A note on matrix multiplicative cascades and bindweeds^1

Mikhail Menshikov^a, Dimitri Petritis^b, and Serguei Popov^c

a. Department of Mathematical Sciences, University of Durham South Road, Durham DH1 3LE, United Kingdom, Mikhail.Menshikov@durham.ac.uk

b. Institut de Recherche Mathématique, Université de Rennes I and CNRS UMR 6625 Campus de Beaulieu, 35042 Rennes Cedex, France, Dimitri.Petritis@univ-rennes1.fr

c. Instituto de Matemática e Estatística, Universidade de São Paulo, Rua do Matão 1010, CEP 05508–090, São Paulo SP, Brasil, popov@ime.usp.br

3 May 2004

Abstract: We study the problem of Mandelbrot’s multiplicative cascades, but with random matrices instead of random variables. Then, we introduce a new model (which we call the bindweed model), which can be viewed as a random string in a random environment on a tree, and show that the classification of this model from the point of view of positive recurrence can be obtained from the corresponding classification of the matrix-valued multiplicative cascades.

1 Introduction

1.1 Motivation

Random walks in random environments on various types of graphs are known to display a behaviour dramatically differing from the one for ordinary random walks on the same graph. Among the different types of graphs, infinite trees provide a rich variety of mathematical problems, particularly connected to their non-amenability; beyond their mathematical interest they arise as more or less realistic models in several applied fields like random search algorithms in large data structures, Internet traffic, random grammars and probabilistic Turing machines, DNA coding, interacting random strings and automated languages, etc.

As a simple example, consider a rooted tree with constant branching b, and let us construct a random walk in random environment on it by sampling the transition probabilities (or transition rates, for continuous time) in each vertex from a given distribution, independently. When studying the question of (positive) recurrence of such a walk, one naturally arrives (see [16, 19]) to the following model. On each edge a of the tree, independently of the others, we place a

11991 Mathematics Subject Classification: 60J10, 60K20 Key words and phrases: Markov chain, trees, random environment, recurrence criteria, matrix multiplicative cascades.

The work of S.P. was partially supported by CNPq (300676/00–0, 302981/02–0), FAPESP (02/02984–3) and COFECUB

positive random variable ξ̂_a. Then, for each vertex v denote ξ̂[v] = ξ̂_{a1} . . . ξ̂_{an} , where a_1, . . . , a_n is the (unique) path connecting the root to v. Models of this type are called multiplicative cascades (see e.g. [13, 15]), and, to study the positive recurrence of the corresponding random walk in random environment, one has to answer the question whether the sum of ξ̂[v] is finite. It turns out (see e.g. [16]) that the classification parameter for this problem is λ̂ = inf_{s∈[0,1]} E ξ̂^s_a , (1)

which is then compared to 1/b (in fact, in [16] the case of general tree was considered).

The main goal of this paper is to answer the same type of questions for the above multiplicative cascades model with random matrices in place of random variables. The main classification parameter will be defined in (2) and it provides an appropriate generalisation of the formula (1), and the main results are summarised in the theorems 2.2 and 2.3 (a lot of preliminary work is required however, before formulating these results.)

This model is also closely related to a model of random walk in a random environment on a multiplexed tree, a process we term bindweed in the sequel for which we determine the classifying parameter that delimits recurrence from transience regimes. Again for this problem, the main classification parameter will be defined by the formula (2) and the main result summarised in Theorem 2.5. This model is a generalisation of the class of models known as one dimensional random string models, first introduced in [7, 6] in view of some queueing applications. String model was subsequently generalised in a random environment in [3] and there it appeared that the classifying parameter is defined only implicitly through the Lyapunov exponent for products of random matrices. In the model we study here, a random walk evolves on a tree but its transition probabilities are determined by random strings on the tree. The classifying parameter (2) — as was already the case in [3] — is implicitly determined by the asymptotic behaviour of the product of random matrices.

It was already remarked in [19] that asymptotic properties like recurrence/transience of random walk on trees with constant branching b are intimately connected to the existence of nontrivial solutions for the so-called multiplicative chaos equation of order b, first introduced as a simple turbulence model in [17]. The simplest variant of the multiplicative chaos equation is the following: let (ξ_i)_{i=1,...,b}, with b ∈ N, be a finite family of non-negative random variables having known joint distribution and (Y^′_i )_{i=1,...,b} and Y be a family of b + 1 independent non-negative random variables distributed according to the same unknown law and verifying

Y^{law}= b∑ i=1 Y^′_i ξ_i. The multiplicative chaos problem consists in determining under which conditions on the joint distribution of the ξ’s the above equation has a non-trivial solution. This scalar problem is thoroughly studied in the literature, see e.g. [2, 4, 14]. As we remark later in this paper, the matrix multiplicative chaos equation may be an interesting problem to study as well.

1.2 Notation

In this section we give the formal definitions concerning trees, in particular, we define the notions of the growth rate and the branching number.

We denote R_+ = [0, ∞[, N = {0, 1, 2, . . .}, N_+ = {1, 2, 3, . . .}, and for every n ∈ N_+ , N_n = {1, 2, . . . , n}, while N_0 = ∅. Let A ≡ A^1 be a finite or infinite denumerable set, called the alphabet. Define A^0 = {∅} and for every n ∈ N_+ denote A^n = {α = α_1 · · · α_n : α_i ∈ A for i ∈ N_n } the set of words of length n (i.e. having n letters), A^∗ = ∪_{n∈N} A^n the set of words of arbitrary (finite) length, and ∂A^∗ ≡ A^∞ = {α = α_1α_2 · · · : α_i ∈ A for i ∈ N_+ }

the set of infinite words. Finally, denote A^∗ = A^∗ ∪ ∂A^∗ and^∘A^∗ = A^∗ \ A^0.

For every α ∈ A^∗, there exists n ∈ N such that α ∈ A^n; in this situation |α| := n denotes the length of the word α with the convention |∅| = 0. Consistently, for every α ∈ ∂A^∗, we have |α| = ∞. For α ∈ A^∗ with |α| ≥ n we denote by α↾_n = α_1 · · · α_n ∈ A^n the restriction of α to its n first letters with the convention α↾_0 = ∅. For every α ∈^∘A^∗, the ancestor α̂ of α is defined by α̂ = α↾_|α_{|−1}. For α ∈ A^∗ and β ∈ A^∗, the concatenation of α followed by β is the word αβ = α_1 · · · α_|α_|β_1β_2 · · · and for α, β ∈ A^∗, their common radix α ∧ β is the longest word γ ∈ A^∗ such that α = γα^′ and β = γβ^′ for some words α^′, β^′ ∈ A^∗. We write α ≤ β if α = α ∧ β. Remark: Notice that, consistently with the above notation, the symbol N^∗ denotes the set of finite words on the alphabet N, contrary to some tradition (especially the French one) where this symbol is used to denote what we call here N_+ .

Definition 1.1 A mapping B : N^∗ → N is called a branching function.

To each branching function corresponds a uniquely determined rooted tree T = (V, A ) with vertex set V ≡ V^∗ (B) ⊆ N^∗ and edge set A =^∘V defined as follows: V^∗ (B) = ∪_{n∈N} V^n (B) where V^0 (B) = {∅} = {root} ≡ {0} and for n ∈ N_+ , V^n (B) = {v = v_1 · · · v_n : v_l ∈ N_{B(v↾ l−1)}, for l = 1, . . . , n}.

The branching function is said to be without extinction if the corresponding tree has non-trivial boundary ∂V. The edge set is the subset of unordered pairs of vertices [u, v] = [v, u] such that either v = û or u = v̂. Since every vertex has a unique ancestor, every edge is indexed by its out-most vertex, i.e. for every v ∈^∘V, the corresponding edge is a(v) = [v̂, v], showing thus that A ≃^∘V. If u, v ∈ V and u ≤ v we define the path [u, v] as the collection of the |v| − |u| edges [u, v↾_{|u|+1}], . . . , [v̂, v], and if u = ∅ then we simply denote by [v] the path [∅, v] for every v ∈^∘V.

Example 1.2 If B is the constant function defined by B(v) = 2 for all v ∈ V, then the corresponding tree is the regular rooted binary tree.

Example 1.3 Let (Ψ, Y, w) be some abstract probability space and B : Ψ × N^∗ → N be a family of independent random variables distributed according to the same law ν, i.e. w({ψ ∈ Ψ : B(ψ, v) = k}) = ν(k) for all v ∈ N^∗ and all k ∈ N_+ . The corresponding tree is the Galton-Watson tree with offspring distribution ν.

In the sequel we shall consider only deterministic branching functions without extinction.

Definition 1.4 Let κ_n = cardV^n (B) denote the cardinality of the n^{th} generation of the tree defined by the branching function without extinction B. We call lower growth rate of the tree

gr(V) = lim inf_n κ^{1/n}_n ,

upper growth rate of the tree gr(V) = lim sup_n κ^{1/n}_n ,

and, if gr(V) = gr(V), we call the common value growth rate

gr(V) = lim_n κ^{1/n}_n .

For u, v ∈ ∂V, define δ(u, v) = exp(−|u ∧ v|). It can be shown that δ is a distance on ∂V. Moreover if ‖B‖_∞ = sup_{v∈V} B(v) < ∞ then the space (∂V, δ) is compact and we can define its Hausdorff dimension dim_H ∂V as usual (see [5] for instance).

Definition 1.5 For a tree V generated by a branching function B with ‖B‖_∞ < ∞, we define its branching rate br(V) = exp(dim_H ∂V).

It is shown in [18, 16] that br(V) = sup{λ : inf ∑ v∈C λ^{−|v|} > 0} where the infimum is evaluated over all cut-sets C of V. We have in general that br(V) ≤ gr(V).

2 The model and main results

2.1 Matrix multiplicative cascades and the corresponding results

Let (Ω, F, P) be some abstract probability space which carries all the random variables that will be needed in the model. Let (V, A ) be the rooted tree associated with a given branching function B. Let G be the multiplicative semi-group M_d(R_+ ) of d × d matrices with non-negative coefficients that are allowable, i.e. every row and every column contains a strictly positive element. We denote by G_+ the subset of G consisting of matrices with strictly positive elements. The semi-group G can also be identified with the set End(R^d ) leaving invariant the first octant C = {x ∈ R^d : ∀i = 1, . . . , d, x_i ≥ 0}. When the vector space R^d is equipped with a vector norm ‖ · ‖, a matrix norm, also denoted by ‖ · ‖, is automatically induced on G, by ‖g‖ = sup{‖gx‖, x ∈ R^d , ‖x‖ = 1}. In the sequel, we always assume that the vector norm is ‖x‖ = |x_1| + . . . + |x_d|, for all x ∈ R^d .

Equipped with the norm ‖ · ‖, the semigroup is naturally endowed with a Borel σ-algebra G. Let (ξ_a)_{a∈A} be an edge-indexed family of independent and identically distributed G-valued random variables defined on the probability space (Ω, F, P) and denote by μ their common distribution on (G, G), i.e. P(ξ_a ∈ dg) = μ(dg), for all a ∈ A . Denote by σ_μ = supp μ ⊂ G the support of the measure μ and by Σ_μ the semi-group generated by σ_μ.

For u, v ∈ V with u ≤ v define ξ[u, v] ≡ ←∏ a∈[u,v] ξ_a,

where^← ∏ denotes the product in reverse order, i.e. if [u, v] = a_1 · · · a_k then ξ[u, v] = ξ_{ak} · · · ξ_{a1} with the convention ξ[v, v] = e where e is the neutral element of G. We introduce the following G-valued random processes: the matrix-multiplicative cascade process ψ_n = ∑ v∈V^n ξ[v], n ∈ N and the integrated matrix-multiplicative cascade process

ζ_n = n∑ k=1 ψ_k, n ∈ N_+ .

As we mentioned in Section 1.1, the main goal of this paper is to investigate the asymptotics of ζ_n. However, to formulate our main results (Theorems 2.2 and 2.3 below), we have to introduce more notation and conditions. We begin by defining, for a fixed v ∈ ∂V and all n ∈ N X_n ≡ X_n(v) = ξ[v↾_n].

It is immediate to see (cf. [20]) that (X_n)_{n∈N+} is a G-valued multiplicative Markov chain with stochastic kernel P (g, d g^′) ≡ P(X_{n+1} ∈ d g^′|X_n = g) = μ ⋆ δ_g(d g^′), n ∈ N_+ , where for two measures μ, μ^′ on (G, G) their convolution μ ⋆ μ^′ is defined by its dual action on the set C_K (G) of continuous functions on G with comact support, via ⟨ μ ⋆ μ^′, f ⟩ ≡ ∫ G f(g)μ ⋆ μ^′(d g) = ∫ G ∫ G f(gg^′)μ(d g)μ^′(d g^′), for all f ∈ C_K (G). The stochastic kernel P defines an operator, denoted also P : C_K (G) → C_K (G) by P f(g) = ∫ G P (g, d g^′)f(g^′) = ∫ G μ(d g^′)f(g^′g), for all g ∈ G. Its adjoint can be seen as a left action on positive measures, m, on (G, G): mP (A) = ∫ G m(d g)P (g, A) = μ ⋆ m(A), for all A ∈ G. The stochastic kernel P induces a probability measure P_μ on the space of trajectories G^{⊗N} of the Markov chain (X_n)_{n∈N+} .

We require the following conditions on μ.

Condition 1 (Integrability): Let I_μ = {s ∈ R : ∫ G ‖g‖^sμ(d g) < ∞}. It is assumed that [0, 1] ⊆ I_μ.

Observe that E_μ (‖X_nx‖^s) = ∫ G ‖gx‖^sμ^{⋆n}(d g).

Condition 2 (Strict positivity): We assume that σ_μ ⊆ G is such that μ(G \ G_+) = 0

Remark: Notice that the condition of strict positivity can be slightly if only large deviation bounds for products of random matrices are seeked. It is necessary however to obtain almost sure divergence in theorem 2.3.

Lemma 2.1 Let k(s) = lim_n (∫ G ‖g‖^sμ^{⋆n}(d g) )_{1/n} . The limit always exists in [0, ∞] and defines a log-convex [0, ∞]-valued function on R. If s ∈ I_μ then k(s) < ∞.

We define in the sequel the quantity λ, that turns out to be the main classification parameter for the matrix multiplicative cascades model, by

λ = inf_{s∈[0,1]} k(s) (2)

(compare (2) with (1)).

We are now in the position to state our main results.

Theorem 2.2 Let (V, A ) be some tree defined in terms of a given branching function B and gr(V) and λ defined as in definition 1.4 and equation (2) respectively. Under the conditions 1 and 2, λgr(V) < 1 ⇒ ζ_{∞,ij} < ∞ almost surely, for all i, j = 1, . . . , d.

Theorem 2.3 Let br(V) and λ be the quantities introduced in definition 1.5 and equation 2 respectively and let χ ∈ R^d be the vector having all its components equal to 1: χ_i = 1, for all i = 1, . . . , d. Let (V, A ) be some tree defined in terms of a given branching function B without extinction. Under the conditions 1 and 2,

λbr(V) > 1 ⇒ Z_∞ := (χ, ζ_∞χ) = ∞ almost surely.

Remark: Similarly to [16], there is a gap between Theorems 2.2 and 2.3, since in general the branching number need not be equal to the growth rate. However, this is not very important, because in most of the practical examples these quantities do coincide.

Remark: As mentioned above, the classification parameter for this problem is λ = inf_{s∈[0,1]} k(s). This parameter is not explicitly computable in general since it involves the infinite product of matrices. However for some particular cases this quantity can be computed explicitly as shown in the following proposition.

Proposition 2.4 Suppose that the measure μ is such that g_{ij} < 1/d almost surely for all i, j = 1, . . . , d. Then λ is the largest eigenvalue of the matrix Eg.

Remark: It is interesting to consider the chaos equation for the case of matrix-valued random variables and constant branching b:

Y^{law}= b∑ j=1 Y^′_j ξ_j, (3)

where Y, Y^′_j , ξ_j are G-valued random variables, and ξ_j (which are not necessarily independent) are distributed according to μ; Y^′_j , j = 1, . . . , b, are i.i.d. and have the same (unknown) law as Y . Analogously to [19] we can get that (at least in the case when ξ_1 satisfies conditions 1 and 2) λd = 1 is a necessary condition for the existence of solution of (3). It is an open problem whether this condition is sufficient.

Remark: The condition of independence of the random variables ξ_a can be relaxed; what is important is that if ξ_a and ξ_b are not adjacent to the same vertex then they must be independent, and that ξ-s that belong to any path emanating from the root must be independent.

2.2 The bindweed model

In this section we introduce a model describing an evolution of a random string in random environment on a tree (which is somewhat similar to the model studied in [3]) which we call the bindweed model. Then, we show that its classification from the point of view of positive recurrence can be obtained by using theorems 2.2 and 2.3.

Let S = {1, . . . , d} be a finite alphabet and denote, in accordance with the notations introduced in Section 1.2, S^{n+1} = {σ = σ_0 · · · σ_n : σ_i ∈ S} the set of words of length n + 1 composed from the symbols of the alphabet S, S^0 the set containing only the empty word and S^∗ the set of words of arbitrary length. Suppose that a branching function B is given on N^∗ and denote V^n ≡ V^n (B) the corresponding generations of the tree determined by B. Therefore, the rooted tree T = (V, A ) is uniquely defined.

Now we are going to construct a continuous-time Markov chain with state space S, defined by S = {^∅} ∪ ⋃ n=1 (V^n × S^{n+1}),

Figure 1: A typical state of the bindweed model for S = {1, 2, 3}, σ = 2313, and T the binary tree.

where ^∅ is a special state to be defined later. In fact, what happens is the following: we place a word σ = σ_0 . . . σ_n on the tree T in such a way that the 0^{th} symbol of the word is placed on the root 0, for any i = 1, . . . , n the i^{th} symbol of the word is placed somewhere in V^i , and, if the i^{th} symbol σ_i is placed on vertex u, and σ_{i+1} on v, then u < v and [u, v] ∈ A (see figure 1). The state ^∅ means that nothing is placed on the tree.

Now, let us define the dynamics of the bindweed model. Suppose that for any a ∈ A two collections of positive numbers (ν_{yz}(a), y, z ∈ S), (μ_y(a), y ∈ S) are given. If the bindweed model is in the state (u, σ), where σ = σ_0 . . . σ_{n−1}y, u ∈ V^n , then

• for n ≥ 0 it jumps to the state (v, σ_0 . . . σ_{n−1}yz) with rate ν_{yz}(a(v)), for all v ∈ V : u = v̂;

• for n ≥ 1 it jumps to the state (û, σ_0 . . . σ_{n−1}) with rate μ_y(a(u)).

For any σ_0 ∈ S the transitions ^∅ → (0, σ_0) and (0, σ_0) → ^∅ occur with rate 1. Thus, we have defined a continuous-time Markov chain with state space S.

Let us describe now how to choose the transition rates. Let ρ be any probability measure on R^{d2 +d}_+ . Suppose that for any a ∈ A the vector Ξ(a) = (ν_{yz}(a), y, z ∈ S, μ_y, y ∈ S) is random, having distribution ρ, and (Ξ(a), a ∈ A ) are independent and identically distributed. Fix a realisation of that collection of random vectors and consider the bindweed model with the transition rates ruled by that realisation. So, the model that we constructed is a continuous-time Markov chain in a quenched random environment.

Now, we are interested in obtaining a classification of this Markov chain with respect to positive recurrence. For (v, σ) ∈ S denote by π(v, σ) the stationary measure. For any a ∈ A let ξ_a be a d×d matrix whose matrix elements are defined in the following way: ξ_{a,xy} = ν_{xy}(a)/μ_y (a), x, y ∈ S. It is not difficult to see that we have a reversible Markov chain, so it is clear that π(^∅) = π(0, x), for all x ∈ S, and, for any v ∈ V^n , n ≥ 1, and x, y, σ_0, . . . , σ_{n−2} ∈ S, we can formally write π(v, σ_0 . . . σ_{n−2}xy) = ν_{xy}(a(v)) μ_y(a(v)) π(v̂, σ_0 . . . σ_{n−2}x) = ξ_{a(v),xy}π(v̂, σ_0 . . . σ_{n−2}x). (4)

For v ∈ V^n denote by m(v) the matrix with elements

m_{zy}(v) = ∑ σ_1,...,σ_{n−1}∈S π(v, zσ_1 . . . σ_{n−1}y).

Using (4), we have

m_{zy}(v) = ∑ x ∑ σ_1,...,σ_{n−2}∈S π(v, zσ_1 . . . σ_{n−2}xy) = ∑ x ∑ σ_1,...,σ_{n−2}∈S ξ_{a(v),xy}π(v̂, zσ_1 . . . σ_{n−2}x) = ∑ x ξ_{a(v),xy}m_{zx}(v̂), so m(v) = m(v̂)ξ_{a(v)}. (5) Let χ be a vector of order d with all its coordinates equal to 1. As π(^∅) = π(0, x), for all x ∈ S, we have ∑ v∈V^1 σ_0σ_1∈S^2

π(v, σ_0σ_1) = ∑ x,y∈S v∈V^1 m_{xy}(v) = π(^∅) χ, ∑ v∈V^1 ξ_{a(v)}χ .

This fact together with equation (5) shows that ∑ v∈V^n σ∈S^n π(v, σ) = π(^∅) ( χ, ∑ v∈V^n ξ[v]χ )

and so ∑ (v,σ)∈S π(v, σ) is finite if and only if Z^∞ is finite. Thus, theorems 2.2 and 2.3 allow us to obtain the classification of the bindweed model in random environment from the point of view of positive recurrence, in the following way:

Theorem 2.5 Suppose that the distribution of the random matrix ξ_a is such that the Conditions 1 and 2 are satisfied. Let λ be the quantity defined as in Section 2.1. Then

• if λgr(V) < 1, then the bindweed model is positive recurrent; • if λbr(V) > 1, then the bindweed model is not positive recurrent.

3 Proof of positive recurrence

Since the theorem 2.2 is easier to prove than theorem 2.3, let us start from its proof. Proof of theorem 2.2: Write ζ_n = n∑ k=1 ∑ v∈V^n ξ[v] and z_n(s) = n∑ k=1 ∑ v∈V^n ‖ξ[v]‖^s and compute Ez_n (s) = n∑ k=1 cardV^n ∫ G ‖g‖^sμ^{⋆n}(d g) = n∑ k=1 κ_n ∫ G ‖g‖^sμ^{⋆n}(d g). Now if λ = inf_{s∈[0,1]} k(s) = k(s_0) and gr(V)λ < 1 then the series defining z_∞(s_0) converges, hence z_∞(s_0) < ∞ and consequently ∑ v∈V ‖ξ[v]‖^{s0} < ∞ almost surely. Therefore, the set V = {v ∈ V : ‖ξ[v]‖ > 1} is finite. Hence ∑ v∈V ‖ξ[v]‖ = ∑ v∈V ‖ξ[v]‖ + ∑ v∈V\V ‖ξ[v]‖ ≤ ∑ v∈V ‖ξ[v]‖ + ∑ v∈V\V ‖ξ[v]‖^{s0} ≤ ∑ v∈V ‖ξ[v]‖ + z_∞(s_0) < ∞ almost surely.

A fortiori ‖ζ_∞‖ < ∞ almost surely which proves also the statement concerning the matrix elements ζ_{∞,ij} for i, j = 1, . . . , d since Σ_μ ⊆ G. □

4 Large deviation estimates and proof of theorem 2.3

In order to prove theorem 2.3, we need some preparation.

4.1 Results on products of random matrices Products of random matrices are extensively studied in the literature. The objective of this subsection is to use results and ideas of [11, 12, 9, 10] in order to obtain large deviation estimates for the sequence (‖X_n‖^s)_{n∈N+} , for s ≥ 0. [8].

Recall that the first Lyapunov’s characteristic exponent is defined by γ_1 = lim_{n→∞} 1 n log ‖g_n · · · g_1‖. (6)

First we prove lemma 2.1 and proposition 2.4.

Proof of lemma 2.1: The sequence a_n(s) = ∫ ‖g‖^sμ^{⋆n}(d g) is submultiplicative, i.e. a_{m+n}(s) ≤ a_m(s)a_n(s), due to the independence of the matrices; this guarantees the existence of the limit. Log-convexity follows from Jensen’s inequality. □

Proof of proposition 2.4: Under the condition g_{ij} < 1/d for all i, j = 1, . . . , d, it follows that ‖g‖ < 1 and the infimum is attained at s = 1, i.e. inf_{s∈[0,1]} k(s) = k(1). We know moreover from lemma 2.1 that for s ∈ I_μ we have k(s) < ∞. For an arbitrary x with ‖x‖ = 1 and x_i > 0, let α = min_i x_i > 0. We have ‖gx‖ ≤ ‖g‖ and ‖gx‖ = ∑ i ∑ j g_{ij} x_j ≥ α max_i ∑ j g_{ij} = α‖g‖.

Therefore, for any x ∈ R^d such that ‖x‖ = 1 and α = min_i x_i > 0, we have ( α ∫ G ‖g‖^sμ^{⋆n}(d g) )_{1/n} ≤ (∫ G ‖gx‖^sμ^{⋆n}(d g) )_{1/n} ≤ (∫ G ‖g‖^sμ^{⋆n}(d g) )_{1/n} . Choose x to be the normalised eignevector corresponding to the largest eigenvalue ρ of Eg. Then ∫ G ‖gx‖^sμ^{⋆n}(d g) = E ‖g_n · · · g_1x‖ = E d∑ i=1 d∑ j=1 X_{n,ij}x_j = ρ^n d∑ j=1 x_j = ρ^n

showing that λ = ρ. □

Now we pass to the most important large deviation result in our case, namely the establishment of the Chernoff-Cramér bound.

4.2 The Chernoff-Cramér bound

Denote by L(s) = { log k(s) if s ∈ I_μ +∞ if s ∉ I_μ, λ = inf_{s∈[0,1]} k(s) and γ_1(s) =^d_{d s} log k(s), s ∈ I. The value γ_1(0) is the largest Lyapunov’s characteristic exponent.

Lemma 4.1 For every ρ ∈]0, exp γ_1(0)[ and every δ > 0, there exists N = N(δ, ρ) such that for all n ≥ N and for all v ∈ ∂V, P(‖ξ[v↾_n]‖ > ρ^n) > 1 − δ.

Proof: Denote Ξ_n =^{log ‖ξ[v↾n]‖}_n . It is a well known result (see [1] for instance) that lim Ξ_n = γ_1(0) almost surely, i.e.

for any ε, δ > 0, there exists N_0 = N_0(ε, δ) such that for all n ≥ N_0 it holds that P ∩_{k≥n} {|Ξ_k − γ_1(0)| ≤ ε}) ≥ 1 − δ.

Hence P(|Ξ_n − γ_1(0)| ≤ ε) ≥ 1 − δ and a fortiori P(Ξ_n ≥ γ_1(0) − ε) ≥ 1 − δ. We conclude by choosing ε = γ_1(0) − log ρ > 0. □

Theorem 4.2 Assume that λbr(V) > 1 and let ρ ∈]0, 1] be such that λ = inf_{s∈[0,1]} ρ^{1−s}k(s). Then there exists n_0 such that for all n ≥ n_0, P(‖ξ[v↾_n]‖ > ρ^n) > 1 (ρbr(V))^n .

Proof: If ρ ≤ exp γ_1(0), there is nothing to prove since the previous lemma provides an even better bound. Assume thus that ρ > exp γ_1(0) and write for the Legendre transform

Λ(s^∗) = sup_s (s^∗s − L(s)) = { 0, if s^∗ ≤ γ_1(0), s^∗s_0(s^∗) − L(s_0(s^∗)), if s^∗ > γ_1(0), where s_0(s^∗) is solution of s^∗ = L^′(s^∗) = γ_1(s). Since k(s) is log-convex, we have that γ(s) ≥ γ_1(0). For s ≥ 0, the limit k(s) = lim_n( ∫ G ‖g‖^sμ^{⋆n}(d g))^{1/n} exists and the random matrix X_n = ξ[v↾_n] is distributed according to μ^{⋆n}. Denote S_n = log ‖X_n‖ (for fixed v ∈ ∂V). The sequence S_n verifies (cf. [12]) a large deviation principle with rate function Λ, i.e.

lim_n 1 n log P(S_n > nθ) = inf_{s∗>θ} Λ(s^∗) = Λ(θ).

Therefore, for any ε > 0 there exists N = N(ε) such that for all n ≥ N we have^1_n log P(S_n > nθ) ≥ −Λ(θ) − ε, or exp(nε)P(‖X_n‖ > exp(nθ)) ≥ exp(−nΛ(θ)). Now, λ = inf_{s∈[0,1]} k(s) = sup_{r∈]0,1]} inf_{s≥0} r^{1−s}k(s).

Let ρ ∈]0, 1] be such that λ = inf_{s≥0} ρ^{1−s}k(s). For this fixed ρ,

inf_{s≥0} ρ^{1−s}k(s) = ρ exp ( inf_{s≥0}(−s log ρ + L(s)) )

= ρ exp ( − sup_{s≥0}(s log ρ − L(s)) )

= ρ exp (−Λ(log ρ)) = λ > 1 br(V) .

Two cases can in fact appear: either γ_1(0) ≥ 0 or γ_1(0) < 0.

• If γ_1(0) ≥ 0, then λ = 1 and log ρ ≤ γ_1(0). Therefore Λ(log ρ) = 0. So, either log ρ < γ_1(0) and in that case the previous lemma provides an even better bound, or else log ρ = γ_1(0) and then we obtain exp γ_1(0) = λ = 1 >^1_{br(V)} which can happen only if γ_1(0) = 0.

• If γ_1(0) < 0, then λ < 1 because k(s) is decreasing, at least for a small interval [0, η], η > 0.

– If log ρ = γ_1(0) then Λ(log ρ) = 0 and we have^1_{br(V)} < exp γ_1(0) = λ < 1. – If log ρ > γ_1(0) then Λ(log ρ) > 0 and we have^1_{br(V)} < λ = ρ exp(−Λ(log ρ)) ≤ 1 and in this case there exists a ρ < 1 verifying the previous inequality. Choosing θ = log ρ, we have exp(nε)P(‖X_n‖ > ρ^n) ≥ (exp(−Λ(log ρ)))^n > ( 1 ρbr(V) )_n , because exp(−Λ(log ρ)) = λ/ρ > (ρbr(V))^{−1} .

Hence there exists δ > 0 such that exp(−Λ(log ρ)) = exp(δ)^1_{ρbr(V)}. Therefore P(‖X_n‖ > ρ^n) ≥ exp((δ−ε)n) (ρbr(V))^n . Choosing 0 < ε < δ, we have for every n ≥ N that P(‖ξ[v↾_n]‖ > ρ^n) > 1 (ρbr(V))^n . □

Corollary 4.3 There exist ε_1, ε_2 > 0 such that for all ρ_1 ∈ [ρ(1 − ε_1), ρ] and for all ρ_2 ∈ [ρ, ρ(1 + ε_2)], P(‖ξ[v↾_n]‖ > ρ^n_2 ) > 1 (ρ_1br(V))^n .

4.3 Matrix estimates

Definition 4.4 Let g ∈ M_d(R_+ ) and x ∈ R^d_+ and suppose that there exists K ≥ 1 such that

1. for all i, j = 1, . . . , d the matrix elements verify:^1_K ≤ g_{ij} ≤ K. Then the matrix g is called K-equilibrated.

2. for all i, j = 1, . . . , d the vector coordinates verify:^1_K ≤^{xi}_{xj} ≤ K. Then the vector x is called K-equilibrated.

Lemma 4.5 Let g ∈ M_d(R_+ ) and x ∈ R^d_+ be an arbitrary vector with ‖x‖ ≠ 0. Let y = gx ∈ R^d_+ . If the matrix g is K-equilibrated, then the vector y is K^2-equilibrated.

Proof: Write y_i = ∑_d j=1 g_{ij} x_j and observe that

y_i ≤ max_l y_l = max_l ∑ j g_{lj} x_j ≤ K(x_1 + . . . + x_d) = K‖x‖,

and y_i ≥ min_l y_l = min_l ∑ j g_{lj}x_j ≥ 1 K (x_1 + . . . + x_d) = 1 K ‖x‖, so, since ‖x‖ ≠ 0, the lemma follows. □

Lemma 4.6 Let g, g^′, h ∈ M_d(R_+ ) and suppose that h is K-equilibrated. As before, denote by χ ∈ R^d the vector having all its coordinates equal to 1. Then (χ, ghg^′χ) ≥ (χ, gχ)(χ, g^′ χ) K^5 .

Proof: Write (χ, ghg^′χ) = (g^∗χ, hg^′χ) ≥ min{(hg^′χ)_i, i = 1, . . . , d}(g^∗χ, χ). For every K^2-equilibrated vector y, we have

‖y‖ = y_1 + . . . + y_d ≤ d max_i y_i ≤ K^4d min_i y_i,

hence min_i y_i ≥^{‖y‖}_{dK4} . Now if the matrix h is K-equilibrated, then the vector hg^′χ is K^2- equilibrated, hence min{(hg^′χ)_i, i = 1, . . . , d} ≥^{‖hg′χ‖}_{K4d} =^{(χ,hg′χ)}_{K4d} . Similarly, (χ, hg^′χ) = ∑ i,j h_{ij} (g^′χ)_j ≥^d_K (χ, g^′χ). □

Lemma 4.7 Let l and n be some strictly positive integers and ρ and K some strictly positive reals. Let v ∈ V_{l(n+1)} and for k = 1, . . . , l denote A_k = ξ[v↾_{(k−1)(n+1)}, v↾_{k(n+1)−1}] and g_k = ξ[v↾_{k(n+1)−1}, v↾_{k(n+1)}]. If for all k = 1, . . . , l, ‖A_k‖ > ρ^n and g_k is K-equilibrated, then (χ, ξ[v]χ) ≥ ρ^{ln} ( 1 K^5 )_l .

Proof: Writing C_k = g_kA_k, we have that ξ[v] = C_l · · · C_1. Hence using iteratively l times the previous lemma and the fact that (χ, Aχ) = ‖Aχ‖ ≥ ‖A‖ for any matrix A, we obtain that

(χ, ξ[v]χ) ≥ l∏ k=1 (χ, A_kχ) K^5 ≥ ∏_l k=1 ‖A_k‖ (K^5)^l . □

4.4 Probabilistic estimates

Lemma 4.8 Let g be a matrix on G distributed according to the probability measure μ satisfying conditions 1 and 2. Then, for every δ > 0, there exists K = K(δ) such that P( 1 K ≤ g_{ij} ≤ K, for all i, j = 1, . . . , d) ≥ 1 − δ.

Proof: Since μ verifies condition 1, for all δ_1 > 0, there exists K_1 = K_1(δ) such that P(g_{ij} > K_1, for all i, j = 1, . . . , d) ≤ P(‖g‖ > K_1) ≤^{E‖g‖}_{K1} < δ_1. On the other hand, because μ satisfies condition 2, it does not have an atom at 0, so for all δ_2 > 0 there exists K_2 = K_2(δ_2) such that P(g_{ij} < 1/K_2 for all i, j = 1, . . . , d) ≤ δ_2. Choose K = max(K_1, K_2) and δ = δ_1 +δ_2 to conclude. □ Now we are able to complete the proof of theorem 2.3, i.e., to prove that if λbr(V) > 1 then Z_∞ = ‖ζ_∞χ‖ = (χ, ζ_∞χ) = +∞ almost surely.

Proof of theorem 2.3: Let β = br(V) = sup{b : inf_C ∑ v∈C b^{−|v|} > 0}, where C is any cutset.

Let δ_1 = log(λβ) > 0. From theorem 4.2, there exists N_1 = N_1(δ_1), ρ ∈]0, 1], and ρ^′_1, ρ^′_2 with ρ^′_1 < ρ < ρ^′_2 such that for all n ≥ N_1 we have

P(‖X_n‖ > (ρ^′_2)^n) > 1 (ρ^′_1β)^n . Fix any n ≥ N_1; combining this bound with the result of lemma 4.8, we can choose ρ_1, ρ_2 with ρ^′_1 < ρ_1 < ρ < ρ_2 < ρ^′_2 and K sufficiently large so that for all u, v ∈ V with u < v and |v| − |u| = n + 1 we have

q := P(‖ξ[u, v̂]‖ > ρ^n_2 ; 1 K ≤ (ξ[v̂, v])_{ij} < K, for all i, j = 1, . . . , d) > 1 (ρ_1β)^n

(it is important to note that the choice of K does not depend on n).

Now, we use some ideas from the proof of theorem 1 (i) in [16]. As qβ^{n+1} > ρ^{−n}_1 > 1, proceeding as in [16], we get that there exists a set U ⊂ V with the following properties (U is, in fact, one of the infinite clusters in the corresponding quasi-Bernoulli percolation process). The set U is an infinite subset of V whose subsequent levels are separated by multiples of n + 1, i.e. for all u, v ∈ U there exists k ∈ Z such that |v| − |u| = k(n + 1). Moreover, if u, v ∈ U and |v| − |u| = (n + 1), then ‖ξ[u, v̂]‖ > ρ^n_2 while^1_K ≤ (ξ[v̂, v])_{ij} ≤ K for all i, j = 1, . . . , d. Hence,

Z_∞ = ( χ, ∑ v∈V ξ[v]χ )

≥ ( χ, ∑ v∈U ξ[v]χ )

= ∞∑ k=1 χ, ∑ v∈U∩V^{k(n+1)} ξ[v]χ .

For u ∈ U ∩ V^{k(n+1)} , let A_l = ξ[v↾_{(l−1)(n+1)}, v↾_{l(n+1)−1}] and g_l = ξ[v↾_{l(n+1)−1}, v↾_{l(n+1)}], for l = 1, . . . , k. These matrices verify the conditions of applicability of lemma 4.7. Therefore, Z_∞ ≥ ∞∑ k=1 ∑ v∈U∩V^{k(n+1)} ρ^{kn}_2 ( 1 K^5 )_k .

Let us fix n so large that we can chose ρ^{′′}_2 with ρ_2 > ρ^{′′}_2 > ρ such that^{ρn2}_{K5} > (ρ^{′′}_2)^{n+1}. Let U^′ be the infinite subtree of V induced by U (i.e., v ∈ U^′ iff v^′ ≤ v ≤ v^{′′} for some v^′, v^{′′} ∈ U). As, by construction, br(U^′ ) > (ρ^{′′}_2)^{−1}, we have Z_∞ ≥ ∞∑ k=1 ∑ v∈U∩V^{k(n+1)} (ρ^{′′}_2 )^{k(n+1)} = ∞.

□

References

[1] Philippe Bougerol and Jean Lacroix. Products of random matrices with applications to Schrödinger operators. Birkhäuser Boston Inc., Boston, MA, 1985.

[2] P. Collet and F. Koukiou. Large deviations for multiplicative chaos. Commun. Math. Phys., 147:329–342, 1992.

[3] F. Comets, M. Menshikov, and S. Popov. Lyapunov functions for random walks and strings in random environment. Ann. Probab., 26:1433–1445, 1998.

[4] R. Durrett and Th. Liggett. Fixed points of smoothing transformation. Z. Wahrscheinlichkeitstheorie verw. Gebiete, 64:275–301, 1983.

[5] K. J. Falconer. The geometry of fractal sets. Cambridge University Press, Cambridge, 1986.

[6] A. S. Gajrat, V. A. Malyshev, and A. A. Zamyatin. Two-sided evolution of a random chain.

Markov Process. Related Fields, 1(2):281–316, 1995.

[7] A. S. Gaĭ rat, V. A. Malyshev, M. V. Men^′shikov, and K. D. Pelikh. Classification of Markov chains that describe the evolution of random strings. Uspekhi Mat. Nauk, 50(2(302)):5–24, 1995.

[8] I. Ja. Gol^′dšeĭd, S. A. Molčanov, and L. A. Pastur. A random homogeneous Schrödinger operator has a pure point spectrum. Funkcional. Anal. i Priložen., 11(1):1–10, 96, 1977.

[9] Y. Guivarc’h and A. Raugi. Products of random matrices: convergence theorems. In Random matrices and their applications (Brunswick, Maine, 1984), pages 31–54. Amer. Math. Soc., Providence, RI, 1986.

[10] Yves Guivarc’h and Émile Le Page. Simplicité de spectres de Lyapunov et propriété d’isolation spectrale pour une famille d’opérateurs sur l’espace projectif, to appear in Random walks and geometry, V. Kaimanovich and W. Woess, eds.

[11] H. Hennion. Limit theorems for products of positive random matrices. Ann. Probab., 25(4):1545–1587, 1997.

[12] Hubert Hennion and Loïc Hervé. Limit theorems for Markov chains and stochastic properties of dynamical systems by quasi-compactness. Springer-Verlag, Berlin, 2001.

[13] J.-P. Kahane and J. Peyrière. Sur certaines martingales de Benoît Mandelbrot. Adv. Math., 22:131–145, 1976.

[14] Q. Liu. Fixed points of a generalised smoothing transformation and applications to the branching random walk. Ann. Appl. Probab., 30:85–112, 1998.

[15] Quansheng Liu and Alain Rouault. Limit theorems for Mandelbrot’s multiplicative cascades.

Ann. Appl. Probab., 10(1):218–239, 2000.

[16] R. Lyons and R. Pemantle. Random walk in a random environment and first passage percolation on trees. Ann. Probab., 20:125–136, 1991.

[17] Benoit Mandelbrot. Multiplications aléatoires itérées et distributions invariantes par moyenne pondérée aléatoire: quelques extensions. C. R. Acad. Sci. Paris Sér. A, 278:355– 358, 1974.

[18] R. D. Mauldin, S. Graf, and S. C. Williams. Exact Hausdorff dimension in random recursive constructions. Proc. Nat. Acad. Sci. U.S.A., 84(12):3959–3961, 1987.

[19] Mikhail Menshikov and Dimitri Petritis. On random walks in random environment on trees and their relationship with multiplicative chaos. In Mathematics and computer science, II (Versailles, 2002), Trends Math., pages 415–422. Birkhäuser, Basel, 2002.

[20] D. Revuz. Markov chains. North-Holland Publishing Co., Amsterdam, second edition, 1984.