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Introduction

1.1 Motivating example

The simplest non-trivial example of a Markov chain is the following model.
Let X = {0, 1} (heads 1, tails 0) and consider two coins, one honest and one biased
giving tails with probability 2/3. Let

outcome of biased coinif X, =0

Xn1= ..
el { outcome of honest coinif X, =1.

For y € X and 7, (y) = P(X,, = ), we have
T ne1(y) = P(Xp41 = ylhonest)P(honest) + P(X,,+; = y|biased)P(biased),

yielding
Pyo P01)
n 0 »’'tn 1 = n 0 y/vn 1 y
(734100), pe1 (1) = (mH(0), Ty ( ))(PIO Py

with Pyg =2/3, Py; =1/3, and P19 =Py =1/2.

Iterating, we get
T, =g P"

where sty must be determined ad hoc (for instance by 7 (x) = d¢, for x € X).

In this formulation, the probabilistic problem is translated into a purely al-
gebraic problem of determining the asymptotic behaviour of 7, in terms of the
asymptotic behaviour of P”, where P = (Pyy)y,yex is a stochastic matrix (i.e.
Pyy =0 for all x and y and }_yex Pxy = 1). Although the solution of this prob-
lem is an elementary exercise in linear algebra, it is instructive to give some de-

tails. Suppose we are in the non-degenerate case where P = (1 ;a ] iz b) with
0 < a, b < 1. Compute the spectrum of P and left and right eigenvectors:
u'P = Adf
Pv = Av.



Figure 1.1: Dotted lines represent all possible and imaginable trajectories of
heads and tails trials. Full line represents a particular realisation of such a se-
quence of trials. Note that only integer points have a significance, they are joined
by line segments only for visualisation purposes.

Since the matrix P is not normal in general, the left (resp. right) eigenvectors cor-
responding to different eigenvalues are not orthogonal. However we can always
normalise uflv,y =0 ». Under this normalisation, and denoting by E} =v; ® ufl,
we get

A uy V) E/I
b 1 b a
v ) )] sl
e=i-aen | (L) [5)] #5 )

We observe that for A and A’ being eigenvalues, EyEy = 5,1/ E,, i.e. Ej are spec-
tral projectors. The matrix P admits the spectral decomposition

P= Y AE,
Aespec P

where specP = {1,1 - (a+ b)} = {1 € C: Al — P is notinvertible}. Now E; being
orthogonal projectors, we compute immediately, for all positive integers n,

P"= Y A'Er=AlEy +AJEy,
A€spec P

and since A; = 1 while [1,| < 1, we get thatlim,,_., P" = E,,.

Applying this formula for the numerical values of the example, we get that
lim;,_.oo T, = (0.6,0.4).
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1.2 Observations and questions

- In the previous example, a prominent role is played by the stochastic ma-
trix P. In the general case, P is replaced by an operator, known as stochas-
tic kernel that will be introduced and studied in chapter 2.

— Animportant question, that has been eluded in this elementary introduc-
tion, is whether exists a probability space (Q, &#,P) sufficiently large as to
carry the whole sequence of random variables (X},) ,en. This question will
be positively answered by the Ionescu Tulced theorem and the construc-
tion of the trajectory space of the process in chapter 3.

— In the finite case, motivated in this chapter and fully studied in chapter 4,
the asymptotic behaviour of the sequence (X},) is fully determined by the
spectrum of P, a purely algebraic object. In the general case (countable or
uncountable), the spectrum is an algebraic and topological object defined
as

specP ={AeC: Al - P is notinvertible}.

This approach exploits the topological structure of measurable functions
on X; a thorough study of the general case is performed, following the line
of spectral theory of quasi-compact operators, in [14]. Although we don’t
follow this approach here, we refer the reader to the previously mentioned
monograph for further study.

— Without using results from the theory of quasi-compact operators, we can
study the formal power series (I-P)~! = Yo o P" (compare with the above
definition of the spectrum). This series can be given both a probabilis-
tic and an analytic significance realising a profound connection between
harmonic analysis, martingale theory, and Markov chains. It is this latter
approach that will be developed in chapter 5.

— Quantum Markov chains are objects defined on a quantum probability
space. Now, quantum probability can be thought as a non-commutative
extension of classical probability where real random variables are replaced
by self-adjoint operators acting on a Hilbert space. Thus, once again the
spectrum plays an important réle in this context.

Exercise 1.2.1 (Part of the paper of December 2006) Let (X,,) be the Markov
chain defined in the example of section 1.1, with X = {0,1}. Letn’,(A) = Y125 L o(X)
for AcX.
1. Compute Eexp(i ¥ yex txn% ({x}) as a product of matrices and vectors, for
I eR.
2. What is the probabilistic significance of the previous expectation?
3. Establish a central limit theorem for 7]92({0}).
4. Let f : X — R. Express Sy(f) = Z'k’;é f(Xy) with the help of n°(A), with
AcX.






Kernels

This chapter deals mainly with the general theory of kernels. The most com-
plete reference for this chapter is the book [28]. Several useful results can be
found in [24].

2.1 Notation

In the sequel, (X, %) will be an arbitrary measurable space; most often the
o-algebra will be considered separable or countably generated (i.e. we assume
that there exists a sequence (F;) ey of measurable sets F, € &, for all n, such
that o(F,,n e N) = &). A closely related notion for a measure space (X, %, u)
is the p-separability of the o-algebra & meaning that there exists a separable
o-subalgebra &y of & such that for every A € & there exists a A’ € & ver-
ifying u(AAA") = 0. We shall denote by m& the set of real (resp. complex)
(X, B[R)))- (resp. (¥, 9B(C)))-measurable functions defined on X. For f € m%,
we introduce the norm || fllco = sup,cx |f(x)|. Similarly, b will denote the set
of bounded measurable functions and m%’; the set of positive measurable func-
tions.

Exercise 2.1.1 Theset (bZ, |- ll«) is a Banach space.

Similar definitions apply by duality to the set of measures. Recall that a measure
is a o-additive function defined on & and taking values in | — oo, 00]. It is called
positive if its set of values is [0,o00] and bounded if sup{|u(F)|, F € Z'} < co. For
every measure p and every measurable set F, we can define positive and nega-
tive parts by

u* (F) =supiu(G),Ge X,GS F}

and
p (F)=sup{—u(G),Ge¥,G<S F}.

5



Note that u = u* — u~. The total variation of u is the measure |u| = u* + u~. The
total variation is bounded iff |u| is bounded; we denote by ||ull; = [l (X).

We denote by 4 (%) the set of o-finite measures on & (i.e. measures y for
which there is an increasing sequence (Fy),en of measurable sets F;, such that
|l (Fp) < oo for all n and X = U'F,,.) Similarly, we introduce the set of bounded
measures b/ (X) = {u e M(X) : supilu(A)|, Ae X} <oo}. The sets A4, (X') and
b (X) are defined analogously for positive measures. The set .4, (%) denotes
the set of probability measures on &'.

Exercise 2.1.2 Theset (b.# (%), | |1) is a Banach space.

Let p€ (%) and f € L1 (X, %, ). We denote in-distinctively, [, fdu =
Jx fuldx) = [y u(dx)f(x) = u(f) = (u, ). As usual the space LY(X, %, ) is
the quotient of £ (X, %, 1) by equality holding u-almost everywhere. There ex-
ists a canonical isometry between L'(X, %, ) and .4 (%) defined by the two
mappings:

fur ,uf(A):fAf(x)u(dx), for f e L!

v—f ¢ )= Z—;(x), forv < p.

2.2 Transition kernels

Definition 2.2.1 Let (X,%) and (X', Z") be two measurable spaces. A mapping
N:Xx %' —]—o00,+00] such that

- VxeX, N(x,-) is a measure on &' and

- YAeZ' N(,A) isa % -measurable function,
is called a transition kernel between X and X'. We denote (X, %) 2 X xh.

The kernel is termed

- positive if its image is [0, +o0],

— o-finiteifforall xe X, N(x,:) € 4 (X",

— proper if there exists an increasing exhausting sequence (A,), of Z'-measurable
sets such that, for all n € N, the function N(-, A;) is bounded on X, and

— bounded if its image is bounded.

Exercise 2.2.2 For akernel, bounded implies proper implies o-finite. A positive
kernel is bounded if and only if the function N(:, X) is bounded.
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Henceforth, we shall consider positive kernels (even when Markovian this
qualifying adjective is omitted).

Definition 2.2.3 Let N be a positive transition kernel (X, &) 2, %". For
f € m%], we define a function on m%’;, denoted by N f, by the formula:

VxeX, Nf(x) :f N(x,dx") f(x') =(N(x,"), f).
Xf

Remark: f € m%; is not necessarily integrable with respect to the measure
N(x,-). The function Nf is defined with values in [0, +oo] by approximating by
step functions. The definition can be extended to f € mZ”’ by defining Nf =
Nf* — Nf~ provided that the functions Nf* and Nf~ do not take simultane-
ously infinite values.

Remark: Note that the transition kernel (X, %) B4 X', & transforms functions

contravariantly. We have the expression N(x, A) = N1 4(x) for all x € X and all
Ae’.

Definition 2.2.4 Let (X,%) N (X', Z") be a positive kernel. For u € /4 (%), we
define a measure of %, (Z'), denoted by uN, by the formula:

VA€, uN(A) = f #dx)N(x, A) = (i, N, A)).
X

Remark: The definition can be extended to .4 (%) by uN = u* N—u"N.
Remark: Note that the transition kernel (X, &) A (X', &) acts covariantly on

measures. We have the expression N(x, A) = €xN(A) where €, is the Dirac mass
on x.

2.3 Examples-exercises

2.3.1 Integral kernels

LetAe M, (X')and n: X x X' — R, be a ¥ ® Z'-measurable function. De-
fineforall xe Xand all Ae &’

N(x,A):f n(x, xY1z4(xHAdx").
X



Then N is a positive transition kernel (X, Z) 2 (X, 27, termed integral kernel.
For fe mZ[, ue Mi(c=%), Ac X' and x € X we have:

Nf(x) f n(x,x) f(x"Adx)
X

UN(A) f f pldx)n(x, x")(LaA) (dx"),
XJIX!

where 1 41 is a measure absolutely continuous with respect to A having Radon-
Nikodym density 1 4.

Some remarkable particular integral kernels are given below:

1. Let X = X' be finite or countable sets, = &' = 22(X), and A be the count-
ing measure, defined by A(x) =1 for all x € X. Then the integral kernel N
is defined, for f e m%’, ue 4 (%), by

Nf(x) = ) nxyf(y), forallxeX
yeX

UN(A) = Z px)n(x,y), foral Ac X
xeX;yeA

In this discrete case, N(x,y) = N(x, y) = n(x, y) are the elements of finite
or infinite matrix whose columns are functions and rows are measures.
If we impose further N(x,-) to be a probability, then Z),Ex n(x,y) =1 as
was the case in the motivating example of chapter 3.1. In that case, the
operator N = (n(x, ¥))x,yex is a matrix whose rows sum up to one, termed
stochastic matrix .

2. Let X=X =R with d =23, Z = Z' = B[R?), and A be the Lebesgue
measure in dimension d. The function given by the formula n(x,x') =
lx—x"|~%*2 for x # x' defines the so-called Newtonian kernel. It allows ex-
pressing the electrostatic or gravitational potential U at x due to a charge
density p via the integral formula:

Ux) = cfd n(x, x)pxHAdx).
R

The function U is solution of the Poisson differenital equation %AU (x) =
—p(x). The Newtonian kernel can be thought as the “inverse” operator of
the Laplacian. We shall return to this “inverting” procedure in chapter 5.

3. Let X=X, =", and 1 € 4 (X) be arbitrary. Let a, b € bZ and define
n(x,x') = a(x)b(x"). Then the integral kernel N is defined by

Nf(x) a(x){bA, f)
1N (A) (1, ay(bA)(A).

In other words the kernel N = a® bA is of the form function®measure (to
be compared with the form! E} = v ® uﬁ introduced in chapter 1).

1. Recall that functions are identified with vectors, measures with linear forms.
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2.3.2 Convolution kernels

Let G be a topological semigroup (i.e. composition is associative and contin-
uous) whose composition - is denoted multiplicatively. Assume that G is metris-
able (i.e. there is a distance on G generating its topology) and locally compact
(i.e. every point x € G is contained in an open set whose closure is compact).
Denote by ¢ the Borel o-algebra on G. Define the convolution of two measures
¢ and v by duality on continuous functions of compact support f € Cx(G) by

(u*v, )= g Jgpdxvdy f(x-y).

Letnow X =X'=G, & =%’ =¥, and A be a fixed positive Radon measure
(i.e. A(K) < oo for all compact measurable sets K) and define N by the formula

N(x, A) = (A x€5)(A). Then N is a transtion kernel (G, %) S (G,%4), called convo-
lution kernel, whose action is given by

Nf(x) Axey, )
f f Ady)ex(d2) f(y-2)
GJG

[B/l(dy)f(y-x).

In particular, N(x, A) = (A ey, L) = [ A(dy)La(y- x) yielding for the left action
on measures UN(A) = (A xp, 1 4).

Suppose now that G instead of being merely a semigroup, is henceforth a
group. Then the above formula becomes N(x, A) = A(Ax~!) and consequently

(UN, Y ={Axpu, ),

yielding? uN = A x u. This provides us with another reminding that N trans-
forms differently arguments of functions and measures.

Definition 2.3.1 LetV beatopological space and 7 it Borel o-algebra; the group
G operates on V (we say that V is a G-space), if there exists a continuous map
a:GxV3(x,v)— alx,v)=xoveV,verifying (x; - xp)ov=x10(x200).

With any fixed measure A € ./, (%) we associate a kernel (V,7) 5 (V,7) by
its action on functions f € m7%, and measures u € . (¥):

Kf(w)

f AMdx)f(xov), foranyveV
G

LK (A)

f/l(dx)f,u(dv)]lA(xo v), forany Ae7.
G \Y

2. Note however, that Nf # A x f because the convolution A x f(x) = [g Ady fiy1x).
Hence on defining A as the image of A under the transformation x — x~!, we have Nf(x) =
JeMdy F(r1x = A x f(2).
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When V = G in the above formulae and identifying the operation o with the
group composition -, we say that the group operates (from the left) on itself. In
that case, we recover the convolution kernel of the beginning of this section as a
particular case of the action on G-spaces.

Some remarkable particular convolution kernels are given below:

1. Let G be the Abelian group Z, whose composition is denoted additively.
Let A be the probability measure charging solely the singletons —1 and 1
with probability 1/2. Then the convolution kernel N acts on measurable
functions and measures by:

Nf(x)

(fx+D+f(x-1)

DN = DN =

uN(A) (WA-D+p(A+1).

This kernel corresponds to the transition matrix

pieyy | U2 iy—x=x1
Y=Y o0 otherwise,

corresponding to the simple symmetric random walk on Z.

More generally, if G = Z¢ and A is a probability measure whose support
is a a generating set of the group, the transition kernel defines a random
walk on Z4.

2. The same holds more generally for non Abelian groups. For example, let
G = {a, b} be a set of free generators and G the group generated by G via
successive applications of the group operations. Then G is the so-called
free group on two generators, denoted by F». It is isomorphic with the
homogeneous tree of degree 4. If A is a probability supported by G and
G, then the convolution kernel corresponds to a random walk on F».

3. Let G be the semigroup of d x d matrices with strictly positive elements
and V = RP4"! be the real projective space®. If RP~! is thought as em-
bedded in RY, the latter being equipped with anorm || -||, define the action
of a matrix x € G on a vector v € RP4 ! by xov = o7 Let A be a probabil-

ity measure on G. Then the kernel K defined by K f(v) = f@ Adx)f(xov)
induces a random walk on the space V.

3. The real projective space RP" is defined as the space of all lines through the origin in R"*1,
Each such line is determined as a nonzero vector of R”*1, unique up to scalar multiplication, and
RP" is topologised as the quotient space of R”*1\ {0} under the equivalence relation v = av for
scalars a # 0. We can restrict ourselves to vectors of length 1, so that RP" is also the quotient
space $"/v =~ —v of the sphere with antipodal points identified.
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2.3.3 Point transformation kernels

Let (X, %) and (Y,%) be two measurable spaces and 0 : X — Y a measur-
able function. Then, the function N defined on X x % by N(x, A) = L4(0(x)) =
Lg-104)(x) = €g(x)(A) for x € X and A € % defines a transition kernel (X, %) X
(Y, %), termed point transformation kernel or deterministic kernel. Its action
on functions and measures reads:

Nfx) = fv N, dy) f(7)
= fvﬁ‘e(x)(dy)f(y)
= fOx)=fo0(x)
/JN(A) = Lﬂ(dX)ng—l(A) (X)

©O~ 1 (A) = 0(w)(A).

Example 2.3.2 LetX =Y =[0,1], ¥ =% = 428(]0,1]) and 8 the mapping given by
the formula 6(x) = 4x(1 — x). The iterates of 8 applied on a given point x € [0, 1]
describe the trajectory of x under the dynamical system defined by the map.
The corresponding kernel is deterministic.

Exercise 2.3.3 Determine the explicit form of the kernel in the previous exam-
ple.

2.4 Markovian kernels

Definition 2.4.1 (Kernel composition) Let M and N be positive transition ker-
nels (X, 2) %4 (X', 2") and (X', 2") & (X", 2"). Then by M N we shall denote
the positive kernel (X, %) My (X", &) defined, for all x € X and all Ae X" by

MNGoA) = [ Mk, dyNG A,
Xl
Exercise 2.4.2 The composition of positive kernels is associative.

Remark: If N is a positive kernel (X, %) DA (X, &) then N" is defined forall n € N
by NO = I, where I is the identity kernel (X, %) A (X, %) defined by I(x, A) =
€x(A) and recursively for n > 0 by N" = NN L,
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Definition 2.4.3 (Kernel ordering) Let M and N be two positive kernels (X, Z') M
(Y,2Y) and (X, %) i (Y,%). Wesay M < Nif Vf € %,, the inequality Mf < Nf
holds (point-wise).

Definition 2.4.4 (Markovian kernels) Let N be a positive kernel (X, &) A X, %).
— Thekernel N is termed sub-Markovian or a transition probability if N(x, A) <
lholdsforall xe Xandall Ae &.
— The kernel N is termed Markovian if N(x, X) = 1 holds for all x € X.

Remark: It may sound awkward to term a sub-Markovian kernel, for which the
strict inequality N(x, X) < 1 may hold, transition probability. The reason for this
terminology is that it is always possible to extend the space X to X = X U {8} by
adjoining a particular point 0 ¢ X, called cemetery. The o-algebra is extended
analogously to = (%, {8}). The kernel is subsequently extended to a Marko-
vian kernel N defined by N(x, A) = N(x, A) forall Ae Z and all x € X, assigning
the missing mass to the cemetery by N(x,{0}) = 1— N(x,X) for all x € X, and triv-
ialising the additional point by imposing N (8, {8}) = 1. It is trivially verified that
N is now Markovian. Moreover, if N is already Markovian, obviously N(x,{0})=0
for all x € X. Functions f € m% are also extended to f € m% coinciding with f
on X and verifying f (foh =0.

We use henceforth the reserved symbol P to denote positive kernels that are
transition probabilities. Without loss of generality, we can always assume that P
are Markovian kernels, possibly at the expense of adjoining a cemetery point to
the space (X,%) according the previous remark, although the ~ symbol will be
omitted.

Exercise 2.4.5 Markovian kernels, as linear operators acting to the right on the
Banach space (b%, || - lloo) Or to the left on (b4 (%), - II1), are positive contrac-
tions.

2.5 Further exercises

1. Let (X,%) be a measurable space, g € mZ,, v e M, (¥X), and (X,%) X
(X, %) an arbitrary positive kernel. Define N = g ® v and compute NM
and M N.

2. Let P be a Markovian kernel and define G° = o P
— Show that G is a positive kernel not necessarily finite on compact sets.

— Showthat G =T+ PG® =T+ GOP.
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3. Let P be a Markovian kernel and a, b arbitrary sequences of positive num-
bers such that .37 a, < 1and ¥, b, < 1. Define G‘()a) =Y a,P" and
compute G, G, (x, A).

4. Let P be a Markovian kernel. For every z € C define G2 = Y% 2" P".

— Show that Gg is a finite kernel for all complex z with |z| < 1.
— Is the linear operator zI — P invertible for z in some subset of the com-

plex plane?



14



Trajectory spaces

In this chapter a minimal construction of a general probability space is per-
formed on which lives a general Markov chain.

3.1 Motivation

Let (X, %) be a measurable space. In the well known framework of the Kol-
mogorov axiomatisation of probability theory, to deal with a X-valued random
variable X we need an ad hoc probability space (Q2, %,P) on which the the ran-
dom variable is defined as a (&%, Z)-measurable function. The law of X is the
probability measure Px on (X, %), image of P under X, i.e. Px(A) = P({w € Q:
X(w)e Al forall Ae X'

What is much less often stressed in the various accounts of probability the-
ory is the profound significance of this framework. As put by Kolmogorov him-
self on page 1 of [21]: “...the field of probabilities is defined as a system of
[sub]sets [of a universal set] which satisfy certain conditions. What the elements
of this [universal] set represent is of no importance...".

Example 3.1.1 (Heads and tails) Let X = {0,1} and p € [0,1]. Modelling the
outcomes X of a coin giving tails with probability p is equivalent to specifying
Px = peo+ (1 - pley.

Several remarks are necessary:

1. Allinformation experimentally pertinent to the above example is encoded
into the probability space (X, Z,Px).

2. The choice of the probability space (Q2,%,P), on which the random vari-
able X=“the coin outcome” is defined, is not unique. Every possible choice

15
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corresponds to a possible physical realisation used to model the random
experiment. This idea clearly appears in the classical text [21].

3. According to Kolmogorov, in any random experiment, the only fundamen-
tal objectis (X, &,[Px); with every such probability space, we can associate
infinitely many pairs composed of an auxiliary probability space (2, &, P)
and a measurable mapping X : Q — X such that Py is the image of P under
X.

4. This picture was further completed later by Loomis [22] and Sikorski [?]:
in the auxiliary space (2, %,P), the only important object is & since for
every abstract o-algebra &, there exists a universal set Q such that & can
be realised as a o-algebra of subsets of Q (Loomis-Sikorski theorem).

Example 3.1.2 (Heads and tails revisited by the layman) When one tosses a
coin on a table (approximated as an infinitely extending plane and very plastic),
the space Q = (R, xR?) xR3 xR3 x S$? is used. This space encodes position R of the
centre of the mass, velocity V, angular momentum M and orientation N of the
normal to the head face of the coin. The o-algebra & = %(Q2) and P corresponds
to some probability of compact support (initial conditions of the mechanical
system). Newton equations govern the time evolution of the system and due to
the large plasticity of the table, the coin does not bounce when it touches the
table. Introduce the random time T (w) = inf{z > 0: R3(t) = 0; V() = 0,M(¢) = 0}
and the random variable

0 if N(Tw))-e3=-1

MM:{lifNﬁw»%:L

where ej3 is the unit vector parallel to the vertical axis. A tremendously compli-
cated modelling indeed!

Example 3.1.3 (Heads and tails revisited by the Monte Carlo simulator) Let
Q=1[0,1], & = 28([0,1]) and P be the Lebesgue measure on [0, 1]. Then the out-
come of a honest coin is modelled by the random variable

0 if w<1/2

ﬁw:{lifw>wz

A simpler modelling but still needing a Borel o-algebra on an uncountable set!

Example 3.1.4 (Heads and tails revisited by the mathematician) Let Q = {0, 1},
F=22(Q)and P = %60 + %61. Then the outcome of a honest coin is modelled by
the random variable X = id. Note further that Px = P. Such a realisation is called
minimal.
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Exercise 3.1.5 (Your turn to toss coins!) Construct a minimal probability
space carrying the outcomes for two honest coins.

Let (X, %) be an arbitrary measurable space and X = (X},) ,eny @ countable family
of X-valued random variables. Two natural questions arise:

1. What is the significance of P x?

2. Does there exist a minimal probability space (Q,.%,P) carrying the whole
family of random variables?

3.2 Construction of the trajectory space

3.2.1 Notation

Let (Xg, Z k) ken be a family of measurable spaces. For n € NuU {oo}, denote
X" = x{_ X and X" = ®]_ Z). Beware of the difference between subscripts
and superscripts in the previous notation!

Definition 3.2.1 Let (X, Z 1) kren be a family of measurable spaces. The set
X = {x = (x9, X1, X2,...) : X € Xi, Vk € N}

is called the trajectory space on the family (X)gen-

Remark: The trajectory space can be thought as the subset of all infinite se-
quences {x : N — UrenXg) that are admissible, in the sense that necessarily for
all k, x; € Xx. When all spaces of the family are equal, i.e. X = X for all k, then
the space of admissible sequences trivially reduces to the set of sequences X",

Definition 3.2.2 Let0 < m < n. Denote by p/, : X"* — X" the projection defined
by the formula:

p:)lfl(x())---rxn’l)---;xn) = (x())---)xm)-
We simplify notation to p,, = pS, for the projection form X* to X". More gener-
ally, let @ # S =N be an arbitrary subset of the indexing set. Denote by @g: X*° —
X res Xk the projection defined for any x € X* by @gs(x) = (xg)kes. If S = {n}, we
write @, instead of @y;.

Remark: Obvsiously, p,,;, = @y,...,m}-
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Definition 3.2.3 Let (Xy, & ) ren be a family of measurable spaces.

1. We call family of rectangular sets over the trajectory space the collection

R {XkenAx A € i, VkeN and f{k e N: Ay # X} < oo
= {XpeNAk: A€, VkeN and AN k= N= A =Xy}

= UnNeNZN,

where Zy = x_ Zr.

2. We call family of cylinder sets over the trajectory space the collection

€ = UneniF x (xpsnXg) : Fe 2N,

The cylinder set F x (x ;- nXj) will be occasionally denoted [F] .

Definition 3.2.4 The o-algebra generated by the sequence of projections (@) ken
is denoted by Z; i.e. '™ = @ kenZk = 0 (Uken®; ' (X))

Exercise 3.2.5 % is a semi-algebra with (%) = Z*°, while € is an algebra with
0(6)=F>.

3.3 The lonescu Tulcea theorem

The theorem of Ionescu Tulced is a classical result [15] (see also[24, 2, 10] for
more easily accessible references) of existence and unicity of a probability mea-
sure on the space (X*°, Z'*) constructed out of finite dimensional marginals.

Theorem 3.3.1 (Ionescu Tulced) Let (X, Z 1)nen be a sequence of measurable

spaces, (X*°,Z>) the corresponding trajectory space, (Ny,+1)nen a Sequence of

transition prolmbilities1 xXnxm Noga Xn+1, X n+1), and p a probability on (Xo, X o).

Define, for n = 0, a sequence of probabilities IPL") on (X", X" by initialisingﬂj’i?) =
u and recursively, forn e N, by

Pl ) :f P (dxox--xdxp) N1 (X0, ..., Xn); dXps1) LE(X, ..., Xns1),

Xox - xXp41

for F € "1 Then there exists a unique probability Py on (X*°, ) such that
for all n we have

pn([FDp) = PL") y

(i.e.pn(PL)(G) =Pu(p, () =P (G) forallGe Z").

1. Beware of superscripts and subscripts
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Before proving the theorem, note that for F = Ag x --- x A, € X", the term
appearing in the last equality in the theorem 3.3.1 reads:

Pupy' (F) =Pu(Ag x -+ % Ap x X1 X X2 % ..)

i.e. P, is the unique probability on the trajectory space (X°°,2*°) admitting
(IP,(J”))neN as sequence of n-dimensional marginal probabilities.

A sequence ([P’L"),pn) neN as in theorem 3.3.1 is called a projective system.
The unique probability P, on the trajectory space, is called the projective limit
of the projective system, and is denoted

Pu= lim @\, py).
n—oo
The essential ingredient in the proof of existence of the projective limit is the
Kolmogorov compatibility condition reading: PL’") = p”m(IPL”)) for all m, n such
that 0 < m < n or, in other words, p,, = pJ}, op,. The proof relies also heavily on
standard results of the “monotone class type”; for the convenience of the reader,
the main results of this type are reminded in the Appendix.

Proof of theorem 3.3.1: Denote by €, = p,,} (% ™). Obviously, € = U,enEy. Since
for m < n we have 6,, < 6y, the collection € is an algebra on X*. In fact,
— Obviously X* € 6.
- For all C;, G, € €6 there exist integers N7 and N» such that C; € 6, and
C, € én,; hence, choosing N = max(Ni, N2), we see that the collection €
is closed for finite intersections.
— Similarly, for every C € 6 there exists an integer N such that C € €; hence
C® € €N < €6, because €y is a o-algebra.
However, € is not a o-algebra but it generates the full o-algebra ' (see exer-
cise 3.2.5).

Next we show that if a probability P, exists, then it is necessarily unique. In
fact, for every C € € there exists an integer N and a set F € Z'V such that C =
Py (F). Therefore, P,(C) = P, (p3!(F) = PLY (F). If another such measure P,
exists (i.e. satisfying the same compatibility properties) we shall have similarly
P!, (C) =Py (F) = P,(C), hence P, = P}, on 6. Define for a fixed C € €,

Ac={A€Z®:Pu(CNA) =P, (CNA} X

Next we show that Ac is a A-system. In fact
— Obviously X* € Ac.
— If B€e A¢ then
Pu(CNBS) = PuL(C\(CNB))

= Pu(C)-Pu(CNnB)
_ / /
= P(O-P,CNB)
= PL(CNBY).
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Hence B € A¢.
— Suppose now that (Bj,) sen is a disjoint family of sets in A¢. Then o-additivity
establishes that

Pu((UpenBn) NC) = ) Pu(B,NC) = ) P,(B,NC)<P,(C) =P,(C).

neN neN

Hence L,enBy € Ac establishing thus that Ac is a A-system.
Now stability of € under finite intersections implies that o (€) = A(€) < A¢ (see
exercise A.1.6); consequently 0(€) € Ac € X°. But 0(¥) = Z*°. Hence for all
C € €, we have Ac = X*°. Consequently, for all A€ X we have P,(Cn A) =
IPL(C N A). Choose now an increasing sequence of cylinders (C;) ,eny such that
Cy 1 X*°. Monotone continuity of P, yields then P, = IP;U proving unicity of P,.

To establish existence of P, verifying the projective condition, it suffices to
show that P, is a premeasure on the algebra €. For an arbitrary C € €, chose an
integer Nand aset F € 2N such that C = p]_vl (F). On defining x (C) = PLN) (F),we
note that x is well defined on €6 and is a content. Further x (X*°) = Jr(p]‘\]1 XMy =
[F"LN )(x) = 1. To show that « is a premeasure, it remains to show continuity at @
(see exercise A.1.8), i.e. for any sequence of cylinders (C,,) such that C, | @, we
must have x(C,) | 0, or, equivalently, if inf,, ¥ (C,) > 0, then n,,C,, # @. Let (Cy,)
be a decreasing sequence of cylinders such that infx(C,) > 0. Without loss of
generality, we can represent these cylinders for all n by C,, = F x (x>, X}) and
F e X" For any x; € X, consider the sequence of functions

frgO)(xO):[X Nl(xO;dxl)L 1\72(160361,61362)---fX Nup(xo--xp-1,dxp)Lp(xg...Xp).
1 2 n

Obviously, for all 7, fr(l(l)l (x9) < ,(10) (xp) (why?). Monotone convergence yields
then:

f inf £\ (xo) u(dxo) = inf f 19 (x) (d xp) = infx (Cy,) > 0.
XO n n XU n

Consequently, there exists a Xy € X such that inf,, ,50) (Xo) > 0. We can introduce
similarly a decreasing sequence of two variables

f;gl)(fo,xﬂ:fx Nz(fon,dxz)...fx Np(Xox1 - Xp-1,dxp) Lp((Xo ... Xp)
2 n
and show that

| inf £ G0N G d) =in 40 Go, 1Ny o ) >
1 1

There exists then a x; € X; such that inf;, f,(ll) (xp,x1) > 0. By recurrence, we show
then that there exists x = (X, X1, ...) € X* such that for all k we have inf}, f,gk) (X0y...r Xg) >
0. Therefore, X € N, C, implying that n,C,, # @. O
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Remark: There are several other possibilities defining a probability on the tra-
jectory space out of a sequence of finite dimensional data, for instance by fix-
ing the sequence of conditional probabilities verifying the so called Dobrushin-
Lanford-Ruelle (DLR) compatibility conditions instead of Komogorov compati-
biltiy conditions for marginal probabilities (see [1 1] for instance). This construc-
tion naturally arises in Statistical Mechanics. The DLR condition is less rigid
than the Kolmogorov condition: the projective system may fail to converge, can
have a unique limit or have several convergent subsequences. Limiting proba-
bilities are called Gibbs measures of a DLR projective system. If there are several
different Gibbs measures, the system is said undergoing a phase transition.

Definition 3.3.2 A (discrete-time) stochastic process is the sequence of proba-
bilities (IPL”)) neN appearing in Ionescu-Tulced existence theorem.

Definition 3.3.3 Suppose that for every n, the kernel (X", ") Mot Xn+1, X n+1)

is a Markovian kernel depending merely on x,, (instead of the complete depen-

denceon (xy, ..., xy)),i.e.forall n € N, there exists a Markovian kernel (X,,, & ;,) Pus1

(Xn+1, & n+1) such that Ny41((xo, - .-, Xn); An+1) = Prs1(Xn; Aps1) forall xo, ..., x, €
Xy and all A4 € Z+1. Then the stochastic process is termed a Markov chain.

Let Q = X*°, & = X, and (X;;, X 1) P Xn+1, % n+1) be a sequence of

Markovian kernels as in definition 3.3.3. Then theorem 3.3.1 guarantees, for ev-
ery probability u € .4, (%), the existence of a unique probability P, on (X*°, ).
Let C = pj‘vl (Ap x...x Ap), for some integer N > 0, be a cylinder set. Then,

Pu(C) = Pu(Agx--x Ay x Xnp1 X X2 X -++)
= Pulpy (Agx -+ x An))
= pnPu)(Agx---x AN)
- PLN)(AO X x AN)

= P (dxg x -+ x dxy-1) Py (xn-1; AN)

Apx-x AN-1

= f w(dxo)P1(x0,dx1) - Pn(XN-1,dXN).
Agx-x AN

On defining X : Q — X*° by X, (w) = w, for all n € N. we have on the other hand,

P,(C)

PN (Ag x -+ x Ap)
Pu({fw€Q: Xo(w) € Ag,... Xn(0) € AN}).
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The coordinate mappings X, (w) = w,, for n € N, defined in the above frame-
work provide the canonical (minimal) realisation of the sequence X = (X},) nen.

Remark: If y = e, for some x € X, we write simply P, or IPECN) instead of P¢, or

[P’g). Note further that for every u € .4 (%¥p) we have P, = fxo w(dx)Py.

Remark: Giving
— the sequence of measurable spaces (X, Zn) nens
— thesequence (Py+1) nen Of the Markovian kernels (X, & ;) P Xpne1, X na1),
and
— the initial probability u € .4, (%),
uniquely determines
— the trajectory space (X, Z'*),
- a unique probability P, € ./, (Z*), projective limit of the sequence of
finite dimensional marginals, and
— upon identifying (Q, %) = (X*°,Z*), this construction also provides the
canonical realisation of the sequence X = (X;);en through the standard
coordinate mappings.
Under these conditions, we say that X is an (inhomogeneous) Markov chain,
and more precisely a MC((X,,, Zn) nen, (Pn+1) nen, ). If for all n € N, we have
Xn=X, %, =%, and P,, = P, for some measurable space (X, Z) and Markovian

kernel (X, &) 2 (X, Z), then we have a (homogeneous) Markov chain and more
precisely a MC((X, X), B, ).

3.4 Weak Markov property

Proposition 3.4.1 (Weak Markov property) Let X be a MC((X, %), P, u). For all
febX andallneN,

E,u(f(Xn+1)|=%n) = Pf(Xn) a.s.

Proof: By the definition of conditional expectation, we must show that for all
neNand F € X", the measures « and $, defined by

a(F)

fF f(Xni1 @)Py(dw)

B(F) fFPf(XnW))Pu(dw)

coincide on &'". Let

Ay =xp_ X ={Agx - x Ay, Ay € Z1,0< k< n}.
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Now, it is immediate that for all n, the family <7, is a m-system while o (<f,;) = X,

It is therefore enough to check equality of the two measures on «7,. On any

F e of,, of the form F = Ayg x...x A, with A; € &,

a(F) :fpu({w : Xo(w) € Ag, ..., Xn(w) € Ap, Xp+1(0) € dXp+1, Xpr2(@) €X,...1) f(Xp+1)-

Hence

alF) = f Pyl (Ao, Ay dtns) fGinen)

f P (F x dxnen) f ().

Developing the right hand side of the above expression, we get

a(F) = f w(dxo)P(xo,dxy) -+ P(xp, dxps1) f (Xp41)
Agx-xApxX

B(F).

O

Remark: The previous proof is an example of the use of some version of “mono-
tone class theorems”. An equivalent way to prove the weak Markov property
should be to use the following conditional equality for all fy, ..., f,, f € bZ"

Eu(fo(Xo)... fn(Xn) f(Xn+1)) Eu(fo(Xo) ... fn(Xn)Eu(f (Xn+DIZ™)

Ey(fO(XO) .. fn(Xn)pf(Xn))

Privileging measure formulation or integral formulation is purely a matter of
taste.

The following statement can be used as an alternative definition of the Markov
chain.

Definition 3.4.2 Let (Q, %, (¥)en, P) be afiltered probability space, X = (X;,) nen
a sequence of (X, %)-valued random variables defined on the probability space

Q,%,P)and (X, %) 2 (X, Z) aMarkovian kernel. We say that X isa MC((X, ), B u)
if

1. (X}) is adapted to the filtration (%),
2. Law(Xp) = i, and
3. forall f € b%, the equality E(f (X,+1)|%) = P f(X,) holds almost surely.

We assume henceforth, unless stated differently, that Q = X*°, &# = X',
X, (W) = wy, while &, = Z". The last statement in the definition 3.4.2 implicitly



24

implies that the conditional probability P(X,+; € Al%,) admits a regular ver-
sion.

Let X be a MC((X, %), B, ). Distinguish artificially the (identical) probabil-
ity spaces (Q,%,P,) and (X"o,%"o,l]]’if); equip further those spaces with filtra-
tions &, and X" respectively. Assume that X : Q — X* is the canonical rep-
resentation of X (i.e. X =1). Let Ge X andI' = Go X : QO — R, be a random
variable (note that I' = G!). Define the right shift 8 : Q@ — Q for w = (wg,w,...)
by 8(w) = (w1,w>,...) and powers of 8 by 0° = 1 and recursively for n > 0 by

0" =000""1.
Theorem 3.4.3 The weak Markov property is equivalent to the equality
Eu(To8"|F)) = Ex, ),

holding forall u e 4L, (X), alln eN, and allT € m%, on the set{X,, # 0}.

Remark: Define y(y) = E,, (') for all y € X. The meaning of the right hand side of
the above equation is Ex, (I') = y(X,,).

Exercise 3.4.4 Prove the theorem 3.4.3.

3.5 Strong Markov property

Definition 3.5.1 Let (Q, %, (%,),) be afiltered space.
— A generalised random variable 7' : Q — N U {+o0} is called a stopping time
(more precisely a (%,)-stopping time) if for all n € N we have {w € Q :
T(w) = n} € F,.
— Let T be a stopping time. The collection of events

Fr={AeZF VneN,{T=nlnAe F,}

is the trace o -algebra.

Definition 3.5.2 Let X beaMC((X,%Z),Pu) and Ae &.
— The hitting time of A, is the stopping time

th =inf{n>0: X, € Al.
— The passage time at A, is the stopping time

7% =inf{n>0: X, € Al
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— The death time of X, is the stopping time
(=105 =inf{n=0:X, =0}

The symbols T';‘, forb € {0,1} and { are reserved.

Remark: Note the difference between 7?4 and T}A. Suppose that the Markov chain
starts with initial probability u = €, for some x € Z. If x € A, then T?L‘ =0, while
7!, may be arbitrary, even co. If x ¢ A, then 79 = 7,. If the transition probability
of the chain is sub-Markovian, the space is extended to include {9} that can be
visited with strictly positive probability. If the transition probability is already
Markovian, we can always extend the state space X to contain {0}, the latter be-
ing a negligible event; the death time is then { = co a.s.

Remark: Another quantity, defined for all F € & andb € {0,1} by
NE) =Y Lp(Xp),

nzb
bears often the name “occupation time” in the literature. We definitely prefer
the term occupation measure than occupation time because it is a (random)
measure on Z. The symbol 1°(-) will be reserved in the sequel.

Exercise 3.5.3 Is the occupation measure a stopping time?

Let T be a stopping time. Then

_ Xp(w) on {T=n}
Xrw) = {a on {T =oo}
= Y Xplir=p +0L1=00},

neN

establishing the (%7, %)-measurability of X7.

We already know that the right shift 8 verifies X, 00" (w) = X, (0™ (w)) =
Xn+m(W) = Wpntm. On defining

r, _ | 0"w) on {T=nj
0 (w)—{ wy on {T =o0}

where wy = (8,0,...), we see that 87 € Z7 and

Xpir(0) = XnOBT(CU)
= X,0T ()
_ Xpemw) on {T=m}
- 0 on {T =o0}
= Z Xn+mir=my + 0L {T=00}
meN

= Xp+7I{T < o0} + a]l{T:oo}.
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Theorem 3.5.4 (Strong Markov property) Let € /(%) be an arbitrary prob-
ability and T’ a bounded random variable defined on (Q, &,P,). For every stop-
ping time T we have:

Eu(To0”|F) =Ex, (D),

with the two members of the above equality vanishing on {Xt = 0}.

Proof: Define y(y) = E,(I') for y € X. We must show that for all A € &7, we have
on {X #0}:

LFOBT(w)P#(dw):fAy(XT(w))[P’#(dw).

Now,
A=[Upen(AU{T = nH] U [AU{T = oo}].

On {T = oo}, we have {X7 = 0}. Hence on {X7 # 0}, the above partition reduces
to A= Unen(AU{T = n}). Hence, the sought left hand side reads:

Lh.s.

To0T (w)P,(dw)
,%’NfAm{T:n} H

To0™(w)P,(dw)
,;‘NfAm{T:n} H

X, ()P, (dw),
F;me”:n}y( (@)P,(dw)

the last equality being a consequence of the weak Markov property because AN
{T=nteF,. O

3.6 Examples-exercises

1. Let 9, = 0(Xy, X;,41,...) for all n € N and recall that %,, = 0(Xy,..., X;).
Prove that for all A € &%, and all B € 9, past and future become condi-
tionally independent of present, i.e.

Pu(AN Bla(X,) = P (Alo (X,)Pu(Blo (Xn)).

2. Let X = (Xu)nen be a sequence of independent (X, %')-valued random
variables identically distributed according to the law v. Show that X is
MC((X, &), P, u) with P(x, A) =v(A) forall xe Xand all Ae &.

3. Let (X, %) be a measurable space, f € bZ’, and x a point in X. Define a
sequence X = (Xp)en by Xo = x and recursively X1 = f(X,;) for n e N;
the trajectory of point x under the dynamical system f. Show that X is a
MC((X, %), P u) with u =€, and P(y, A) = ey(f‘l(A)) for all y € Y and all
AeX.



3.6. Examples-exercises 27

4. Consider again the heads and tails example presented in chapter 1. Show
that the sequence of outcomes is a MC((X, ), B, u) with X = {0,1} and P
the kernel defined by P(x, {y}) = P(x, y) where P = (P (X, ) x,yex = (1 ;a 1 ilb),
withO=a,b=<1.
5. Let X be a MC((X, %), B, 1) on a discrete (finite or countable) set X.
— Show that the kernel P can be uniquely represented as a weighed di-
rected graph having A? = X as vertex set and A! = {(x,y) € X?: P(x,y) >
0} as set of directed edges; any edge (x, y) is assigned a weight P(x, y).
— For every edge a € A! define two mappings s,¢: Al — A, the source
and terminal maps defined by

Alaaz(x,y) — s(a)=x€A0,
Alsa=1xy) — t@=yeA

Let? A% = {ab € Al x A : s(b) = t(a)} be the set of composable edges
(paths of length 2). Let @ = a; --- @, be a sequence of n edges such that
for all i,0 < i < n, subsequent edges are composable, i.e. a;a; 1 € A%
Such an « is termed combinatorial path of length 7; the set of all paths
of length n is denoted by A”. Finally, define the space of combinatorial
paths of indefinite length by A* = u> JA". Show that A* has a natural
forest structure composed of rooted trees.

- Let @ € A, denote by |a| the length of the skeleton «, and by v(a) the
sequence of vertices appearing in a. Show that the cylinder set [v(a)]
has probability

Pu(lv(@)) = uls(ar)) x P(s(a1), t(ay))
x - x P(s(aja), tlaja))-

6. Let ¢ = ({,), be a sequence of (Y,%)-valued i.i.d. random variables, such
that Law(&g) = v. Let Xy a (X, &)-valued random variable, independent of
& such that Law(Xg) = p, and f: XxY — X be abounded measurable func-
tion. Define for n =0 X;,+1 = f(Xy, x+1). Show that X isa MC((X, X)), P w)
with Markovian kernel given by

Px,A)=v({yeY: f(x,y) € A},

forall xe Xandall Ae &.

7. Let X be the Abelian group Z%; T = {+e,..., +e4} a (minimal) generating
set (i.e. NI' = Z4), and v a probability on I'. Let (¢;);en be a sequence of
independent I'-valued random variables identically distributed according
to v. Define, for x € X and n = 0, the sequence X, = x+ ) ;—¢¢;. Show

2. Note that A? is not in general the Cartesian product Al x Al. The graph is not in general a
group; it has merely a semi-groupoid structure (A9, Al, s, 0.
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10.

11.

12.

13.

14.

that X is a Markov chain on Z%; determine its Markovian kernel and initial
probability. (This Markov chain is termed a nearest-neighbour random
walk on Z¢, anchored at x.)

Let X=Rand & = BR?), v e M. (%), and (¢1)ien be a sequence of inde-
pendent X-valued random variables identically distributed according to
v. Define, for x € X and n = 0, the sequence X, = x+ ) ;—¢¢;. Show that X
is a Markov chain on R%; determine its Markovian kernel and initial prob-
ability. (This Markov chain is termed a random walk on [Rd, anchored at
X.)

Let (¢7);en be asequence of independent R-valued random variables iden-
tically distributed according to v. Define, for x € Ry and n = 0, the se-
quence X = (X), by Xp = x and recursively X1 = (X, + {p41)'. Show
that X is a Markov chain on an appropriate space, determine its Marko-
vian kernel and its initial probability.

Let (G,%) be a topological locally compact group with composition de-
noted multiplicatively, v € .4, (%), and (¢;) ;e @ sequence of independent
(G,%)-valued random variables identically distributed according to v. De-
fine, for x € R; and n = 0, the sequence X = (X},), by Xy = x and recursively
Xn+1 = €n41X,. Show that X is a Markov chain on (G,%); determine its
Markovian kernel and initial probability.

Let X = [Rd, X =BRY, ve M (), and (£;)ijen a sequence of indepen-
dent (X, Z)-valued random variables identically distributed according to
v. Define Zg =0and, forn=1, &, = Z?:l ¢;. Let x € X and define Xy =0
and,forn=1, X,, = x+Z?:1 =

— Show that X is not a Markov chain.

X
— LetY, = ( )’;ﬂ), for n € N. Show that Y is a Markov chain (on the appro-
n

priate space that will be determined); determine its Markovian kernel
and initial probability.

— When Y defined as above is proved to be a Markov chain, the initial
process X is termed Markov chain of order 2. Give a plausible definition
of a Markov chain of order k, for k = 2.

Let Z = (Zy)n, with Z,, = (X,,, Yy) for n € N, be a CM((X x Y), (X ®¥)), P, ).

Show that neither X = (X;;), nor Y = (Y},),, are in general Markov chains.

They are termed hidden Markov chains. Justify this terminology.

We have defined in the exercise section 2.5 the potential kernel G° asso-

ciated with any Markov kernel P. Consistently with our notation conven-

tion, we define G= G' = ¥, P". Show thatforall x€ X and all F € &,

G(x,F) =Ex(n' (F)).
We define for b € {0, 1}

L}, (x)
H(x)

P (15 < 00)
P (1 (F) = 00).
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- How Hg compares with H };?

Does the same comparison hold for L(z)r and LIF?

Are the quantities H’ and L’ kernels? If yes, are they associatively com-
posable?

Show that L, (x) = Py (Up>p{Xy € F}).

— Show that H%(x) = Py (N0 Un=m {Xn € F}).

15. Let X be a MC((X, %), P ).

— Suppose that f € bZ, is a right eigenvector of P associated with the
eigenvalue 1. Such a function is called bounded harmonic function for
the kernel P. Show that the sequence (f (X)) nen is a (%) nen-martingale.

- Any f € m&% verifying point-wise Pf < f is called superharmonic.
Show that the sequence (f (X)) nen is @ (%) nen-supermartingale.



30



Markov chains on finite sets

Although the study of Markov chains on finite sets is totally elementary and
can be reduced to the study of powers of finite-dimensional stochastic matrices,
it is instructive to give the convergence theorem 4.3.17 thus obtained as a result
of the spectral theorem — a purely algebraic result in finite dimension — of the
Markovian kernel. This chapter greatly relies on [16]. Spectral methods can as a
matter of fact be applied to more general contexts at the expense of more a so-
phisticated approach to spectral properties of the kernel. In the case the Markov
kernel is a compact operator on a general state space, the formulation of the
convergence theorem 4.3.17 remains valid almost verbatim. Another important
reason for studying Markov chains on finite state spaces is their usefulness to
the theory of stochastic simulations.

4.1 Basic construction

Let X be a discrete finite set of cardinality d; without loss of generality, we
can always identify X = {0,...,d—1}. The set X will always be considered equipped
with & = 2(X). A Markovian kernel P = (P(x, y))x,yex on X will be a d x d matrix
of positive elements — where we denote P(x, y) = P(x, {y}) — that verifies, for all
xeX, Zyex P(x,y) = 1. Choosing €, with some x € X, as starting measure, the
theorem 3.3.1 guarantees that there is a unique probability measure P, on the
standard trajectory space (Q, %) verifying

”J’x(PZI(AOX“'XAn)) P,(Xo€ Ag... X5 € Ap)
Y. P(xg,x1) - P(Xp-1,%p).

Xo€Ag

Xpn€A,

31
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In particular
Py(X,=y) = P'xy
PuXn=y) = Y u@)P"x,y).
xeX

As was the case in chapter 1, the asymptotic behaviour of the chain is totally
determined by the spectral properties of the matrix P. However, we must now
consider the general situation, not only the case of simple eigenvalues.

4.2 Some standard results from linear algebra

This section includes some elementary results from linear algebra as they
can be found in [32, 33]. Denote by M, (C) the set of d x d matrix with complex
entries. With every matrix A € M;(C) and A € C associate the spaces

Dj(A) = {veC%:Av=Av}
= ker(A-AI,;)
DMA) = vecC%:(A-AIyFv=0, for some k € N}

= Urenker(A- A1k,

termed respectively right and generalised right eigenspace associated with the
value A. Obviously D, (A) D*(A) and if D 1(A) # {0} then A is an eigenvalue of
A.

Proposition 4.2.1 For any AeM,;(C), the following statements are equivalent:
1. Ais an eigenvalue of A,

D, (A) #{0},

D (A) # {0},

rank(A—Alg) <d

1al) =det(A-A1;) = b(A—A)#---(A;—A)% =0 for some integers, 0 < s <
d and some positive integers ai, ..., as, called the algebraic multiplicities
of the eigenvalues A1, ..., A;.

ok LN

Proof: Equivalence of 1 and 2 is just the definition of the eigenvalue. The im-
plication 2 = 3 is trivial since D, (A) < D*(A). To prove equivalence, suppose
conversely that a vector v # 0 lies in D*(A); let k = 1 be the smallest integer such
that (A - )le)kv = 0. Then the vector w = (D — AI;)v is a non-zero element of
D) (A). To prove the equivalence of 4 and 5, note that by the equivalence of 1
and 2, A is an eigenvalue if and only if ker(A—A1;) contains a non-zero element,
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i.e. A— Al is not injective which happens if and only if it is not invertible. The
last statement is then equivalent to 4 and 5. O

We call spectrum of A the setspec(A) ={A4,...,As} ={1 € C: A—A-1;is not invertible}.
For A € spec(A), we call geometric multiplicity of A the dimension g; = dim D, (A).

Proposition 4.2.2 Let A€ My (C).

1. Thereexists a unique polynomial m4 € C[x], of minimal degree and leading
numerical coefficient equal to 1 such that ms(A) = 0. This polynomial is
termed minimal polynomial of A.

2. my divides any polynomial p € C[x] such that p(A) = 0. In particular, it
divides the characteristic polynomial y a.

3. The polynomials y 4 and my have the same roots (possibly with different
multiplicities).

4. IfA is a r-uple root of m4 then DM(A) = ker(A— Al,)". In that case, cy =1
is the generalised multiplicity of A, while the algebraic multiplicity is ex-
pressed as ay = dim D*(A) = dimker(A — A1) and the minimal polyno-
mial reads mg(A) = (A1 —A) --- (A — A) s,

Proof: To prove 1 and 2, note that there exists a polynomial p € C[x] such that
p(A) = 0 (for instance consider the characteristic polynomial). Hence there ex-
ists also a polynomial of minimal degree m. Now, if p(A) = 0 perform division
of p by m to write p = gm + r, where r is either the zero polynomial or has de-
gree less than m. Now r(A4) = p(A) — q(A)m(A) = 0—- g(A)0 = 0 and since m was
chosen of minimal degree, then r = 0. Thus every polynomial vanisihing on A is
divisible by m. In particular if m and m' are both minimal polynomials, they can
differ only by a scalar factor. Fixing the leading coefficient of m to 1, uniquely
determines m = my.

To prove 3 note that if A is a root of y4, i.e. is an eigenvalue of A, then
there is a non-zero vector v with Av = Av. Hence 0 = ma(A)v = m(1) v, implying
m(A) = 0. Conversely, every root of m, is a root of y 4 because m4 divides the
characteristic polynomial.

To conclude, suppose that there is a vector v € D*(A) such that w = (A -
Alg) v #0. Write m4(x) = g(x)(x—A)". Then g and (x—A)"~" are coprime; hence
there are polynomials f and g with f(x)g(x) + g(x)(x—1)"~" = 1. Consequently,

FAqgAw+gAA-AL)" " w
fAmMA) Y+ g(A)(A- )" v
F(A)0+g(A)0

= 0,

w
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which is a contradiction. O

Another possible characterisation of ¢, is ¢y = min{n € N : ker(A— 11;)" =
ker(A—AI;)"*1}. Moreover, the vector space C% decomposes into the direct sum:

C? = @ jeqpecy D (A) = @ pespecia ker(A— ALy,

Definition 4.2.3 Let A€ M;(C) and A € spec(A).
- If ¢y =1 (i.e. D* = D)) then the eigenvalue A is called semisimple.
- If aj = 1 = dim D? then the eigenvalue A is called simple.

1
Example 4.2.4 — Let A= (g 0). Then spec(A) = {0} and ay = ¢y = 2 while
8o = 1.
b
— LetB = € M4(€). Then spec(B) = {b} and ay, = d, c;, = 1 while
b
gp=d
b 1
~ LetC = " | e My(C). Then spec(C) = {b} and ap = ¢} = d
S
b
while g, = 1.

Denote by E, the spectral projector on D*. Since the space admits the direct
sum decomposition cl=9 Aespec(4) it follows that spectral projections form a
resolution of the identity I; =} ycspec(a) Ex-

Theorem 4.2.5 Let A€ M;(C) and U an open setinC (not necessarily connected),
containing spec(A). Denote by C*(A) the set of analytic functions on U (i.e. in-
definitely differentiable functions developable in Taylor series around any point
ofU) and let f € C}. Then,

alA- Md)

fa= Y Y —

Aespec(A) i=0

Proof: See [7] pp. 555-559. O

Exercise 4.2.6 Choose any circuit B in U not passing through any point of the
spectrum. Use analyticity of f, extended to matrices, to write by virtue of the
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residue theorem:
1
A= — NIz — A~ dA.
F&A 2ni£3f( YA )

The operator R4(A) = (AI;— A)~!, defined for A in an open domain of C, is called
resolvent of A.

Remark: Suppose that all the eigenvalues of a matrix A are semisimple (cy = 1 for
all 1 € spec(A)), then f(A) =X respec() f (M) Ey. In particular, Ak = 2 Aespec(A) ARE,.

Lemma 4.2.7 Suppose (f,) nen is a sequence of analytic functions in C*(A). The
sequence of matrices (f,(A)) nen converges if and only if, for all A € spec(A) and
all integers k with 0 < k < c) — 1, the numerical sequences ( f,gk) (A)) nen converge.
If f € C*(A), thenlim,_ fn(A) = f(A) if and only if, for all A € spec(A) and all
integers k with 0 < k < ¢ — 1, we havelim,—.o fF (1) = fO(1).

Proof: See [7] pp. 559-560. O

Proposition 4.2.8 Let AeMy(C). The sequence of matrices ( % Zzzl AP) pen cov-

erges if and only iflim,,_.o A% =0.

Proof: Define for all n = 1 and z € C, f;(2) = %ZZZI zP and g, (2) = Z—nn We ob-
serve that the sequence (f},(1)) nen converges if and only if [A] < 1, the latter be-
ing equivalent to lim,,_.., g,(1) = 0. For k > 0, the sequence (fr(lk) (A)) nen cON-
verges if and only if |A| < 1, the latter being equivalent to lim;,_. gflk) (1) =0.We
conclude by theorem 4.2.5 and lemma 4.2.7. O

Definition 4.2.9 Let A € M,;(C). We call spectral radius of A, the quantity de-
noted by sr(A) and defined by

sr(A) = max{|A|: 1 € spec(A)}.

Corollary 4.2.10 Forall Ae My4(C), lim;,_ ATn = 0 if and only if the two follow-
ing conditions are fulfilled:
- sr(A) <1, and
— all peripheral eigenvalues of A, i.e. all A € spec(A) with |A| = 1, are semi-
simple.



36

4.3 Positive matrices

Definition 4.3.1 Let x € R? and A € M, (R). The vector x is called positive, and
denoted x = 0, iffor all i = 1,...,d, x; = 0. It is called strictly positive if for all
i=1,...,d, x; > 0. The matrix A is called positive (resp. strictly positive) if viewed
as a vector of R? is positive (resp. strictly positive). For arbitrary x € R¢ and
A e My4(R), we denote by |x| and | A| the vector and matrix whose elements are
given by |x|; = |x;| and | Al;; = | A;jl.

Remark: The above positivity of elements must not be confused with positiv-
ity of quadratic forms associated with symmetric matrices. For example A =

01
( 1 0) > 0 but there exist x € R? such that (x, Ax) # 0.

Proposition 4.3.2

A=0 © [x=0=> Ax=0]
A>0 © [x=0andx#0=> Ax=0].

Exercise 4.3.3 Prove the previous proposition.

Definition 4.3.4 A matrix A is reducible if there exists a permutation matrix S

B
such that SAS™! = ( 0 g) Otherwise, A is called irreducible.

Proposition 4.3.5 For a positive matrix A € M;(R), the following statements are
equivalent:
— Aisirreducible,
- U+ A% 1>0,and
— for all pairs of integers (i, j) with 1 < i,j < d, there exists an integer k =
k(i, j) such that (Ak)ij > 0.

Exercise 4.3.6 Prove the previous proposition.

Theorem 4.3.7 (Brower’s fixed point theorem) LerC < R bea non-empty, closed,
bounded,and convex set, and let f : C — C be continuous. Then, there exists a
x € C such that f(x) = x.

Proof: See [3], p. 176 for instance. O
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Theorem 4.3.8 (Weak Perron-Frobenius theorem) Let A€ M;(R) be a positive
matrix. Thensr(A) is an eigenvalue of A associated with a positive eigenvector v.

Proof: Let A be an eigenvalue of maximal modulus, i.e. with |A] = sr(A). We can
always normalise the eigenvector v of A so that ||v||; = 1. Then,

sr(A)|v| = |Av] = |Av| < A|v|.

If .,
C={xeR?:x20,) x;=1,Ax=sr(A)x},
i=1
then C is closed, convex, non-empty (since it contains |v|), and bounded (since
0<xj<lforalli=1,...,d). We distinguish two cases:

1. There exists a x € C such that Ax =0. Then sr(A)x < Ax = 0; consequently
sr(A) = 0 and the theorem is proved.

2. Forall x € C, Ax #0. Define then f: C — R% by f(x) = mAx. We ob-

serve that

- ForallxeC, f(x) =0, [ f(x)l1 =1 and f continuous.

— Af(X) = e AAx = G- Ax = sr(A) f (x). Therefore f(C) < C.

— The theorem 4.3.7 ensures that there exists ye C: f(y) = y.

- y=0(since y € C) and f(y) = y, therefore, y is an eigenvector associated
with the eigenvalue r = || Ay|l;.

— Hence Ay = ry =sr(A)y, the last inequality holding since y € C. There-
fore r =sr(A).

— Hence r =sr(A).

For r = 0 denote by
Cr= {xe[Rd:xEO, x|y =1, Ax =rx}.

Obviously every C, is a convex and compact set.

Lemma 4.3.9 Let A€ My(R) bea positive irreducible matrix; letr = 0 and x € R?,
with x = 0, be such that Ax = rx and Ax # rx. Then there exists r' > r such that

Cr’ # ¢.

Proof: Let y = (I; + A)%x. Since the matrix A is irreducible and x = 0, thanks
to the proposition 4.3.5, we get y > 0. For the same reason, Ay —ry = (Ig +
i e get r' > r. But then Ay = r'y

A)41(Ax - rx) > 0. On defining r' = min;
so that C,» contains the vector y/| yl;. O
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Lemma 4.3.10 Let A € M;(R) be a positive irreducible matrix. If x € R is an
eigenvector of A and x = 0 then x > 0.

Proof: Given such a vector x with Ax = Ax, wehave that 1 = 0. Then x = W (Ig+

A)41x >0, thanks to the proposition 4.3.5. O

Lemma 4.3.11 Let A,B € M;(R) be matrices, with A irreducible and |B| < A.
Thensr(B) < sr(A). In the case of equality of the spectral radii, we have further:
- |Bl=A, and
— forevery eigenvector x of B associated with an eigenvalue of modulussr(A),
the vector | x| is an eigenvector of A associated with sr(A).

Proof: If A is an eigenvalue of B of modulus sr(B) and x is the corresponding
normalised eigenvector, then sr(B)|x| < |B||x| < Alx|, so that Cs(p) # . Hence,
sr(B) < R =sr(A).

In case of equality honding, then |x| € Cs(4) and | x| is an eigenvector: A|x| =
sr(A)|x| = sr(B)|x| < |B||x| Hence, (A—|B|)[x[< 0, but since |x| > 0, from lemma
4.3.10, and A—|B| =0, the equality | B| = A follows. O

Theorem 4.3.12 (Strong Perron-Frobenius theorem) Let A € M;(R) be a posi-
tive irreducible matrix. Then sr(A) is a simple eigenvalue of A associated with a
strictly positive eigenvector v. Moreoversr(A) > 0.

Proof: Additionally, if 1 is an eigenvalue associated with an eigenvectors v of
unit norm, then |v| is a vector of Cj,;; in particular, the set Cs (4 is non-empty.
Conversely, if C;, is non-empty, then for v € C;:

r=rlvi = Avih = 1Al vl = [1Alh,

and therefore r < || All;. Further, the map r — C; is non-increasing with respect
to inclusions and is “left continuous”, in the sense C, = Ns<;C;. Define then
R = supfr : C, # ¢}; subsequently, R € [sr(A), [|All1]. Decreasing with respect to
inclusions implies that r < R = C; # @.

If x>0 ofnorm 1, then Ax =0 and Ax # 0 since A =0 and irreducible. From
lemma 4.3.9 follws that R > 0; consequently, the set Cg being the intersection
of a totally ordered family of non-empty compact sets is non-empty. For x € Cg,
the lemma 4.3.9 guarantees then that x is an eigenvector of A associated with the
eigenvalue R. Observing that R = sr(A) implies then that R = sr(A), showing that
sr(A) is the eigenvalue associated with the eigenvector x, and sr(A) > 0. Lemma
4.3.10 guarantees then that x > 0.
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It remains to show simplicity of the eigenvalue sr(A). The characteristic poly-
nomial y (1) is seen as the composition of a d-linear form (the determinant)
with polynomial vector valued functions (the columns of 11; — A). Now, if ¢ is
a p-linear form and if V1 (7),..., V(1) are p polynomial vector-valued functions,
then the polynomial p(A) = ¢(V1(A),..., V(1)) has derivative:

p'A) = p(V{),..., Vy(M) +...+ (Vi (), ..., V, (D).

Denoting el,... ,ed) the canonical basis of R? and writing A in terms of its col-
umn vectors A = [ay,..., a,], one obtains:

K4 = det(le!, ay, ..., aq)) +det((a), €,...,aq)) +...+det([ay, a, ..., e%])

d
> xa, ),

j=1

where A; € M;_1(R) is the matrix obtained from A be deleting the j-th comumn
and row. (This formula is obtained by developing the determinants with respect
the j-th column.)

Denote by B; € My (R) the matrix obtained from A by replacing the j-th row
and column by zeroes. This matrix is block-diagonal with two non-zero blocks
and a block 0 € M (R). The two non-zero blocks can be put together by per-
mutation of rows and columns to reconstruct A;. Hence the eigenvalues of B;
are those of A; and 0; therefore sr(B;) = sr(A;). Further |Bj| = A but |B;| # A
because A is irreducible while B; is block-diagonal, hence reducible. It follows
by lemma 4.3.11 that sr(B;) < sr(A). Hence y ,(sr(A)) # 0 with the same sign as
lim oo ¥ Y (t) > 0. Therefore, X%(sr(A)) > 0 showing that sr(A) is a simple root.
a

Let A€ My (R) be a positive irreducible matrix. Denote by 11, --- A the eigen-
values of modulus sr(A). If s = 1, the matrix is called primitive, else cyclic of
order s.

Exercise 4.3.13 Show that A > 0 implies that A is primitive.

Exercise 4.3.14 (Characterisation of the peripheral spectrum) A € M;(R) be
a positive matrix. If p = ${1 € spec(A) : |A| = sr(A)}, then {A € spec(A) : |A] =
sr(A)} = sr(A)%y, where %), is the group of p™ roots of unity. Hint: Associate the
peripheral spectrum of A with its periodicity properties.

The spectrum of any matrix A decomposes into three disjoint components:

spec(A) =2, U2ZsUZg,



40

where Z, = {sr(A)} is the maximal eigenvalue spectrum, X, = {1 € spec(A) : |A| =
sr(A)} \ {sr(A)} is the peripheral spectrum and Zg = {1 € spec(A4) : [1] < sr(A)}
is the contracting spectrum. With the exception of Z, the other parts of the
spectrum can be empty.

Lemma 4.3.15 IfP is a stochastic matrix, thensr(P) = 1.
Exercise 4.3.16 Prove the previous lemma.

Theorem 4.3.17 (Convergence theorem for Markov chains) Let P be a stochas-
tic matrix and E, the spectral projector to the eigenspace associated with the eigen-
value 1.

1. There exists a positive real constant Ky such that foralln =1,

1l K
1=y Pr-pF <=
nk:O n

and, for every p € 4 (%) (thought as a row vector),

ln—l K K
= PF_uE <22,
Ilnkgou HEl =< —

2. If 2o = @, then there exist constants K, < oo and 0 < r < 1 such that for all
nenN,
|P" — Eill < Kor".

3. Ifthe eigenvalue 1 is simple, then E; defines a unique invariant probability
7 (i.e verifyingnP=n)byE, f =n(f)1 forall f € bZ .

Proof: We only give the main idea of the proof, technical details are tedious but
without any particular difficulty.

Since P is stochastic, by lemma 4.3.15 we have that sr(P) = 1. Now || Pl =

maXyex Y yex Pxy =1 and for the same reason || P" || = 1, for all n. Hencelim,,_.o, % =
0. Therefore, by corollary 4.2.10 the peripheral values are semi-simple.

Let us prove first assertion 2. Since X¢ = @, it follows that ' = max{|1|: 1 €
spec(A), A # 1} < 1. For every r in the spectral gap, i.e. 1’ < r < 1, we have from
theorem 4.2.5, that

Wl (p-Ay)' d
Iy Y AR =K
Aezo iz0 b dA
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Hence ||P" — E1|loo < Ky 7.

Prove now assertion 1. For all A € X, there exists a @ = 6(A) €]0, [ such that
A =exp(if). Then € = min{|f(1)| : A € £} > 0. Therefore, Izz;(l] Al < sin(le/Z)'
Consequently,

1 n—1 r 1 K{ n—1 ©
=) P"—Eilloo < ——=I Eplleot—)_ 1"
n ,;O 7 nsin(e/2) A;@ " n kg&

To prove 3, just remark that Ej is a projector onto an one-dimensional space,
hence it is a stable matrix (i.e. all its rows are equal) its row summing up to 1. O

4.4 Complements on spectral properties

The previous results establish that the spectrum of the stochastic matrix is
contained in the unit disk of C, the value 1 always being an eigenvalue. On the
other hand, finer knowledge of the spectral values can be used to improve the
speed of convergence that has been established in theorem 4.3.17. Besides, the
study of the locus of the spectral values of an arbitrary stochastic matrix consti-
tutes an interesting mathematical problem first posed by Kolmogorov. As an ex-
perimental fact stemming from numerical simulations, we know that the spec-
tral values of stochastic matrices concentrate on a set strictly contained in the
unit disk. It is therefore important to have better estimates of the localisation of
the spectrum of the stochastic matrix within the unit disk.

4.4.1 Spectral constraints stemming from algebraic properties of the
stochastic matrix

The next results [31] improve the localisation properties of the eigenvalues.

Proposition 4.4.1 (Gershgorin disks) Let A€ /;([R,) anddefine ax =Y. yex.yzx Axy
for x € X. Then, each eigenvalue of A is contained in at least one of the circular
disks

Dy={eC:|{—Axxl s ayx}, xeX.

Proof: Let A € spec(A). Then Av = Av for some vector v # 0 with |[v|lo, = 1. Let
x € X be such that |vy| = 1. Since |vy| < 1 for all y € X, it follows that |1 — Axx| =
A= Axx) Vx| = |Zy:y¢xAxyVy| = Zy:y#x Axylvyl < ay. O

In the sequel we denote by SMy the set of d x d stochastic matrices.
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Corollary 4.4.2 If P € SMy, then each eigenvalue of P is contained in at least
one of circular disks

D;={(eC:|{—Axxl =1-Axx} xeX.

Proposition 4.4.3 Suppose the matrix A€ #;(R) has spectral radiussr(A) =r;
assume further that the eigenvalue r corresponds to the left eigenvector u (it will
have necessarily strictly positive components: uy > 0, for all x € X). Denote by e
the vector with unit components, S={w e R? : (u|w) =1}, T={veR?: (v|e) =
1L, and H=Sx T. Let

m= inf (v|Aw) and M= sup (v|Aw).
(w,v)eH (w,v)eH

Then, each eigenvalue A # r satisfies
Al <min(M —-r,r — m).

If further m > 0 (which occurs if and only if the matrix A has all its elements
strictly positive) then the previous bound implies

M-m

M+m

Al = r.

Proof: Define the matrices B= A— me® u’ and C = Me® u’ — A. They are both
positive since

(v|Bw) =(v|Aw)-m(vie®u' w)=(v|Aw)-m{v|e){ulw) =0,

and similarly for C. Let A # r be an eigenvalue of A and z the corresponding
right eigenvector, therefore (1| w) = 0. Now

Bz=Az-meou' w=Aw-m{u|lw)e=Aw = Aw,

and similarly Cw = —Aw. Hence, w is also an eigenvector of B and C corre-
sponding respectively to the eigenvalues A1 and —A. On the other hand

u'B=u'A-muteou' =ru' - m(uledu’ = (r - m)ut,

and similarly u’C = (M - r)u’. Since the eigenvector u has all its components
strictly positive, it follows that r — m = sr(B) and M —r = sr(C). Hence |A| =
min(M - r,r — m). Now, if m > 0, two cases can occur:
— Either M —r = r —m, implying M + m = 2r and
2r-m—-M M-m
+ .

Alsr-m=
2 2

Hence || < % and, since || < r, finally

2|Al

(M-m)/2  M-m

Al < =r .
1+ M+2nz—2r M+m
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- Or M —-r <r—mhence M+ m < 2r, implying that

M—r+r—m M—-m M-m M-m
= = r

A =M-r< < r.
2 2 2 2r M+m

O

Note finally, the trivial observation that the spectrum of a stochastic matrix
is symmetric around the real axis since the characteristic polynomial has only
real coefficients.

4.4.2 Spectral constraints stemming from convexity properties of the
stochastic matrix

Let us first recall some standard results concerning convex sets.

Definition 4.4.4 Let A<V be an arbitrary subset of a vector space V. The con-
vex hull of A, denoted by co A, consists of all convex combinations from 4, i.e.

N N
coA={xeV:INeN*,Jy; eV,3a; ER_,.(OSZ'S]V),ZCZZ' =1, such that x = Zaivi}.
i=1 i=1

Theorem 4.4.5 (Carathéodory’s convexity theorem) In an n-dimensional affine
linear space, every vector in the convex hull of a nonempty set A can be written as
a convex combination using no more than n + 1 vectors from A.

Exercise 4.4.6 Prove theorem 4.4.5. Hint: assume on the contrary that k > n+1
vectors are needed to express vectors in the convex hull and arrive in a contra-
diction.

Example 4.4.7 LetPV,={peR%: Z?zl pi = 1}; obviously any element of PV
defines a probability measure on a finite set of cardinality d. The set PV, is
convex and although is defined as a subset of R%, the condition Z?zl pi =1con-
strains this set to be a subset of an affine linear space of dimension d — 1; there-
fore its dimension is d — 1. The set of the d canonical unit vectors extr(PV ) =
{e1,...,eq} of R contains (the sole) elements of PV, that cannot be written as
a non-trivial convex combinations of others; they are the extremal elements of
PV,. All other elements of PV, can be written as convex combinations p =
Z?: | biei, therefore PV ; = co(extr(PV;)). The latter means that the convex set
PV, isin fact a simplex, i.e. coincides with the convex hull of its extremal points.
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Let X be a finite set with card X = d; denote by SMy = {P € 43(R) : L yex Pxy =
1,V x € X} the set of stochastic matrices. The stochastic matrices of DM; = {P €
Ma({0,1}) 1 Y yex Pxy=1,VxeX} < SM, are called deterministic transition ma-
trices. The reason for this terminology is obvious: deterministic transition ma-
trices have precisely one 1 in every row, i.e. for every D € DM, and every x € X,
there exists exactly one yp,x € X such that Dy, = 6y, yp x. Therefore, there ex-
ists a bijection between DM and the set of functions {f : X — X}, established by
choosing for every D the map Bp(x) = yp x.

Proposition 4.4.8 The set SM is convex. Its extremal points are the determinis-
tic matrices extr(SMy) = DM,;. The set SM; is not a simplex.

Proof: Since SM; = PVZ, convexity of SM, follows from the convexity of every
one of its rows. Moreover dimSM, = d(d - 1).

To prove extremality of deterministic matrices, suppose on the contrary that
for every D € DM, there exist P,Q € SM, and A €]0, 1[ such that D = AP+(1-1)Q.
Since D is deterministic,

Apx,ﬁp(x) +(1- A)Qx,ﬁu(x)» VxeX

0 APy + (1~ A)Qyy VX EX, Yy € X\ {Bp(x)}.

Since Pyy, Qxy € [0,1] for all x, y and A, (1 - A) €]0, 1], the above equations have a
solution if and only if P=Q = D.

Finally since cardDM, = d% > d(d — 1) + 1, it follows that SM; # co(DMy). O

A stochastic matrix is called bi-stochastic if both all its row- and column-
sums equal 1; the set of d x d bistochastic matrices is denoted by BM,;.

It is worth noting that the map Sp is bijective if and only if D is a permu-
tation matrix, i.e. has exactly one 1 in every row and every column. Therefore
permutation matrices are deterministic bi-stochastic transition matrices. It is
easy to show that the spectrum of deterministic transition matrices is contained
in the set {0} U {{ € C: |{| = 1}. (Hint: As a matter of fact, if D is a permutation
matrix and the permutation has a cycle of lenght /, then the [ roots of unity are
in its spectrum. If D is a general deterministic transition matrix, the space C%
can be decomposed into a direct sum F + F’ so that D[ is a permutation, while
D] is non-invertible.)

The extemal points of the set SM; admit also a purely algebraic description.
To describe it, we need a definition.

Definition 4.4.9 A linear map A:C? — C? is called a lattice homomorphism if
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.....

phism if A~! exists and both A and A™! are lattice homomorphisms.

Proposition 4.4.10 A stochastic matrix P € SM, is a lattice homomorphism if
and only if P € extr(SM,;) = DM,.

Proof: Exercise. 0

Let Zy = {exp(”T”),l =0,...,k— 1} denote the k-th roots of unity, for k € N*.
A first estimate of the spectrum of an arbitrary stochastic matrix is given by the
following

Proposition 4.4.11 ForeveryP € SM,, its spectrum verifiesspec(P) < co(ugZZZk).

Remark: Although the above result is not optimal, its proof is quite tricky in gen-
eral. We give it below only in the simpler case where P is bistochastic since then
the extremal points are the permutation matrices.

Partial proof: Every permutation matrix D is normal because DD = I;. Now
for any normal matrix N, it is known ([29] for instance) that the numerical range
{v|Nv),veCq| vll2 = 1} equals co(spec(V)). On the other hand, the spectrum
of d-dimensional permutation matrices is contained in ngz Z. Since permu-
tation matrices are extremal points of the set of bistochastic matrices, any bis-
tochastic matrix P admits a convex decomposition P =} pegm,~DMm, @pD where
@ = (ap) is a probability on the set of permutation matrices '. Suppose now that
A € spec(P) is an eigenvalue corresponding to the eigenvector u. Normalising v
so that ||v|l» = 1, we have

A=Mvlvy=(v|Pvy= >  ap(v|Dv),
DEBMdﬂDMd

which implies that spec(P) co(uzZZZk). O

Nevertheless, the numerical simulation, depicted in figure 4.1 below, demon-
strates that the convex hull of the roots of unity provide us with an overestimate
of the spectral set. An optimal estimate of the spectrum is given by a very tricky
result obtained by Karpelevich [19], answering definitely the question asked by
Kolmogorov. We present below the statement of the Karpelevich theorem in a
shortened form due to Ito [17] and shown by this same author to be equivalent
to the original formulation of [19].

1. Since the set of stochastic matrices is not a simplex, this decomposition is by no means
unique.



46

Theorem 4.4.12 (Karpelevich [19], Ito [17]) There exists a region M, < C verify-
ing:
— M, is symmetric with respect to the real axis and contained in the unit disk.
— M, intersects the unit circle at the points exp(2inm/ n) where m, n run over
the relatively prime integers satisfying0 < m<n<d.
— The boundary of My consists of these points and of curvilinear arcs con-
necting them in circular order.
— Let the endpoints of an arc be exp(2wim;/n;) and exp(2mimy/ny) (with
ny < ny). Each of these arcs is given by the following parametric equation:

where the real parameter s runs over the interval [0, 1].
Then for any P € SM,, we have spec(P) € M.

0.5

Figure 4.1: Distribution of spectral values for 3000 stochastic matrices of size d,
randomly chosen in SM;: a) Distribution for d = 3. The dotted lines depict the
boundary of co(Z, U Z3); obviously, this set overestimates the locus of spectral
values. b) Same picture for d = 4; again we observe the overestimate. The opti-
mal boundary of the locus, stemming from Karpelevich theorem [19], is curved
and depicted as a thick curve in the figure; the locus of the spectral values is not
convex any longer.

Exercise 4.4.13 The previous figure 4.1 is produced by “randomly choosing”
3000 matrices P € SM,.
— What do you understand by the term “randomly choosen”?
- Propose an algorithm to “randomly chose” a P € SM,. (Hint: can you
construct a uniform probability measure on SM;?)

Exercise 4.4.14 Since SM is convex and extr(SM;) = DM, every stochastic
matrix P admits a (not necessarily) unique convex decomposition P =} pe.pm, apD
where (ap)p is a probability vector over DM,;.
— Using this decomposition and the deterministic mapping fp : X — X,
uniquely defined from every D, express the matrix elementsPy,, for n €N
and x, y e X.
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— Express the Markov evolution as an evolution of a random automaton (see
[?] for details on automata and Turing machines).
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Potential theory

In the case of finite state space, we have obtained precious information on
the convergence properties of the sequence of kernels P" by studying proper-
ties of the resolvent Rp(1) = (A — P)~! through the spectral representation of P
and theorem 4.2.5. Here, we shall pursue a different approach, starting from the
development of the resolvent, Rp (1), into a formal power series

—ar_p-lotg. e P
Rp() =(AI-P) _/1(1+’;1 /1")'

5.1 Notation and motivation

We recollect here notation, largely already introduced in the previous chap-
ters but scattered through the text.

Definition 5.1.1 Let P be a Markovian kernel (X, &) . x,).
1. Forbe{0,1}, x€ X and A € &, the potential kernel is the quantity

G(x,A) =Y P"(x,A).
n=b

2. For z € C, the generating functional of the sequence (P"), is given by the

formal power series

Gl(x, A=Y z"P"(x, A).
nzb

3. Let f e m%. This function is called harmonic if P f = f, superharmonic

if Pf < f, potential if there exists another function r € m%’, such that

f = Gr; the function r is then called a charge for f.

4. Let ¢ € M (X). This measure is called harmonic if ¢P = ¢, superhar-
monic if P < ¢, potential if there exists another measure p € m%’; such
that ¢p = pG; the measure p is then called a charge for ¢.

49
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Remark: It is worth noting once again that the potential kernel G may be infinite
even on compact sets.

Proposition 5.1.2 Let g € m&, and S¢(Poisson) the set of solutions of the Pois-
sonequationg = (I - P)f, i.e.

Fg(Poisson) ={f e m&, :g=U-P)f}.
Then G° g is the smallest element of #(Poisson).
Proof: Let h = G°g. Then Ph+g=PY>> P'g+g=Y> P'g+g=G'g=h.
Then (I - P)h = g, hence h € ¢ (Poisson).

Suppose now that f € #; (Poisson). Observe that equalities

g+Pf
Pg+P*f

f
pf

Png+Pn+1f — Pnf

imply f =7} . Pkg+ p™1f for all n. Due to the positivity of both f and P, we
have that liminf, P! f > 0. The latter implies f = G%g = h. O

A few comments are necessary to justify the terminology. Consider first a
simple symmetric random walk on Z. Then, if f is additionally bounded,

(I-P)f(x)

1
f(x)—E[f(x+1)+f(x—1)]

I

—%Uﬁx+um—f%x—um]

1

—%Afu)

This approximate formula holds also for the simple symmetric random on Z¢
almost unchanged: (I - P) f(x) = —%A fx).

Consider now the Maxwell equations for electric fields in dimension 3. The
electric vector field E is expressed as the gradient of a potential scalar field f
through: E = -V f. Additionally its divergence is proportional to the electric
charge density r through: V-E = cr where c is a physical constant. Hence,
—Af = cr. Itis awell known result of electromagnetic theory that the electric po-
tential field is expressed in terms of the charge density by the Coulomb formula:

1

fx)=¢ [ %ds y (provided that the function T is integrable with respect
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to the measure whose density with respect to the Lebesgue 3-dimensional mea-
sure is r. In this case, we have f = Gr where G is the integral kernel G(x, A) =
18(x,y)d%y, with g(x,y) = m Now comparing the two equations:

—Af
f = Gr

Il
~

we conclude that the operator G “inverts” the operator —A.

Come now back to proposition 5.1.2 applied to the random walk case: g =
(I- P)f = —Af. Inverting formally, we get f = G°g. We can then “verify” that
-AG'g=(I-P)X ,P'g=g.

Of course at this level of presentation all computations are purely formal.
The purpose of this chapter is to show that all these formal results can be given

a precise mathematical meaning and moreover provide us with a valuable tool
for the study of Markov chains on general state spaces.

5.2 Martingale solution to Dirichlet’s problem

Proposition 5.2.1 (The maximum principle) Let f,ge m%, and acR,.

1. IfG°f < G°g + a holds on {x € X : f(x) > 0} then holds everywhere (i.e. on
X).

2. Forallx,y€X, G'(x,y) =P,(1 < 00)G° (3, ).

3. Forallxe XandBe %, G%x,B) < SUpP,cp G%(z, B).

Proof:
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1. Let A={f>0leX.

Ex()_ f(Xn)

n=0

= Ex() FX) L0 o) +Ex(} FXn) Lo _y)
n=0 n=0

G f(x)

= Eo() FXn) Lo o)) (because f=0on A©)

n=0

= [Ex( Z f(Xn)]l{T%<oo})

n=t,

= Ex() f(Xn00™) 150 o)

n=0

= [Ex([E(Z f(Xn) OHT%H{T%<00}|9-T%))

n=0
= Ex(lpgcoqbx, (ZO F&X))
n=

= Ex(Lp0 oy G f (Xp0))
Ex(L (10 o) G'8(X10)) + aPx (77 < 00).

IA

Now compute explicitly the expectations appearing in the previous for-

mula to get
G'fo = Y Ex() n{T%:k}f P (x,dy)P"(y,d2)g(2)) + a
n=0  keN B
< ) P"(x,d2)g(z)+a
neN
= GOg(x) +a.

2. Apply the previous formula to f = 1.
3. Apply the previous formula to f = 1p.

Proposition 5.2.2 Let B € & be such that sup g G%x,B)<ocoand A={xeX:
Px(tp <00) >0}. Then A is a countable union of sets A, i for n,k € N such that
G(x, Ay k) is bounded on X for all n, k € N.

Proof: Define forn=0and k= 1:

Apr={xeX:P"x,B)>1/k}.
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For all x € X and m, n € N, we have:

Pm+n(x, B)

f P"(x,dy)P"(y,B)
X

> f P"™(x,dy)P"(y,B)
An,k

> lpn(xA )

= k ) n,k

establishing that kG°(x, B) = G°(x, A, x). Using now the maximum principle we
show further for all x € X that G°(x, Apx) = kG%(x,B) < ksup g G%(x, B) < +00.
Moreover A =Uy, Ay k. O

Theorem 5.2.3 (Dirichlet’s problem) Let B € & and g € m%’,. The set of solu-
tions to the Dirichlet’s problem is the set

F (Dirichlet) = {f e mZ, : Pf = f on B and f = g on B}.

The smallest element of ¢ (Dirichlet) is the function h(x) = Ex (1l o <oo}g(XT% ).

Proof: If x € B then TOB =0 and consequently h(x) = g(x), else T% >1and h(x) =
[Ex(fo’:l ]l{TOB:k}g(Xk))~

Ph(x) fx P(x, dy)h(y)

fBP(x,dy)g(y)+chP(x,dy)h(y)

fBP(x,dy)g(yH ZfB P(x,dy)Ey (170 -1y (X))
k=1YB¢

(e, 0)
= Ex(ljpo—8Xi) + ) Ex(Uipo g1y §(Xp+1))
k=1

Ex(Lpo_yy 8(X0) + ) Ex(Lipo 1 8(Xk))
k=2

h(x).

This establishes that h € # (Dirichlet).
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Suppose now that f is another element of #;(Dirichlet). Define for all n:
Zn= X pnn) = 320 Lt g f X +1 g0y f (X)) and Fp = 3(Xo, ., Xn). Then,

[E(Zn+1|gn)

n
L Lisgosa SO0+ Lo B K| )
n
= kZ_O]l{T%=k}f(Xk) +]l{r%>n}Pf(Xn)

n
= kz—()]l{r%:k}f(Xk) + ]l{r%>n}f(Xn)
= Zﬂ)

the penultimate line of the above equality holding because on TOB >n=>X,¢

B = Pf(Xy) = f(Xy). Thus (Z,), is a positive (&,),-martingale. Therefore
it converges almost surely to some random variable Z,,. On {T% < oo}, Zp, —
f (XT?; ) = g(XT% ). On {T% = oo}, Z,, — Zoo and consequently by Fatou inequality:
Ex(Zoo) < liminf, E, Z;. We have finally:

hx) = Exlllpyon8(Xp)
< Ex(limZ,)
< lin}linf[Ex(Zn)

Ex(Zo) = f(%).

Theorem 5.2.4 (Riesz decomposition) Let f be a finite superharmonic function.
Then there exists a unique harmonic function h and a unique charger € m%,
such that f = h+GOr.

Proof: For any N € N: Z]]X:O(Pkf—Pk“f) =f-PN*If. Now0<Pf<f =
f—Pf =0. It follows that 0 < Z]]yzo PK(f = Pf) = f = PN*1f is an increasing
sequence of N implying that PN f is decreasing (and obviously minorised by
0), thus converging; let & =lim,, P" f. Now Ph = P(lim, P" f) = lim,, P"“f =h
proving that # is harmonic.

On the other hand, 0 < f — h =limy Y P¥(f - Pf) = G°(f - P[), showing
that f — h is the finite potential due to the positive charge r = f — Pf. Thus the
decomposition f = h+ G°r is established.

To show unicity, suppose that " and r’ are another such pair satisfying

f=h+G’r=n"+G"".
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Then
Pf = Ph+G’n)= h+G0r—r=f—r
= PW+Gr)=n+G% —r' =f -1
Consequently r = r’ and therefore h = h'. O

Corollary 5.2.5 A finite superharmonic function f is a potential iflim, P" f = 0.
If a finite superharmonic function is bounded from above by a finite potential,
then its harmonic part is 0.

Exercise 5.2.6 Let ¢ € /(%) be a superharmonic measure. Then there exists
a unique harmonic measure & and a unique charge p € .4, (%) such that ¢ =
a+pG°.

Lemma 5.2.7 1. If s is P-superharmonic, then s is a potential if and only if

lim, P"*s=0.
2. If0<s<v, s is P-superharmonic, and v a potential, then s is also a poten-
tial.

3. Ifs and s’ are P-superharmonic, then w = s A s' is also P-superharmonic.

Proof:

1. By theorem 5.2.4, s can be uniquely decomposed into s = h + G°r, where
h =1lim, P"s is the harmonic part of the Riesz decomposition. If this term
vanishes, then s is a potential and conversely, if s is a potential then the
harmonic part must vanish.

2. Since for every n, the inequality 0 < P"s < P"v holds and v is a potential,
it follows from 1. that lim,, P"v = 0. Hence lim,, P"s =0, and from 1. sis a
potential.

3. Wehave Pw<Ps<sand Pw<Ps <s;hence Pw<sAns =w.

Exercise 5.2.8 Firstrecall some definitions:
— Apartially ordered set (Y, <) is a lattice if any for any pair of points x, y € Y
there exists a supremum s=xVv y€ Y.
— An R-vector space Y is ordered if is equipped with a partial order < com-
patible with the operations of the vector space, i.e. forall x, y e Y

X<y = VzeY,x+z=2y+z

x=<y = VAeR,Ax=xAy.
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— An ordered R-vector space Y, such that (Y, <) is a lattice, is called a Riesz
space or vector lattice.
— Asubset C of a vector space is called a cone ifforall A e R, AC < C.
— A subset C of a vector space is said convex if C+ C < C.
After this recollection of definitions, show that

1. the set of of superharmonic functions of m%’, is a lattice and a convex
cone,

2. the set of harmonic functions of m%; is a Riesz space,

3. the set of bounded harmonic functions of m%. is a subspace of the Ba-
nach space (X, ||  [loo)-

Recall the notation previously defined in the exercise section 3.6.

Definition 5.2.9 For Be % andb € {0, 1}, we define

Ly (x)
Hy(x)

P (1% < 00)
P (1’ (B) = c0)

When B is a singleton B = {x}, we write usually L. and H’, instead of L?  and
0.
{x}

Proposition 5.2.10 The function LOB is finite superharmonic. Its harmonic part
in the Riesz decomposition is HY. Moreover, lim,—.oo LY (X,) = limy,—.oo Hy(X,,) =
L0(B)=oc} @lmost surely.

Proof: Obviously L%(x) < 1 for all x. To apply Riesz decomposition, we must
establish its superharmonicity. Define Tg =inf{n = k: X;, € B} and observe that
L, =1, o0, Strong Markov property yields then:

0
7k <oo} 7% <00}

PFIS(0) = Ex(L%(Xp)
= Ex(Px, (1 <00))
= Ex(Ex(ll ooy 00¥IF0)
= Ptk <o0)
< Py(rh<o0)

= LY.
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Since L% is shown to be finite superharmonic, repeating the reasoning ap-
pearing in the proof of theorem 5.2.4, we establish

P"LY(x) Py(T] < 00)

I lim 'Py(r} <oo)

= Px(Npenity <oo})

= P.(n°(B)=00) ()

= Hyx) <1,
the statement (*) above holding because on defining A = U neN{T,’; = oo} and
C = {n°(B) < oo}, we have:

[we Al = [AN: 7§ () = 0ol = [°(B) (@) < NI

and
[we Cl= [AN:7°(B)(w) < NI[= [3M = M(N) : 7} (0) = o0].
Thus it is established that Hg is the harmonic part of L% (and is moreover finite).
Now, the previous conclusions imply that the sequences defined by S,, =
L%(Xn) (resp. M, = Hg (Xy)) are positive supermartingale (resp. martingale).
As such, they converge almost surely to Sy, (resp. Ms,). Additionally, both are

bounded by 1, therefore they are uniformly integrable, establishing thus their
convergence in L' and, for (M,,) we have the closure property:

My = E(Moo|F1).
Note that forall n e N
1{n°(B) = oo} = 1{n°(B) = oo} 0 0".
Consequently,

M, = HyXp
= Ex,({n°(B) = oo}
= E.(1L{n°B) =00} 00" Fp)
= Ex(L{n°(B) = 0o}l Fy)
D ]l{nO(B) = oo} by uniform integrability
= M.

Consider now the supermartingale (S;),. Note that almost surely

Soo = lim Ly(Xp) 2 lim Hp(Xn) = Moo
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On the other hand

Ex(Soo) lim E«(L(Xn))
= lim P"L}(x)
n—oo
= HjW)
= [Ex(HJ?3 (X3)), for all n (because Hg(Xn) is a martingale)
= Ex(lim H}(X,))
n—oo

= [Ey(My) because of the convergence in £ 1

Thus So, = M, almost surely. a

5.3

Asymptotic and invariant o -algebras

Definition 5.3.1 Let X be a MC((X,%), P u) and 9, = 0(X,,, m = n), for ne N.

The o-algebra 9, = NpenT T, is called tail o-algebra for the sequence X.
A random variable Y on the path space (X*°,Z*°,[P) is called asymptotic
if there exists a sequence (f;);, of measurable mappings f, : X*° — R for
neN, such that Y = f,,(X;, X;41,...) forall n e N.

If Y = 1 4 for some event A € Z'*, then A is called asymptotic event.

The class of all asymptotic events generates a o -algebra, called the asymp-
totic o -algebra, that is isomorphic to .

Exercise 5.3.2 Let X be a MC((X,%),Pu), g : X — R, a measurable function,
and (F,), a fixed sequence of measurable sets in &. Determine which of the
following events (if any) are asymptotic:

1.

® NS e LD

{X,, € F,, infinitely often},

{X,, € F,, forall n= k}, for some fixed k,

X =k 1p(X,) = oo}, for fixed Be & and ke N,
{¥ =k 1 p(X,) < oo}, for fixed B € & and k € N,
{¥ =k Up(Xy) = 1}, for fixed Be & and k, L €N,
X =k §(X;) = oo}, for fixed k €N,

{X =k 8(Xy) < oo}, for fixed k €N,

3>k 1p(Xy) =c}, for fixed ke Nand c e R,.

Definition 5.3.3 Let X be a MC((X, %), B p).

A random variable Y on the path space (X*°, Z'*°,P) is called invariant if
there exists a measurable mapping f : X*° — R, such that Y = f(X,, X;+1,...)
forall n e N.
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— If Y = 1 4 for some event A€ X', then A is called invariant event.
— The class of all invariant events generates a o -subalgebra of 9, called the
invariant o-algebra, denoted by #.

Exercise 5.3.4 Which among the events defined in exercise 5.3.2 are elements
of %?

Remark: The probability P, on the path space does not intervene in the defini-
tions of either asymptotic or invariant events. On identifying random variables
on X* that coincide P-almost surely, we determine a class of events that gener-
ate the so-called P-asymptotic or P-invariant o-algebras, denoted respectively
by 7L or #F.

Recall that a o-algebra containing just two sets is called trivial. Criteria es-
tablishing triviality of the asymptotic o-algebras are sought in the sequel since
they will play an important role in establishing convergence results for Markov
chains.

Definition 5.3.5 Let X be a MC((X, %), Pu) and denote by A4 = Z(N). The
process (X, T,), taking values in the measurable space (X x N, % ® A4) with
Tyn+1 = Ty + 1, is called the spacetime process associated with X.

Proposition 5.3.6 Let (X, T,);, be a spacetime process with Ty = k for some k €
N. An event A is asymptotic for (X,), if and only if is invariant for (X, T) .

Proof:Let Y =1 4.
(=) Since A is asymptotic for (X,),, there exists a sequence (f;,), in mZ>®
such that Y = f;,(X,, Xj4+1,...) for all n. Let (n;);en be a sequence of in-
tegers with 19 = k and n;,; = n; + 1 for all 1. Define f: (X x N)*° — R by
f((x0,m0), (x1,11),...) = fuy—k (X0, X1,-..). We obtain then that Y = f((Xp,, Tn), (Xn+1, Tn+1),---)-
(<) Since A is invariant for (X, Ty,) 5, from the last equality, we obtain on
defining f},(xo, x1,...) = f(xo, n+k),(x;,n+k+1),..)foreverynthat Y =
fn(Xn,Xn+1»-~-)-
O

5.4 Triviality of the asymptotic o-algebra

Since with any X a MC((X, %), P, ) is associated a spacetime chain, we use
the tilde notational convention to denote quantities referring to the latter. Thus
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the kernel P : X x & — [0,1] induces a kernel P(X x N) x (¥ ® .4) — [0,1] by the
formula

P((x,n),F x{n'"}) =6p41,wP(x,F),YxeX,YFeX,VneN.

The path space X = (X x N)® will be identified with Q = {® : N — X x N}. Sim-
ilarly the spacetime process (Xy), = (X;,, Ty,) , will be defined through its coor-
dinate ! representation: X, (@) = @, = (Xp(@), T(@)). Finally, we use the tilde
convention to extend notions defined on functions f in m% to notions defined
o functions f in m(&% & ). For example, if & is an harmonic function for P, h
will be an harmonic function for B, verifying: h(x, n) = Jx P(x,dy) h(y,n+1).

A random variable = : Q — R, defined on the probability space (Q, %,P), is
invariant if and only if 20 8 = Z. With any E € b% is associated a h € b% by
h(x) = Ex(5).

Theorem 5.4.1 — LetZ € bZ, beinvariant. Then h € b%, defined by h(x) =
Ex(Z), is harmonic. Additionally, h=0 < P,(E=0)=1.
— Let h € bZ be harmonic. Then the random variable Z = liminf, h(X,,)
verifies Ex(Z) = h(x) forall x.

Proof: For all n:

h(X,) = Ex,(B)
= [Ex(E00"|%,) by Markov property

= Ex(E|%,) byinvariance
For n = 1 the previous equality yields
Ex(R(X)|Fn-1) = Ex(Ex (EIF )| Fp-1) = h(Xp-1),
establishing that (h(X},)), is a martingale. Applying to n = 1:

Ex(h(X1) = h(x)
Ex(Ex, (2))

f P(x,dy)Ey(Z)
X

fXP(x, dy)h(y),

proving the harmonicity of h. Since = € b%, this martingale is uniformly inte-
grable, hence closed, meaning that lim,_.., h(X,) = E, P,-a.s. and for arbitrarily
chosen x. The latter proves the equivalence h =0 & P, (= = 0) = 1. The second
statement of the theorem is just a consequence of the unicity of the limit. d

1. Note the trivial modification on the coordinate representation of the process (X), that is
necessary.
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Corollary 5.4.2 The following two conditions are equivalent:

1. All bounded harmonic functions are constant.

2. Forevery ue M (%), the jf;" is trivial.

Proof: The theorem 5.4.1 guarantees 1=2. To prove the converse, suppose that
there exists a bounded harmonic function £ and there exist x, y € X, with x # y,
such that h(x) # h(y). The theorem 5.4.1 guarantees the existence of an invari-
ant random variable = € b&, such that h(z) = E,(Z). Let u = %(ex +¢€y). Then
Eu(ElXp = x) = h(x) # h(y) = E4(E[Xo = ), thus = is not almost surely constant.
O

Theorem 5.4.3 A Markov chain X satisfies the condition

lim sup [P(ANB)-P(AP(B)| =0, VBe &,
= peg,

ifand only if the o -algebra T is trivial.

Proof:

(=) Suppose the limit vanishes. For any B € 9, € &, and A = B, we get
P(B)2 = P(B). It follows that either P(B) = 0 or P(B) = 1. Therefore, up to
P-negligible events, the asymptotic o-algebra I is trivial.

(<) ForBe %, A€ T,

IP(AN B) —-P(AP(B)| IL(P(BIE’Tn)—P(B))dPI

I\

flf([P’(BIP/—n)—P(B))dPI-
X JX

Now, (P(B|97,)), is areverse martingale; as such it converges almost surely
to P(B|9). If the o-algebra 3—0"2 is trivial, P(B|9) = P(B).
O

Theorem 5.4.4 Let X be a MC((X, %), Pu) and X the corresponding spacetime
chain MC((X xN,Z & ), P, [1). The following are equivalent:

1. For any fi € A4L(X ® N) such that i(X x {k}) = 1 for some k € N, the o-
Py, L.
algebra ¢, is trivial.
2. Forany pe 4 (X), the o-algebra F/IE“ is trivial.
3. Forany u,v € M (X), we havelim,_ |uP" —vP"|| = 0.

4. The only bounded harmonic spacetime functions are the constants.
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Proof:
1= 2 This follows from the equivalence established in proposition 5.3.6.
2=3 Lletx,yeX, x#y, u= %(ex+ey), and A={Xp=x}e&.Forany Fe &,
we have { X, € F} € 9, and by theorem 5.4.3,

lim [Py (AN{X, € F}) = Pu (AP (X, € FDI =0.

Now,
Pu(An{X,eF}) = Pu({X,eF}HAPL(A)
n 1
= P (x,F)xE
and
1
Pu(AP (X, €F) = E(Px(XneF)HP’y(XnEF))

1
2PuA@P" (6 F) + Py, ),

yielding [P, (AN{X, € F)~Pu(APy(Xy € F)| = {I(P" (x, F)~P"(y, F)| ——
0, uniformly in F € &. Now for any two probabilities u,v € 4, (%), the
measure 0, = uP" —vP" is a signed measure in .4 (%’). For any additive
set function (hence for signed measures also) we have the Hahn decom-
position (see [4], p. 441): For every n, there is a partition of X into dis-
joint sets X = H;, LI H; such that 0, (F) <0 for all F < H;, and 0,(F) =0
for all F ¢ H,,. Therefore, for all F € &, we define o0;,(F) = 0,(Fn H;;)
and 0;,(F) = —0,(Fn H;), so that 0,(F) = o} (F) — 0, (F) for two posi-
tive measures o}, and o, of disjoint support. Now, for all G € &, with
G < F: 0,(G) < 07(G) < o}, (F) with equality holding if G = Fn H,. Thus,
O';(F) = SUPGea:Ger I n(G). Similarly, o}, (F) = —infgea,ger 0,(G). More-
over, 05, (G)+05,(G) =0,1(G) and |lo,ll1 = Suppeg 10 ,4(F) = o ,I(X).

Use the explicit form of the measure o, to write:

on(Hy) = (uP"-vP")(H,)
foX(P”(x,H,J{)—P”(y,H,J;)p(dx)v(dy)

IA

ff sup |P"(x,F) — P"(y, F)lu(dx)v(dy).
XJIXFex

Now, suppeq |P"(x,F) — P"*(y, F)| — 0 and |P"(x, F) — P"(y, F)| < 2; dom-
inated convergence theorem guarantees that o,(H;/) — 0. Similarly,
—00
we prove that o, (H,;) — 0. Thus,
—00

lonly = IuP"=vP"|
= 0;,X)+0,X)
= 0,(Hy)+lo,(H,)|

— 0.
n—oo
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3=4 Let h be an harmonic spacetime function that is bounded, i.e. there
exists some constant K < oo, such thatforall x e Xand all m € N: |h(x, m)| <
K. For any x, y € X and any m, n € N:

|h(x, n) — h(y,n)| | fx (P™(x,dz) — P™(y,dz))h(z, m+ n)|

IA

K”Pm(x)')_Pm(yy'Hl
e 0PV

implying that 7 is, as a matter of fact, a function merely of the second
argument, i.e. there exists a function g : N — R, such that for all x € X and
all neN, g(n) = h(x, n). Using harmonicity of &, we get, for all n € N:

gn) = hix,n), VxeX
fP(x,dy)fz(y,n+1)
X

f P(x,dy)g(n+1)
X
gn+1).

Thus 7 is in fact a constant. 5
4 =1 Applying corollary 5.4.2 to the spacetime chain we conclude that _#.J'
is trivial.
(]
Remark: The main interest of this result is that we only need to check harmonic-

ity of merely local functions i.e. in m&% instead of global properties of the whole
sequence X.
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Markov chains on denumerably
infinite sets

Here the state space is a denumerably infinite set X. Note however that most
of the results stated in this chapter remain valid (as a matter of fact they are even
easier) for denumerably finite sets. Since the approach developed here is dif-
ferent from the spectral methods developed in chapter 4, they provide another
possible approach of the finite case. Conversely, most of the spectral methods
can be adapted (with considerable effort however) to the denumerably infinite
case. We can, without loss of generality, assume that & = 22(X). Recall also the
notation introduced earlier forb € N.

L) = Pyt <o0)
H(x) P’ (B) = 00) = Px(n°(B) = 00).

The standard reference for a first approach to Markov chains on denumer-
ably infinite sets is [25]. This chapter concludes with some more advanced top-
ics on the study of recurrence/transience with the help of Lyapunov functions,
pertaining to the constructive theory of Markov chains [?].

6.1 Classification of states

We use the notation introduced in definition 5.2.9.

Definition 6.1.1 Let X be aMC((X, %), P, u). The directed graph (X, A) with ver-
tex set X and oriented edge set A = {(x, y) € X x X: P(x, y) > 0} is called graph of
the Markov chain.

Definition 6.1.2 Letx,y € X.

65
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— We say y is accessible from x, and write x — y, if L}(x) > 0.
— We say x and y communicate, and write x — y,if x — yand y — x.

Remark: Accessibility of y from x means that there exists an integer n = n(x, y)
such that P"(x, y) > 0, i.e. the graph of the Markov chain contains a finite path
of directed edges leading from x to y.

Definition 6.1.3 Astate x € Xis called essential if for each y € X such that x — y
follows that y — x. We write X, for the set of essential states.

Proposition 6.1.4 Let P be a Markov transition matrix on X.
1. Forallx € X, there exists y € X accessible from x.

Accessibility is transitive.

Ifx € X, then x < x.

IfxeX,andx — ythenye X, andx—y.

ok W

Restricted on X, communication is an equivalence relationship.

Proof: The proof of all items is left as an exercise; we only prove item 4. Since
x € X, and x — y, then y — x; therefore x — y. Suppose that z is such that y — z.
We must show that z — y. Now, since x — y and y — z, transitivity implies that
x — z. But x € X,, hence z — x. Therefore, z — x and x — y. Transitivity implies
z—). a

Corollary 6.1.5 We have the decomposition
X = (Upex [x]) L Xy,

where K = X,/ < is the set of communicating classes K 3 [x] = {y € X¢: x < y}
and X, is the set of unessential states.

Definition 6.1.6 A subset A < X is called absorbing or (stochastically) closed
if A# @ and for all x € A, Y yeaPxy=1. If for some x € X, we have [x] = X, then
the chain (or equivalently the transition kernel) is called irreducible.

Example 6.1.7 1. For the “ruin problem” with total fortune L, the set of es-
sential states is X, = {0,L} = [0] u [L] and the set of unessential ones is
Xy =A11,...,L—-1}.

2. For the simple symmetric random walk on Z, the set of essential states is
Xe = Z = [0]. The chain is irreducible.
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Theorem 6.1.8 Let B < X and my(B) = E, (TOB) =R, U {+oo}. Then the function
m.(B) is the minimal positive solution of the system

myB) = 0 lfxEB
my(B) = 1+ ) Py,my(B) ifx¢B.
yEB®
Proof: Exercise. (Hint, use proposition 5.2.10). O

Definition 6.1.9 Let x € X be such that P,(7x < co) > 0. The period dy of x is
defined as
dy =gcdin=1:P.(X, =x)>0}.

If d, = 1, then the state x is called aperiodic.

Remark: We always have: 1 < d, <inf{n=1:P,(X, = x) > 0}.

Proposition 6.1.10 Period is a class property, i.e.

VxeX,Vyelx]:dy=d,.

Proof: Since

[x—yl © [x—yandy— x]
< [@Am=z1:Pyx(Xy, =y)=a>0and3In; = 1:P, (X, =x)=>0],
it follows that Py (Xy, +n, = X) = af > 0. Therefore, d, is a divisor of n; + ny. If
Py(Xn =y) >0, then Py (Xp, +n+n, = X) = aPfP, (X, = y) >0, hence d, is a divisor

of ny + n+ ny. Consequently, d, is a divisor of n because it is already a divisor of
ny + ny. Therefore, dy is a divisor of all n = 1 such that P, (X, = y) >0, or

dy<dy=gcdin=1:Py(X,=y) >0}
Exchanging the roles of x and y, we get the reverse inequality, hence dy = d,. O
Lemma 6.1.11 Let I be a non-empty set of strictly positive integers that is closed

for addition (i.e. forall x,y € I we havex+y e I) and d = gcdI. Then, the set I
contains all the sufficiently large multiples of d.

Remark: In particular, if d = 1, then there exists an integer ny = ng(I) such that
n=np=>nel.
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Proof: Since d = gcd I, there exists necessarily a finite set of integers {a, ..., ai} S
I such that d = gcd{ay, ..., ar}. If c is divisible by d then Bezout theorem (stat-
ing that for all a and b strictly positive integers, there exist u, v € Z such that
gcd(a, b) = au + bv) implies that there exist uy,..., u; € Z such that ¢ = ayu; +
...+ arug. Forall i =2,...,k the Euclidean division by a, yields u; = v;a; +r;
with v; € Z and r; e Nwith 0 < r; < a;. Hence,

c=ar(u+axvr+...+apvy) +(axro+...+ agry),

where the first parenthesis is in Z and the second in N. Therefore, on dividing
both members by a;, we get

Z3 U+ axvr+...+apvy)

|
|

|
s
|

+
+
S
I

IV
|
)
\S)
+
+
S
)

For ¢ sufficiently large, the left hand side becomes strictly positive, hence c € I.
O

Lemma 6.1.12 Let P be irreducible and possessing an aperiodic state x (i.e. dy =
1). Then for every pair of states y, z € X, there exists an integer ny = ng(y,z) =0
such that for all n = ny, we have P"(y, z) > 0. In particular, all states are aperiodic.

Proof: Let Iy = {n=1:P4(X, = x) > 0}. Then I is closed for addition because,
if m,ne I, then Py (X1 m = X) =2 Py (X, = X)Py (X, = x) > 0. Hence, by previous
lemma 6.1.11, the set I, contains all integers larger than a certain ny (because
dy = 1). Irreducibility means that for arbitrary states y, z there exist integers m;
and my such that P"™ (y, x) > 0 and P™(x, z) > 0. Hence, for all n = ny, we have

Pm1+n+m2 (y’ Z) > Pml (Z, y)Pn(x, x)sz (x) Z) > 0.

Exercise 6.1.13 Let u € 2(Z) and ({,), a sequence of independent random
variables identically distributed with law u. Denote by r = Z;i_oou({z}) and
consider the Markov chain MC((X, &), P u) X with X =N and & = 2 (N) defined

by Xo=x€ Xand X1 = (X, +&p4+1)" foralln=0.
1. Determine P.

2. Using a simple probabilistic argument, show that, depending on the value
of r, the state 0 is
— either accessible,
— orinaccessible.
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3. Suppose that u charges all even integers and only them. Consider the par-
tition of the space X into Xy =2N and X; =2N+1.
— Are the sets X, X; accessible from any point x € X? Are they (stochasti-
cally) closed?
— Are the sets Xy, X; composed of essential states?

6.2 Recurrence and transience

Definition 6.2.1 Let x € X. We say the state x is
— recurrentif P, (X,, = xi.0) =1,
— transient if P, (X, = xi.0) =0.

Exercise 6.2.2 Let X be aMC((X, %), P u) and T a stopping time. Conditionally
on T < oo and X7 = y the sequence X = (Xren)nenis a MC((X,%),REJ,).

For x € X, define the sequence (T&”)) nen of random times ! recursively by
o=
D = inf{k > 7" : X; = x} on the set {7{" < oo},
and
7l D 20 () < oo,
o 0 otherwise.

Lemma 6.2.3 For n € N*, conditionally on TEC") < oo, the time TI'*! is indepen-
dent of _» and
P(T! = kIt < 00) =Py (rh = k),

forall k.

Proof: For x and n fixed, denote by o = (. Then, o isa stopping time such that
X, = x on {0 < oo}. On that set, the sequence (Xy+5)nen is @ MC((X, Z), Pey),
independent of Xj,..., X;. O

Recall the notation for the occupation measure n°(x) := n°({x}) := 200 Ui (Xn).
Consequently,

Exm’(0) = Y Px(Xn=x)= ) Pr.=Go =Y P:n°(x)>n),

neN neN neN

and LL(x) := Ly (x) = Py (tl < 00).

1. Beware of the difference between the symbol TEC"), defined here, and the symbol 7% =

inf{k = n: X} = x}, defined in proposition 5.2.10.
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Lemma 6.2.4 Forn=0,1,2,..., we haveP,(n°(x) > n) = (L (x))".

Proof:If X, = x, then for all n € N, we have: {n°(x) > n} = {TEC”) < oo}. For n=1the

claim Px(no(x) > n) = Ly (x)" is true. Suppose that it remains true for n. Then

Pt < 00)

= P,@" <ooand T < c0)

P,n°x)>n+1)

= P(T'"! <00t < 00)P, (T < 00)
= Ly(x)(Ly(x))".

Theorem 6.2.5 (Recurrence/transience dichotomy) Fora MC((X, %), Pey) the
following dichotomy holds:

1. EitherP,(tl < o0) = 1, implying that the state x is recurrent and G°(x, x) =
+00,

2. orPy(t} < o0) < 1, implying that the state x is transient and G° (x, x) < +oo.

In particular, every x € X is either recurrent or transient.

Proof:
1. Obviously, P, (t} < 00) = L,(x) = 1. The previous lemma 6.2.4 yields

[ x(’]O(X) =00) = lim PX(T]O(JC) >r)= lim (Lx(.)C))r =1.
r—oo r—oo
Hence x is recurrent and

G'(x,x)= Y P"(x,x) = Ex(n°(x)) = co.

neN

2. f Ly(x) =P, (T <o0) <1, then

1
GCx)=Y P'xx0)=En’@x) =Y P00 >r =) Lex) = ———<
neN r=0 r=0 1-Lyx(x)

)

implying that P, (n°(x) = co) = 0 (since otherwise E,(n°(x)) diverges) and
transience of x.

a

Remark: Recurrence is equivalent to almost sure finiteness of return time. How-
ever, it may happen that P, (7, < co) = 1 and my(x) = Ex(7,) = co; we say that x
is null recurrent. If, on the contrary m,(x) = Ex(7) < co occurs, we say that x is
positive recurrent.
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Exercise 6.2.6 Recurrence and transience are class properties.

In summarising, we have the following equivalences for x € X:

Lyx)=1eP;(X,=xi0)=1
P.(’(x) =00) =1 Hy(x) =14 G%(x,x) =00
L,(x)<1leP.(X,=xi.0)=0

P, (1n°(x) <o0) =1 & Hy(x) =0 & G°(x, x) < 0.

X recurrent

o

o
X transient <
<

Definition 6.2.7 Let (X;) be a Markov chain on a denumerably infinite set and
B e %Z. The set B is called

— transient if Hg(x) := P,(liminf,{X,, € B}) =0 for all x€ B,

- almost closed if 0 < P (liminf,{X, € B}) = P,(limsup,,{X, € B}),

— recurrent if B is a communicating class and Lg(x) =1 forall x € B.
The chain is called

— recurrent if for all x € X, [x] = X and x is recurrent,

- transient if all its recurrent classes are absorbing,

- tending to infinity if for every finite F € &', we have P, (T e < 00) = 1.

Exercise 6.2.8 1. Every recurrent class is stochastically closed.

2. All stochastically closed equivalence classes consisting of finitely many
states are recurrent.

Exercise 6.2.9 If the chain is irreducible and transient, then every finite set F €
% is transient.

Exercise 6.2.10 If the chain is irreducible and recurrent then all bounded (or
non-negative) harmonic functions on X are constant. (Therefore, if there ex-
ist a non-constant bounded (or non-negative) harmonic function, the chain is
transient.)

6.3 Invariant measures

In this section, we consider a Markov chain X on (X, &) associated with the
Markov operator P. We denote by (&) the natural filtration of the chain.

Definition 6.3.1 A measure u € 4, (¥) is said invariant, or stationary, or
equilibrium , if uP = pu.
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Remark: Any P-harmonic measure y is invariant and vice-versa. If u is not a
probability measure, we extend the notion of standard Markov chain MC((X, &), P, u)
by introducing the measure P, on the trajectory space defined by its desintegra-
tion P, = fx u(dx)P, into its probability components Py.

Theorem 6.3.2 Let A € &; define the average occupation measure between ex-

cursions vy (A) = [E)C(Zfl":_o1 1 4(Xy). If P is irreducible and recurrent then
1. vi(x)=1, forall xe X,
2. vyP=vy,

3. 0<vy(y) <oo, forall y € X.

Proof:

1. It is evident that between times 0 and 7, — 1, the chain X is at x only at
instant 0.

2.Fornz1,{tyzn ={ty<nf*={try <n-1} € ¥,_1. Thus for y and z
different from x:

Py Xn1=»Xn=21,2n) = PxXpa1=ylXu=21,2nPs(X;,=2,17,=n)
Px(Xp-1=y,Tx=n)P(y,2).

Since P is recurrent, we have Py (Tx <00, X;, =x) =1. For z # x:

Ty—1
Ex( )
n=

0

ve(2) Ly (X)) = Ex(Y 1 (X))
n=1

I
18

Py(Xn=2,n=<T1y)

S
1
—

I
P18

Pr(Xn=2,Xp-1=),n<Ty)

<
M
X
S
Il
—

I
P18

[Ex(]lX,,_lzy]lnsrxP(Xn =z|Fp-1))

<
M
R
S
Il
—

I
18

Ex(P(Xp-1, Z)]lX,H:yllnsrx)

<
m
R
3
Il
—_

I
P18

Px(Xp-1=y,n=1)P(y,2)

<
M
R
S

Il
o

Ty—1

= Y E ) Ly(Xn= P, 2)

yex n=0

= Y vi())P(y2).
yex
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3. Irreducibility of P implies that for all x, y € X, there exist integers n, m =0,
depending on x, y such that P"(x, y) >0 and P™(y, x) > 0. Hence

Vi) = Y, vx(xX)PM(x',y) = vi(x)P"(x,y) = P"(x,y) > 0.

x'eX

Similarly, v ()P (y, x) < vx(x) = 1, implying that v, (y) < m < oo.

Remark: Thus, v, is a o-finite measure that is harmonic for P.

Theorem 6.3.3 Let P be irreducible and p € M. (X)) such that
— W is P-harmonic, and
— p(x) =1 for some x € X.

Then p=vy. If P is further recurrent, then p1 = vy.

Proof: Harmonicity of 4 means that for all z € X, we have:

wz = ) po)Pyo2)
Yo€X
= p@Px2)+ Y. p(yo)PWyo,2)
Yo#£X
= P2+ ), (), p(y)Py1, )P Yo, 2)
Yo#Ex yr1€X
= P2+ Y Px,y)Pyo,a+ Y. )Py, y)PWYo,2)
Yo#X Yo 17£X

= P2+ Y Pxy)PWye,2d+...+ Y. POy PYn-1,Yn-1P(Yn-1,2)
yO;éx yOV-"ryI’l—l#x

+ > L) PV, Yn-1) -+ P(y0, 2)
YoreoYn-1£X,Yn€X

=  P(x,2)+ Z P(x,y0)P(y0,2) +...+ Z P(x,y0) - P(¥n-1,Yn-1P(¥n-1,2)
y0¢x yOV-'-»yrkl#x
= P (Xi=z, 7,21 +...+Py(X;,=2,T,=n)

00
njm [Ex(z ]l{Xn:z;szn})

n=1
= v(2).

If P is additionally recurrent, then v, is harmonic by theorem 6.3.2 and x = u -
vy = 0 by the previous result and further x is harmonic as a difference of two
harmonic measures. Irreducibility of P implies that for every z € X, there exists
an integer n such that P"(z, x) > 0. Now, harmonicity of x reads:

K(X) = px) —ve(x)=1-1=0= ) x(z)P"(2,x) 2k (2) P"(z, x),

z'eX
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implying that 0 < x(2) < & Ez)x) —0. .

Theorem 6.3.4 Let P be irreducible. The following are equivalent:
1. All states are positive recurrent.
2. There exists a positive recurrent state.

3. Let m € M. (X) be defined by n(x) = m, forall x e X. Then m is a P-
harmonic probability measure.

Proof:
1= 2: Obvious.
2 = 3: Suppose that the state x is positive recurrent, hence recurrent. Irre-
ducibility of P implies then recurrence of P. The theorem 6.3.2 guarantees
then that v, is P-harmonic. Now,

7,-1
Vi) = ) ve()) =Ex (), Ux(Xp) =ExTyx = my(x) <oo,
yex n=0
hence 7 = 7% = 7 is a P-harmonic probability measure, verifying
v _ 1
further 7(x) = ) = -

3= 1: Forevery x, y € X, irreducibility of P implies the existence of an inte-
ger n such that P"(x, y) > 0. Invariance of 7 reads: #(y) = Y ,ex (2) P (2, ¥)
n(x)P"(x,y) > 0. Since 7 is a probability, 7(X) = ¥ ,ex 7(y) = 1, on defin-
ing A(y) = % yields A(x) = 1 and harmonicity of A. By virtue of theorem

6.3.3, A = v,. Consequently,

\%

mx(x) :Vx(X) = Z < ZyEXT[(y) — 7(X) _ 1 <
yex 7(x) a(x)  7w(x)

’

implying positive recurrence of x, hence recurrence. Since P is irreducible
and x is arbitrary P itself is recurrent and the previous inequality is as a
matter of fact an equality. Therefore, each x is positive recurrent.

g

Exercise 6.3.5 Let X be a simple symmetric random walk on Z. Show that
— the kernel P is irreducible and recurrent;
— the counting measure x on Z is invariant;
— every other invariant measure for P is a scalar multiple of x;
— the chain is null recurrent.

Exercise 6.3.6 Recurrence combined with irreducibility guarantees the existence
of an invariant measure. Give an example showing that the converse is in gen-
eral false if the invariant measure is not a probability.
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6.4 Convergence to equilibrium

Although direct spectral methods, very much comparable to the finite case
exist to prove convergence to equilibrium for chains on denumerably infinite
spaces, we give here a purely probabilistic method, based on the idea of cou-

pling.

Theorem 6.4.1 Let X be a MC((X,%), P, u) and suppose that P is irreducible
and aperiodic and possesses an invariant probability . Then for every initial
U e M (X) we have

lim Py (X, =y)=n(y), VyeX.
n—oo

In particularlim,_.o, P"(x,y) = n(y), forall x,y € X.

Proof: Let Y be a MC((X, %), Bn) independent of X. Considering simultane-
ously both chains, requires extending the trajectory space. Thus the sequence
of pairs (X, ) nen is a MC((X x X, Z ® &), P, u® m), where P((x, ), (x,y") =
P(x,x')P(y,¥"). On the underlying abstract probability space (Q, %, P) (extended
if necessary to hold the sequence (Xj,, Y;;) nen), we define, for an arbitrary fixed
state zp € X, therandom time T =inf{in>1: X,, = Y;, = zo}.

First step: establishing P, (T < co) = 1. Aperiodicity and irreducibility of P im-
plies that there exists a sufficiently large integer n such that P"((x, ), (x, ¥')) > 0,
for all x,x', y,y' € X. Therefore, P is irreducible. Obviously P verifies the invari-
ance condition (7 ® ) P = 7 ®  with an invariant probability 7 ® 7 € /(X ® X);
consequently, Pis positive reurrent. As such, it verifies [I% (T (20,20) <00) = 1. Now,
it is immediately seen that T = 7 (4, ), establishing thus that the two indepen-
dent chains X and Y will meet at point zp in an almost surely finite time.

Second step: coupling. Define new (X, &)-valued processes (Z,) nen and (Z},) nen
as follows:

z, = {Xn ifn<T

Y, ifn=T,

. Y, ifn<T
no X, ifn=T.

These processes allow introducing new (X x X, ® &) processes W and W’ by
defining W,, = (X,,, Yy,) and W), = (Z,, Z}), for all n € N. Now strong Markov
property implies that the translated chain (Wr ;) pen isa MC((Xx X, %), P, €(20,20))»
independent of (X, Yp), ..., (X7-1, Y7—1). Similarly, (W}) nen isa MC((X x X, Z ®
), P, u® m), while (Z,) nen is a MC((X, Z), B ).
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Third step: establishing convergence to equilibrium. By virtue of the definition of
(Zn), we have:

Puon(Zn=9) =Puen(Xn=y;n < T) +Puer(Yn = y;n = T).

Now

IPu(Xn = x) — 7 (x)] IPuen(Zn = x) — m(x)|

= |Puen(Zn=x) = Pr(Y, = x)|

= |Puen(Zn=x,n<T)=Pues(Z, =x;n<T)|
< Puer(n<T)

n—oo 0,

the last line holding because T < oo almost surely. O

Proposition 6.4.2 Let P be irreducible. Then, there exist an integer d = 1 and a
partition X = XoU...UXg-1 such that

1. ifxeX;andy€X;, then P"(x,y) = 0 unless n— (j — i) is divisible by d, and

2. forallr €{0,...,d -1}, for all x,y € X;, there exists ng = ng(x, y) such that
for all n = ny we have P"#(x, y) > 0.

Proof:Let d = d, for some x € X. Since the chain is irreducible, it is composed of
a single communicating class, say [x] = X. Hence, forall y € X, dy, = d. Let m; be
such that Py (Xp,, = y) > 0and m; such that P, (X, = x) > 0. Then, Py, (X, +m, =
¥) 2Py (X, = X)Px(X;n, = y) >0, therefore m; + my is divisible by d. If P, (X, =
y) >0, then Py (Xy+m, = ¥) > 0; hence n+ms is divisible by d. Combined with the
divisibility of m; + my yields n — m, divisible by d; otherwise stated, there exists
an integer k = 0 such that n = kd + m,. But for the same reason, m; = Id+r with
some integer [ = 0 and some r € {0,...,d—1}. Thus, n = (k+1)d+r,with k+1 =0,
yielding P"(x, y) >0 only if n = jd + r. Chose an arbitrary a € X and define

X; ={y € X:Pu(Xina+r =y) >0, foran m = 0}.

If xe X;, y€ Xj, and P"(x,y) > 0, then there exists mg = 0 such that Pa(Xmga+i =
x) > 0, hence Py (Xyyd+i+n = ¥) > 0. Therefore, n+ mod + i = kd + j for some
k = 0, showing that n — (j — i) is a multiple of d.

The second claim is evident. O

Remark: When X, € X, implies X;,+1 € X;41 mod 4, We say that (X;),=o,. 4-1 are
the cyclic classes of the chain. The corresponding partition is the cycle decom-
position of the state space.
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Proposition 6.4.3 Let P be irreducible with period d = 1, Xy,...,Xq4-1 its cyclic
classes, and p € 4 (%) an arbitary probability such that u(Xo) = 1. Then for all
ref0,...,d—1}andallyeX,,

d
lim P, (X =y = .
A ulAnd+r y my ()
In particular, for all x € X, we have lim,,_.oo P47 (x, y) = %.

Proof: On defining v = uP", we see that v(X;) = 1, by virtue of the previous the-
orem. Now the process (X,,)nen defined by X,, = X,,4., is a MC(X,, %), P",v)

that is irreducible and aperiodic on X;. For 7, =inf{n > 1: X, = v}, we have for

all y € X,: E,(F)) = 222 Hence Py (X, 44, = y) = By (X, = y) — 222, 0

Remark: If m(y) = oo (i.e. the state — hence the chain — is either transient
or null recurrent), then lim,_.o, P"4*" (x, y) = 0, for all x. We say that the mass
escapes at infinity.

6.5 Ergodic theorem

The archetype of ergodic? theorems in probability is the strong law of large
numbers, stating that for a sequence of independent identically distributed ran-
dom variables (¢,) with E¢; = m € [0,00], the “time” average % converges
almost surely to the “space” average m. This theorem has several extensions to
variables that are neither independent nor identically distributed. For Markov

chains it reads:

Theorem 6.5.1 (Ergodic theorem for Markov chains) Let P be irreducible and
we M (X). Then,

1. the empirical occupation probability® converges almost surely, more pre-
cisely

0
lim T = _r
n—oo  n My (X)

2. The term “ergodic” has been coined by the Austrian physicist Ludwig Boltzmann. In its ini-
tial formulation it applied to macroscopic physical systems and gave, for the first time, an expla-
nation why physical systems macroscopically evolve irreversibly towards equilibrium although
microscopically they are governed by time-reversible physical laws. Boltzmann also proved, un-
der the so called ergodic hypothesis, that if physical quantities are averaged over large times, sta-
tistical fluctuations disappear so that they attain a deterministic value. Nowadays, ergodic theory
is an independent branch of mathematics, at the (common!) frontier of measure theory, geome-
try, group theory, operator algebras, stochastic processes, etc.

3. We recall that the occupation measure up to time n reads 1791()6) = Zz;é 15 (Xp).
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2. if additionally, the chain is positive recurrent, then for all f € bZ, the tra-
jectory averages of f converge almost surely to the integral of f with respect
to the invariant measure, more precisely

1 n—-1 _
lim — ) f(Xp) :f::f n(dx) f(x) =) w(x) f(x),
n—=on -, X xeX

where 1t is the unique invariant probability of the chain.

Proof:

1. If P is transient then every state is visited only finitely many times, so that
170 (x) < co almost surely. Thus

0 0
17, (x) - n°(x) ~0 1

n n B My (x)

and the claim is proved.

Suppose therefore that P is recurrent and let x € X be fixed. Recurrence
of x entails 7, < co almost surely. Thus the process X defined, for all n,
by X, = X;_+n is a MC(X, %), Pey) independent of Xy,..., X;,. Thus, for

0
n> 1y, we have: n9(x) =09 _(x)+79%_, (x). Since n”‘T(x) < Ix — 0 (because
Py (14 <00) =1), itis enough to consider y = €.

Recall that we have introduced the sequence of random times T/ *! = IR
7{" as the time span between two successive returns to x and shown in

lemma 6.2.3 that IPX(TJ(CHD = n|r§{) < 00) =P, (1, = n). Therefore, [Ex(TJEr)) =

0 vy 0
my(x) forall r. Now, TV +...+ 797V < 1 while TV +...+ T > )
so that
0 vy 0
M 4 4 O _n yp QI
% (x) % T % (x)

Since the random variables T)(Cr) are independent and identically distributed,

1) (n)
the strong law of large numbers guarantees that lim ;. % = My(x)
almost surely. On the other hand, recurrence of P guarantees that lim,,_.o, 7% (x) =

oo. Combining these two results with the above inequalities implies that
: n_ _ _1
lim;, .o TS

2. If P possesses an invariant probability 7z, then
1 n-1 _ U%(x)
=Y fX)—f1=1) (== -m) fX)l.
1 =0 xeX n

Since f € b%’, we can without loss of generality assume that | f|o, < 1, so
that for any subset Y < X the right hand side of the above equation can be
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majorised by
1 =l - 9% (x) n%(x)
=Y fX—fl <= | (—-n))f@I+] ), (———-nx)fx)]
n o xeY n xeYe n
0 0
< |y ”n_(x)_n(x)|+ > (n”(x) +7(x))
xey I xeYe¢ n
(%)
< 2) | —a)]+2 ) w(x).
xeY n yeYe

Now, m(X) = 1, hence for all € > 0, there exists a finite Y < X such that

(Y% < e/4. Since, on the other hand, P“(@ — m(x), forall x € X} =

) _

1, for that € we can chose N = N(w,¢€) such that for n > N, }_ ey |2

(x)| < e/4. Thus, finally, |2 Y77} £(Xp) - fl <e.

6.6 Semi-martingale techniques for denumerable Markov
chains

The general setting in this section will be that of a X = (X};) sen. The chain
will be of MC((X, %), Pey); however, the underlying abstract probability space
(Q,%,P) will also be tacitly considered, either as identified with the trajectory
space or larger than it. Measurable functions f : X — R, will be also considered
throughout the section verifying some conditions; applied on the chain, they
transform it into a semi-martingale process Z, = f(X,). The asymptotic prop-
erties of the chain are obtained as stability properties of the process obtained
by transformation. The functions f allowing such a study are termed Lyapunov
functions. They constitute an essential component of the constructive theory
of Markov chains [3].

6.6.1 Foster’s criteria

In [9], Foster established criteria for recurrence/transience of Markov chains.
Here we give a slightly more general form of these criteria.

Theorem 6.6.1 (Foster’s criterion for positive recurrence) Let X be an irreducible
MC((X, %), P ). The following are equivalent:

1. X is positive recurrent.

2. Thereexistsa f € mZ,, ane >0, and a finite F € & such that:
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(@ E(f(Xp+1) - f(X)IXn=y) < —€ifygF,
(b) E(f(Xn+1)|Xpn=y)<ocoify€eF.

Proof:
1=2: Let x € X be fixed, F = {x}, and 7r = inf{n = 1 : X,, € F}. Positive recur-
rence entails that for every E, (7 ) < oo for all y € F. Define subsequently:

f(y):{ Ey(rp) R;
Now, for y ¢ F:
E(f(Xn+1) = fFX)I Xn=y) = ;XPyzf(z)—f(y)
= Z;CPyZ[Ez(TF) + EZFL‘PyZ-O—[Ey(rF)

Ey(tp—1)-E,(Tp) = -1,

the last line following from the observation, valid for all y € F,

Z Pyz[Ez(TF) = Z Pyz Z kP (tr=k)
Z€F¢ z€eF°¢ k=1

= Y kPyap=k+1)
k=1

= Y kP,(tp-1=k) =E,(tp-1).
k=1

This observation establishes claim a). Additionally, the last equation is
equivalent to stating:

00>E,(Tp)—1= Y Py E.(tp)= Y Py f(2) =E(f(Xnt1)I1Xpn =),
zeF¢ zZeF°
establishing thus claim b).
2=1: For n =0, define &, = g (Xy,..., Xn), W= f(Xp),and T =inf{n=1:
X, € F}. Then, claim a) entails

[E(Vv(m—l)ATF - WnATplxn =y) =< _E]lrp>n-

Note that 7 > n means, in particuar, that y ¢ F. For y ¢ F, the last in-

E,r) _ f)
2 -

= <oo. Now, since

equality and theorem C.1.1 imply E,(7F) <
for all y we have:

1+ ) PyE.(tp) s1+1 Y Py.f(2)

zeF°¢ zeF°

[Ey(TF)

IA

1 1
1+ - Z Py f(2) = E[E(f(Xn+1)|Xn =) <oo.

zeX
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In all situations, we have for all z € X, E,(7r) < oo, implying positive recur-
rence of the chain because for one z, hence for all (due to irreducibility),
E.(t,) <oo.

O

Theorem 6.6.2 Let X be an irreducible MC((X, ), B i), where cardX = Rg. The
following are equivalent:

1. X is transient.

2. Thereexistsa f € mZ, and a set A€ X such that:
(@ E(f(Xn+1) - F(Xn)IXn =) =<0,
(b) thereexists y ¢ A such that f(y) <infe 4 f(2).

Proof:
2=1: Define W, = f(Xy7,) for n = 0. Then, claim a) guarantees that (W,,)
is a positive supermartingale. For arbitrary x € X, we have

n-1
ExWp=ExWo+ Y Ex(Wii1 — Wi).

k=0
On the event {74 < n} the summand on the right hand side of the above
equality is 0 while on {74 > n} is negative. Therefore, in all siutations,
ExW, < ExWy = f(x). Suppose that the chain is not transient. Then P, (7 4 <
oo) = 1. Since W,, — W, almost surely, by vitrue of the supermartingale
convergence theorem, we have equivalently: f(Xya;,) — f(X;,), almost
surely. Fatou’s lemma yields:

Ex(f(Xr,)) = Ex(iminf Wy,) < liminfE, W, < ExWp = f(x),

which contradicts claim b) (because X;, € A). We conclude ad absurdum
that the chain must be transient.
1=2: Fixsome x € X and define A= {x} and f: X — R, by

1 if yeA
f(y)_{Py(TA<oo) if y¢ A.

Then, for y ¢ A:

E(f(Xn+1) = fFX) I X =) Y Pyf(2) - f(y)

zeX

= Pyx"" Z Pyzf(z)_f(J’)

zZ€EAC

o0 o0
= Pyra=D+ ) Py Y P(ta=N)- ) P,(14=N)
zZ€ A N=1 N=1

= 0
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guaranteeing thus a). If the chain is transient, then for all y # x:

f)=Pyra<o0) < 1:f(x):;1€1£f(z).

Since the state space X is not necessarily ordered, we need the following

Definition 6.6.3 On a denumerably infinite set X, we say a function f: X — R,
tends to infinity, and write f — oo, if for every n e N, the set X, = {x € X: f(x) <
n} is finite.

Theorem 6.6.4 Let X be an irreducible MC((X, %), P, i), the set X being denu-
merably infinite. The following are equivalent:

1. X is recurrent.

2. There exists a positive measurable function f : X — R, tending to infinity,
and a finite set F € & such that

E(f(Xn+1) - f(Xn)IXn=y) <0, Vy ¢ F

Proof:
2=1: Let Wy, = f(Xuaz,), for n = 0. From b) follows that (W},) is a super-
martingale; therefore, W, = lim, W, exists almost surely. Fatou’s lemma
implies that
Ex(Woo) = lin}linf[Ex(Wn) <Ex(Wp) = f(x).

Suppose now that X is transient. Irreducibility implies then that the finite
set F € & is transient, so that P, (7r = 00) = s > 0. Irreducibility implies
that not only F but every finite set F’ € & is transient, i.e. n°(F") < oo al-
most surely. Denote by Kg = sup{f(x),x € F'}. It is then obvious (why?)
that

n°(F') < oo} < {liminf f(X,) = Kp}.

Forall a=0,let F; = {x e X: f(x) < a}. Then, for ¢ = KF, the set F, is finite
and contains F. Since F, is finite, it follows that P x(nO(FC) <o00) = 1. Hence

Ex(Weo)

[Ex(llmlann) = [Ex(limiann]l{TF:oo}]l{no(FCkoo})

P (n°(F,) < 00;TF =00) = €55 > 0.

\%

Since c is arbitrary, it follows that E, (W) = oo, in contradiction with E, (W) <
f(x). We conclude ad absurdum that X is recurrent.
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1= 2: Since the set X is denumerably infinite, there exists a bijection b :
X — N. Introduce a new chain X on X evolving with the transition matrix
P defined by
p _{ 1 if b(x)=b(y)=0
W Py if b(x) =1.
Denote also by Xy = {b = N}, T(N) := Tx,, and define, for arbitrary x € X

and NeN,
1 ifxEXN,

‘bx(N):{ P (T(N)<o0) ifx¢Xy.

Since for all a € R,, the set F, = {f < a} is finite, irreducibility of the chain
implies that all F, will be transient, i.e. n°(F,) < co almost surely. Denote
KF, =inf{f (x), x ¢ Fs}. Obviously Kr, < a. Moreover, ¢-1() (IN) = 0 for all
N > 0. It is also a simple observation (exercise*) that limp_.o, ¢ (N) = 0
for all x € X. Therefore, for all k = 1, there exists an integer Ny (with (Ng)
an increasing sequence), such that ¢ (Ny) < 1/2F for all x € {b < k}.

First step: Fix some N and start by defining f(x) = ¢(N) and F = (b1 0.
Then, for x ¢ F:

[E(f(Xn+1) - f(Xn)|Xn =X)

Y Pyf)-fx)

yex

= Z nyf(y)+ Z nyf(}’)_f(x)
ye{b=N-1} ye{b=N}

= Z PXY¢y(N)+ Z nyl_f(x)
yeib=N-1} ye{b=N}

= )Y Y PyPy(TWN)=k+P,(T(N)=1)—f(x)
k=1ye{b<N-1}

= Y Y PyPy(TIN)=k)+Py(T(N)=1) - f(x)
k=1ye{bsN-1}

= P(T(N)<o0) - f(x)

0.

IA

Therefore, 2) is verified for this particular f.

Second step: Define now f(x) = 2":1 ¢« (Ny) < oo (because ¢y (Ng) < 1/2%).
Since every individual term of the series defining f verifies 2), it follows
that f also does. It remains to show that f tends to infinity. Consider
FW7H0) = X2, ¢p1(:)(Ni) < oo. On the other hand, lim; oo p-1(;y (Ni) =
1 for all k. Therefore

o0 o0 o0
co=Y 1=)Y liminfdy-14(Ni) <liminf Y ¢p-10(Ng) = liminf £ (51 (),
k=1 k=1 ! i k=1 i

by Fatou’s lemma. This remark concludes the proof.

4. The idea of the proofis the following: since X is recurrent, the chain starting at x returns to
x in a finite time. Therefore the number of sites visited between two successive visits at x is finite.
We conclude by choosing N sufficiently large, e.g. N > sup{b(X;): n=0,..., T?C}.



84

Exercise 6.6.5 Let X be a simple random walk on N with transition kernel

ifx=0,y=1;

ifx>0,y=x-1;
-p ifx>0,y=x+1;

otherwise;

Pyy=

S =g -~

where p€]0,1[. Let A =1n %. Show that
1. The chain is positive recurrent if, and only if, A > 0.
2. The chain is null recurrent if, and only if, A = 0.

3. The chain is transient if, and only if, A < 0.

Exercise 6.6.6 Let (py)xen be a sequence of independent and identically dis-
tributed [0, 1]-valued random variables whose law has not atomsin 0 or 1. Let X
be a simple random walk in the random environment (p,) on N with transition
kernel
1 ifx=0,y=1,
Px ifx>0,y=x-1;
1-px ifx>0,y=x+1;
0 otherwise.
Let A =E(Iny P ;1 ). Show that

1. The chain is positive recurrent if, and only if, 1 > 0.

2. The chain is null recurrent if, and only if, A = 0.

3. The chain is transient if, and only if, A < 0.

6.6.2 Moments of passage times



Boundary theory for transient
chains on denumerably infinite sets

7.1 Motivation

From the theory of harmonic functions in R?, we know (see [1] for instance)
that every h : R> — R, that is harmonic (Ak = 0) in the open unit disk D = B(0, 1)
is in one-to-one correspondence with a Borel measure u” on 0D = S' through
the Poisson kernel. In polar coordinates, this correspondence is defined through

h(rexp(if)) = LDK(r,H,(/)),uh(d(b),

where the Poisson kernel reads

1-r2
1-2rcos@—¢)+r?

K(r,0,¢) = K((1,0); (1,¢)) :=

The purpose of this section is to provide, in the case of a transient P, an
analogue of the previous formula for P-harmonic, non-negative functions 4 :
X — R, through an integral Martin-Poisson representation

h(x) = f K(x, o) (da).
0X

Obviously, not only the boundary kernel K must be defined but also the meaning
of the boundary of the state space X and the measure . This representation
will be useful in studying the asymptotic behaviour of the chain.

Several comments are necessary at this level. The first concerns the abstract
space 0X playing the role of the boundary. It will turn out that this space (more
precisely a subset of this space) will be identified to the set of P-harmonic func-
tions. Secondly, the mere notion of compactification implies the definition of

85
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a topology on the space that will defined in terms of the boundary kernel K;
the corresponding boundary space is termed the Martin boundary. As for the
convexity considerations, the aforementioned representation goes beyond the
Krein-Milman theorem ! to propose a Choquet decomposition ? of the set of har-
monic functions. Finally, a measure-theoretic notion of boundary can be intro-
duced (the Poisson boundary), indexed by bounded harmonic functions, that is
conceptually simpler than the topological one.

Boundary theory for transient Markov chains is far from being trivial; a cer-
tain number of important ramifications to other mathematical fields can be ob-
tained as a by-product of this study. For this reason, only an elementary ap-
proach to the boundary theory of transient chains on denumerably infinite state
spaces is given here. This chapter heavily relies on more complete original ref-
erences as [6, 18, 35] or more pedagogical ones [20, 30].

7.2 Martin boundary

In the sequel, we assume that the chain is transient, i.e. for all x,y € X,
we have G°(x,y) < oo; for most results irreducibility must also be assumed,
although this latter condition can be slightly relaxed for some specific results
where can be replaced by accessibility of all states from a reference point o € X.

Definition 7.2.1 (Boundary kernel) Suppose that there exists o € X such that
G%(0,y) > 0 for all y € X. Define the boundary kernel K by

G'(x,y)

K(x,y) = 0,y

Lemma 7.2.2 Assume that there exists a state o € X from which all other states
are accessible i.e. Vy € X : G (o, y) > 0. Then there exist constants Cyx > 0 (inde-
pendent of y) such that

K(x,y)=Cy,VyeX.

1. Itis recalled that the Krein-Milman theorem states: Let C be a non-empty compact convex
subset of a topological vector space. Then C = co(Extr(C)).

2. Itisrecalled that the Choquet theorem states: Let C be a non-empty compact convex subset
of a topological vector space Y. Then for every y € C there exists a measure v on %B(Extr(C)) such

that y = fExtr(C) via)a.
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Proof: We have

Y P™(x,2)G’(z,y) Y Y P™(x,2)P"(z,)

zeX zeXn=0

Y P'(x,y)

n=m

m-1
G'x,y)- Y. P"(x,y).
n=0

Since Vx € X, the potential kernel verifies G%(0, x) > 0, it follows that there exists
aninteger m = 0 such that P" (o, x) > 0. Therefore G%(0,y) 2 ¥ ,ex P"(0,2)G(z,y) =
P™(0,x)G°(x, y), hence K(x, y) < = Cy < 0. O

1 .
P™M(0,x) *

Theorem 7.2.3 (Martin compactification) For a Markov chain MC((X, %), P, )
which is irreducible and transient, there exist a compact metric space (X M, P) and
a homeomorphic embedding1: X — Xyy.

Definition 7.2.4 (Martin boundary) For a Markov chain as in theorem 7.2.3
above, the set dX); = Xps \ X is called the Martin boundary of the chain.

Proof of theorem 7.2.3: For the denumerable family of constants C = (Cy) xex, as

in lemma 7.2.2, and an arbitrary sequence w = (wy) xex € £1(X) of strictly posi-

tive real constants w, > 0, set

|K(z,x) = K(2, )| + 16 2 — O 2y
C,+1

plx,y) =) w, , for x,yeX.

zeX
The condition w € ¢1(X) guarantees that the series defining p converges uni-
formly in x, y. Additionally, p(x, y) = 0 for all x, y and p(x, x) = 0 for all x; more-
over, if x # y then p(x, y) > 0. Finally, for all w, x, y € X, the triangular inequality
p(w,y) < p(w, x) + p(x, y) holds. Hence p is a distance on X. Recall that for a se-
quence (yy) nen of points in X, we write lim,,_.., y, = oo if the sequence eventu-
ally leaves any finite set F < X and never returns (converges within X = XU {oo},
the one-point compactification of X). Consequently, a sequence (¥,)nen 1S @
Cauchy sequence in the metric space (X, p) when
— either there exist y € X and ng such that for all n = ngy: y, = y (so that (y,)
converges within X);

— orelselim,_ y, =00 and lim,,_.o, K(x, y,) exists for every x.

Now the metric space (X, p) is embedded as usual into a complete metric
space (Xp, p) by considering equivalence classes of Cauchy sequences. Con-
sider now an arbitrary sequence (y,) nen Of elements of X. Either there exists a
finite subset F < X visited infinitely often by the sequence (y;,), or the sequence
leaves any finite set and (eventually) never returns. Consider these two cases
separately:
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— If (yn), returns infinitely often in F, then we can extract a subsequence
(¥n)k always remaining in F. Consequently, there exists a point y € F that
is visited infinitely often by (y,, )k, i.e. there exists a subsequence (yj, MIEN
such that y,, =y for all / hence, according to the first condition above,
this subsequence is Cauchy.

— If (yn) eventually leaves any finite set and never returns, the sequence of
numbers k, = K(z,y) < SUP ex K(z,y) = C; < oo is bounded. Since the
interval [0, C,] is compact in R, the sequence (k) has a converging subse-
quence k,, = K(z,yy,), for k e N, i.e. lim_., K(z, y,,) exists. Hence, ac-
cording to the second condition above, the subsequence (yy,) is Cauchy.

Since the space (Xj, p) is complete, we conclude that in both cases, from every
sequence of X (hence of §\<.) we can extract a converging subsequence. Hence the
space KX, p) is compact.

Since X is discrete, the boundary kernel K(x, y) is a continuous function in
y for each fixed x € X. By the definition of p it follows that

Cy+

1
IK(x,y)—K(x,2)| < e, 2).

Wy

Thus, for each x € X, the function K(x,-) has a unique extension to X,/ as a con-
tinuous function of its second argument. Since K (o, y) = 1 for every y € X it fol-
lows that K (0, a) = 1 for all a € Xj;. The complete compact metric space (X, p)
is the Martin compactification of X. It obviously depends on P and possibly on
the reference point o. |

Definition 7.2.5 For atransient Markov chain MC((X, %), P, u) and X M the Mar-
tin compactification defined in theorem 7.2.3, the function K : X x Xy — R, is
called the Martin kernel corresponding to the transition kernel P and the refer-
ence point o.

Corollary 7.2.6 Let K be the Martin kernel corresponding to the transient Markov
kernel P and reference point o. Then

— foralla € 0Xp, K(o,) =1,

— forall x € X, there exists Cyx > 0 such that: K(x,a) < Cy,Va € 0Xyy.

Remark: The terms 6., and 6§, in the definition of p in the previous proof are
not necessary to make p a metric. If p’(x, ) := Y ,ex wzw, forx,yeX,
then p'(x, y) = 0 still implies x = y (why?). The raison d’étre of these terms is
more profound. Suppose that we had a sequence (y,) of elements of X — even-
tually leaving any finite set (i.e. such that y,, — oo) —and a y’ € X such that for all

x €X, limy,—o K(x, y,) = K(x,y") implying that lim,,—, o’ (yn, ') = 0. Therefore
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what should be a non-convergent Cauchy sequence (y,,) converges actually to
¥’ € X. The result should be that the set X would non be open in the completion
X and the boundary 0Xjs = X\ X would not be closed in Xy,. Using p in-
stead prevents this phenomenon from occurring, since then p(yy, y') = Clz"jl >0
whenever y, #y'.

Lemma 7.2.7 Let the boundary kernel K be defined as in definition 7.2.1. Then
the function K (-, a) is P-superharmonic for all o € 0Xy;.

Proof: Fix an arbitrary y € X and define r(y) = (];l(f{’—o(il/’,)) Then
P"(x,y)
Cr=Y Y PHayir()= Y =2t = K(x,y),
neNy'eX neN G%(o, y)

showing that K (-, y) is a potential — hence P-superharmonic — for every y € X.
If y, — a € Xy, by Fatou’s lemma

> Px,2)K(z,a) = }_ P(x,2) lim K(z,yn) < lim } P(x,2)K(z,yp) < lim K(x,yn) = K(x, ).

zeX zeX zeX

d

Since the boundary 0X); inherits the metric topology with which the set
X is endowed, it is meaningful to speak about the Borel o-algebra %8(0X ) =
B(Xp) NOX .

Exercise 7.2.8 Letv e .4,(%(0X))) and P a transient kernel. Then the function
s: X — R, defined by s(x) = fXM K(x,a)v(da), is finite P-superharmonic.

Theorem 7.2.9 (Poisson-Martin representation theorem) Let P be a stochas-
tic kernel on the denumerably infinite set X, equipped with the exhaustive o -
algbebra & . Assume that

1. forallx,yeX, GO(x, y) < oo, and
2. thereexists 0 € X such that forall y € X, G%o, y)>0.

Define the boundary kernel K as in definition 7.2.1 and the Martin boundary 60X p
as in definition 7.2.4. Then for any P-harmonic non-negative function h, there
exists a measure ,uh on B(0Xyy) such that

h(x) = Kx,a)u"(da).
X
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Proof: Since X is countably infinite, there exists a sequence (X;),en of finite sets
such that X,, 1 X. Define w,, = nGolan and h,(x) = h(x) A wy(x). Obviously w,
is a potential, therefore h,, is a potential by lemma 5.2.7 (claims 2 and 3). Thus,
there exists a positive charge r, such that

G%(x,y)
hn = GO ’ n =
(x) yZX 6, ) () yzx 0y

G0, Y ru(y) = fx K(x, yuldy),

where ,u’,;({y}) =G0, ¥)1(y). Recall that K(o, y) = 1 for all y € X, so that pZ(X) =
hn(0) < h(0); subsequently, the sequence (,uZ) extends to a sequence of bounded
measures on the compact metric space Xy, so that a subsequence (qu)k con-

verges weakly limp_ qu = ,uh over continuous functions of X ;. Now, for every
fixed x € X, the function K(x,-) is continuous on X,;, hence

h(x)

lim | Kx,a)p!(da)
n XM

f K(x,a)p(da)
XM

h
b

GO(x, H
y%g %) 5t0y)

+ f K(x,a)p(da).
0Xy

P-harmonicity of h reads

h
_ 3 _ pr(Ex) f
0=h(x)—Ph(x) = o) +

(K — PK)(x, &) (da),Vx € X.

Xy

Since by the previous lemma 7.2.7, K(:, &) is P-superharmonic for all a € oX M>
vanishing of the r.h.s. implies simultaneously that u(X) = 0 — showing thus that
u" is concentrated on dX ; — and moreover, the measure p”* is concentrated on
the subset of a € 0Xj; on which K (-, @) is P-harmonic (as a function of x). O

Remark: It is worth noting that the measure u” occurring in the previous rep-
resentation is not unique. To ensure uniqueness, the integral must be further
restricted on a smaller susbet of X, called the minimal boundary (see section
7.4).

Corollary 7.2.10 LetK be the Martin kernel corresponding to a transient Markov
kernel P and a reference point o. Let h be a non-negative P-harmonic function
and p" a measure occurring in the Martin representation 7.2.9 of h. Then

- " (@X) = h(0) < 0o, and

— the integral representing h converges whenever u" (90X ) < oco.

Corollary 7.2.11 Let s be P-superharmonic on X and s(x) = 0 for all x € X. Then
under the same assumptions as for the theorem 7.2.9, there exists a non-negative
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measure L on Xy such that

s(x) :f Kx,a)pda),VxeX.
XM

7.3 Convexity properties of sets of superharmonic func-
tions

Itis convenient to extend slightly the notion of superharmonicity. Recall that
the space X contains a reference point o.

Definition 7.3.1 Let P be a Markov kernel and ¢ > 0.

— A function s : X — R; is called (non-negative) (B, t)-superharmonic if it
verifies Ps < ts. The set of (non-negative) (P, t)-superharmonic functions
is denoted SH* (P, ). When ¢ = 1, we write SH* (P).

- Afunction h: X — R, is called (non-negative) (P, t)-harmonic if it verifies
Ps = ts. The set of (non-negative) (B, f)-harmonic functions is denoted
H* (P 1). When ¢ = 1, we write H* (P).

— A function f : X — Ry is called a normalised if f(0) = 1. The set of nor-
malised harmonic (resp. superharmonic) functions is denoted H{ (P, t) (resp.
SH; (P 1)).

— A P-harmonic function (with ¢ = 1) is called minimal if for every other
P-harmonic function h,, verifying 0 < h; < h, we have h; = ch for some
constant c. We denote by H},(P) the set of minimal and normalised P-
harmonic functions.

Lemma 7.3.2 Let P be an irreducible Markov kernel and t > 0. IfSH{ (B 1) # @,
then SHY (P 1) is compact in the topology of pointwise convergence and SH™ (B, 1)
is a convex cone with compact base.

Proof: Let (s,) be a sequence in SH{ (P, 1) converging simply towards s. We have
Ps = Plim, s, = Pliminf, s, < liminf, Ps, < tliminf, s, = ¢s by Fatou lemma.
Additionally, s(0o) = 1 by pointwise convergence. Hence s € SH{ (P 1), showing
that SH (P, 1) is closed.

From the irreducibility of P follows that for every x € X, there exists n, € N

such that P"* (o, x) > 0. Define thus ¢, = % <oo. For se SHf we have

P™(0,x)s(x) = P s(0) < t"s(0),
so that s(x) < cy. Since for every x € X, the set [0, c,] is compact in the usual

topology of R, the set x4¢x[0, cx] is compact by Tychonoft’s theorem. Further
SH{ (B 1) € xxex [0, ¢x], hence compact as closed subset of a compact space.
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Convexity of SH™ (P 1) is trivial. Any s € SH* (P, 1) can be written s = b with
b € SH{ (P 1) by chosing f = s(0). Hence SH*(B 1) is a convex cone of base
SHY (P 1). O

Proposition 7.3.3 Let P be a transient irreducible kernel and K the correspond-
ing boundary kernel associated with the reference point o. Then

Extr(SH} (P)) = {K(- ),y € X}UH },(P).
Proof:Letbe SH I“(P) and assume that b is extremal. Extremality of b means that
its Riesz decomposition is either purely harmonic or purely potential.

Consider first the purely potential case, i.e. there exists a non-negative, non
identically 0 charge r such that

b(x)

Y G, r(y)
yeX

G'(x,y)
= 2 G0y
yex ’y

= ) Kxycy,
y(—:suppr

G0, y)r(y)

where ¢, = G%(0, y)r(y). Note also that " jex ¢y = ¥ yesuppr €y = Lyex G° (0, )T (y) =
G%r(0) = b(0) = 1. Hence, on suppr, we have ¢, > 0 and Zyesuppr ¢y = 1. Since

PK(x,y) =K(x,y)— %, it follows that K (-, y) isharmonic on X\ {y} and strictly
superharmonic on {y}. Now, the above expression b(x) =)_ yesuppr K(x, )¢y pro-
vides a convex superposition of b in terms of superharmonic functions. Ex-
tremality of b implies that cardsuppr = 1, meaning that there exists some y € X

such that b(:) = K(, ).

Consider now the case of b being purely harmonic. Every convex combina-
tion of harmonic functions is still harmonic; extremality of b means then mini-
mal harmonicity. We have thus established so far that Extr(SH (P)) < {K(-, ),y €
X}UH;,(P).

To establish the converse inclusion, consider first the case of a function K(, y)
for some y € X. We know that K(-,y) € SH*(P) and since K(o,y) = 1 for all
¥, that K belongs to the base of the cone: K(-,y) € SHT(P). Assume now that
K(,y)=Ab1 () + (1 = A)bs(-), with A €]0,1[ and by, b, € SH T(P). Then PK(x,y) =
APD1(x) + (1 = AV)Pbe(x) = K(x,y). Since further b(:) = Ab1(:) + (1 — )by (") is
bounded from above by the potential K(:, y) the harmonic part in its Riesz de-
composition must be 0. Hence both b; and b, are potentials: b; = Gr;, i=1,2.
Since K (:, y) is harmonic in X\ {y}, the same holds true for both b; and the latter
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can occur only if supp r; = {y}. Now, degeneracy of the supports of r; to the sin-
gleton {y} means that b; /b, is a constant and this constant can only be 1 since
both b; are normalised. Hence, we conclude that b; = b, = b and consequently
K(-, y) € Extr(SH T(P)).

Similarly, if 4 € H},(P) we can always decompose into h = Ab; +(1—A) b, with
b; € SHf(P). Now, harmonicity of h implies that b; € H T(P) and minimality
of h implies extremality b; = b, = h and consequently the inclusion H};,(P) <
Extr(SHT (P)). O

7.4 Minimal and Poisson boundaries

The theorem 7.2.9 guarantees that for every P-harmonic function & there ex-
ists a measure u representing it through the Martin representation. This section
deals with the questions that remain still unsettled:

— is the measure p/* unique?

— is the Martin kernel K(:, a), for fixed a@ € 8X),;, always harmonic so that
for every probability u on 0Xy,, the integral faxM K(x,a)u(da) defines a
harmonic function on X?

It will be shown in this section that the measure p" is unique (and defines

a harmonic function whenever ph(ax M) < oo) provided that is restricted to a
subset 0,,Xpr € 0X ).

Theorem 7.4.1 Let P be an irreducible transient kernel. If h € H},(P) then the
measure (" occurring in its Poisson-Martin representation is

— unique and

— a point mass.

Proof:We have faxM phda) = faxM K(o0,a)pu"(da) = h(0) = 1, hence p" is a prob-
ability. Assume there exists B € 98(0Xjs) such that 0 < ,uh(B) < 1; define then
hp(x) = ﬁ fB K(x, a)ph(da). We have then the non-trivial convex decom-
position h = p*(B)hp + (1 — u*(B)) hge. Minimal harmonicity of k implies that
h = hg = hgc, hence, for all x € X and all B € 98(0X):

fB hx)p" (da) = hg(x)p"(B) = fB K(x,a)p"(da).

(Note that the above equalities hold trivially if " (B) € {0,1}.) Therefore K(x,-) =
h(x) holds, for every x € X, ,uh-a.s. Let A={a e 0Xy: h(x) = K(x,a),Vx € X}.
Since X is countable, we have p(A) = 1, implying in particular that A # @. We
conclude that there exists a € 0X, such that for all x, h(x) = K(x,a). Further,
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this @ must be unique since by construction K(-, @) # K(-,a’) if a # a’. Conse-
quently, u" is a Dirac mass on some & € 9X . |

Definition 7.4.2 (Minimal boundary) The set
O0mXpy = {a € 0X s : K(+, @) is minimal P-harmonic}

is called the minimal boundary.

Corollary 7.4.3 The set 80,,Xy; is a Borel subset of 0Xy;. For every h € H*(P),
there exists a unique uh on AB(0X ) such that ph(GXM \0;Xp) =0 and h(x) =
Jox,, K(x, @) p" (da).

Exercise 7.4.4 Prove the previous corollary 7.4.3.

Suppose now that h, f € H*(P) and 0 < h < f holds; then obvisously g =
f—h e H"(P). Using the uniqueness of the representing measures supported
by the minimal boundary 8,,Xs, we have pl = ph+ N implying that the
inequality u" < p/ holds for the representing measures as well. Now suppose
that for all x, h(x) < M, where M > 0 is a given constant, i.e. h is bounded P-
harmonic. We denote bH" (P) the set of bounded P-harmonic functions. The
inequality 0 < h(x) < M, holding for all x € X implies that u/*(B) < Mu' (B) holds
for all B € %8(0,,X)) as well, where ,ul is the representing measure of the con-
stant harmonic function 1. Therefore the measure u” is absolutely continuous

h
with respect to u!; the Radon-Nikodym derivative reads py, (@) = Z_Zl ().

Definition 7.4.5 (Poisson boundary) Let u! be the unique measure represent-
ing the constant normalised P-harmonic function 1. We call Poisson boundary
the set dpXjs = suppu!. Forall h € bH* (P), we have the Poisson representation

h(x) = fa . K(x,a)pp(@)p’ (da),

h
where pp(a) = Z—Zl(a).

Exercise 7.4.6 (Zero-onelaw) Let ii; =1 (obviously in Hf(P)). Show that
1. hy€H;,(P) < [Vhe bH"(P) = h = const], and

2. conclude that, if h; € H},(P), then for all x € X and all A € X, the function
Hg(x) can take only two values, 0 or 1.



7.5. Limit behaviour of the chain in terms of the boundary 95

7.5 Limit behaviour of the chain in terms of the boundary

Assume that (X},) is transient and irreducible in X. Transience means that
(X5) eventually leaves any bounded subset of X. Now, even though the sequence
(X,,) does not converge in X, it does converge in the Martin compactification X,
towards a random limit X, € 0,,Xyy, i.€.

Px(r}im X, exists and equals X, € 0, Xp) = 1.
—00

The purpose of this section (see theorem 7.5.6 below) is to determine the law of
Xoo-

Lemma 7.5.1 Let X be a transient MC((X, %), B ) and F € X a finite set. Then
there exists a charge rr = 0, supported by the set F, such that

L%(x0) := P (1% < 00) = G'rp (),

forall x e X.

Proof: From the very definition of L, we have
P"L%(x) = P, (Xy € F, for some k > n).

Define
rp(x) := LY (x) = PLY(x) =Py (Xo € F; X € F for k=1) = 0.

Hence LY. is P-superharmonic?®. Since F is finite and the chain transient, lim,, P" L9 (x) =
0, therefore from the Riesz decomposition theorem 5.2.4 follows that L(}; is a
potential corresponding to the charge rr. From the definition of rr, namely
re(x) =Py (Xo € F; Xy € F for k = 1) follows immediately that rp(x) = rp(x) L p(x)
for all x, proving the claim that rg is supported by F. O

From lemma 7.2.7, we know that K (-, &) is P-superharmonic for all a € 6X,.
Denote M (x, ) = lim,,—., P" K (x, @) its harmonic part, stemming from the Riesz
decomposition theorem 5.2.4. Recall also from proposition 5.2.10 that, for an
arbitrary subset A < X, the harmonic part in the Riesz decomposition of L?q is
HY.

Lemma 7.5.2 Let X be a transient MC((X, %), P, ). For an arbitrary subset A <

X, there exists a measurev 4 on 9B(0X ) such that

HY(x) = ﬁ M(x,a)va(da).

AﬂﬁXM

3. Afact we already knew from proposition 5.2.10.
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Proof: If A is finite, transience of the chain shows that the claim is correct with

v 4 = 0. Consider thus the infinite case and let (A;); be an increasing sequence of
measurable finite sets, exhausting A. Then bylemma 7.5.1, L%l =/ A4, K, y)vady),
where

v,y =G0, 1)1, ()
with supp(v,,) € A; € A. Now

va,Xa) = ) G20, ))ra,(y) =LY (0) =P, (19, <oc0) <1.
VEA

Hence, there exists a weakly converging subsequence w —limv Ay, =Vaon Xy
Moreover, T?‘lz | 7%. Hence,

L% (%) =Py (1% <00) = ﬁ K(x,a)valda),
A

generalising thus lemma 7.5.1 for arbitrary sets A. We have thus, for all x € X,
P"L%(x) = Py(X;e€A, forsome k= n)

= ﬁP”K(x, a)valda)
A

- Hy(x).

On the other hand, P"K (x, a) | M(x, ) for all @ € X, while P"K(x, ) | 0 for all
y € X; the result follows immediately. d

We shall introduce a convenient trick, known as relativisation, to modify the
asymptotic behaviour of the chain at infinity. Let h € HT(P) for an irreducible
transient P. Since h(o) = 1, irreducibility of P implies that /(x) > 0 for all x € X.
Define henceforth P (x, y) = ﬁP(x, ¥)h(y) that is obviously non-negative for
all x, y € X. Harmonicity of i implies that }_ yex PN (x, y) = ﬁh(x) =1; hence
P™M js a Markov kernel.

Notation 7.5.3 For any & € H (P) denote by P the relativised Markov kernel

and by P;’” the probability on the trajectory space induced by the kernel P"”
(with the same trajectories).

Exercise 7.5.4 (Relativised kernels) Let /1 € H{ (P).
1. feHY(P) o L et ™).
2. I K denotes the boundary kernel of P”, then K (x, y) = 715K (x, y).

3. Let h € H{ (P) and denote 1" the unique measure on %(d,, X ) represent-
ing h, i.e. h(x) = fame K(x,a)u"(da). Then u” represents the constant
harmonic function 1 for the relativised kernel K?.
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The relativised chain follows the same trajectories as the original one; only prob-
abilities are affected by the relativisation.

Proposition 7.5.5 Ler (X,;) be a MC((X, %), Pey), with P irreducible and tran-
sient. For every B € B(%*°) we have

P.(B) = fa ) P (B)K (x, ) (da),

where hy(x) = K(x, @) and [P’;h“) denotes the probability on the path space due to
the relativised kernel. More generally, for every h € HY (P),

P (B) = 1 f P (BYK (x, )" (da).
h(x) Jo,, %

Proof: 1t is enough to prove the formulae for the elementary cylindrical sets of
the form B = {x1} x ---{x;} x X x X x ---. We have then

PPB) = PP (x,x)--- PP (x,_1,x,)
1
= %P(x,xl)-~P(xn—1,xn)h(xn)
1
= %EX(]J-{)Q ,,,,, x,,}(le ) Xn)h(Xn))-

In particular

Ry 1
p! )(B)=m[Ex(n{xl ..... 0} (X1, Xn) K (X, ).

Using the Poisson-Martin representation h(x) = fame K (x,a)u"(da), we con-
clude that

1
(h) _ (hg) h
P." (B) = _h(x) fame P, (B)K(x,a)u" (da).

The first statement is obtained immediately by applying the previous formula to
the constant harmonic function 1. O

Theorem 7.5.6 Let (X,,) be a MC((X, %), Pe,), where P is irreducible and tran-
sient. For all A€ 9B(0mXm),

Px(nli_l}oloXn:XOOEA):fAK(x,a)ul(da).

Proof: The event {lim,_. X, = X € A} is Z°°-measurable. From proposition
7.5.5, we conclude that

P, (lim Xn:XOOeA):f
n—oo

P (lim X, = Xoo € AK(x,a)p’ (dav),
amXM n—oo
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where hq (x) = K(x, @) € Hf,(P).

It is enough to establish that chh“) (lim;,— X;; = @) = 1 because then the
r.h.s. of the previous formula reduces to f 4K (x, a) pl (da) which is preciseley the
claim of the theorem.

Fix @ € 0;,Xps and € > 0 and let A; = {x € X : p(x, @) = €}. Obviously, « QA_E.
On denoting [P’;h“)(Xn € A¢ i.0.), we observe that if HXEZ“)(x) =0forall xe X and

all € > 0 then P;’la) (X, € AS eventually) = 1, and since € > 0 is arbitrary, the latter
means IPSCh") (lim;—. X, = a) = 1. Hence it is enough to prove HXZ“) (x) =0 forall
x€Xandalle>0.

Let f = HXS“); we know (see exercise 7.5.4 on relativised kernels) that f €
H*(P"e) & f()K(,a) € H"(P). Since K(-,a) € H,(P), we conclude that any
bounded h € H* (P'")) is constant. Hence (see exercise 7.4.6) HZ? (x) € {0,1} for

all x e Xand all € > 0. It is therefore enough to exclude the possibility HZ;’ (x)=1.

By lemma 7.5.2, there exists a measure v 4, on %(9Xy) such that

12 H' (x) fx . M) (x, p)v a.(d )
eN M

f M(x, )

Anox,y Kx, a)

va (dp),

implying that ffgn X M(x, B)va. (dP) < K(x,a). Thus, for all Borel subsets A <

AcndXyy, we have [, M(x, B)va,(dB) < K(x, a). Recall that M(-, B) € H (P) while

K (-, @) € H;,(P). From the very definition of minimality, we conclude that [, M(x, f)v 4, (dp) =
CaK(x,a), and by applying this equality to x = 0, we determine the constant

Ca= [4M(o,B)va.(dp),sothatforall xe X,

M(x, B) = M(o, B)K(x,a), for v4 -a.e. B€ A NAXy.

If HXCZ“) (x) # 0 then the zero-one law implies that HXSZ“) (x) =1, therefore

h(o) zﬁ M(o,B)va (dp) =1,
Aeﬁame

hence
L (x) =P, (7Y <oo)=ﬁ K(o,a)va (da) <1
€ € AE

and M(o, B) < K(o, B) < 1. Consequently,

1= h(o) = f, Mo, pva(df) <1,
Agﬂame
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implying that for all x € X and a € 0,,Xyp, M(x,p) = K(x,a), for v4 -ae. f €
A_eﬂ OXM.

Now, by the Riesz decomposition of K, we have
K(x, ) = M(x, B) + G°rp(x),

where rp is a non-negative charge. But K(o,) = M(o, ) = 1 hence GO rg(o) =
0. Therefore, Gorﬁ(x) 0 for all x, so that M(x,8) = K(x,a) = K(x, B) for v4, —
aefe ‘A N0X). From the construction of the Martin boundary, if K(x, a)
K(x, B) for all xeX, then a =p. Since a ¢ Ae, it follows that v 4, (AE noXyy) =
Therefore H A:‘ =0foralle>0. O

Exercise 7.5.7 (Competition game [?]) Let (X;) be a MC((X, %), Pey) with X =
7? and Markov kernel P defined, for x = (x, x) and ¥ = (y1,)2) elements of 72,

by
I n=x,p=x+1
Pxy={ 5 y=xi+ly2=x
0 otherwise.

1. The process is not irreducible.

2. Show that

1 — > — X
G'(x,y) = iy, 3Ty < X Ay <
| 0 1<x1Vy:»<x.

3. Show that K(x,y) = 2+ (2% ()2 (1 + 05 )+@( ))
Vi1

Tty @ with

4. Let yx — oo. Show that limy K(x,yy) exists if and only if
a € [0,1]. In that case, establish that

K(x,a) =2""2g" (1-a)*.

5. Conclude that h € SH*(P) on X if and only if there exists u on 28([0,1])
such that

1
h(x) =2x‘+x2f a”(1-a)2ulda).
0

In particular, the functions h(x) = K(x, @) are harmonic.
6. Show that for all @ € [0, 1], the function K (-, &) € H}, (P).
7. Compute K(x, %) and conlcude that if # € bH* (P) then h is constant.
8. Establish 0Xps = 0,,Xp = [0,1] while 0pXp = {3}.
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7.6 Markov chains on discrete groups, amenability and triv-
iality of the boundary

In this section X will be a countably infinite group. Random walks on Z4
provide a standard example of Markov chains on Abelian groups. However, the
non Abelian case is also very interesting and will be provide us with non-trivial
examples.

Definition 7.6.1 Let X be a countably infinite group (composition is denoted
multiplicatively). The transition kernel is termed group left invariant if P(x, y) =
P(gx,gy) for all g € X. Right invariance is defined analogously.

Exercise 7.6.2 Let P be a transition kernel on the Abelian group X = Z% and p
an arbitrary probability on X. Show that
— P defined by P(x, y) = u(y — x) is group invariant,
- if his P-harmonic, then so is the translated function hg(-) := h(- + g), for
allgeX,
— any harmonic function & can be expressed as a convex combination of its
translates.

Theorem 7.6.3 (Choquet-Deny) Let P be a translation invariant and irreducible
kernel on X = 7%, and denote byT'p={f¢€ R4 ZyEX P(0,y)exp(B-y) =1}, where-
stands for the scalar product on R?. Then
— h € H{ (P) if, and only if, there exists a measure u" on B(T'p) such that
hx) = Jp, expa- )" (da),
— he H;l(P) if, and only if, there exists an a € T'p such that h(x) = exp(a - x)
ie uh degenerates into a Dirac mass on «.

Proof: If P is recurrent, then all h € H" (P) are constant (see exercise 6.2.10),
hence the theorem holds with uh(da) =¢g(da). It is therefore enough to con-
sider the case of transient P. Irreducibility of P implies that Vy € X, 3n:=ny, >0
such that P"(0,y) > 0. Let h € H},(P).

h(x) = Y P™(x,2)h(z)
zeX
= ) P™(0,z-x)h(2)
zeX
= ) P™(0,2)h(x+2)
zeX

> P (0, h(x+y),
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hence h(x + y) < ¢yh(x), where ¢, = m < co. Then for h € H},(P), we get
h(x +y) = dyh(x) and applying for x equal to the reference point o = 0 we get
dy = h(y). Hence h(x+y) = h(x)h(y). Considering the case where x scans the
set of basis elements of Z4, i.e. x € {e;,i =1,...,d}, we conclude that any multi-
plicative harmonic function must be of the form h(x) = exp(a - x). Additionally,
if @ € I'p then such a function is necessarily normalised. If h € HI’(P) then the

representation h(x) = frp exp(a - x) 1" (da) holds immediately.

Conversely, assuming that h(x) = exp(f- x) for some f € I'p, implies that
heH] (P).If f e H] (P) is such that 0 < f(x) < Ch(x) for all x, then 0 < frp exp(a-
x),uf(d(x) < Cexp(f-x). Now, in x = (x1,...,X4) appearing in the previous in-
equalities, let x; — +oo for an i € {1,...,d}, and keep fixed all other x;, for j #
i. We conclude that necessarily supp pf c {f} and consequently f(x) = Ch(x)
showing that h € H},(P). a

Corollary 7.6.4 Let X = (X,), be an irreducible Markov chain on X = 7% with
an invariant kernel P.
— If¢n+1 = Xpt1 — Xy has 0 mean, there do not exist non-trivial functions in
H*(P).
— The constant function h = 1 always belongs in H},, (P).
= Ifforalln=0,% ,ex PO, Y)Ilyll" < oo but}. ,ex P(0,y)exp(a- x) = oo for all
a # 0, then there do not exist non-trivial functions in H* (P).

Exercise 7.6.5 Prove the previous corollary 7.6.4.

Exercise 7.6.6 (Simple random walk on the homogeneous tree) Let X = T,
with d = 3, where T} is the group generated by the d free involutions, i.e. the
non-Abelian group with presentation T, = (ay,...,a4| af =...= aZ =e) where e
stands for the neutral element. Every x € T; can be written in a unique way as a
reduced word x = a;, -+ a;;, for some integer [, with the constraint iy # iy for
allk=1,...1-1. Theinteger [ := I(x) := | x| is called the length of the word x. The
inverse of x is immediately obtained as x™! = a;, -+~ a;,. The Cayley graph of T,
is the graph (V, A) where the vertex set V = T,; and the edge set A is the subset of
V x V characterised by the condition (x, y) € A © y = xa;, forsome i€ {1,...,d}.
There exists an isomorphism between the Caley graph of T; and the group T,
itself. Hence the group T, can be metrised naturally by introducing the edge
distance §(x, y) = [x~1 yl. The isotropic simple random walk on T} is defined by

the transition kernel
1

_J 7 fxyEeA,
Plx,y)= { 0 otherwise.

1. Write explicitly the condition for a function h to belong in H* (P).
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Introduce the sequence Y, = |X,|, for n € N. Show that Y = (V) is a
Markov chain on N of transition kernel Q (determine Q).

3. Show that [P’k(lim% = @) =1 forall keN.

Conclude that X = (X},),, is transient whenever d = 3.

5. Show that LY, (x) = G%(x, y)r (y) where r(y) =P, (X, # y, Y1 = 1). Argue that

0
VyeX, r(y) =r>0. Conclude that Go(x,y) = ﬁ

Introducing the function ¢ () = P;(Y,, = 0,for some n = 0) and the refer-
Py xD

dUy~h

Show that ¢ verifies ¢p(0) =1 and for [ = 1,

ence point o = e, establish that K(x, y) =

(l)—l (l—1)+E (I+1)

Show that a solution can be obtained in the form ¢(I) = 61/1{ + cz/lé where
c1, 2 are constants and A;, A solutions of the quadratic equation A = % +
%AZ. Conclude that ¢(1) = (ﬁ)l for [ = 0 and establish that K(x, y) =
(ﬁ)ly‘IXI—IXI.

Let (y,) be a sequence in X such that lim,|y,| = co. Determine under
which conditions the limit lim,, [|x~? Ynl—lynl] exists for all x € X.

. Let A={a=a;a; ;i €{l,...,d} A (i # ix+1) Yk} be the set of the leaves

of the tree. For x = ay, --- ay,, € X and @ = a;, a;, - -- € Awritten respectively
as a finite and as an infinite reduced word, introduce J : X x A — N by
J(x, @) = |x| —2max{j < |x| : kp = ip;1 < n < j}. Show that limK(x, y,) =
K(x, ) = (7).

10. he HY (P) & h(x) = [,(25)/ %% u"(da), where u" is a measure on A.
11. Show that 0Xp; =0, X = A.

Reste a rédiger: Amenability, amenable groups, Choquet-Deny theorem for

non-Abelian groups, boundaries for groupoids and semi-groupoids.
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Irreducibility on general spaces

In this chapter, methods for dealing with Markov chains on general spaces
are developed. The material presented in this and the following chapters heavily
relies on the original work of D6blin [5]; a more pedagogical and concise account
of this work is [27] or [26]. More complete treatement of the subject, far beyond
the scope of this semestrial course, remain [23, 2].

9.1 ¢-irreducibility

It is well known that for Markov chains on discrete spaces, irreducibility
means that for all x,y € X, there exists n = n(x,y) € N such that P"(x,y) > 0
or, equivalently, Ly (x) =Px(t, < oo) > 0. In the continuous case however, it may
happen that for any pair x, y € X, L, (x) =Px(7y <o0) =0.

Example 9.1.1 Let (¢;); be a sequence of independent random variables on
[—1,1] identically distributed according to the uniform law on [—1,1]. Then the
sequence (Xj,), defined by Xy = x and X, = X;,—1 + ¢, for all n = 1 is a random
walk on R verifying Ly (x) =Py (7, <oo) =0 forall x, y e R.

Definition 9.1.2 A measurable set F € & is called (stochastically) closed if F #
@ and P(x,F) =1 for all x € F. A closed set that cannot be partitioned into two
closed sets is called indecomposable.

Definition 9.1.3 Let ¢ € 4, ().
— The measure ¢ is called an irreducibility measure for the Markov chain X
if
AeZ,Pp(A)>0=>Vxe X, La(x)>0.

The chain is then called ¢-irreducible.
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— The chain is called ¢-recurrent if

AeZ,Pp(A)>0=>VxeX, Lalx)=1.

Remark: If X is countable, the usual notions of irreducibility and recurrence are
recovered on choosing for ¢ € #, (¥) the counting measure.

Given a probability v € 41 (%) and a measure ¢ € 4, (%), we know that v
has a unique decomposition into v = v, + v, where v, < ¢ is the absolutely
continuous part (i.e. VA€ &, p(A) = 0= v,4:(A) =0), and v, L ¢ is the singular
part (i,e. JA € &, p(A) =0 and v(A°) = 0). Moreover, the Radon-Nikodym the-
orem states that there exists a unique f € L'(X, %, ¢) such that, for all A€ &,
Vac(A) = [, f(x)p(dx), where f(x) = Z—(’;(x) is the Radon-Nikodym derivative.

Now, if ¢p € A, (X)) is an irreducibility measure, noting that for all x € X and
n €N, P"(x,-) is a probability on &, we can decompose P"(x,-) = P} .(x,") +
P! (x,-). Ondenoting by p,(x,y) = dpg(zx;) (), we have Pl (x, A) = [, pn(x, »)p(dy).
As far as the singular partis concerned, forall x € Xand n € N, P*(x,-) L ¢)p means
that there exists a set X , € & such that ¢(Xy,,) =0 and P"(x, P"(x,-)°) = 0. In

summarising,

P"(x,A)=fA . P, Y)PAy) + PlH(x, AN Xy ).

X,

Remark: One can easily show that for all x € X and all n € N, the Radon-Nikodym
density p,(x,-) is measurable with respect to the second argument and similarly
pn(, x) measurable with respect to the first argument. It is convenient to ensure
that p,(-,+) is jointly measurable with respect to the two arguments.

Lemma 9.1.4 Let ¢ € M (X)) be an irreducibility measure for the chain. Then,
any probability p € 4 (X)) that is equivalent to ¢ is an irreducibility measure.

Proof: Since p is equivalent to ¢ it follows that y < ¢ and ¢ < u. Hence, for
any A € & either ¢(A) = 0 (and consequently p(A) = 0) or ¢(A) > 0 (and conse-
quently p(A) > 0). Therefore, u is also an irreducibility measure. O

Proposition 9.1.5 Let ¢ € M () be an irreducibility measure for the chain.
Then there exists an irreducibility measure v € M () such any irreducibility
measure p' € M (X) isP <.

Proof: See exercise 9.1.5 below. |
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Definition 9.1.6 The measure ¥, whose existence is guaranteed by proposition
9.1.5, unique up to meausures thar are equivalent, is called the maximal irre-
ducibility measure.

Exercise 9.1.7 (Part of the paper given on December 2006) Let ¢p € 4, (¥) be
an irreducibility measure for the chain.

1. Isit possible, without loss of generality, to assume that ¢ is a probability?

2. Let v be a measure, defined for every A€ & by w(A) = fgb(dx)Gl/g(x, A).
Denote by X = {x € X: Z’fZZIP"(x, A) > 1/k}. If w(A) > 0 is it true that
¢ (Xg) >0 for some k=12

3. Does ¢-irreducibility imply y-irreducibility?

4. Let ¢' € M (X). Isit true that ¢’ is an irreducibility measure if and only if
¢ < y?

5. Can we conclude that two maximal irreducibility measures are equiva-

lent? (The ordering implicitly assumed here is the absolute continuity «.)

6. Let ¢ bean arbitrary finite irreducibility measure. Define ¢’ (A) = [ ¢'(dx)Gy/2(x, A)
forall Ae &. Isit true that y and v’ are equivalent?

7. If for some Ae &', we have (A) =0, show that w({x € X: La(x) >0}) =0.

Exercise 9.1.8 Let (¢,;) be a sequence of independent real-valued random vari-
ables, identically distributed according to the law v. Suppose that the measure v
possesses an absolutely continuous part v, with respect to the Lebesgue mea-
sure A on (R, B(R)), with density f. Suppose further there exist constants >0
and 6 > 0 such that for all x € Rwith |x| < S we have f(x) > . Construct a Markov
chain (X}) on (R, (R)) by the recurrence Xy = x and X;,+1 = X +&,41, forn e N.
Denote by P the Markovian kernel of this chain.

1. Let C={xeR:|x| < B/2}. For an arbitrary Borel set B < C and an arbitrary
X € B, minorise P(x, B).

2. Let ¢ € M (%(R)) be defined by

[ MA) ifAe BR),A<C,
‘p(A)_{ 0 if Ae B([R),AcC°.

Is the mesure ¢ an irreducibility measure for the chain (X,)?

Exercise 9.1.9 Lety € 4, (%) be amaximalirreducibility measure for the chain.
Aset Ae & is called full if w(A°) = 0.

1. Show that every stochastically closed set F is full.
2. Let A€ & be full and define F := {x € X: G%(x, A°) = 0}.
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— Show that F c A.

- Suppose that there exists y € F such that P(y, A°) > 0. Show that this
assumption contradicts the very definition of F.

— Conclude that any full set contains a closed set.

Theorem 9.1.10 Let & be separable. Then the densities p,(-,-) are jointly mea-
surable.

Proof: By lemma 9.1.4, we can assume without loss of generality that ¢ is a prob-
ability. Since P/ (x,-) < ¢(-), it follows that for any € > 0, there exists a > 0 such
that for every A € & with ¢p(A) < 6 it follows that P}, (x, A) <e, for all x € X.

Since & is separable, we proceed as in theorem B.2.1; there exists a sequence
(B)) e Of sets B, < X such that & = o(Bj,l € N). Denote ¥ = o(By,...,By)
for k € N. Every such o-algebra is composed by 2" ¥ possible unions of atoms
A1, Ag riy of Gi. Every atom A € ¢ is of the form: A= H; n---n Hg, each
H; being either B; or By. For every y € X, there exists a unique atom A € %} such
that y € A; denote by Ai(y) that particular atom. Define then

P"(x,Ar(y) .
Pukty) =4 A ?f P(Ax(1) >0
| 0 if Pp(Ar()) =0.

Each p;, r(,-) being jointly measurable, so will be the quantity g, (-,-) = liminfy_. pp (-, ).
Additionally, p,, r(x,) € L (X, %, ¢) and for all F € 9, we have [f, py, (x, Y)(dy) =
PJ.(x,F). This equation implies that (p,, x(x,-))f is a positive (¢})-martingale.
Therefore, it converges almost surely to g,(x,-) (already known to be jointly
measurable).

Lete > 0, choose § > 0 (as at the beginning of the proof) and let K €]0,00[ be

such that % =P 25;?'}@ < 8. Then, for all n and k,
1 PZ (x,X)
PxeX:ppi(x,y)>K}) < ELpn,k(x»J/)(p(dJ/) < “CT <9,

so that

f Pnk(X, Y)pdy) = P(rzlc(x’ {(z€X:pni(x,2) > K}) <e.
{zeX:ppr(x,2)>K}

This shows that the martingale (p,, (x, ) is uniformly integrable, therefore the
convergence takes place also in £!. Consequently, g,(x,-) is a version of the

Radon-Nikodym derivative P‘ZL;((;C”) . 0

Remark: If & is not separable, the conclusion still holds (see [34], §14.13, pp.
147-149.)
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Proposition 9.1.11 There exist X ® & -measurable versions of the densities p;, of
the Radon-Nikodym derivatives satisfying, foralln =1, all k with1 < k< n and
allx,yeX:

pn(x,y) = fo”_k(x,dZ)pk(z,y)
= Lpn-k(x,zw(dzmk(z,y).

Proof: For every k, let g; be a 2 ® 2 -measurable version of the density of PX..
Then we have forall Be &

P"(x,B)

f P"*(x,dy)P*(y,B)
X

\%

fP"‘k(x,dy)f qk(y,Z)gb(dZ)
X B

f(f P"‘k(x,dy)qk(y,z))t,b(dZ)-
B JX

Apply this inequality to B = A\ Xy , for an arbitrary A€ &. Then

P"(x, A\ Xy,n)

f qn(x,2)(dz) (because ¢p(Xy,,) =0)
A

v

f ( f P x,dy)g*(y, 2)p(d2).
A JIX
because ¢(Xy,,) = 0. Hence Vypz € X,
qn(x,2) = fx (P *(x,dy)g* (y, 2))
= fx(qn—k(x,dy)gb(dy)qk(y,z)).

On defining recursively

px,z) = qi(x,2)

gn(x,2)v max | X(P" *(x,dy)q"(y,2),n=2,

1<k<n

pl’l(x; Z)

we se that the sequence (p;), fulifills the requirements of the proposition. O

9.2 c-sets

When X is countable, or more generally when a general space X possesses a
special point a such that L4 (x) > 0 for all x, then the situation is quite simple
since segments of the Markov chain between successive visits to a are indepen-
dent.
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Example 9.2.1 Let ({,), be a sequence of independent random variables iden-
tically distributed with uniform probability on [-1,1] and consider the Markov
chain on X = R, defined by X,,41 = (X;; + £541)". Then 0 € X is a regenerating
point.

In the general case, such points may not exist; they are subtituted by c-sets,
“small sets” visible by the absolutely continuous part of the kernel.

Definition 9.2.2 Let C € % and ¢ € 4 (¥X). The set Cis called a c-set relatively
to the measure ¢ if

- ¢(C)>0and

- dneN:r(n,C) =infy yecxc pn(x,y) > 0.

Theorem 9.2.3 Suppose that & is separable and ¢ an irreducibility measure.
Suppose that A € & verifies

1. $(A)>0and
2. VBe%X,BS A ¢(B)>0=Vxe A Lg(x)>0.

Then A contains a c-set.

The proofis long and tedious but without any conceptual difficulty, split for
clarity into the two lemmata 9.2.4 an 9.2.5, proved below.

Denote by ¢? = ¢ ® ¢ the measure on  ® Z induced by ¢ and forany A€ &
by A? = A x A the corresponding rectangle. For any U € X x X, we denote by

Ui(y) = {xeX:(x,peU}l,yeX
Ux(x) = {yeX:(x,y)eU}l,xeX,

the horizontal section at ordinate y and the vertical section at abscissa x. Define
now

1
R™M = {(x,y) € A*: pp(x,¥) = —

and
R=Umz1Upn=1 RUm™,

Now
x€AYyeERX)=>Im=1,In=1:(x,y) c R

Thus, Ry(x) = Umz1Up=1 {y € A: pim(x,y) = 2} =BC A.

Lemma 9.2.4 Let ¢ be an irreducibility measure. For all x € X, ¢p(R2(x)) > 0.
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Proof: Instantiate hypothesis 2) of the theorem for A =X.

VBEZ,p(B)>0 = VxeX:Lp(x)=Py(tp<00)>0
= VxeX: ) Pyrp=m)>0

m=1
= VxeX: ) P"(x,B)>0 (%),
m=1
because {X,, € B} = {rg = m}u {1 < m, X;,, € B} and consequently, P"*(x, B) =
P.(tg = m). Now P™(x, B) differs from [ p;u(x, y)p(dy) on BN Xy, (recall that
¢(Xx,m) =0). On defining Xy = UpmenXy,m, we have that ¢p(Xx) = 0. Thus, with-
out loss of generality, we can limit ourselves to measurable sets B € &, with
¢(B) > 0 and Bn X, = @. These considerations imply that the inequality ()
above, reads now f 8 X m=1Pm(x,1)P(dy) > 0. Therefore,

VXeX,Yoy€B = > pm(x,y)>0

m=1

= dIm=z=z1l:pplxy)>0

1
= dm=L3anz=1:pyuxy)=—.
n

In summarising: Vx € X: ¢(Upms1 Ups1 (X, Y) € B2 : plx,y) = %}) > 0 hence
¢(Ry(x)) >0. O

Lemma 9.2.5 Let ¢ be an irreducibility measure.

PUy e X: PR (y) >0 and ¢p(Ry(y) >0} >0.

Proof: We know from lemma 9.2.4 that f ¢(R2(x))p(dx) > 0. Thus

0

A

f(/)(Rz(X))(/)(dX)

= ff]le(x)(y)(P(dy)

f(f 1r(x,y)p(dx)p(dy)
f(/J(R1(y))<p(dy),

proving that we have both [ ¢(R;(3))¢p(dy) >0 and [ Pp(R2(3))¢p(dy) > 0. To fin-
ish the proof, we must show I > 0, where:

I

[ ooty
[ wrwop@n [ 1ae oy

ff(f Lr(s, NLg(y, )P(dy))d(ds)p(dr).
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Instantiating the previous lemma 9.2.4 for A = Xyields ¢(R2(y)) >0, forall y € X.
Combined with the conclusion f &(R1(y)p(dy) > 0 obtained above, we con-
clude that I > 0. O

Sketch of the proof of theorem 9.2.3: As was the case in the proof of lemma 9.2.5,
¢-irreducibility guarantees that 1 (s, y)1r(y, t) > 0 on a set of strictly positive
measure: there exist my, ny, my, ny such that P™ (s,y) = n% and P™(y,t) = n%
Define F = R™"™ and G = R"™ and consider (Ay), be a sequence of finite & -
measurable partitions of A such that for all n, the partition A, is refinement of
Ay, i.e. every element of A, is a finite disjoint union of elements of A;. Addi-
tionally, every such partition of A induces a partition of A? because if Ana €Ay
and Appg € Ay, for a,f =1,...,1A,|, then the set A, o x A, 5 = Ai,(a’ﬁ) will be
an element of the induced partition. Now, for all x € A, there exists a unique
6 =68(n,x) € {1,--+,|A,l} such that x € A, 5. Denote by 4, = G(Afl'(a’ﬁ),a,ﬁ €

{1,--+,|A,1}) the o-algebra on X x X generated by the partition of order 7.

As was the case in the proof of theorem 9.1.11, it is enough to consider the
case where ¢ is a probability. For every n > 1and x, y € X, the set D = A2
%, and we have:

¢*(FN D)

Since the sets of the form D are a 7-system generating %,,. Hence we shall have

¢*(FN D)

(/)2(D) =E(lr|%4,), a.s.

Now the sequence (E(1r|%,)), is a uniformly integrable (%¥,),-martingale con-
verging almost surely! to lz. Assuming that F is contained in the o-algebra
generated by the partitions, we have therefore,

¢*(Fn A? )
lim n,(0(n,x),6(n,y)) = 1px, J/), x, y) c A2 \ N.
n—o00o (p?_ (AZ )
n,(6(n,x),6(n,y)

The same line of arguments leads to the conclusion that

P> (Gn A? )
lim n,(6(n,x),0(n,y)) — Lo, J/), x, y) c A2 \N.
n—00 ¢2 (A2 )
n,(6(n,x),6(n,y))

Since ¢?(N) = 0, we have

Py e A:p(F1(y) > 0and $p(G2(y)) > 0}) >0,

1. That means that for all (x, y) € A2 but, may be for a negligible set N.

n,(6(n,x),06(n,y)) €
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meaning that

Py e A:p(Fr(y) \ N1()) > 0;p(G2(y) \ N2(y)) > 01) > 0.

There exist therefore s, yo, fo € A such that so € F1(y0) \ N1(y0) and #p € G2 (o) \
N> (y0). For n sufficiently large denote by a = 6(n, sy), f = 6(n, y), and y =
0(n, tp); since

2 2
. (P(FﬁAn,(a,ﬁ))
¢ n,(a,B)

when the right hand side does not vanish, there exists ny sufficiently large so
that for n = ny we have

P*(Fn A® )>§¢>(A (A p)
n(@p)’ = 4 na n,p

and similarly

3
g[)2 (Gn A?z,(a,y)) > Z¢(An,a)§b(An,y)-

Left hand sides of the above equations read respectively f Aa (o (s)NA,, ﬁ)(,b(d )
and fAny $(G1(t) N Ay p)p(d1). On defining

J

3
(S€ A (F2(9) N App) = S Anp))

3
K = (1€ Any:¢(Gr(DN Ap) = S P(Anp)}

we conclude that ¢p(J) > 0 and ¢(K) > 0. We can further show that for all x € Jand
allze K, p(Fo(x)NGy(2) = %<P(An,ﬁ)- Now, y € F»(x)N G (z) means that (x,y) € F
and (y, z) € G. Recalling the definitions of F and G given at the beginning of the
proof, we have:

Pm+m,(X,2) = fxpml(x,y)pmz(y,z)wdy)

\%

f Pm, (6, V) Pm, (¥, 2)P(dy)
F,(x)NG(2)

$(Ap,p)
21’11 ny
A>0.

By hypothesis, for all x € K there exists an m = 1 and an € > 0 such that for C =
{xe K:P"™(x,]) > e} we have ¢(C) > 0. For x, y € C then,

Pmsmi+m,(X,Y) = f]Pm(x,dZ)Pm+m2(Z,y)
d()Ae > 0.

v

Therefore C is a c-set. O
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Corollary 9.2.6 If% is separable and the chain is ¢-irreducible, then all Ae &
such that ¢(A) > 0 contain c-sets.
Definition 9.2.7 Let ¢ € 4, (¥') and C a c-set. Define

IC)={n=z1:r(n,C)= inf p,(x,y) >0}
(x,y)eC?

and
d(C) = ged I(C).

Proposition 9.2.8 Let C be a c-set with d(C) = d, for some d € N.
1. The set I(C) contains all the sufficiently large multiples of d.
2. Ifthe chain is irreducible then all c-sets C' < C verify d(C") = d.

Proof: Since I(C) is closed for addition, (1) is an immediate corollary of lemma
6.1.11.
Recall the notation r(n, C) = inf, y)ece pn(x,y). To prove (2), note that

nellC) © rn_C >0,
nellC) o r#, Ch>o.

Obviously C' < C = I(C) < I(C") = d' = gcdI(C") = d = gedI(C). Let my,my €
I(C), n' € I(C"), x,y € C. Hence

Prg+n+m,(%6,Y) = fc , Crpml(x,x')pnf(x’,y’)pmz(y’,y)cp(dx’)c/)(dy’)

\%

r(my, O r(n',C"r(my, C)((b(C'))2
> 0.

Therefore, m; + n' + my € I(C) and similarly we prove that m; +2n’ + my € I(C).
Therefore, d divides both m; +2n' + m» and m; + n’ + my, hence it divides their
difference, i.e. n'. Hence d divides any integer in I(C"), therefore, d < d’. O

9.3 Cycle decomposition

Proposition 9.3.1 Let (Y, %, (%) nen,P) be a filtered space, %o = V n=1%,, and
(A;); a sequence of events such that A; € %, foralli = 1. Then

L 1imy oo P(UG2, Ail#) = L e 4y = Liimsup, 4,7
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2. limp—ooP(N32, Ail%n) = Luze_ ne A, = Lliminf; 4;-

Proof: The two assertions can be proved similarly; only proof of the first is given
here. Note that for all k < n:

Xn

P(U?ZkAilgn)
PUR, Al
P(Noy=1 Ute,, Ail %)
[E(]llimsupiAilqyn)

Y.

v v

Now, (Xj,),, is a positive, uniformly integrable (%},) ,-martingale. As such it con-
verges almost surely and in £ towards ]lU?ik 4;- Sois (Yy), therefore lim, Y, =
Ljimsup, ;- Exploiting the convergence of the martingales at both ends of the
above inequality, yields

Lye 4, = limsup P32, Ail%y)
B n

\%

liminfP (U5 A;|%y)
n

= ]llimsupiA,--

Finally, taking the k — oo limit of the leftmost term in the above inequality, we

getlime oo lupa; = Lngyuimea = Liimsup, 4;- 0

Recall (exercise 14 in section 3.6) that Lg(x) = P, (U,>1{X, € B}) and Hg(x) =

P1(N%, Umsn {Xim € BY).

Definition 9.3.2 Let A€ %'. The set A is called unessential if for all x € X, we
have H,4(x) = 0; otherwise, is called essential. If A is essential but can be written
as a countable union of unessential sets, then is called improperly essential,
otherwise properly essential.

Remark: The previous definition implicitly implies that a countable union of
unessential sets is not necessarily unessential. To convince the reader that this
is not a vain precaution, consider the following example: let X = N and suppose
thatforall x € X, P(x, y) = 0if y < x while P(x, x+1) > 0 (for example P(x,x+1) =
1). Then all states are unessential. However X = Ucx{x} is necessarily essential.

Proposition 9.3.3 Let F € & be a closed set and F° = {x € X : Lp(x) = 0}. Then
X\ (FU F°) cannot be properly essential.
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Proof: Since F is closed, it follows that
F={xeX:Lp(x)=0}={x€ F°: Lr(x) =0}.
Thus, (F°)¢ ={x€ F°: Lr(x) >0}U F and
X\ (FUF°)={x€ F°:Lp(x) >0} = Up>1Gpn,

where G, = {x€ F¢: Lp(x) = #}. It is therefore enough to show that for all m the
sets Gy, are unessential.

From proposition 9.3.1 and strong Markov property, we conclude that

Lr(X,) = Px(Uiz0{Xi+100" € F}|Fp)
= [FDx(Uizn{XHleFHgn)

- ]llimsupn{XneF}-

Thus lim;, oo LF(Xy) = 1ix,erio}- On the set {X;, € Gy, i.0.} we have that for all
n € N, there exists an integer k;, = 1 such that X,,, ¢, € G;,. Therefore, Lr(X;,1k,) =
infyeg,, Lr(y) = 1/m. Thus

0,1} 3 U(x,eFio} = 1irIlnLF(Xn)

Hm Ly (X ,)

> 1/m,

i.e. Lix, eFio} = 1. This shows that on {X}, € G, i.0.}, we have {X,, € Fi.o.}. How-
ever, F is closed, hence absorbing: if X, € F infinitely often, then there exists
an integer N such that for all n = N we have X,, € F, i.e. if X;, € F infinitely of-
ten, then F¢ cannot be visited but at most a finite number of times. This is in
contradiction with the assumption X;, € G, infinitely often. O

Remark: It is worth quoting here a particularly vivid image used by Déblin [5] to
explain the contradiction used in the above proof: “Si un promeneur a, en traver-
sant une rue, une probabilité p > 0 d’étre écrasé par une voiture, il ne saurait la
traverser indéfiniment car il sera tué avant (nous admettons qu'’il ne puisse pas
mourir autrement).”

Definition 9.3.4 Let (Cy,...,Cy) be a collection of d (d = 2) disjoint measurable
sets of . We say that (Cy,...,Cy) is cycle (more precisely a d-cycle) for the
stochastic kernel Pifforalli=1,...,d—1 and all x € C; we have P(x,C;) =1 and
forall xe C;, P(x,Cy) =1.

Theorem 9.3.5 Suppose that X is a ¢-irreducible chain. Then there exists a d-
cycle€ = (Cy,...,Cy) such that
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— Theset A=X\ U?ZlC,- is not properly essential and verifies ¢p(A) = 0.

- If€' = (C’,...,Czi,) is a d'-cycle, then d' divides d and for alli =1,...,d’,
the set C; differs from the union of d/d' members of the cycle € by a ¢-
negligible set that is not properly essential.

We shall prove this theorem only for the case of separable &. The non-
separable case is treated according the lines developed in [34] p. 147. The proof
is split into two elementary lemmata, lemma 9.3.7 and lemma 9.3.8 below. We
start by stating a

Definition 9.3.6 Let ¢ € .4, (%) be an irreducibility measure and d a fixed in-
teger and C a c-set. For an integer k with 1 < k < d, a measurable set A€ & is
called k-accessible (relatively to ¢ and C) if there exists a measurable set B< C
with ¢(B) > 0 such that Px(u‘;o:o{XndJrk e A}) > 0, for all x € B. If there exists
some integer k so that A is k-accessible, then A is called accessible.

It is evident that A € & is k-accessible if and only if

ABeX,B<C,p(B)>0:VxeB,Ps(t4€Ly) >0,

where L = dN+ k.

Lemma 9.3.7 Let¢ be an irreducibility measure and C a c-set having periodicity
d(C)=d. Then C is d-accessible.

Proof:Bylemma 6.1.11, it follows that there exists an integer Ny = 1 such that, for
n = Ny the integer nd is contained in the set I(C) = {n e N: inf(x,y)ecz pn(x, Y}
Therefore, for all x € C,

Pe(UR2 {Xia+a €CH = Px(UR N (Xigra € CH
= r((Ng+1)d,C)p(C)
> 0.

Lemma 9.3.8 Let ¢ be an irreducibility measure and C a c-set having period-
icity d(C) = d = 2. Then for any integer k with 1 < k < d, the set C cannot be
k-accessible.

Proof: Suppose on the contrary that there exists a k with 1 < k < d such that C
is k-accessible. Then, there exists a measurable B < C with ¢(B) > 0 such that
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for all x € B, there exists an integer ny = infin = 1 : pnd+k(x C) > 0. Denote
by nc = supiny, x € C}; since C is a c-set, n¢ < oo and obviously pred+k(x ) >
0. Without loss of generality, we can always assume that nc = Ny, where Nj is
defined in the course of the proof of the previous lemma 9.3.7 (why?). Hence by
lemma 6.1.11, we have ncd € I(C). Let z€ C and m € I(C). For all x € B (hence
x € C), we have thanks to proposition 9.1.11

pncd+k+m(x,z)2f Pk (x, dy) pm(y, 2) = r(m, C) Pk (x,C) > 0.
C

Therefore, ncd + k + m € I(C); as such is divisible by d. But d already divides
ncd + m. Hence, d must also divide k, in contradiction with the definition of d
as gcd I(C). d

Sketch of the proof of theorem 9.3.5: Since the chain is ¢-irreducible, there exists
a c-set C. Let d = d(C) = ged{n = 1 :inf( ))cc2 pn(x,y) > 0}. For j=1,...,d,
define: éj ={xeX:P" J(x,C)>0 for some n > 1}. Since C is a c-set, it follows
that ¢(C) > 0 and since the chain is ¢-irreducible it follows that for all B € & :
¢(B) >0=VxeX, Lg(x)>0. Every x € X belongs to at least a C'j forj=1,...,d.
However, the sets C j are not necessarily mutually disjoint.

Lemmata 9.3.7 and 9.3.8 guarantee that C is d-accessible (relatively to ¢ and
C) while cannot be k-accessible for any k, with 1 < k < d. We show similarly
thatforl<i#j<d, Ci neC i is not accessible. (Exercise! Hint: follow the line of
reasoning used within the proof of lemma 9.3.8.) Hence A = U0<i<j5d(éi n Cj)
is not accessible either. Consequently, X\ A is closed. Define C; = C; \ A, for
i =1,...,d. Itis then elementary to show that A = X\ U?ZICi. Since A is not
accessible, ¢-irreducibility implies that ¢(A) = 0. Applying proposition 9.3.3 to
the closed set X\ A implies that X\ ((X\ A) U (X \ A)°) is not properly essential.
Now

(X\A)° ={xeX: Lxa(x) =0}

But ¢p(X\ A) > 0 so that by ¢-irreducibility, for all x € X, we have that Lx\a(x) > 0;

this implies (X \ A)° = @. In summarising,

X\ ((X\A) U (X\ A)) X\ (X\ 4)

= A

establishing thus that A is not properly essential.

The second assertion of the theorem is proved according to the same line of
reasoning (exercise!). O

Proposition 9.3.9 Let A€ & beanonemptyset. Denoteby A = {x € X: Hy(x) =
1} and suppose that X is indecomposable and properly essential. Then the follow-
ing are equivalent:
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1. Ais properly essential,
2. A°=¢,
3. A #£¢@.

Proof: An exercise (10.1.3), postponed to the next chapter 10. O

Exercise 9.3.10 Let X be indecomposable and F closed. Show that F¢ cannot
be properly essential. (Hint: Start by showing that F < (F¢)°.)
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Asymptotic behaviour for
¢-recurrent chains

In this chapter we shall establish that the asymptotic o-algebra, f/‘o@” , fora

¢-recurrent chains is finite. If moreover the chain is aperiodic, the asymptotic
o-algebra is trivial.

10.1 Tail o-algebras

Definition 10.1.1 For Ae &, we denote by A(A) the set

A(A) = ﬁo”(l):I UismiX;€e A} ={X;e Ai.ol.
Remark: Recall that L 4(x) =P, (T4 <00) =Py (U;>11X, € A}) while Ha(x) = Py (A(A)).

Proposition 10.1.2 Let A, Be%X.

1. Ifig(A) :=infyec 4 Lg(x) > 0, then, for all y € 4 (X)), we have A(A) < A(B),
Py-a.s. Consequently P, (A(A)) <P, (A(B)).

2. If sp(A) := sup,c 4 Hp(x) < 1, then, for all p € 4 (X), we have A(A) <
AC(B), [Pu-a.s. Consequently IP’H(A(A) NA(B)) =0.
Proof:Let A; = {X;+1 € A} and B; = {X;41 € B}.
To prove (1) note that Lg(Xy) = Py(U;>,B;|%,) and by proposition 9.3.1,
limy, oo Lp(Xy) = La), Py-a.s. If w € A(A) then for all m = 1, there exists a

n = m such that w € {X,, € A} < {Lg(X,;) = ig(A)}, the latter inclusion holding
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because infyc 4 Lp(x) >0 (and X, € A). Hence, P-a.s.

A(A) < limsup{Lg(Xy) = ig(A)}
n

= {i%fsup Lg(X,) = ig(A)}

n=zm

c {limsup Lp(Xy) >0}
n

= {law >0}
= {liap =1}
= A(B).

To prove (2) note that Hp(Xy) = Pu(Nm=n Uk=m Bx|F») and by proposition
9.3.1, limy,—.o, Hp(Xy) = Uz(B), Py-a.s. If w € A(A) then for all m = 1, there exists
a n = m such that w € {X;, € A} < {Hp(X,;) < sg(A)}, the latter inclusion holding
because sup, 4 Hg(x) = sg(A) (and X, € A). Hence, P;-a.s.

A(A) < limsup{Hp(X,) < sp(A)}

N

lim nf Hp (X,) < 1}

= {Lpm <1}
= {Llgm =0}
= A°(B).

Exercise 10.1.3 (Proof of the proposition 9.3.9)
— For n =1 define

1 1
Ap={xeX:Hp(x)<1——;La(x)>—}.
n n

Express X in terms of A°, A% and the family (A;,) .

— Show that for all n = 1 the sets A,, cannot be properly essential. (Hint: use
proposition 10.1.2 twice.)

- Determine A° N A*° and conclude that A% and (X \ A) n A° are disjoint.

— Show that A° and A* cannot be simultaneously non-empty, establishing
thus the equivalence of statements 2 and 3 of the proposition. (Hint: show
they are closed and use indecomposability of X.)

— Conlcude that either A° or A* is properly essential.

— Assume statement 3 of the proposition holds. Write A = U, B, with all B,
unessentialand D, = {x € A*®: LUZ:1 B (x) > %}. Show that for some indices
n the sets D, must be properly essential.

— Show that the previous results contradicts the statement that all B, are
unessential.
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— Conclude that 3 implies 1.
— Conversely suppose that 1 holds and assume that A*° = @. Show that one
can then decompose A into a countable union of unessential sets.

Corollary 10.1.4 If(X}) is a ¢-recurrent chain then
1. Forall Be &, with ¢(B) >0, we have Hp(x) =1 forall x € X.

2. Every bounded harmonic function is constant.

Proof: To show (1), recall that ¢-recurrence means that for all B € & with ¢(B),
wehave Lg(x) = 1forall x e X. Let A= Xand B € & as above; then infyex Lg(x) >
0. Hence (1) of proposition 10.1.2 is verified. For p = €, we get: 1 =P, (A(X)) =
Hx (x) = Pyx(A(B)) = Hp(x) < 1. Summarising:

BeX,p(B)>0=>VxeX:Hp(x)=1.

To show (2), let h € b% be harmonic. By theorem 5.4.1, there exists abounded
invariant function Z € b& such thatlim, h(X,) = Z, Py-a.s. Define ay = sup{a €
R:¢({x e X: h(x) > a}) > 0}. Since h € bZ, it follows ay < co. Therefore, for all
a €10, apl, p({x € X: h(x) =2 a}) > 0. From (1) we get: Hiyex:hx=a(X) =1, for all
x € X, meaning that h(X,,) = a for infinitely many indices. Consequently, = = «
P-a.s. because = = lim,, h(X}). Similarly, for all &« > a, we show that for a > ay,
w have Hiyex:nx=a}(x) = 1, for all x € X and consequently = < ay P,-a.s. Thus,
finally, P, (2 = @) = 1 meaning that h(x) = Ex(E) = ay. O

10.2 Structure of the asymptotic o-algebra
This section is devoted to the proof of the following

Theorem 10.2.1 Letu e 4, (X) and (X,) a ¢-recurrent Markov chain.
1. Ifthe chain is aperiodic, then I £“ is trivial.

2. If the chain has period d and (Cy,...,Cy) is a d-cycle of (Xy), then 3—0“2” is
atomic and the atoms (modulo P, -negligible events) are those of the events

Ei =Um=1 Np=m {Xpari €Citi=1,...,d

that verify the condition P, (E;) > 0.
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Proof: Only the periodic case will be proved. To establish triviality of the ffoﬁ” o-
algebra, it is enough to show that all bounded harmonic spatio-temporal func-
tions are constant because then, from corollary 5.4.2, it follows that the invariant
o-algebra for the spatio-temporal chain is trivial and proposition 5.3.6 guaran-
tees further that the asymptotic events for the chain are the invariant events for
the spatio-temporal chain. Let i be such a bounded harmonic spatio-temporal
function. Define h'(x,n) = h(x,n+1) for all x € X and all 7 € N. Then 7’ is also
a bounded harmonic spatio-temporal function. We shall establish in the sequel
that i’ = h showing that / is independent of n, hence /’'(x, n) = h(x) for all x,
where £ will be a bounded harmonic, hence constant by (2) of previous corol-
lary 10.1.4.

Suppose that there exists a zy = (xg, 1p) such that n (zg) # fz(zo). Denote by
Zn = (Xp, Tp) the spatio-temporal chain. The martingales (R(Z)pand (B (Z)
converge respectively towards = and =/, P, -a.s. Since we have supposed that
I'(z9) # h(z), we have necessarily that P, (2 # Z') > 0. Assume that P, (Z <
=') > 0 (the other case is treated similarly). Then there exist a,b € R with a < b
and 6 > 0 such that

P, E<a;E >b)=6>0.
On denoting A = {z: h(z) < a} and B = {z: h'(z) > b}, the previous relationship
implies

Py (Um=0 Nn=m {Zn € ANB}) = 6.

Let g(z9) = P, (Np=m{Z, € AN BY). Since
hlr’lng(Zn) = ]J‘Umzoﬁnzm{zyﬁAﬂB};pzo'a.S.,

appropriately choosing z, the value g(z) can be made arbitrarily close to 1 with
strictly positive probability P,. Corollary 9.2.6 guarantees that any measurable

set A with ¢(A) > contains a C-set. Let C such a set; there exist m > 0 and
r(m,C) > 0such thatforall x, y € C, wehave both p,,(x,y) = r(m,C) and p+1(x, y) =
r(m, C) (due to the aperiodicity and lemma 6.1.11). Now,

dC)>0 5" He(r)=1,VxeX
> Pu(X,eCio)=1
=> P, (Z,eCxNio)=1. (%)

Observe also that

{likng(Zn) =1} Np=1UYUm=0 Np=milg(Zy) — 11 <1/ p}

mleAp;
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where Ap = Um=0Nn=milg(Zy)—1| < 1/p}. Therefore, the condition [ﬁ’zo (lim, g(Z,) =
1) > 0 implies that for every r = 1, we have

Pz Um0 Nn=m (18(Zn) =11 <1/1} = Py (A))
= [ﬁ)zo(mpzlAp)
> 0. (k%)

In other words, there exists an increasing subsequence (n;);, with lim; n; =
oo such that for every n’ > 0, we have simultaneously for every [

P, (Xn, € Cand |g(Z,,) — 11 <n') > 0.

In fact, abbreviate C,,, = {X,, € C} and G, = {Ig(Z,,) — 1| <n'}. Then the condi-
tion ¢p(C) > 0 implies, by virtue of (*), that there exists a strictly increasing un-
bounded sequence of integers (1;); such that for all I, P, (C,,) = 1. Similarly,
condition I]?"zO (lim, g(Z,) = 1) > 0 implies, by virtue of (**) that there exists an
integer N > 0 such that forall n = N, ﬂﬁ’zo (Gy) > 0. Now

0 < Pg,(Gp)
= P, (CpNGy)+P4(Cy, NGy
= P, (Cy NGy).

Therefore, there must exist a point z; = (x1,n;) with x; € C and 1 - g(z1) <
r(m,C)p(C)/4. Let C' = Cn{x e X: (x,n; + m) € An B}. We have then:

Py (XmeC) = fc pm(x1, Y)P(dy) = r(m,C)p(C")

and
Py, (Xm € Cch< le (Zm€ AnB) <1-g(z1) <n¢(C)/4.

Hence, ¢(C') < ¢p(C)/4. We introduce similarly C" = Cn{xe X: (x,ni+ m+1) ¢
An B} and establish that ¢(C") < ¢(C)/4 and conclude that ¢(C'uC") < ¢p(C)/2.
The latter implies that C contains a point x that does not belong to C' u C”; for
that point x, we have (x,n,+m) € AnB and (x,n; + m+1) € An B. Now, for
n=n;+m,(x,n) € ANB= (x,n) € B= h(x,n) = k' (x,n+1) > b, while (x,n) € An
B=> (x,ne A> fz(x, n=hGxn+l) < a, a contradiction due to the hypothesis
that B # 1.

The proof for the periodic case is based on theorem 9.3.5. O

Corollary 10.2.2 Let (X;) be a ¢p-recurrent chain and p,v € 4L (X).
1. Ifthe chain is aperiodic, thenlim,, || (u—v)P"| = 0.
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2. Ifthe chain has period d, then || % lim, Zi;& (L—v)P"E| =0.

Proof: If the chain is aperiodic, ¢-recurrence guarantees the triviality of I o”:;“ by
theorem 10.2.1, for all g € 4, (%). We conclude then by theorem 5.4.4. If the
chain is periodic, then (X, 4+,) is ¢-irreducible and aperiodic on the cycle C;.
(]

Exercise 10.2.3 (Weakening of the condition of ¢»-recurrence) A chainis called
weakly ¢-recurrent if A€ & and ¢(A) >0 imply that Vyx € X, Hy(x) = 1. Con-
sider a weakly ¢-recurrent chain and chose = = 1 4 where A is an invariant set.
If we define h(x) = Ex(Z) then for all u € 44 (X)), lim, h(Xy) = E, Py-a.s.

1. If 0 < a < 1, show that the sets By = {x € X: h(x) > a}and B, = {x € X :
h(x) < a} cannot be simultaneously of strictly positive ¢) measure.

2. Conclude that Vyy € X, either h(y) =0 or h(y) =1.
3. Let p € M, and Py(-) = [(dx)Px(-) (even when p is not a probability).
Show that if i < ¢, for all A€ _go, either P,,(A) = 0 or P, (A) = 1.
4. Conclude that if y <« ¢, weak ¢-recurrence extends theorem 10.2.1 by
. - P
guaranteeing the triviality of the o-algebra ¢,



Uniform ¢-recurrence

11.1 Exponential convergence to equilibrium

We introduce the notion of taboo probability kernel by

P (x, A) =P (Xpe A X;€BYi=1,...m—1).

Definition 11.1.1 A chain (X,,) is uniformly ¢-recurrent if for all A € & with
¢(A) >0, the following lim,, 7" _; AP™(x, A) = 1 holds uniformlyin x.

Remark: Although elementary, it is worth stating explicitly for the sake of defi-
niteness what is meant by uniformity in the previous definition:

n
Ve>0,AN:VxeX,Yn=N= ) 4P"(x,A)=1-¢.

m=1

Theorem 11.1.2 Let (X)), be a uniformly ¢-recurrent chain. Then there exist
constants C < oo and p < 1 such that for all u,v € 4 (X)), and all n,

1. ifthe chain is aperiodic,
I(w=v)P"l < Cp"llp=vl,

and

2. ifthe chain is d-periodic,

1 n
I= > (w=vP I =Cp"llp-vl,
=1

127



128

Proof: Only the aperiodic case will be treated in detail. Without loss of generality,
we can always assume that ¢ is a finite measure. Denote o, = (1 —v)P".

We first prove that the sequence (|| ,|) , is decreasing: recall that |0 ,| = o, +
0,.-Then|o,+1|l=10,P| <0, P+0;,P. It follows that

|0 n+11(X)
o P(X)+0,P(X)
g (X)+0,(X)

lonl.

lonell

I IA

Suppose for the moment that there exist n; = 1 and p; < 1 such that

lon Il = Il(u=v)P" I < p1lip—vI ()

holds. Iterating, we shall then have [|o, |l = |(u— v)PMk| < p’fllu —v| for all
k. Therefore, the result holds for the subsequence (|0, )« and since the ini-
tial sequence is decreasing, the result will hold for any p with 7/p7 < p < 1. To
conlude, it is henceforth enough to establish (*).

Note that for every pair y, v € 4, (%), there exist a pair of mutually singular
finite measures u/,v' € 4, (%) such that u—v =y —v' with /|| = |V'|| = |u -
v||/2. Then

I(u—=w)P" (' =P

= | f ' (dx)e,P" - f v'(dy)e,P"|

1

= T ||ff,u'(dx)v’(dx)(ex—ey)P"||
1

= ”IJI”ff,ul(dX)V/(dX)”((:'x—€y)Pn||,

Therefore, it is enough to show the claim for u =€, and v = €, with x # y.

The chain is aperiodic and ¢-recurrent, therefore, since for all u,v € 4, (%),
the convergence lim, || (i — v)P"|| = 0 holds, for all § > 0, there exists a ng = 1
such that for n = ny we have | (u—v)P"| < §/4. For fixed xp € X and § > 0, we
can find! a B € & with ¢(B) >0 and a ng = 1 such that for z € B and n = ny we
have ||(ex, —€;)P"|| < 6/4.

The chain (X},) is uniformly ¢-recurrent, therefore for B € & with ¢(B) > 0,
there exists a n; such that ZZ‘:IBPk(y,B) >1- %. For n = max(ng, n;), for all

1. To establish the existence of such a set with strictly positive measure, on has to use the
Egorov’s theorem A.2.1.
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AeZ andall ye X:
an = |P"(x0,A)—P"(y,A) -

m

> | 5P*(y,d2)(P"(x0, A) — P" ¥ (2, A))

k=1YB
n

< P"(x, A=Y | sP*(y,dz)

k=1YB

1
+P"(y, A= Y. | 5P*(y,d2)P" ¥ (2, A).
k=1YB

Now, for all [ < n:

P"(y, A) f Pl(y,dz)P" ! (z, A)
X

\%

f Pl(y,dz)P" ! (z, A)
B

\%

Z[Bpk(y,dZ)P"_k(z,A).
k=1YB

Finally, a, is majorised as

I\

1-a-6/a)+ Y, | PrydaP" ¥z, A)
k=n;+1 B

an

[e.°]
§/14a+ Y | Pr(yd2)
k=}’l1+1 B

IA

0/2.

IA

Consider now the remainder

by = 1Y fB sP*(y,dz)(P"(x, A) — P" (2, A))|
k=1

IA

> f sPX(y,d2)|P" ¥ (x9, A) - P"*(2,4)| (= b})

k=1YB

+) fB 5P (3, d2)|P" (x0, A) ~ P"F(xo, A)] (= b))
k=1

From the choice of B as the support of the measure v, it follows that lim,, | P"~*(x,, A)—
P"k(z, A)| = 0, uniformly in A; consequently lim,, bl =0, uniformly in A. From
corollary 10.2.2, it follows that for every fixed k, we have || P" (xy, -) —P" K (x0, ) =

I (ex, —exOPk)P”_kII — 0, hencelim, bfl = 0, uniformly in A. Therefore, uniformly

in Aand y,

n
lim| y" f sP*(y,d2)(P"(x0, A) = P" ¥ (z, A)| = 0.
k=1YB
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In conclusion,

uniformlyin A and y. Since |P"(x, A)—P"(y, A)| < |P"(xg9, A)—P"(x, A)|+|P" (xo, A)—
P"(y, A)] — 0, there exists p; < 1 and an integer N, such thatforall x, yand u =€,
and v =€, we have || (u—v)PN|| < p1llu—vI. O

11.2 Embedded Markov chains

If for some A € & and all x € X the condition H4(x) = 1 holds, then P, (74 <
oo) = 1. It is easy then to verify that the taboo potential kernel 4G(x,B) is a
Markovian kernel when restricted on (A, Z 1), where 4, ={Be % : B< A}:

Ex()_ La(Xp)
k=1

= Y Ex() LaXplta=nPy(ta=n)
n=1 k=1

= Pyx(ta<00)
= 1.

AG(x, A)

Definition 11.2.1 Suppose that (X,), isa MC((X, %), B u) with u = €, for some

x € A. Denote by Tf) =0 and recursively for n =1,

W =inflk > 7"V X € A}

Then the process (Y;,) defined by Y, = X_w isaMC((A, Z4), Pa, €x), where P4(x, B) =
A

4G(x,B), for all x € A and B € & 4. The Markov chain (Y;,) is called embedded in

A.

Definition 11.2.2 Let X be a MC((X,&Z),Pu). Aset D € & is called a d-set if
the chain embedded in D is uniformly ¢-recurrent.

Proposition 11.2.3 Ifthe chain (X;) on (X, %) satisfies

n
VAeX,p(A)>0,3n>0,e>0:Vxe X: Z APk(x,A) >e,
k=1

then the chain is uniformly ¢-recurrent.
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Proof: Observe that Zizl APk (x, A) = Zizl P.(Xi € A;T 4 > k—1). The hypothesis
guarantees for all x € X:

n n
Y aPFx, A = Po(Xp€ATa>k—1)
k=1 k=1
n
= P Xr€eATa=k)
k=1
n
= Y PiXp€Alta=kPy(ta=k)
k=1
= PxTa=n)
> €.

Hence sup,xPx(t4 > n) <1 —e¢. Therefore

Pr(ta>2n) = Px(ta>nmXp1€A4;..;Xond A
< Px(TA>I’l)|]:DXn(TA>I’l)
= Px(ta>n)supPy(to>n)
yexX
< Q-0

We conclude by noting that P (74 > jn) < (1—€)/ and consequently that P, (7 4 <
jn) = 1-(1-¢)f — 1, uniformly in x. O

11.3 Embedding of a general ¢-recurrent chain

Theorem 11.3.1 Let (X}) be a ¢-recurrent chain. There exists an increasing se-
quence of measurable d-sets, D1 < D, < ---, exhausting the space, i.e. U,Dy, = X.

Proof: Since (X,,) is ¢-recurrent, is also ¢-irreducible. By corollary 9.2.6, we
know that there exists a c-set C, i.e. ¢(C) > 0 and there exists a ng = 1 and
a r(ng, C) > 0 such that inf(, ))cc2 pn,(x, y) = r(ng,C) > 0. Let s(x) = inf{m >
1: PX(UQI{X,- €C} = %}. Since C is a c-set, it follows that s(x) < +oo. Obvi-
ously, s is a & -measurable function. Define for all n € N, the measurable sets
D, ={x € X: s(x) < ng+ n}. The sequence (D) is increasing and D, 1 X. To
conclude, it remains to show that every D, is a d-set.

Let A € D, with ¢(A) > 0. Now ¢-recurrence of (X,,) implies that for all z,
we have L4(z) = 1. Therefore, for any € €]0, 1|, there exist n; = 1, and B € & with
B < C and ¢(B) > 0 such that for all z € B, we have [P’Z(UZl:l{X;C € A}) > €. Then,
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forall xe D,

Praasn+ng+m) = P U {Xe A

2 Px(Ug oy Ul " (X, € G5 X 4, € A)

> Pi(lte<nmnup "Xy, € C Xy yi € AY)
= Pt < n)Py (U " {(Xr ik € AT < 1)
> inf P, (U2 " (X € A)).

ng + n yeC
Forall ye C,
I]J’y(u""Jrn1 {XreA) = Pyltasng+m)

= Py({TB<n0}ﬂU [ Xrprk € A}

= Py(rp=nob) infPzep(ra=m)
> Py({TB < ngle

> Py(Xp, € B

>

r(ng, C)p(B)e.

In summarising, for all x € D,

PL(UI ™M X € A} P (ta<n+ng+n;)

n+np+n;

= Y 4P A
k=1
= r(ng, C)p(B)e.
nop+n
If X; = X_w for x € D, then (X}) is obviously a chain embedded in D,,. Denot-

Dn
ing by * quantities associated with the embedded chain, the previous property

guarantees that

PrEasn+ng+n) = P U {XpeAD

\%

1
- r(no, C)p(B)e.

The latter establishes that the chain embedded in D, is uniformly ¢-recurrent.
O



Invariant measures for ¢-recurrent
chains

12.1 Convergence to equilibrium

Definition 12.1.1 A measure 7 € 4, (&) is called invariant for the kernel P, if
7 = nP. If additionally 7 (X) = 1, then 7 is an invariant probability.

Theorem 12.1.2 Let X be a ¢-recurrent Markov chain and p € 4, (X).
1. Ifthe chain admits an invariant probability m and is aperiodic, thenlim;,_. || uP" -
7|l = 0; if the chain has period d, then lim_. | % ZZZO UP*—m| =0.
2. X admits at most one invariant probability.

3. If X is additionally uniformly ¢-recurrent, then X has an invariant proba-
bility m and there exist constants a >0 and p < 1 such that for alln e N

I(w—m)P"|

IA

ap” for the aperiodic case

1 d
[ 7 Y wuP"—ml < ap" forthed-periodic case.
k=0

Proof: The statement “X is ¢-recurrent” is equivalent to
VAEX,p(A)>0=>Vxe X, Hy(x)=1.

Thanks to the corollary 10.1.4, the latter means that every bounded harmonic
function is constant. The theorem 5.4.4 guarantees then the triviality of the o-

algebra f/—o";” and equivalently lim;,_.o, || (1t — 1) P"|| = 0 for all probability mea-
sures 7. If 7 is further an invariant probability, statement 1 follows immediately.

Statement 2 follows from 1. As a matter of fact, if uP"” has a limit, this limit is
necessarily 7.

133
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To prove statement 3 for the aperiodic case, note that uniform ¢-recurrence
implies that
lim ||uP" —uP™ | = lim |(u—uP™P"| =0
n—oo n—oo
uniformly in m, thanks to the theorem 11.1.2 stating exponential convergence to
equilibrium. We conclude then that, uniformly in A € &', the sequence pP"(A)
converges towards 7 (A) and that r is a probability. Now,

pP™(A) =fu(dx)fP"(x,dy)P(y,A).

Taking limits in both sides and using the uniformity guaranteed by the theorem
11.1.2, we get m(A) = fn(dy)P(y, A) showing the invariance of 7. O

12.2 Relationship between invariant and irreducibility mea-
sures

Theorem 12.2.1 Let X be a ¢-recurrent chain. Then there exists a measure 7w €
M (X)) such that

1. 7w is invariant.

2. Foranyn' € M. (X) that is invariant, there is a constant c such that 1’ =
CTL.

3. ok

Proof: Since X is ¢-recurrent, theorem 11.3.1 guarantees the existence of d-
sets. Let Ae &, with ¢(A) > 0 such a d-set. By the very definition 11.3.1 of a
d-set, the chain embedded in A will be uniformly ¢-recurrent; theorem 12.1.2
then guarantees that it admits an invariant probability 7 4. Define for all Be &
a measure (not necessarily a probability) by n(B) = f 47 a(dx)Ps(x,B), where
P,(x,B) = 4G(x,B). (Note that P, is Markovian on A but not on X.)

For all B € A, the definition 7 (B) = fA mA(dx)P(x,B) yields m(B) = m4(B),
because 7 4 is an invariant measure of P4 on (A, Z4) where Z, ={Be X : B <
A}

If the chain X is initiated with 7 4, we have for all B € & that

f maldx) Y aP*(x,B)
A k=1

7(B)

o0

P (Xr€B,X;¢Ai=1,.,k-1)
k=1

f ma(dx) ) Px({Xk € B;T4 2 k}).
k=1
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We shall show that 7 is o-finite. For fixed A € & with ¢p(4) >0 and m,n = 1,
define X" = {x € X : P™(x,A) = 1/n}. Since ¢(A) > 0 and the chain is ¢-
recurrent, it follows that Uy, , X" = {x € X: L(x) > 0} = X. Recall that

n(x(m,ﬂ)) :an(dx)[Ex(Z ]J.X(m,n) (Xk)).
k=1

We have now

TA TA
Ex()_ Ly (Xp)) = Ex( Y. Lyomn (Xp)Py(Txmm < T4)
k=1 k=75 mn
< Ex(Ta—Txmm; Txomm <T4)

o0
= Z Px(Ta—Txmm > k;Txomm ST 4)

k=0
oo
< m Z Px(Ta—Txomm > JM; Txmm < T a)
j=0
< m) 1--)
j=1 N
< +oo.

Therefore, n(X""»"V) < +o0, establishing the o-finiteness of 7.

To prove invariance of 7, write

fn(dx)P(x,B) fﬂA(dx)P(x,B)+f n(dy)P(y,B)
A Ac

fﬂA(dx)P(x,BHf fﬂA(dx)PA(x,dy)P(y,B)
A ACJA

fAﬂA(dx)[P(x,B)+fACPA(x,dy)P(y,B)]

f mA(dx)P4(x, B)
A
n(B).

This remark concludes the proof of statement 1.

To prove 2, let m € 4, (¥') be an arbitrary invariant measure. Let A € & be
such that 7(A) = 1 and denote by 74 = 7[4;,. Remark that 7 4(B) = 7(B) for all
B € & 4. We must show that the latter equals 7 4(dx)P4(x, B) for all B € &4 that
will be sufficient in showing invariance of 7 4 for the chain embedded in A. We
shall establish, by recurrence, that

n
n(B) = an(dx)APk(x,BHf n(dx) aP" (x, B). (%)
k=1JA Ac
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Since for n = 1, we have 4P*(x, B) = P(x, B), the above equality is true for n = 1.
Suppose that it remains true for n. The last term of (x) reads:

fﬂ(dx)AP”(x,B) = fﬂ(dy)f P(y,dx)aP"(x,B)
A€ A€

fn(dy)[ P(y,dx)AP"(x,BHf n(dy)f P(y,dx)sP"(x,B)
A A€ A€ A€

fA n(dy) AP (y,B) + fA Cn(dy)AP"“(y,B).

Using the recurrence hypothesis up to n, we get

n+l

n(B) = Z n(dx)APk(x,B) +f n(dx) 4P (x, B).
k=174 AC
Using thus (*), that is proved true for all n, we get:
7 (B) zf mTa(dx)Pa(x,B), VBeEX.
A

Let F € & be a subset of A. The previous inequality is true for both B = F and
B=A\F. Now

—
Il

n(A)
n(F)+n(A\F)

an(dx)PA(x,F)+fnA(dx)PA(x,A\F)
A A

v

f 7A(dx)Pa(x, A)
A

fA maldx)Py(Fa=1)
= 1,
where ° refers to the chain embedded in A. We conclude ! that

7'[(F)=f T a(dx)Pa(x, F).
A

Consequently, if 7,7" € /4 (X) are non-trivial invariant measures and A € &
is such that 0 < m(A) < oo and 0 < 71/(A) < oo, then the measures ﬁA) and #;%)
coincide on A with the unique invariant probability of the chain embedded in A
(see exercise 12.2.3 below proving that it is as a matter of fact possible to choose
an A such that n(A) > 0). Therefore, they must coincide everywhere thanks to

the above arguments. This remarks proves statement 2.

To show statement 3, consider an invariant measure 7 € 4, (&). For all
BeZ andall neN,

7 (B) :fn(dx)P(x,B) :...:[n(dx)P"(x,B).

1. Use the trivial statement [0<a' <a<1;0<b <b<l;l=a+b=ad +b1=>a=d;b="0"].
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Now, if 7(B) = 0, then, for all n € N, the function P"(-, B) = 0 #-a.e. However, if
¢(B) >0then Lg(x) >0,i.e. Y, P"(x, B) > 0 for all x, by ¢-recurrence. This leads
to a contradiction. Therefore, ¢ < 7. O

Corollary 12.2.2 Let X be a ¢-recurrent chain and n € 4, (X) a non-trivial in-
variant measure of X. Then X is m-recurrent. Additionally, for B € &, there is
equivalence among

1. n1(B) >0,
2. YVxeX:Lg(x)>0,
3. Vxe X:Hg(x)=1.

Proof: The existence of a non-trivial invariant measure 7, is guaranteed by the
previous theorem. We show first the implication 3 = 2; for arbitrary x € X,

X:Hg(x)=1 o P,{X,€eBio.})=1
= Py(Up{X,€B})>0
p=2 LB(.XI) > 0.

Next, we show the implication 2 = 1:

Lg(x)>0 o Py(Uy{X,eB})>0
< Y P"x,B)>0

< ) t"P"(x,B)>0,Vt€]0,1.
n

Recalling that we denote by G;(x, B) =Y ,,»1 t" P"(x, B), t €]0, 1[, we remark that
Gi(x,X) = Ftt Therefore M,;(x,B) = l;ttG[(x, B) is a Markov kernel for all every
t €]0,1[. Additionally, Lg(x) > 0 & M;(x,B) > 0 for all ¢ €]0,1[. Now, it 7 is an
invariant measure for P, then, for all Ae &, we have:

1-1¢
fﬂ(dX)Mt(x,A) = T

> t”fn(dx)P”(x,A) =n(A).

n=1

Therefore, 7 is also invariant for M;. Moreover, Lg(x) > 0 < M;(x, B) > 0; subse-
quently, 7(B) = [n(dx)M;(x, B) > 0, establishing thus 1.

Next we show the implication 1 = 3. Let F € & be an arbitrary closed set
with ¢(F) >0 and let u € 4, (X)) be a measure defined by

| m on Xp={BeX:BcF}
=10 on %p=(Be%x:BcF,
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where 7 is an arbitrary invariant measure of the chain. First we observe that

f,u(dx)P(x,A) fu(dx)P(x,A)+f u(dx)P(x, A)
F Fe¢

f n(dx)P(x, A).
F

Now,

- if Ac F¢, since F is closed, it follows that [ 7(dx)P(x, A) < [pn(dx)P(x,F°) =
0= pu(A).
if A= F, then [p7n(dx)P(x,F) = n(F) = u(F).
if A< F, then [pn(dx)P(x,A) < [y n(dx)P(x,A) = m(A) = p(A), so that
Jxu(dx)P(x,A) < u(A). Now when A € F, it is also true that F\ A < F.
Hence [y p(dx)P(x, F\A) < u(F\A). Subsequently?, since pu(F) = Jxu(dx)P(x, A+
Jxm(dx)P(x,F\ A) < u(A) + u(F\ A) = u(F), it follows, in particular, that
Sy MdX)P(x, A) = u(A).
The above observations establish thus the invariance of y € 4, (%). Statement
2 of the theorem 12.2.1 guarantees that y = cm for some constant c. Since, by
definition p(F°) = 0 it follows that 7 (F€) = 0.

Suppose now that B € & is such that m(B) > 0. Denote by B° = {x € X :
Lp(x) = 0} and suppose that B° # ¢. Define F = B°n B = {x € B®: Lg(x) = 0}.
For every x € F, we have

Lp(x)=0 ¢ VYneN:P"(x,B)=0
< Gx,B)=0
& VneN:P'x,BY =1
< G(x,B%>0.
Now B¢ = Fu F' where F' = {x € B¢ : Lg(x) > 0}. Therefore, for all n, we have:
1=P"(x,B% = P"(x,F)+P"(x, F.

Suppose that there exists an integer n; such that P™ (x, F') > 0. Then

Z Pn+n1 (x,B)

neN

fXP’“ (x,dy)G(y, B)

G(x,B)

v

\%

f P™(x,dy)G(y, B)
F!
> 0,
because F' is equivalently F' = {y € B¢ : G(y, B) > 0}. Hence Lg(x) >0, in contra-

diction with x € F. It follows that for all x € F and all n € N, we have P"(x,F) =1,
meaning that F is closed.

2. Use the elementary observations: [0<a<band0<a <b'andb+b' =a+a <b+b'1>
[b—a=ada -b]=la=band d =b].
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Since F = B° N B¢ is closed, applying the previous result, we get that 7 (F¢) =
0. Now F¢ = {x € B®: Lg(x) > 0} U B, therefore the sequence of inequalities 0 =
7m(F€) = n(B) > 0 leads to a contradiction, due to the assumption that B° # @.
Therefore, B° = @, meaning that for all x € X, we have Lp(x) > 0. Subsequently,
there exists A € Z with ¢p(A) > 0 such thatinfye 4 Lp(x) > 0. Applying proposition
10.1.2, we get A(A) < A(B) and by ¢-recurrence, that for all x € X, 1 = Hx(x) <
Hg(x). The latter shows the implication

[m(B)>0]= [VxeX: Hg(x) =1],

implying n-recurrence and establishing the implication of statement 3 out of 1.
a

Exercise 12.2.3 Let¢ € /(%) be anon-trivial measure and (X},) a ¢p-recurrent
chain with invariant measure 7w € 4, (). The purpose of this exercise is to
show that it is possible to choose a measurable set A such that 0 < 7(A) < oo

1. Argue why it is always possible to find a measurable set A such that ¢(A) >
0.

2. Choose a fixed measurable set A with ¢p(A) > 0. Introduce the Markovian
kernel M, for t €]0, 1[ defined by

-t &,
M;=——) t"P".
I i3

Show that for all x € X, M;(x, A) > 0.
3. Conclude that w(A) > 0.
4. Introduce the family of sets X" = {x € X: P™(x,A) = 1} for m,n = 1

and YMN) = u],\g:l U],YZI X Show that limps xy YMN) = X (see proof of
theorem 12.2.1).

5. Conclude that there exist integers My and Ny such that ¢p(A 0 YMoNo)y >
B(A) /2.

6. Conclude that A’ = AnY®™oM) gatisfies the sought conditions.

Theorem 12.2.4 Let(X,) bea MC((X, %), P, u) with & separable andn € M (X)
an invariant measure for P. Suppose further that

— (X)) =00, and

- (Xy) ism-recurrent.
Then foralld >0 and all x € X,

P"(x,A)

ngrolom =0, uniformlyin Ace .

Proof:: Given in exercise 12.2.5. d
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Exercise 12.2.5 (Proof of the theorem 12.2.4)
1. Show that if the conclusion were false one could find ¢ > 0, xp € X, ¢ >
0, a strictly increasing sequence of integers (1) ren, and a sequence of
measurable sets (Aj) xen, such that
P (x0, Ag)

> 00, VK N,
T(Ag +8 0 TRE

2. Use corollary 10.2.2 and the extension of Egorov’s theorem A.2.2, to es-
tablish that it is possible to choose B € & with n(B) > eio such that for all
YEB,

|P™ (xo, Ax) — P™ (y, A)| < 6000 /2.

3. Use previous results to establish that
8o
T(Ag) = Oo(m(Ap) + - )7 (B).

4. Conclude ad absurdum.

12.3 Ergodic properties
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Complements in measure theory

A.1 Monotone class theorems

On general sets, o-algebras are technically complicated objects. However,
they are fundamental in the definition of a measure. To prove for instance that
two measures coincide, we must show that they charge equally every set of the
o-algebra. To palliate this difficulty, it is often possible to show equality of mea-
sures on some easier object than the o-algebra itself, typically a monotone class.

A.1.1 Setsystems

Definition A.1.1 Let Q be an arbitrary non-empty universal set and « < 22(Q2)
a given class of subsets of Q. Then «f is a 7-system, a semi-algebra, an algebra,
or a o-algebra if the following conditions hold:

m-system semi-algebra algebra o-algebra
Qeof Qeof Qeof

o/ stable in finite o/ stable in finite o/ stable in finite o stable in
intersections intersections intersections countable
intersections

For A € of there Aeod > A°eo Aeod > A°e A
exists a finite
family of mutually
disjoint sets
(A4,...,A,) such
that A€ = Ul'-l:lAi

Exercise A.1.2 1. Show that o-algebra = algebra = semi-algebra = n-system.
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2. Provide some explicit examples for each class of sets in the previous defi-
nition.

3. Let of) = {A e P(Q) : Acountable or A countable } and o5 = {A € P(Q) :
A finite or A€ finite }. Which class do they belong to?

Definition A.1.3 Let Q be an arbitrary non-empty universal set and «/ < 22(Q)
a given class of subsets of Q and (A;), a sequence of sets of «/. Then o is a
monotone classe, a Dynkin system, or a A-system if the following conditions
hold:

monotone class Dynkin system A-system
Qeod Qe
A1 A> Aed AiC Ay > A\ A e Aeod = Ae A
Ay | A> Ae o &/ is amonotone class (A,) mutually disjoint
> U A e

Exercise A.1.4 Let Q) be a universal set and _¢ an arbitrary non-empty indexing
set of a collection of set systems (</}) je ¢, with «f; € 22(Q) for every j € ¢. If for
all j € ¢, the system «f; is of one of the types: algebra, o-algebra, monotone
class, Dynkin system, 7-system, so is the system N je g</;.

Definition A.1.5 Let & € 22(Q)) be an arbitrary non-empty collection of subsets
of a universal set Q2. We call closure of type v, for y € {a, 0, m,2, A}, and denote
by v(&), the sets
- al&)=n{of : 6 S of € P(Q); < is an algebra},
o@)=n{d:6c o cP(Q); is ac-algebra},
m(&) =N : & < of € P(Q);«/ is a monotone class},
P2(8)=n{d : & <A < P(Q); < is a Dynkin system},
AME)=n{ef : 8 cof € P(Q);of is a A-system}.

Exercise A.1.6 Let y be the closure operator defined above and & < 22(Q) for
some universal set Q. Then

1. yisisotone,

. if & is an algebra, then 0 (&) = m(8),

2

3. if & is a m-system, then o (&) = 2(8),
4. if & is a m-system, then (&) = (&),
5

. if & is a m-system and a A-system then & is a o-algebra.



A.1. Monotone class theorems 145

A.1.2 Set functions and their extensions

Definition A.1.7 Let Q be an arbitrary non-empty universal set and «/ < 22(Q2)
a given class of subsets of Q. A set function y: & — R, U {400} is a content, a

pre-measure, a measure, or a probability if the following conditions hold:

Set function type properties of «/ properties of p
Content semi-algebra finitely additive
Pre-measure semi-algebra o-additive

Measure o-algebra o-additive

Probability o-algebra o-additive and p(Q) =1

Exercise A.1.8 Let u:of — R, U{+oo} be a content. For sequences (A;)nen Of
sets in </, consider the following statements:

1. pis a pre-measure.

2. u is sequentially continuous for increasing sequences, i.e. if A, 1 A then
K(Ap) T u(A).

3. pissequentially continuous for decreasing sequences of sets of finite con-
tent, i.e.if A, | Aand u(A;) < +oo, then u(A,) | pw(A).

4. uis sequentially continuous for sequences of sets decreasing to @ of finite
content, i.e.if A, | @ and u(A;) < +oo, then u(A,) | 0.

Then, 1 © 2 = 3 = 4. If, additionally, u(Q) < +oo then all statements are equiva-
lent.

Exercise A.1.9 Let u: o/ — R; U {+oo} be a set function defined on some class
& of sets.

1. If of is a semi-algebra and p is finitely additive, then there exists a con-
tent i on a(«f) such that fi(A) = u(A) for all A € of. Moreover, i is a pre-
measure on a(sf).

2. If of is an algebra and p is a pre-measure, then there exists a measure {1 on
o (/) such that fi(A) = u(A) forall Ae of.

Exercise A.1.10 Let «f < 22(Q)) be a n-system generating a o-algebra &, i.e.
o(«f) = Z. Suppose that P and P’ are two probabilities on & coinciding on <.
Then P =, i.e. they coincide on &.
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A.2 Uniformity induced by Egorov’s theorem and its ex-
tension

Recall first the elementary version of Egorov’s theorem

Theorem A.2.1 (Egorov’s theorem) Let (X,%) be a measurable space and ¢ €
M () a finite measure. Suppose (f,,) be a sequence of functions such that, for
all n, the function f, is & -measurable and ¢-a.e. finite and that f is a finite ¥ -
measurable function. Iflimy, f,, = f ¢-a.e. Then, for every € > 0 there exist a set
Be X, with¢(B) <e, such thatlim, f,, = f uniformly on X\ B.

The conclusion is in general false if ¢ is not finite. Therefore, the following
generalisation, valid for the case of infinite total mass, is non trivial.

Theorem A.2.2 (Extension of Egorov’s theorem) Let (X, %) be a measurable space
and ¢ € M (X)) (not necessarily of finite mass). Suppose (f,,) be a sequence of
functions such that, for all n, the function f, is & -measurable and ¢-a.e. fi-
nite and that f is a finite & -measurable function. Iflim, f, = f ¢-a.e., then
there exists a sequence of measurable sets (By) such that (X \ USZBk) = 0 and
lim,, f,, = f, uniformly on every By.

Proof: See Halmos [13] p. 90. |



Some classical martingale results

B.1 Uniformly integrable martingales

It is an elementary result that for every ¢ € & LQ,Z,P;R) and every € > 0 we
can chosea d = §(¢,€) > 0 such that for every F € &, P(F) < § = [, |¢(w)|IP(dw) <
€. Otherwise stated, for every € > 0, there exists K = K(¢,€) € [0,00[ such that
f{l ¢>k; 1€ (@)P(dw) <e. For the sake of clarity, we recall the following

Definition B.1.1 Aclass & € £2'(Q,%,P;R) is called uniformly integrable if for
all € > 0, there exists a constant K = K(¢) = 0 such that for all ¢ € & we have
Jiesx 1§ @)IP(dw) <e.

Remark: A uniformly integrable class is bounded in L!. The converse is in gen-
eral false. Therefore the following lemma provides us with two useful sufficient
conditions of uniform integrability.

Lemma B.1.2 Let§ < £HQ, Z,P;R).
— If there exists p > 1 such that E(|¢|P) < oo for all¢ € &, then & is uniformly
integrable.
— If there exists { € LLQ, F,P;R,) such that |E| < ( forallé e &, then & is
uniformly integrable.

Lemma B.1.3 Let ¢ € 21(Q,%,P;R). Then the class of random variables & =
{E(£19),9 sub-o-algebra of &} is uniformly integrable.

The main result on uniform martingales needed in this course is the follow-
ing
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Theorem B.1.4 Let(Q,F, (%), P) beafiltered space and (My,) a (¥,)-martingale
such that the class & = {My, n € N} is uniformly integrable. Then, M, = lim M,,
exists almost surely and in L'. Additionally, the martingale is closed, i.e. M,, =
E(MoolFy) for all n (so that My, = imE(Mxo|Fp)).

Proof: See [34]. O

B.2 Martingale proof of Radon-Nikodym theorem

Theorem B.2.1 Let(Q), %9, ) be a probability space and suppose that% is separa-
ble. Lety be a finite measure on (Q0,%) that is absolutely continuous with respect
to ¢. Then there exist a random variable D € £ (Q,%,$) such thaty = D¢. The

random variable D is called (a version of) the Radon-Nikodym derivative of v
dy

with respect to ¢, denoted D = 6

Proof: For all € > 0, there exists § > 0 such that
Ge¥9;,p(G)<d=>y(G) <e.

Since ¥ is separable, there exists a sequence (G,) generating ¢4. Define the fil-
tration 4, = 0(Gj, ..., Gy) for n = 1. Obviously, ¥, is composed of 2" possible
unions of atoms Ay j, j = 1,...,7(n) of 4,. Note that every atom is of the form
HyN---NHy, where H; = G; or H; = G}. Since for every w € Q there exists precisely
one atom containing it, we can define for every n = 1 the function D, : Q — R,
just by its restriction on atoms, namely:

U/(An,k) f A > 0
Api30— Dp(@)=1 9 1 PAnK)
0 otherwise.

Decomposing an arbitrary G € 9, in its constituting atoms: G = A, ;, U...UA,;,
we compute

1 I
fDnd¢= Zf Dpdp =) w(Ani) =y(G).
G j=1YAni; j=1

J

Thus, D, is a version of the Radon-Nikodym derivative on %,,. The previous
equalities guarantee similarly that (D,) is positive (¢,)-martingale; therefore
Dy =lim, D, exists almost surely. The measure ¥ being of positive mass, there
always exists constant K such that ¢ (Q)/K < J, for the 6 determined in the be-
ginning of the proof. Now Markov inequality reads:

oD, >K) < lf D,d¢ = l1//((2) <.
K Jo K
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The set {D,, > K} being ¢ measurable, the sequence (D;) becomes uniformly
integrable since

f D,d¢=v({D; >K}) <e.
{Dy>K}

Consequently, the convergence D,, — Dy, takes places also in #!. Therefore,
the set functions ¢ — R, defined by

G — y(G)
G — fDood¢:1imf D,dé,
G nJG

coincide on the 7-system U%4, and consequently on the generated o-algebra ¢,
by virtue of exercise A.1.10. O

B.3 Reverse martingales

We only need elementary results concerning reverse martingales, as they can
be found in chapter 1 of [12].

Definition B.3.1 Let (Q,%,P) be aprobability space (Z,;) nen @ sequence of real-
valued random variables defined it and (97,) ,en @ sequence of decreasing sub-
o-algebras of &. The sequence (Z,) is called a (97,)-reverse martingale or back-
wards martingale if for all n e N,

- ZnemIy,,

- E|Z,] < 0o, and

- E(ZulTm) = Zy, for all m = n.

Theorem B.3.2 If (Z,) is a (9;)-reverse martingale, then Z,, converges almost
surely to finite limit Z.
Proof: See [12], p. 18. O

Remark: (Z,) is a (97,)-reverse martingale if, and only if, (Z,-;11) isa (F—i+1)-
martingale for 1 < i < n.



150



Semi-martingale techniques

We regroup here some results, effectively used [8] in the constructive theory
of Markov chains, to obtain sharp criteria for recurrence/transience or precise
estimate of the existing moments of the recurrence time.

C.1 Integrability of the passage time

Theorem C.1.1 Let(Q, %, (%) nen,P) bea filtered probability space and (Z,,) pen
a R, valued (F,)nen-adapted sequence of random variables defined on it. For
c¢>0 wedenotebyo,=infin=1: 7, < c}. We assume thatP(Zy = z) = 1 for some
z>0. If z> c and there exists € > 0 such that for alln = 0:

[E(Z(n+1)/\0£ - ZnAUL.'gn) = _e]l{ac>n}»

thenE(o.) < co.

Proof: Taking expectations on both sides of the strong supermartingale condi-
tion yields:
E(Zn+1)ro, — Znne,) < —€P(oc > n).

Using telescopic cancellation to perform the summation over n and taking into
account the positivity of the random variables we get:

n
0<E(Zpnsnre,) < —€ Y Ploc>k) +z.
k=0

The latter inequalities imply
1 z
E(oc) = lim Y P(oc>k) <= <oo.
—00

k=0 €

151



152



(1]

(2]

(3]

(4]

(5]

6]

(7]

(8]

91

(10]

(11]

(12]

(13]

(14]

Bibliography

Sheldon Axler, Paul Bourdon, and Wade Ramey. Harmonic function theory,
volume 137 of Graduate Texts in Mathematics. Springer-Verlag, New York,
second edition, 2001. 85

Heinz Bauer. Mafs- und Integrationstheorie. de Gruyter Lehrbuch. [de
Gruyter Textbook]. Walter de Gruyter & Co., Berlin, second edition, 1992.
18

Claude Berge. Topological spaces. Dover Publications Inc., Mineola, NY,
1997. Including a treatment of multi-valued functions, vector spaces and
convexity, Translated from the French original by E. M. Patterson, Reprint
of the 1963 translation. 36

Patrick Billingsley. Probability and measure. Wiley Series in Probability and
Mathematical Statistics. John Wiley & Sons Inc., New York, third edition,
1995. A Wiley-Interscience Publication. 62

W. Doblin. Eléments d'une théorie générale des chaines simples constantes
de Markoff. Ann. Ecole Norm. (3),57:61-111, 1940. 105, 116

Joseph L. Doob. Classical potential theory and its probabilistic counterpart.
Classics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1984
edition. 86

Nelson Dunford and Jacob T. Schwartz. Linear operators. Part I. Wiley Clas-
sics Library. John Wiley & Sons Inc., New York, 1988. General theory, With
the assistance of William G. Bade and Robert G. Bartle, Reprint of the 1958
original, A Wiley-Interscience Publication. 34, 35

G. Fayolle, V. A. Malyshev, and M. V. Men’shikov. Topics in the construc-
tive theory of countable Markov chains. Cambridge University Press, Cam-
bridge, 1995. 79, 151

E G. Foster. On the stochastic matrices associated with certain queuing
processes. Ann. Math. Statistics, 24:355-360, 1953. 79

Peter Génssler and Winfried Stute. Wahrscheinlichkeitstheorie. Springer-
Verlag, Berlin, 1977. 18

Hans-Otto Georgii. Gibbs measures and phase transitions, volume 9 of de
Gruyter Studies in Mathematics. Walter de Gruyter & Co., Berlin, 1988. 21

P. Hall and C. C. Heyde. Martingale limit theory and its application. Aca-
demic Press Inc. [Harcourt Brace Jovanovich Publishers], New York, 1980.
Probability and Mathematical Statistics. 149

Paul R. Halmos. Measure Theory. D. Van Nostrand Company, Inc., New
York, N.Y., 1950. 146

Hubert Hennion and Loic Hervé. Limit theorems for Markov chains and
stochastic properties of dynamical systems by quasi-compactness, volume
1766 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 2001. 3

153



154

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]

(29]

C. T. Ionescu Tulceda. Mesures dans les espaces produits. Afti Accad. Naz.
Lincei. Rend. CI. Sci. Fis. Mat. Nat. (8), 7:208-211 (1950), 1949. 18

Marius losifescu. Finite Markov processes and their applications. John Wi-
ley & Sons Ltd., Chichester, 1980. Wiley Series in Probability and Mathe-
matical Statistics. 31

Hisashi Ito. A new statement about the theorem determining the region
of eigenvalues of stochastic matrices. Linear Algebra Appl., 267:241-246,
1997. 45, 46

Vadim A. Kaimanovich. Measure-theoretic boundaries of Markov chains,
0-2 laws and entropy. In Harmonic analysis and discrete potential theory
(Frascati, 1991), pages 145-180. Plenum, New York, 1992. 86

EI Karpelevich. On the characteristic roots of matrices with nonnegative
elements. Izv. Akad. Nauk SSSR Ser. Mat., 15:361-383, 1951. 45, 46

John G. Kemeny, J. Laurie Snell, and Anthony W. Knapp. Denumerable
Markov chains. Springer-Verlag, New York, second edition, 1976. With a
chapter on Markov random fields, by David Griffeath, Graduate Texts in
Mathematics, No. 40. 86

A. Kolmogoroff. Grundbegriffe der Wahrscheinlichkeitsrechnung. Springer-
Verlag, Berlin, 1977. Reprint of the 1933 original. 15, 16

L. H. Loomis. The lattice theoretic background of the dimension theory of
operator algebras. Mem. Amer. Math. Soc., 1955(18):36, 1955. 16

S. P. Meyn and R. L. Tweedie. Markov chains and stochastic stability. Com-
munications and Control Engineering Series. Springer-Verlag London Ltd.,
London, 1993. 105

Jacques Neveu. Bases mathématiques du calcul des probabilités. Préface
de R. Fortet. Deuxiéme édition, revue et corrigée. Masson et Cie, Editeurs,
Paris, 1970. 5, 18

J. R. Norris. Markov chains, volume 2 of Cambridge Series in Statistical and
Probabilistic Mathematics. Cambridge University Press, Cambridge, 1998.
Reprint of 1997 original. 65

Esa Nummelin. General irreducible Markov chains and nonnegative opera-
tors, volume 83 of Cambridge Tracts in Mathematics. Cambridge University
Press, Cambridge, 1984. 105

Steven Orey. Lecture notes on limit theorems for Markov chain transition
probabilities. Van Nostrand Reinhold Co., London, 1971. Van Nostrand
Reinhold Mathematical Studies, No. 34. 105

D. Revuz. Markov chains, volume 11 of North-Holland Mathematical Li-
brary. North-Holland Publishing Co., Amsterdam, second edition, 1984. 5

Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., New York,
third edition, 1987. 45



References 155

(30]

(31]

[32]

(33]

(34]

[35]

Stanley A. Sawyer. Martin boundaries and random walks. In Harmonic
functions on trees and buildings (New York, 1995), volume 206 of Contemp.
Math., pages 17-44. Amer. Math. Soc., Providence, RI, 1997. 86

Helmut H. Schaefer. Banach lattices and positive operators. Springer-
Verlag, New York, 1974. Die Grundlehren der mathematischen Wis-
senschaften, Band 215. 41

Denis Serre. Matrices, volume 216 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 2002. Theory and applications, Translated from
the 2001 French original. 32

Karlheinz Spindler. Abstract algebra with applications. Vol. I. Marcel
Dekker Inc., New York, 1994. Vector spaces and groups. 32

David Williams. Probability with martingales. Cambridge Mathematical
Textbooks. Cambridge University Press, Cambridge, 1991. 108, 117, 148

Wolfgang Woess. Random walks on infinite graphs and groups, volume 138
of Cambridge Tracts in Mathematics. Cambridge University Press, Cam-
bridge, 2000. 86



almost closed
set, 71
asymptotic
event, 58
random variable, 58
o-algebra, 58

boundary
Martin, 87
minimal, 94
Poisson, 94

c-set, 110

canonical realisation, 22

chain

irreducible, 66
recurrent, 71
tending to oo, 71
transient, 71
charge
function, 49, 54
measure, 49, 55
class
communicating, 66
compactification
Martin, 87
cone, 56
convex set, 56
coordinate mapping, 22
cycle, 116
decomposition, 76
cyclic
class, 76
cylinder set, 18

d-set, 130
dynamical system, 11

eigenvalue, 32
semisimple, 34
simple, 34

eigenvalue multiplicity
algebraic, 33
generalised, 33
geometric, 33

eignspace

Index

generalised right, 32

equation
Dirichlet, 53
Poisson, 50

function

Lyapunov, 79

minimal harmonic, 91
normalised harmonic, 91
normalised superharmonic, 91
(P, t)-harmonic, 91

(B, t)-superharmonic, 91

generating functional, 49
Gershgorin disk, 41
graph
combinatorial path, 27
weighed directed, 27

harmonic
function, 29, 49, 54, 56, 60
measure, 49, 55

invariant
event, 59
random variable, 58, 60
o-algebra, 59

kernel
boundary, 86
bounded, 6
deterministic, 11
group invariant, 100
integral, 8
Markovian, 12
Martin, 88
positive, 6
potential, 49
proper, 6
o-finite, 6
sub-Markovian, 12
taboo probability, 127
transition, 6
Kolmogorov compatibility, 19

lattice, 55

156



Index 157

Markov chain, 21, 23 period, 67

convergence theorem for finite chainBpisson
40 boundary, 94

embedded, 130 Poisson-Martin representation, 89
hidden, 28 potential
homogeneous, 22 function, 49
inhomogeneous, 22 measure, 49
of order k, 28 projection, 17
uniformly ¢-recurrent, 127 projective

Markov property limit, 19
strong, 26 system, 19
weak, 22, 24

Markov-chain random walk, 10, 28

¢-irreducible, 105 recurrence
¢-recurrent, 106 HUH‘, 70
Martin positive, 70
boundary, 87 recurrent
compactification, 88 Chaléll’ 71
kernel, 88 §e.t, :
martingale relativisation, 96
backwards. 149 resolution of identity, 34
closed 148, resolvent, 35, 49
: Riesz
reverse, 4 decomposition, 54, 56
uniformly integrable, 148 Y » D%
matrix space, 56
cyclic, 39 set

irreducible, 36
positive, 36
primitive, 39

absorbing, 66
accessible, 117
almost closed, 71

reducible, 36 closed, 105
stochastic, 8 closed (stochastically), 66
strictly positive, 36 essential, 115

maximum principle, 51 full, 107

measure improperly essential, 115
equilibrium, 71 indecomposable, 105
invariant, 71, 133 properly essential, 115
irreducibility, 105 recurrent, 71
maximal irreducibility, 107 transient, 71
occupation, 25 unessential, 115
o-finite, 6 o-algebra
stationary, 71 asymptotic, 58, 121
total variation, 6 invariant, 59

minimal polynomial, 33 separable, 5
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tail, 58

trace, 24

trivial, 59
space-time process, 59
spectral

decomposition, 2

projection, 34

radius, 35
spectrum, 33

contracting, 40

peripheral, 39, 40
state

accessible, 66

aperiodic, 67

essential, 66

recurrent, 69

transient, 69
states

communicating, 66

unessential, 66
stochastic

kernel, 3

matrix, 1

process, 21
superharmonic

function, 29, 49, 54, 56

measure, 49, 55

tending to co
chain, 71
theorem
Brower (fixed point), 36
Carathéodory (convexity), 43
Egorov, 146
ergodic, 77
Ionescu Tulcea, 18
Karpelevich, 46
Martin compactification, 87
Perron-Frobenius (strong form), 38
Perron-Frobenius (weak form), 37
Poisson-Martin representation, 89
time
death, 25
hitting, 24

occupation, 25

passage, 24

stopping, 24
trajectory space, 3, 17
transient

chain, 71

set, 71

uniformly integrable, 147

vector space
lattice, 56
ordered, 55

zero-one law, 94
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