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Summary. Given a Hamiltonian dynamical system, we address the question
of computing the limit of the time-average of an observable. For a completely
integrable system, it is known that ergodicity can be characterized by a dio-
phantine condition on its frequencies and that this limit coincide with the
space-average over an invariant manifold. In this paper, we show that we
can improve the rate of convergence upon using a filter function in the time-
averages. We then show that this convergence persists when a symplectic
numerical scheme is applied to the system, up to the order of the integrator.

Mathematics Subject Classification (2000):

1 Introduction

Consider a Hamiltonian dynamical equation in R¢ x R?

p(t) =—=V,H(p(),q()), p(0) = po,
qg(t) =V,H(p(),q()),q(0) = qo.

Let M (po, qo) be the manifold {(p, ¢) € R* | H(p, q) = H(po, q0)}. The
solution of (1) is a dynamical system on M ( pg, go) with the invariant measure

e))

do(p,q)

dp(p.q) = 7 — >
IVH(p., ),
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2 E. Cances et al.

where do (p, g) is the measure induced on M (pg, go) by the Euclidean metric
of R? (see for instance [4]), and || - || , the Euclidean norm in R4,

It is a common problem to estimate the space average of an observable!
A over the manifold M (po, qo)
Sutpo.any AP @)dp(q, p)

2
@ fM(po,qo) dp(q, p)

through the limit of the fime average

1 T
3 Jim 2 | AGO, a0,
where (p(t), g (1)) is the solution of (1). The attention of the reader should be
drawn on the fact that one can only expect the coincidence of (3) and (2) in
very specific situations. Generally speaking, the trajectory originating from
(po, qo) lies on a submanifold of M (pg, go): in order to recover the correct
space average (2), it is necessary to average (3) over several initial conditions.
Our wish is here to give a sound ground to (and in some cases improve
[3]) the numerical simulations of the time average (3).
The conditions under which the limit (3) can be identified can not be stated
in general apart from the two specific -and somewhat opposite- situations:

— in the case of a differential equation with an hyperbolic structure, giving
rise to mixing, the convergence of (3) toward (2) for T going to infinity
is insured at a typical rate of 1/+/T. It is the belief of the authors that not
much can be gained in this situation due to the presence of chaos;

— inthecase of an integrable system, a well-known result of Bohl, Sierpinski
and Weyl (see [2] and references therein) states that, under a non-resonant
condition on the frequency vector associated with the initial condition,
the space average of a continuous function on the manifold

S(po, q0) = {(p,q) e RY x RY;
4) Ii(p,q) = 1i(po, q0), - .., La(p,q) = Ls(po, q0)},

where Iy, ... , I; are the d invariants of the problem (1), coincide with the
long-time average of this function. Moreover, if the frequencies satisfy
a diophantine condition, the convergence is of order 7~!. Being more
analytically tractable, this case allows for the design of more elaborated
averaging methods than the straightforward numerical simulation of (3).

! Properties of a physical system at thermodynamical equilibrium such as radial distri-
butions, free energies, transport coefficients can be computed as averages of some observ-
ables over the phase space of a representative microscopic system. In most applications of
interest, this microscopic system is composed of a high number of particles, making the
computation of averages a challenging issue.
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In realistic situations, Hamiltonian systems belong neither to the first cat-
egory, nor to the second one: they typically exhibit different behaviors for
different energy levels. Nevertheless, the acceleration techniques presented in
this paper are relevant to actual computations for the following two reasons:

— their efficiency appears also in situations where integrability assumptions
are not satisfied (see the companion paper [3]).

— their induced computational overhead is only marginal and thus not penal-
izing when integrability assumptions are violated. Meanwhile, when the
explored energy level is such that the system can be (locally) considered
as integrable, a significant acceleration is observed.

Integrable systems under some diophantine condition will thus constitute a
natural framework for this work. Besides, all the results presented here could
be extended with only minor modifications to the case of near-integrable
systems.

In the following, we consider a completely integrable Hamiltonian system
(1) in the sense of the Arnold-Liouville theorem [2,5]: There exist d invari-
ants Iy = H, I, ... , I ininvolution (i.e. their Poisson Bracket {/;, I;} = 0)
such that their gradient are everywhere independent, and the trajectories of
the system remain bounded. Under these conditions, there exist action-angles
variables (a, 0) in aneighborhood U of S(py, go). Wehave (p, q) = ¥ (a, 9),
where v is a symplectic transformation

V:DxT> (a,0) — (p,q) € U,

with T? = (R/27Z)? the standard d-dimensional flat torus, and D a neigh-
borhood in R¥ of the point ag such that (ag, 6y) = ¥~ '(po, qo). By defi-
nition of action-angle variables, the Hamiltonian H (p, ¢) of (1) is writen
H(p, q) = K(a) in the coordinates (a, 8), and thus the dynamics reads

a(r) =0,
0(t) = w(a(t)),

where w = 0 K /da is the frequency vector associated with the problem. The
solution of this system for initial data (ag, 6y) is simply writen a(¢) = ag and
0(t) = w(ap)t + .

For fixed (ag, 6) = ¥ (po, o), the image of S(po, go) under ! is the
torus {ag} x T¢. On this torus, the measure d6 is invariant by the flow of (5).
Considering the pull-back of this measure by the transformation 1, we thus
get a measure du(p, g) on S(po, qo) which is invariant by the flow of (1).
For any function A(p, g) defined on S(py, go) we define the space average:

®)

~ Sstoan AP )d1(p. 9) 1

6) (A): _
@ fS(po,qo)d/"(qu) (2m)d

/ A o ¥ (ay, 0)d6.
’I[‘d
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For a fixed time T, the time average is defined as

1 T
(7) (ANT) = ?/0 A(p(1), q(1))dt.

In a first step, we will investigate the extent to which the convergence of
the time average (7) toward the space average (6) can be accelerated through
the use of weighted integrals of the form

T
o e(F)Ap@), q(0)dt

= -

Jo e(F)dt

where ¢ is a positive smooth function with compact support in [0, 1] (later
on, we will refer to ¢ as the filter function; it is sometimes refereed as a win-
dow function in the context of signal processing [10]). In a second step, we
will consider the time-discretization of (8), i.e. the discretization of both the
integral through Riemann sums and the trajectory with symplectic integra-
tors. In particular, we will derive estimates of the convergence with respect

to T and the size & of the time-grid, which are in perfect agreement with the
numerical experiments conducted in [3].

®) (A)o(T) :

2 The complete analysis of the d-dimensional harmonic oscillator

In this section, we illustrate the main ideas of the paper in the rather sim-
ple situation of the d-dimensional harmonic oscillator, where most of the
analysis can be conducted in an explicit way. Hereafter, H (p, ¢) is thus the
Hamiltonian function from R? x R? to R defined as

d
1
©) H(p.q) =5 Y (@iai + P,
k=1
and the corresponding dynamics is governed by the equations

{ékz_w’%q" Ck=1,....d.
qr = Dk

The exact trajectory lies on the d-dimensional manifold S(py, go) defined
by (4) where the I (p, q) = % (w,%q,f + p,f) are the conserved energies of
the d oscillators. Hence, denoting r,? = 2l (po,q0), k = 1,...,d and
z = (wo1q1 +ip1,...,wqsqq4 + ipa) the aggregated vector of rescaled posi-

tions and momenta, the exact solution is of the form

(10) z(t) = (rle @t L pel@at o) |
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where ¢ = (¢1, ..., ¢qs) depends on the initial conditions (pg, gg). As a
consequence, the space average (6) we wish to approximate may be written
here as:

1
A= —— Ao AP, 0)do,
(A) (2n)dfw< o M), 0)
0
where A(r?,0) = (:TE: cos(91),r? sin(6y), ... ,%cos(@d),rg sin(6;)). As

for the time-average (7), it reads:

T
(AN(T) = %/O (Ao AT, wt + p)dt.

In order to estimate the rate of convergence of (7) toward (6), we expand
A o A in a Fourier series (the conditions under which this expansion is valid
will be detailed in the following sections):

(Ao 8) =Y AoA( @)™,

aeZd
where @ - 0 = o1 61 + - - - + oy 64 and with:
— 1 .
Ao A, ) = f (Ao A, 0)e %q0.
2m)4 Jra

In particular, A/o\A(rO, 0) = (A). Hence, we have:

1 2140 AGO, @)
11 Ay — (A < = _—
(11 (A) =AM == D] ol
aeZd, a0

This infinite sum can then be bounded if we assume, on one hand, that the
vector of frequencies w = (wy, ... , wy) satisfies Siegel’s diophantine con-
dition

(12) 3y,v>0, VYaeZi |a-w >yla™,

and on the other hand, that the Fourier coefficients decay sufficiently rapidly.
This relatively poor rate of convergence (1/7) may now be considerably
improved by considering iterated averages of the form:

1 T T
(A)(T) = ﬁ/ / (Ao NG, (4 + ) ® + p)dt - - - dy.
0 0
(13)

Using Fourier expansions as in (11), we indeed obtain in a very similar way
the following error estimate for (13):

1 214 0 AGP,
(14) (A) = (AW(D < o 3 2[A0 AC, )]

o - wlk 7
acZd, a0
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and under slightly more stringent bounds on the |m(r0, )|, (14) leads to
arate of convergence of 1/ T*. Inspired by these computations, and noticing
that (13) is a special case of (8) (more precisely (A) (T /k) = (A),(T) with
0= X[T)’fl /1> the k™-convolution of the characteristic function of [0, 1/k]),
we will consider in the sequel more general filter functions and demonstrate
that the rate of convergence can be further improved.

Now, a natural question that arises is whether the techniques explained
above are amenable to numerical computations, when both the trajectory z(¢)
and the integrals (7) or (13) are approximated using numerical schemes. In
the case of the harmonic oscillator, it turns out that the numerical trajectory
7" (t,) (i.e. the approximation at time #, = nh of z(t,)), when the under-
lying scheme is a symplectic (or symmetric) Runge-Kutta method, may be
interpreted as the exact solution of a harmonic oscillator with modified fre-
quencies o = w;® (hwy). In particular, the numerical trajectory lies on the
same manifold S(qo, po) as the exact one. For the velocity-Verlet scheme (and
partitioned methods), the same interpretation is possible, though the numer-
ical trajectory would lie on an invariant torus O (h?)-close to S(qo, po): this
situation is more typical of what happens for general integrable Hamiltonian
syste ms.

In our situation, we have:

" (t)) = (r?ei(w1®(hwl)tn+¢l), e rgei(wd@(hwd)fn+¢d)) ,

where © is a smooth function defined by

R(iy) — R(—iy) )
i(R(iy) + R(—iy))

R(z) being the stability function of the method (in fact, ® is real analytic as
soon as R has no pole on the imaginary axis and satisfies @ (y) = 1 + O(y")
where r denotes the order of convergence of the Runge-Kutta method). As
a consequence, the Riemann sum associated with (13) (note that (15) with
k = 1 corresponds to (7)) reads, for T = nh,n € N,

1
®(y) = — arctan (
y

n—1
(A)R(T) = k[j Y (Ao M), (i + -+ jhw Owh) + @),
J1=0 Jk=0
(15)
where w®(wh) = (01O (w1h), ..., wsO(wsh)), so that using once again

Fourier expansions, we get straightforwardly:

. 1 ., pinha-@O@h) _ |
[(A) = (A=) < — ; A0 A Ol | aam
aeZ4, a0

(16)
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Bounding the above infinite sum now requires to bound the term |e"™* —
11/|e™ — 1] for x of the form x = ha - (wO (wh)). To this aim, we use the
following two inequalities

inx -1 1
(17) A1Cy,x0 >0, Yn € N, Vx| < xo, - < Cyp—,
etr — 1 |x|
einx -1
(18) Vn e N, Vx € R, . <n,
elx —

according to whether |x| is small (17) or not (18). The bound we are looking
for is now based on the following lemma:

Lemma 1 Assume that the vector of frequencies w satisfies the diophantine
condition (12) and the Runge-Kutta method is of order r. Then, there exist
strictly positive constants ¢ and hg such that

Vh<hy YaeZl |a-(w0h)| < % | = |a| > ch .
Proof Assume that there exists o € Z¢ such that
V. -
o (@B (@h))] = 7 || "

Then, from © (hwy) = 1 + O(Jh wi|"), we obtain for & sufficiently small:

el > o -al — Cle] |h ol

2
= yla|™" = Cla||hol",

where C is the strictly positive constant contained in the term O (note that
if ® = 1, although the constant C is zero, there is no « violating condition
(12) and the lemma remains valid). Hence,

1
PENE
> (=2 —n )"
=\ 2Clor

Besides, for |a| < ch™"/0*D we have |ha - w®(wh)| < ¢h'~"/¥+D for a
constant ¢ independent of /. Hence if v > r — 1, then for small enough /& we
have |ha - w®(wh)| < xq defined in (17). Now we can split the sum in (16)
into

O

— Cck
A A 0’ 0
2. lAoac O e (@ O@)F

__r
I<|a|<ch Vv+I

(19) + > Ao AC ).

,
lal=ch ™ VT
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Using Lemma 1 for the first term and assuming that the Fourier coefficients
|A o A(r°, @)| decay exponentially with ||, an estimate of the form

i 1 s
(A) = (A1) = O (ﬁ +exp(—ch )) ,
with s = /(v + 1). Whenever a symplectic partitioned method is used, the
quadratic invariants I might be preserved only up to the order of the scheme,
and an additional term A" then comes into play which becomes dominant: for
general Runge-Kutta methods, the best possible estimate is thus of the form

(20) [{4) = (A)(D) = O (% + h’) :

The term 1/T* is the intrinsic error component of the iterated-average,
whereas the term /i" reflects the use of a numerical scheme of order r. It
is worth noticing that there is no secular component in 4" (neither in the
bound e~ ): symplectic schemes (partitioned or not) preserve quadratic in-
variants for all times (either exactly or up to the order of the method). Our
aim in next sections is to prove that (20) remains true over exponentially long
times for averages with general filter functions and for general integrable
Hamiltonian systems with bounded trajectories.

3 Approximation of the average: The continuous case

The function ¢ considered in Formula (8) is somewhat arbitrary. The most
commonly used function in practice is ¢ = 1, which corresponds to the
usual time-average as defined in (7), for which convergence when 7 tends to
infinity is rather slow (with rate 1/7). For the harmonic oscillator, we have
seen that the use of iterated-averages (which can be seen as a special case
of filtered-averages) allows for a significant acceleration of the convergence.
Theorem 1 below shows that with increasingly smooth functions ¢ satisfy-
ing appropriate zero boundary conditions, it is possible to improve the rate
of convergence to 1/T* for any integer k > 1, not only for the harmonic
oscillator, but for a general integrable Hamiltonian system. It is then natural
to investigate what happens in the limit when k tends to infinity. To this aim,
we shall consider, as an example of infinitely differentiable functions ¢ with
compact support [0, 1] that satisfy ¢® (0) = ¢® (1) = 0 for any k € N, the
function & defined below:

£:10,1] — [0, +o0

21 X —> exp (—ﬁ)
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In the sequel, we shall assume that the estimates

1
(22) I, o= [ eV coldx < e
0
(23) IEPY . == sup [P < up k™,
Lo x€[0,1]

hold for some strictly positive constants u, 8 and 6. The existence of such
constants will be shown in appendix (Lemma 3).

Theorem 1 Consider the completely integrable system (1), and assume that
the diophantine condition (12) is satisfied for w(ag) defined in (5) by the
initial condition (qo, po), with (qo, po) = V¥ (ao, 6p). Consider a function
A real analytic on RY x RY (the observable). Recall that to this Sfunction
we associate the space-average (A), the time-average (A)(T) and the fil-
tered time-average (A),(T) respectively defined in (6), (7) and (8), where
@ € C%0, 1) (the filter function) is assumed to be positive. Then we have the
following convergence estimates:

1. There exists a constant ¢ depending on A, d, v and y such that

c
ANT) — (A)] < =.
[{AN(T) — (A)] < T
2. Let k > 1. If ¢ is C**1(0, 1) with ¢V (0) = ¢ (1) = 0 forall j =
0, ...,k — 1, then there exist positive constants cy and R depending on

A, ¢, d, v and y, such that (here v € N, though a similar formula holds
for general v using the T function)

_ ko)

{ANT) = (AN = —

where
clk, 9) = coR* (w(k + 1) + 1)!
(19© @1+ 16® 1+ %41, )

lell,,
3. If & defined in (21) is taken as the filter function, then there exist strictly
positive constants ¢, k and p depending on A, d, v and vy, such that

[(A)e (T) — (A)] < cre*T"”.

Proof Statement 1 is proved in Arnold [2]. It may also be obtained as a spe-
cial case of 2 with ¢ = 1. Now, if A is real analytic on RY x R, then so is
A o1 on the d-dimensional torus T¢ and we can expand it as a Fourier series

(Aoy)(a. @)= Y Aoy(ag,a)e™’,

aeZd
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with exponentially decaying coefficients:
Va € 2, |Aoy(ap. a)] < Ce ¢,

where C is a strictly positive real constant. The integral over T¢ of the first
coefficient of the series (o« = 0) is straightforwardly identified as the space-
average

Ao ¥ (ap, 0) = / (A o ¥)(ap, 0)do.

(2m)

Writing fOT (p(%)dt = Tllell,, = x !, the error can be computed as fol-
lows:

(A)(p(T) —(A) =y Z A o Y (ao, Ol)/ el (Gottwan)) 74
aeZd, a0
— . T ¢ )
(24) =X Z Ao 1//(61(), a)el(a.(?o) / (p(?>elt(a‘w(ao))dt.
aeZd, a0 0

Now, the integral in each term of the series can be integrated by parts

‘ T
T 1) pit(a-o(ap))
/ g0<L)eiz(om(ao))dt _ ¢(T)el o
o T i(a-wlao) |

 Ti(a- w(ao)) /

Integrating repeatedly by parts, this last term can be written as

elt@w@)) g

T @lg(1) — p(0) /
i@ -o@)  Ti@: w(ao))

(_l)k / (k) it(a-w(ag))
—_— e e — - 0 d
(Ti(a-w@)) Jo ¥ (T)e .

and eventually,

T k
/ g0(i)eit(ww(ao))dt — . (_1) e T |:¢(k)<i)eit(ot~w(ao))i|
o AT (Ti(@ - (a))) T 0

k T
_ (=D / (p(k+l)<i)eit(a~w(ao))dt'
(Ti(e - w(ap) ' Jo T

Inserting this expression in equation (24) and taking the moduli of both sides,
we finally get the bound

lt(ot w(aO))dt

T
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(g® O] + @ D] + le® ]| )
(A)p(T) — (A)] < T L
lell,,

o —

3 |A © ¥ (ag, @)

o - (ap) |+

aeZd, a0

It remains to justify the convergence of the series considered above (and to
bound its limit). This is a consequence of the diophantine condition |« - w (ap)|
< Ia%’ which gives here

1A 0 ¥ (ag, )] [ o] "D
Z = Z Ce ¢ yl/v

k+1
aeZd, a#0 |0{ C()(do)l aeZd, a0

wl | v(k+1)
o g ooy

1/v
aeZd, a0 nmy

We now take n = 1/2,% so that 1/(y'/Vn) = 1/(2C) and we obtain:

o]

kD + DY e

aeZd

5 Ao V@)l _ .

. k+1 =
w4 a0 lo - w(aop))|

C(2C)v(k+1) (8C)d
= yk+1

(wk+1D+ D!,

where we have used x" < ¢*(n 4 1)!. Statement 3 is a consequence of State-
ment 2 with a suitably chosen k: since €% (0) = £®(1) = 0 forany k € N,
we have indeed that for all £k > O:

(A — (A = e (B)7 E 4 D1+ 1,

with ¢; = cou and r; = RS, i and B being the constants of (22). Now let b
be the nearest integer to v toward infinity. This gives:

~v

k+1
[{A)e(T) — (A)] < ¢y <”1; ) (k + 1)@+ 0+

< clef(k+1),

where f(£) = £[log(r1?"/T) + (8 + D) log(£)]. The minimum of f for
1

. . . T 1/(5+8) .
positive £ is attained for £ = - (rn?ﬁ> and is
1
G+v) (T \em
fmin = - =5 .
e ryv
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Remark 1 1In the proof of Theorem 1, one gets co = C(8C)?, R = (2C)"/y,
c1 = peo, k = (+0)e”! p e and p = (6+7V), where v = v+ 1. The values
of these constants rely heavily on the sharpness of estimates (22) and it is
likely that they might be improved. Nevertheless, the convergence behavior
would be essentially the same for large dimensions: even if £ were analytic,
one would get p = 14 V. More noticeably, since almost all frequencies w (a)
satisfy the diophantine condition for some y as soon as v > d — 1, we may
think of ¥ as being d and thus § as being approximately 1 + d. The rate of
convergence thus directly depends on the dimension of the phase-space.

4 Semi-discrete averages

We now wish to investigate whether the estimates of Theorem 1 persist when
one replaces the integrals by Riemann sums. It turns out, quite remarkably,
that its proof can be almost readily adapted.

Theorem 2 Assume that the conditions of Theorem 1 are satisfied and let
T = nh > 0 for a given integer n > 2. Let us further define the Riemann
sums corresponding to the continuous time-average

n—1

Rie . l . .
(AT = = ApGiR), g (i),

j=0
and the filtered time-average

Y0 e(DA(p(ih). q(jh))

(A)Rie(T) = —
v Yoo

where ¢ € C°(0, 1) is the filter function. Then we have the following conver-
gence estimates:

1. There exist constants ¢ and c* depending on A, d, v, y and v = w(ayp)
such that

[(AR(T) — (A)] < = + ¢*exp (— : )
T c*h

2. Letk > 1. If ¢ is CH10, 1) with ¢ (0) = (p(j)(l) =O0forall j =
0,...,k — 1, then there exist strictly positive constants c*, ¢y and R
depending on A, ¢, d, v, y and w such that

[(ARe(T) — (A)] < k) | exp (— : )

Tk+1 c*h
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where
clk, 9) = coR*UF(w(k + 1) + 1)!

x—— (16D O]+ W1+ ¢l ).

lell,,

3. If& istaken as the filter function, then there exist strictly positive constants
c*, c1, k and p depending on A, d, v, y and w, such that

) 1
[(AFT) = (A)] < ere™ ™ 4 " exp (‘m)'
Remark 2 In the proof of Theorem 2, one gets p = (§ + 1 + v) and k =
(5 + 1+ D)e L (D)~ 751, where b = v + 1.

Proof Statement 1 is a special case of Statement 2 with ¢ = 1, so that we
focus on the error estimate for the filtered average. Expanding (A o ¥) in
Fourier series as in Theorem 1 and denoting S, = Z'};(l)(l /n)e(j/n), we
have:

. 1 — .
(ARED) = (A=~ ), Ao Plap e
aeZd, a0

n—1 .
<o)
j=0

where w = w(ag). We use the following result, whose proof is given in
Appendix:

Lemma 2 For a given filter-function ¢ in C*+1(0, 1) with ¢ (0) = ¢V (1)
=0forall j =0,...,k—1,anda givenintegern > k2, let ¢; be the real
numbers defined by ¢; = ¢(j/n) for j =0,... ,n. If b # 1 is a complex
number of modulus 1, then we have the estimate

Y o] = 2 (OO + D1+ )
0<j<n-—1 ! _nk|1_b|k+1 L=/

Now, we can bound the previous sum by using the following splitting

| Ck, 9) A 0 (ag, )|
Rie -
(AVS(T) = (A)] = e 2. ety
" weZd, 0<la|<(hlo]) !
(25) + > Ao ).

aeZd, a|>h|w)~!
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where we have denoted
Clk, ) = 26 (16 @)1 + 9P DI+ 1“1 ).

Note that, since 0 < |a| < (h|w|)~!inthe firstterm, wehave 0 < |ha-w| < 1,
so that b = eth*® £ 1.
The second term in the right-hand side can be straightforwardly bounded
by c* exp(—ﬁ). Using (12), we have for all || < (h|w])~':
1

- < Cy .
[1 —eleho] = " hla - w|

The first term in the right-hand side can be estimated as

Clk, p)C§*! |40 ¥ (ap, @)|
Tk+1g Z lo - a)|k+1
" wezd, 0<lal<(hlw)!
and we can conclude as in the proof of Theorem 1. O

5 Fully discrete averages

We consider the numerical trajectory (p,, g,) for n > 0 obtained by a sym-
plectic r""-order numerical scheme ®; from the initial point (pg, o) =
v~ (ao, 6o).

For T = nh and n € N, the corresponding Riemann sum reads
Y00 (DA, q))
YiZoed)
Theorem 4.4 and 4.7 of Chapter X in [5], which strongly rely on the theory
developed by Kolmogorov, Arnold and Moser [1,6-9] and on results from

the backward analysis (see [S] pp. 288 and references therein), yield the
following result:

(26) (AR (T) =

Theorem 3 (Hairer, Lubich, Wanner [5]) Let a* € T? such that w(a*) sat-
isfies the diophantine condition (12) with constants y and v, and suppose that
H(p, q) is analytic on a neighborhood of the torus {(p, q) = ¥ (a*,0) |0 €
T4). Then there exists positive constants p, ¢, ¢, Co and hy such that for all
h < hg and i < min(r, @) where « = v +d + 1, the following holds: There
exists a symplectic change of coordinates , : (a, 0) — (b, x) analytic for

la —a*|| <coh® and 6 €U, ={0 € T?+iR?||Imb| < p}
and h'-close to the identity in the sense that

I(a, 0) — ¥n(a,0)| < Coh” for |la—a*| <coh® and 6 € U,p,
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such that in coordinates (b, x), the numerical trajectory (b,, x,) = ¥, Lo
l/f_l (pn, Qn) satisﬁes

b, = by + O(exp(—ch™"/*)),
27) Jn = nhey (bo) + O(h™/ exp(—ch™"/*)),
for nh < exp(ch™"%), where wy,(b) = w(b) + O(h") uniformly in b.
Using this result, we get the following Theorem:

Theorem 4 Under the conditions and notations of Theorem 3, if the numer-
ical trajectory starts with

(28) lag — a*|| < coh®

where (ag, 00) = ¥~ (po, qo), then we have:

1. If ¢ is C** with 9V (0) = ¢V (1) =0 forall j =0, ...,k —1and if
A is real analytic on R, then there exist constants ¢, and C depending
on A, y,v,d, k, ¢, such that

VYh <hy VYT =nh <exp(cth™™%),

i 1
(29) (AT — () = € (W + h’) .

2. If & is taken as the filter function, if A is real analytic, then there exist
constants ¢ and C, depending on A, y, v and d such that

Vh < hy VT =nh <exp(cih %),
(30) (AERT) = ()] = C (e +n7).

Proof With the notation S, = Z’};é(l /n)e(j/n), we have using Theorem
3 that

) 1 n—1 J
Rie . J ) )
(i (D) = - ;q) (n) Aoy oYiby. xp)-

Using the Fourier expansion of A o ¢ o ¥, and (27), we obtain

1 n—1

ie A io- ] ia-iho
(AT = 3 Aoy o lbo, e woz(p(;)e jhon
aeZd j=0
(3D +O(exp(—ch™"*))

for nh < O(exp(ch™"/%)) (we write ¢ for a generic constant in the exponen-
tial), where w;, = wy, ().
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As ¥, is an analytic function O (h")-close to the identity, we have
Aoy oyn(by, 0) = (A) + O'),

and the Fourier coefficients A cﬁﬂ? Y (by, o) decay exponentially with re-
spect to «, uniformly with respect to 4. Now similarly to Lemma 1 we get
that

Vh<hy YaeZ', la-(ho)| = 2l = la] = ch~F.

And we conclude as in the proof of Theorem 2 using Lemma 2 and a splitting
similar to (25). O

6 Remarks on the implementation and numerical experiments

Though optimal with respect to the rate of convergence, the filter function &
does not seem to allow for the derivation of an error estimate: Given that the
values of the constant C in (30) is out of reach, the value of n for which

Z;l':() p(j/mA;
nllell

[Zr—

n -

becomes sufficiently close (up to user’s tolerance) to its limit as n goes to
infinity can not be determined in advance. An update formula for R}, from n
to n + 1 thus appears of much use and this should guide the choice of ¢. In
order to get such a formula, we study the dependence on T of

Tt
a(T) = /0 o(5)A(p®.qw)dr.

Differentiating with respect to 7' leads to

da(T)

(32)

= p(HA((T) <T>>—1/Ti (£)Aw®, q@nar
=9 pit), q T J, T§0 T p), q .

To be of practical use, it is thus necessary that x¢’(x) is of the form a@(x)
(where « is an arbitrary constant) so that (32) becomes an ordinary differen-
tial equation for a(7T'). The only admissible solutions are thus monomials in
x. We thus consider the following polynomial filter functions

(33) gp(x) =x"(1 —x)”, peN.
Denoting for p and n in N the elementary Riemann sums

s1=2 ()"

Jj=0
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it is easy to get the desired update formula
Sy =0and S? = A, +(1—1/n)’S’ | ,n> 1.

Now, since

p 2
_ k(P k _(pY
Pp(x) = ;(—1) (k)xl”r and [lgpll, , = Qp+

the approximation we seek for can be obtained as the linear combination
@p+ D! k ( ) k
R = (1) SPk,
T ) ,;

We now consider the application of our method to the modified 2-dimen-
sional Kepler problem with Hamiltonian

1 Iz
PPy - = ———
v 41 +q; /41 "‘Clz)3

Besides the Hamiltonian, this system has one other invariant, the angular
momentum

H(p,q) =

L =qg,p1 — qip>.

Our goal is here to estimate the average over the manifold

={(p,q) € R*; L(p,q) = L(po, q0), H(p,q) = H(po, q0))

For w = 02, po = (0,1.1)7 and ¢ = (1,0)7 this leads to
(ry = 1.021466044527120.

To this aim, we consider the Verlet method as the basic step and use the
8"-order 15-stage composition of [13]. In figures 1 and 2 are represented
the errors |(r),,(T) — (r)| in logarithmic scale for two different step-sizes.
On Figure 1, the three curves all reach a plateau corresponding to the A’ -
error term. Refining the step-size removes this plateau (or at least shifts it to
the right, see Figure 2). In both cases, the predicted rate of convergence in
1/ TP+ is clearly observed (it corresponds to a slope of p + 1 for ©p).
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Stepsize h=0.4

Fig. 1. Error in the averages for p = 1, 3,5 and & = 0.4 (2D-Kepler problem).

Stepsize h=0.05
10 T

“HnH

wt | ( \“ “ummH |“

m”t:“' |

|
’ M

1070

107 - L
10 10

Fig. 2. Error in the averages for p = 1, 3, 5 and & = 0.05 (2D-Kepler problem).

Appendix: some technical results

In this appendix section, we collect a few technical results used in the paper.

Lemma 3 Let & be the function defined on [0, 1] by £(x) = e_xﬂl—x). There
exist strictly positive constants 1 < 1, B < (24/3 + 6)/e? and § < 3 such
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that the following estimates hold for all k € N*:

1
1691, = [ 16000 < wpte,
0

Mwmmzs?|ﬁ%mfuwﬁﬁ
x€[0,1]

Proof Looking for an expression of £® (x) of the form

P(x) __1
(k) — k _ x(1—x
SO e

where I1(x) = x(1 — x) and where Py is a polynomial, we easily find the
recurrence relation:

(34) Py=1land Pryy =TT (1 — 2kIT) P, + P/ T1%, k >0,

We now look for bounds on balls B, of radiusr > Oandcenterz = 1/24-0i €
C. The bounds for IT and IT" read

sup [TI(z)| < (r2 + 1/4), sup [IT'(2)| <,

z€B, z€B,

and the Cauchy integral representation of P/ leads to

r+e¢
Ve >0, sup |P(z)] < sup | Pr(2)].

ZEB, & ZEBr4¢

Inserting these bounds in (34) we get:

sup | Pry1 ()| < r[k(2r® = 1/2) + 1] sup | P4(2)]

ZEB, z€B,

r+e
+(r? +1/4)

sup [P (2)]

ZE€Brye

sQM@J—um+u+1§2ﬂ+U®ﬁsw|&@L

2€By1¢
Denoting C(r, k, &) 1= r[k(2r* —1/2) + 1] + %(r2 +1/4)?, we finally get

sup [Py 1(2)] = C(r, k, &) sup |P(z)]

ZEB, 7€By4¢

<C(r,k,e)Cr+ek—1,¢8) sup |Pr_i(2)]

ZE€B2¢

k
§(HC(r+ie,k—i,8)) sup  |Po(2)].

i=0 ZeBr+(k+l)£
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A bound can then be obtained as follows: let gy = #, e=2andr =1/2.
Then it is easy to check that for all 0 < i < k, we have

| 3 |
c( 4 g °)5§[k—i+1]+ k+i+1

2 k "k J3-1
V3+3
=73

k+1),

and hence,

k
3
(]_[ C(r+ie k—i, e)> “/_ 3+ (k + D]
i=0

Taking into account that Py = 1, we obtain

34+3
Yk e N, sup |Pu(@)| < [‘f; K.

Z€B1p

= . Denoting ¥ = —1— we have:

It remains to bound ,
x(1—x)

e
1 _ (11 )

SUp ————e - =supe

xeo,1] [TT(x)]?* Y>4

< e (2k)!
4\K
< . ka.

Proof of Lemma 2 Let us denote by V the operator of backward divided
differences defined by:

—YYZk

O

Vjefo,...,n}, Vo, =9¢;,
Vjielm+1,...,n}, V"o, =V"p; — V"¢, .

The sum in the statement can then be written as

n—1 n—1
D bl = Zb’ Z Vo + Zwob’
j=0 i=

n—1

=D b —b"
= \%
1— b¢0+z i 1—b

—b"p,_ 1 _ .
_ Yo Pn—1 + Z(V%)bj —
J

1—-b 1-b -
K g, — bV 1 o
m n—1 k41
= + (V)b
”;) (1— b)m+1 (1 b)k+1 _;H J
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Denoting & = 1/n, it is well-known that, foralln — 1 < j > k + 1, there
exists ¢j k41 € [(j —k — 1)h, jh] C [0, 1] such that we have:

Vk+1§0j — (p(k+l)(§j,k+l)hk+l
Hence, we can bound the second term in (35) as follows:

n—1

D (Ve < o) B (- k - 2).
j=k+1

In order to estimate the first sum, we notice that, forO <m <k <n — 2,
Vm(pm = (p(m)(g‘m,m)hm

for some &, ,, € [0, mh] and a Taylor-Lagrange expansion of go(”’)({m,m) at
order k + 1 — m gives

{k hk é-k-l—l k+1
Vm o m,m (k) 0 m,m (k+1) m
n=w—m? Ot ey

for some 1,, € [0, mh] C [0, 1]. Hence, we have:

k

bm
Z(l oy ¥ o

— bkt (m)!

Knk &= b
< Iw(")(O)I Z
m=0

kkhk+lzk: _b|m
L 1= b| &= (m + 1)!

(6@ )1+ hl“V1 ).

+lp® Y

25k
<
1= b|k+1

Similarly we have:
V"Gt = ¢ Gur )"

for some {1, € [1 — (m 4+ 1)k, 1 — k] C [0, 1], so that

k
b 262k ¥
— V" | £ ———— ® 1 Ao O, ) .
W;(l—b)m on1| = iy (9 O+ Al )
Gathering the contributions of all terms then gives the result. O
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