in the next section. We write,

. N—j dh ak
Iﬁ,g,]-u = -— J 0101/ dtl/ dTl/dij,-ld’Uj-i-l/( ; /(271.;3

01,07 r=41

(i(hl)qb(kl) (ZIJ@ ZIJJ+1 ’U[(t tl)) 1 (l‘[ JJJ+]_ ’U@(t t]_) (’U[ ’UJ+1 O‘lhl)(tl T]_))

o1h ok orh ok
nyJrl(xl—Ult,---,iEe—Uzt—F 121t1+ 121 ces Tjgp1 — Uit — 121t1— 12171;
O'1h1 O'ik?l O'lhl 0',1]{?1
Viyeo -,V — 9 _T,...,... Uj—|—1+ 2 T)
(2.14)

As explained above, one cannot make use of the oscillations of the product (2.13) by
simply using the stationary phase in the variables hq, ki, , and z;41: one has to use
the oscillations in the velocity variable v;41 as well. Unfortunately, the factor (¢; — 71) in
(2.13) may vanish, thus killing the oscillation. This is the very reason for the rescaling we
now perform. We make the following change of variables in (2.14)

t1—7'1:681, (16 T1:t1—881),

€ = (hy+ k1) /e (2.15)

The variable s; is the rescaled time between the first “collision” involving particles ¢ and

j+1 (occurring at time ¢1), and the recollision event (occurring at time 71). This gives in
(2.14),

‘ t1/e d dk
Iﬁ,ﬁ,y—i—l — (N —j)® 0101/ dt1/ dsl/dxjﬂdvjﬂ/( 51) /(2753
=+1

g1, 1_

By + e€)(kyJoi6r (Femmis vl iy o=k 0 (Y.
(2.16)
Now, in order to treat the limit € — 0 in (2.16), one observes that it is of the form,

1/e
A= [ dwdgdydn [ ds explic-x isn-g) x(wpcEn). @217
R4d 0

for some smooth function y. We claim that,

+00
Ac — (277)3/ dydn/ ds exp(—isn - y)x(0,y,0,n), (2.18)
R2d 0
with the uniform bound,

|Ae] < C [[(Fayx) (@, B, 6,0 || L1 (dadns Lo (agap))

(2.19)
+C ||( xyX)(aaﬂafa77)HL1(dozd6;L°°(d§dn)) .
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This is merely a variant of the stationary phase Theorem, and it relies on the simple two
identities,

/dmdédydn e TETINYN (2, y, 66, m) = /d§d77<fx,yx)(—§a s1,€€, 1)

(2.20)

= S_d/dédn<5fx,y><>(—é,n,sf,n/S),
giving, in particular, the absolute convergence of the ds integral in (2.18). This model
computation proves that the integral (2.16) concentrates asymptotically on the set £&; = 0,
xjy1 = x¢ + ve(t — t1): particles £ and j + 1 eventually collide at the same point. The
integral over s; also becomes an integral over the whole set R™ as ¢ — 0, and all factors
71 = t1 — €81 tend to simply become 7 = t1: the two collision/recollision events tend to
take place simultaneously. Note the crucial fact that the concentration in the variables x ;41
and &1, stemming from the first oscillating factor, happens independently of the variables
s1, k1, and vj 4 of the second oscillating factor. Hence we recover the asymptotics,

00,541 [t oo dky
I4 ~ — Z 0104 dtl d81 de_|_1 W
0 0

o1,07==%1

9(k0) 2 exp (= stk - (v = vys +0uk)) 1)
— o)k — o)k
7(01 201) ! t1,... y Lj4+1 — ’Uj_|_1t + 7(01 201) !

o1 — ok o1 — o)k
Ul,__.,vﬁ%,_._,vjﬂ_(lfﬁl).

There remains to use the fact that,

0 .
fj—l—l(xl_vlta"')xf_vft_ tl?

Re/ dsy exp ( — 181k - (’Ug —Vjt+1 + 01]{31)> = 7T(S<k'1 . (’Ug — Vj4+1 + 01]{1)> . (2.22)
0

Using formula (2.22) together with (2.21), and explicitly performing the sum over o, it
turns out that the term |4(...)|%exp(...) in (2.21) becomes merely

|<5(/<?1)\25<’f1 (ve —vjp1 + 01k1)> :

as we prove in the next section. This factor gives the natural cross-section in the limiting
Boltzmann equation: it gives the Fermi Golden Rule together with the natural conservation
of kinetic energy.

As it is clear, the analysis performed in the present paper heavily relies on the repeated use
of the stationary phase Theorem, together with asymptotic statements of the form (2.17),
(2.18), and (2.19). Eventually, everything boils down to checking that various oscillating
factors involve various independent variables, so as to be able to use that exp(iz?/e),
respectively exp(isz?), has size ¢%/2, respectively s~%2, in the sense of distributions in
x € R?. This kind of observation is standard in the field, and we may quote [Sp1], [EY1],
[EY2], [Cal], [Ca2] for a systematic use. We also redirect the reader to the next section
for precise statements in the general case.
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3. CONVERGENCE.

The main result of this paper is summarized in the following theorem:

Theorem 3.1. Suppose ¢ € L1(R?) N L=(R3). Assume fo is such that

/\fo(h, k)|dhdk + | dh sup |fo(h, k)| < 4o0.

kER3

Then for all j > 1 and for t < to, with ty sufficiently small depending on fo and ¢,

lim fN(t) = f2(2)

N—oco

pointwise in X;,Vj,t. The function f(t), t € [0,t0) is the solution of the “classical”
Boltzmann equation

(0 +v- V) = QU f)
QU 1) = / / doydwB(w. [v— v )(f'f — f11)

with B given by

Blw,w) = ¢ gl w9 (@ w).
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Remarks

The bounds f© in L'(R%; L' N L>°(R%)) in the statement of the Theorem directly stems
from estimates of the type (2.19) above.

The assumption ¢ € L'(R3) N L°°(R3) is implied by the stronger ¢ € C5(R3), whenever
k> 3.

Finally, the above theorem holds in any space dimension d > 2, as it is clear from the
proof.

Proof: For sake of shortness we write explicitly the proof for 5 = 1. The extension to
arbitrary j is straightforward, as well as the factorization property of the limit, which
follows from Lanford’s classical argument (see [L] and [CIP]).

For j =1 we can write f{ = le as follows with /1 =1

N-— . . t1
fi(@1,v1,t Z SN~ 25)” n—1) Z Z/dtl/ dry

n=0 £2 1 n
T1 ta
/ dtQ dTg / dt / dTn tl)CflgS(tl - Tl)TKEhQ
0 0
S(r1 —2)CF, 3S(ta = )T}, o - - - S(Tne1 — tn)CF 1S (tn — T0)T7, i1 S(Tn) frsn-

(3.1)
The solution to the Boltzmann equation to be compared with the expansion (3.1) is

fi(zy, v, t ZZ Z/ dtl---/ dt,S(t —1)Cf, 2

n>0ly=1 (3.2)
S(t1 —t2)Cy3- - S(tn1 — tn)Co, mns15(tn) froi1s

with

(Cg’j+1fj+1)(l‘1,1}1,...,.I‘j,Uj) :/3 de_|_1/ dw B(w,wg)
R Sa

[fj-i—l(xla sy Ly oeey Tjy Tg3 VL, -0 Uy —LU(LJ'U)K), sy Vg Ui +w(w wﬁ))

— fit1(@1, ooy @ey oo, TG, Tp UL, L, gy L, U, Uj+1))],

(3.3)

where S, is the unit sphere in R?, wy = vy —vj41, and B(w, w) is the quantum cross section
computed in the Born approximation.

Therefore both f{ and f; are expressed as sums of integrals of f° 41 computed in suitable
points which we construct in the following way: for a fixed n we call graph of order n
any sequence (1,...,0, with ¢; € {1,2,...,5} and denote by 2181,...,&1 the sum on all
the possible graphs. Therefore upon interverting the ¢ and 7 integrals in (3.1) for later
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convenience,

= (2,01, Z Z )N — Z)n (N—n—l)(_i)m

n>04y,...,¢

t t1 n—1 n—1 tn
/ dtl/ dtz-- / dt / dTl/ dTg / dTn_l/ dTn
0

i [T 60n)60k,)

> Mo [ i [ oo

O1,000y0n 0,000 =£1 j=1

/d dl‘n+1/d /dvn+1 fn+1 (Y15 Yntr15U1, - ooy Ung1)

Hexp [i?j (Yo, (t5) = yja(ts)) +Z— (Ye; (75) = yj41(75))]-

(3.4)
In (3.4) y;(s), u;j(s) are the backward trajectory of the particle j > 1 and its velocity. The
particle j is born at time ¢;_; at x; with velocity v; and the trajectory is computed for
s € [0,t;-1], (as the reader may easily check), by the following formulae: we set to = 79 =t,
tn—i—l =0 and

wjt1(t;) = vj41,

h; h
uj+1(TJ) - uj-i-l(t ) +o;= 9 Ug; (Tj) = Uy, (tj) — o'j?J, (3 5)
Uj1(tj+1) = ujp1(75) + 0} 3 uy, (tj41) = ue, (75) — U;EJ,

ur(tjr1) = ur(75) = up(ty) i r#4;.

Also, the values of the u;’s are extended outside the “collision” times given by the ¢;’s and
7;’s, as follows,

u; () if 7. <s <t

Uj(S) - { Uj(tr_|_1) if tr_|_1 S S < Tp. (36)

The trajectories y; themselves are now simply defined by,

yi(s) = 2, —/“uj(T) ir. (3.7)

With this construction wu;(s) is right-continuous, i.e. at the times ¢, and 7,, the velocities
are the outgoing ones. We have also set

y;i = y;(0),  u; =wuy(0). (3.8)

We denote by 7¢(t1,...,tn;01,...,¢,) the contribution to the n-th order term of the above
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expansion due to the graph {¢1,...,¢,}:

Tt i la, o l) = (—i)%(N_l)(N_z;”(N_”_1) /tldn...

tn—1 tn n
/ dTp—1 / dr, g H 0j a}
tn 0

O1yeeny TnsT sy ol =%x1j=1

/%/(Z% /(;lg/ dkn li[ (3.9)
/dxg /dxn+1/dv2 /dvn+1 PO (W, oy Yng 13U, s Ung1)

Hexp 2— (e, (t5) — yj+1(2; ))‘H— (Yo, (15) — y]+1(T]))}

to

so that

=) Z /dt1 / Aty Te(ty, .. tni b, .. L), (3.10)

n>0 41

.....

Analogously, we write

=) Z /dt1 / dtnT (t1, ... tn; 1, ... l0), (3.11)

n>04q,...,
with
T(tr,tnsla, ) = Y /dw /dvn+1/ dws- - /dwn+1
oe{-1,1}" S2 S2
(3.12)
HUJ wjij n—|—1(y17"'7yn—|—1’uil7"'7ule—|—1)7

where w; = ulcjl(tj) - ugﬁ_l(tj), and the classical trajectories yjc-l(s) are computed (as the
reader may easily check), by the following formulae: we set tg = ¢, t,,41 = 0, and

;Z—l(t ) Vj+1,

C C 1 + 0 C C
Ujl+1(tj+1) gl+1(t )+ 9 ’ (wy - (Uej» (t;) — u]l+1(t ))w;

C C 1+ Oy C C
ug (tj1) = ugl(t;) — 5 L (wj - (ugh (t) = ufly (5))w;

u (tin) = ug (85) i # L

(3.13)

Also, the values of the ujl’s are extended outside the “collision” times given by the t;’s, as
follows,

u?l(s) =u l(tr+1) ift,p1 <s<t. (3.14)
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The trajectories yjc-l themselves are now simply defined by,

tj,;[
y5'(s) = x; —/ uSt(r) dr. (3.15)

Note that, because of the factors (1 + o,.)/2, when o, = —1 the velocity is unchanged at
time t,., so producing a loss term, while when o, = 1, the velocity changes by a term such
that the conservation of energy is ensured. Finally,

v =y, ugt = us'(0). (3.16)

As stated in Theorem 3.1, we want to prove that for all (z1,v1),

() — fi(t) (3.17)
for ¢ sufficiently small, assuming that:
1) § e LR NL®(R) .
2) The following norms are finite

Ni(f°) = 1f2llL, sxrsy,  Na(f°) = /dfsllimfo(f, k)l .

This is obtained from two steps: The first step is to prove that 7°¢ is uniformly bounded
(Proposition 3.2), the second is to prove Eq. (3.17) via the dominated convergence theorem,
ensured by Proposition 3.2 and 3.3.

Proposition 3.2: (Uniform bound). There is C > 0, only depending on ¢ as in
Theorem 3.1, such that

1T5(ty, ..yt b1,y )] < O™ (NL(FO) + Nao(fO))™ . (3.18)

Proof: The proof relies essentially on (a systematic use of) the change of variables (2.15)

and the bound (2.19) used to treat the term Z2“/ " of the previous section.
First we make the following change of variables

hj + k; ti — 7,
G=——", s=""—"" (3.19)

The expression of T¢(ty,...,tn; 01, ..., ¥,) thus becomes:
Tty oty by, ly) = (=) (N = 1)(N —=2)--- (N —n—1) &

(t1—t2)/e (ta—t3)/e (tn1—tn)/e e n
/ dsl/ dso / dsn_l/ ds,, Z H O'jO';-
0 0 0 0

/ — y —
O15000,07 50,0 =x1 j=1

[ s ] o s o

/dl‘2'"/d$n+1/dv2"'/dvn+1 f3+1(yh~-~,yn+1;U1,-~-,Un+1)
n

TT exp [i€) - (ye; (1) — a1 (t5)]

Jj=1

H exp [ — @% (e, (t5) — yina(ty)) — (ye, (t; — e55) — yj41(t; — s5))]]-

(3.20)
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Also, for fixed 1, v1, and fixed &, h,, Sy, ty, 0, ol (r =1,...,n), we define the integral

I= / XAV T Sk)b(=k; + &) For (U1, s Yos1i it Uns1)

j=1

[T exp [i€ - (we, (t5) = wia ()] (3.21)

[Jexp[- Zk—; e, () = yi41(t5)) = (ye, (t5 — es5) — yja(t; —es5))]] -
j=1

Here we use the shorthand notation,

X = ($2,...,$n+1) 5 V= (UQ,...,Un+1) 5 == (617"'7£n) 5 K = (kl,...,kn) .
In order to bound 7¢ (or I), we now follow the same lines as in the treatment of Z5%7
we use appropriate changes of variables so as to come up with factors of the form (2.17).
Then we treat them as in (2.18), (2.19), (2.20). The description of the relevant changes
of variables is the reason for the discussion made in equations 1.24 to 1.35 below.
The resulting Proposition 3.3 below is analogous to the bound (2.19), and Proposition 3.4
states a generalization of the asymptotics (2.18).

Let us come to the details. We note that the mapping

(2,02, - s Tpt1, Unt1) — (Y2, U2, -+, Ynt1, Unt1) (3.22)

is one-to-one with unitary Jacobian. Moreover, from Eq.s (3.7),(3.8), we have,

() = 0y + uys) = [ () =) dr (3.23)
so that one readily obtains
ye; (t5) — Y1 (t) = ye, — yjen + (ug; — ujyn)ts + 7, (3.24)

ye, (t5) — yir1(t;) — (ye, (t; —es5) — yjpa(t; —es;5)) = esj(ue, —ujpr) +77 . (3.25)

Here 7; , 7 =1,2 do not depend on y,., u, for r =2, ..., n+ 1. The terms %7 actually are
linear in the variables £, and h,., for the values r = 5,5 + 1,...,n. This gives in (3.21),

I= /deU (H O(k;)d(—k; + 657')) M=) D (yy, u) £V, U)

§ =1 (3.26)
H exp [i&; - (ye, — yj+1)] exp [i(ug, —ujp1) - (—s;k; +1;€5)]
j=1

where

DEK):=) (v-&—e '] k), (3.27)
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and we use the shorthand notation

Yz(yg,...,yn+1), UZ(UQ,...,Un+1).

Now, as in (2.20), we explicitly compute the dYdU integral in (3.26). It is crucial at this
stage that (y1,v1) does not depend upon Y nor U, and that the phase I" does not depend
on Y nor U neither. Also, we need the following observation (putting the variables y; and
up apart):

D& (e —ypn) = (B AY) + (Zael,Jsj)-yl, (3.28)
j=1
> & (g, —uj)ty = (T EAU) + (Z%t@)-ul, (3.29)
j=1

Zsjkj (ug; —ujq1) = (S K, AU) + (Zégl sk ) Suy (3.30)
j=1
where A, T, S are n X n matrices, whose elements are given by:
AT,S = _57',3 + 6[,.,3-}—1 ; (331)

T = diag(ty,...,t,), S =diag(s1,...,sn), (3.32)

and (-, -) denotes the inner product in R3". The matrix A is upper triangular, with —1
coefficients on the diagonal. With these notations we write,

1= [avav (T]o)é-k; +26) €& Dy,u) £.0)

exp [i(Z, AY)] exp [ —i(S K, AU) +i(T E, AU)] .

Here we have set,
I'(E,K)= )+ Z 8o, 5165 - (g1 + tyu) — sk - wa). (3.33)
The dY dU integral is now easily computed,

1= T 0y, ) (T dlk)O(—hy +2))) FA-ATE,ATSK ~ ATTE). (330
Jj=1

Armed with expression (3.34) for I, we are ready to give uniform bounds on this term, as
well as convergence results for 7°.
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Proposition 3.3. Let us define the function

‘(ﬁgb ) (—ATE, ATSK — ATT =],

which is independent of ¢ (the dependence of g upon the s;’s and t;’s is not made explicit).
Then, the following estimate holds true,

n

/Ren d=dK g(2,K) < C™ (N1(f°) + No(fO)" H : 1

S (3.35)
=1 1+ Sj>3

for some constant C > 0 depending on ¢. In particular, I defined by (3.34) satisfies,

-~ 1
I d=dK O™ || 0| 7 00 6y (N1(F°) + No( o))" S —
/. <O e %)+ )" T

Hence I is uniformly (in €) integrable with respect to the variables s1 >0, ..., s, > 0.

Remark
If the space dimension is d, the factors (1 + s;)~2 above become (1 + s;)

Proof:
The following first bound obviously follows from (3.34), together with the fact that
|det A| = 1:

—d

/dEdK 9(E,K) < C |6/} as) 172 21 (Rt e ey -

On the other hand, to recover decay estimates as the s-variables grow, one makes the
change of variables K — S™1K in (3.34) (valid if the s;’s are, say #0), and we get,

/dung (ﬁ )/dE dK (ﬁ \é(%)\)@(—ATz,ATK—ATT =)
j=1 I

<C (Hsj—s) 16117 g2y 12N £t Rt (R -
7j=1

All this proves the proposition.
O

Using the Proposition 3.3 we conclude the proof of the uniform bound (3.18): the factor
(N—=1)(N—=2)---(N —n—1)>"

in (3.20) is bounded by ¢, and the number of terms in >, is 22" The bound (3.18)

implies the absolute uniform convergence of the series (3.4) for sufficiently small times.
Indeed, the number of graphs {¢1,...,¢,} is n!, while the time ordered integral gives a
factor ¢ /n!. Therefore we have

|f1(t; 21, 01)] < Z O) + No(fO)e" (3.36)

converging for C'(N1(f°) + No(fO)t < 1.
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Proposition 3.4 (Term by term convergence). For all (z1,v1), and any choice of
t>t1 > >t, >0 and {{1,...,0,} with{; € {1,2,...,5},

hI%TE(tl, . .,tn;gl, e ~;£n) = T(tl, e .,tn;gl, e ~;£n) . (337)

Proof: We want to pass to the limit ¢ — 0 in formula (3.20) giving the value of 7. Now,
equation (3.20) expresses 7°¢ as the integral over si, ..., s,, together with = and K, of
the quantity I used above. Hence Proposition 3.3 makes it possible to use the dominated
convergence theorem, and we can safely interchange the lim. .o with the integration on

(S1y...,8,), and =, K in (3.20).

Coming back to formula (3.21) expressing I as an integral over variables X and V', we may
use that the function fY,,(Y,U) (seen as a function of X and V) is a fixed (independent
of €) function in L!(R%"). Hence we can again use the dominated convergence Theorem
to interchange lim._,o with the integration on X and V in (3.21).

From Eq.s (3.5)-(3.7) and using h; = —k; + €£;, we have that y;(s) — y;(s), and, for
s #tr, uj(s) — u;(s), where u;(s) are defined in a similar way of u?l(s), substituting the
recursive relation (3.13) with

/ .

k;

2 (3.38)
0j

—k; -

U1 (tjr1) = i (ty) +

. . ol —
g, (tj41) = U, (t;) —

The trajectories are given by

tJ_l
yi(s) =x; — / u;j(7)dr . (3.39)
Moreover, from (3.5) and the position h; = —k; + €¢;

Ye, (t;) — ye, (t; —€55)
19
Yi+1(tj) — yjr1(t; — €s;))
£

_ gj
= sjug,(t; —€s;) = ; <Wj (t;) + 5”%)

_ o;
= sjuj+1(tj —€s5) = 8 <Uj+1(tj) - é) kj -
Thus, from (3.20), we obtain

lim Ts(tl,...,tn;gl,...,fn) =

e—0

SIS ﬁaja;/dv/(z‘i%/om s, ~--/O+°O ds,

O1yeens Oy s ol =+1j=1
E o (3.40)
/dX/WH|¢(kj>|2fn+1(y1,---,Un+1;U1,---,yn+1)
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where w; = g, (t;) — u;j11(t;). As indicated at the beginning of the proof, we have now
come up with factors of the form (2.17). Hence, as in the previous section, there only
remains to take care of the d= and ds; ...ds, integration as we did in (2.18).

The integration on = produces a delta function concentrating on the set {X |z,11 =
e, (t;),5 =1,...,n}, meaning that the particle j + 1 is born at time t; exactly where the
ancestor is at time ¢;. Let {g;(t),j =1,...,n+ 1} be the trajectories y;(t) satisfying this
additional condition. Since such trajectories do not depend on the s’s, we conclude that

lim Ta(tl,...,tn;fl,...,fn) =

e—0

(—i)2 Z Haj J/ /dVH\cb

O1yees0n 0] 5 =+1j=1

(3.41)
+00
frt1(F1s - Y1, -y Ungr) H/ dsexp [ — isk; - [(0; + kjo;)]] ,
- Jo

where the integrals on the s’s make sense as distributions (see (2.20) and the bound (2.19)).

There remains to explicitly compute the integral over s and the sum over the ¢’s, so as
to identify 7 (¢1,...,tn; 41, ..., 4,) in (3.41). Using formula (2.22) together with the fact
that the expression for the limit is invariant under the transformation

/ /
s — —s, kj— —kj, o0j— —0;, o0;— —0;

we can substitute

400
/ dsexp | —isk; - [(w; + kjo;)]] with its real part, i.e. 70 (kj - (w; + kjoj)).
0

Doing the change of variables n; = —0;k;, and o = —0;5;, the recursive relations (3.38)
become 45
_ _ 0j
U1 (tj1) = Ui (t;) + 5 0,
] ) Lto, (3.42)
g (t1) = gy (t5) — —5—1; -

Then the sum on o; is free and Eq. (3.41) becomes

Eli_r}r(l)’]'f(tl,_,_,tn;ﬁl,...,ﬁn): Z H /dm 5 /dVHW unl

=11 j=1 (3.43)
St (G, s s - Ung1)8 (0 - (@5 — )

We perform partially the integration in 7; in the following way: let v be a smooth function,
we have, going to polar coordinates,

“+o0
Jamrmst- =)= [ ao [t 0ws0w- 0 -2
= / dw (w - w) y((w - w)w)l{w - w > 0}

Sa
1

ZE/Sde\w-wM((w'w)w)-
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Inserting this identity in (3.42), we recover the classical trajectories defined in Eq.s (3.13)-
(3.15). Doing the integrations in A; = |n;|, we identify the limit in Eq. (3.43) with Eq.
(3.12), where
1 . 2
Bw,w) = g 5lw-w )gb((w - w)w))

We remark that the cross-section we have found in the limiting Boltzmann equation is that
given by the Born approximation for the Quantum Scattering problem. This is known as
Fermi’s Golden Rule (see [AM], [RV], [Bo], [CTDL], [Co] ...). For the low-density limit the
situation is different. Now all terms in the perturbative expansion of S;,(t) play the same
role: We thus expect that the same result holds as Theorem 3.1, but with a cross section
given by the full scattering matrix S associated to the potential ¢. We mention in passing
the following well-known fact [RS]: S admits a power series expansion in the potential ¢,
called the Born series expansion, whose first term is precisely given by the Fermi Golden
Rule,

S(k) = 1602 +0(4°) .

roughly. The weak coupling regime may thus be seen (technically) as some first order
approximation of the low density regime. We refer to [Nil], [Ni2] for a kinetic interpretation
of the scattering matrix in a semi-classical regime. We also refer to [Cal], [Ca2], for the
derivation of a linear Boltzmann equation involving the Born series expansion in a low
density regime. We finally quote [Co| for a physical discussion of related questions.

Some comments are in order.

We underline once more that while in the low-density regime classical and quantum
systems evolve similarly according to the Boltzmann equation, the situation changes dras-
tically in the weak-coupling limit. Here contrary to the behavior outlined in the present
paper for quantum systems, classical systems of particles are expected to satisfy the Landau
equation which a diffusive (in velocities) character (see [Sp2]). Unfortunately no rigorous
result is known in this direction. The situation is better understood for linear problems.
Obviously the same scalings can be also considered for a test particle moving in a random
distribution of obstacles. In this context it is possible to derive a linear transport equation
for a classical particle in the low-density regime (see [G], [BBS], the review paper [Sp3], or
the textbook [Sp2]) or the linear Landau equation in the weak coupling limit (see [DGL]). A
linear Boltzmann equation can be derived in the weak-coupling limit either for short times
(see Refs [Spl],[La], [HLW] ) or globally in time (see [EY1], [EY2]). The one-dimensional
case is somehow pathological (see [EPT]). For the case of non random scatterers negative
results are available [CP1], [CP2] (see also [BGW] in the classical context).

Similar considerations in the case of an atom coupled to a gas have been developed in
[Di]. In addition, notice that the problem of the wave motion in a random medium is
of interest for the applications as shown in Ref.s [KPR] We finally mention [PV] for the
analysis of a weak coupling regime when the obstacles are temporally random (and the
underlying process is at once (almost) Markovian).

At the physical level, the question of passing from the Schrédinger equations to (linear
or non-linear) Boltzmann equations is an old problem. We may quote [Pa], [KL1], [KL2],
[Ku], and [VH1], [VH2], [Zw], as well as the textbooks quoted before.
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Note: When this paper was finished we were informed by H.-T. Yau that L. Erdos,
M. Salmhofer and H.-T. Yau [ESY] independently developed a different approach to the
formal derivation of the nonlinear Boltzmann equation.
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HPRN-CT-2002-00282.
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