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Abstract

In this article we give an algorithm for the computation of the number of
rational points on the Jacobian variety of a generic ordinary hyperelliptic
curve defined over a finite field Fy of cardinality ¢ with time complexity
O(n**°M) and space complexity O(n?), where n = log(q). In the latter
complexity estimate the genus and the characteristic are assumed as fixed.
Our algorithm forms a generalization of both, the AGM algorithm of J.-F.
Mestre and the canonical lifting method of T. Satoh. We canonically lift
a certain arithmetic invariant of the Jacobian of the hyperelliptic curve in
terms of theta constants. The theta null values are computed with respect
to a semi-canonical theta structure of level 2“p where v > 0 is an integer
and p = char(IFy) > 2. The results of this paper suggest a global positive
answer to the question whether there exists a quasi-quadratic time algo-
rithm for the computation of the number of rational points on a generic
ordinary abelian variety defined over a finite field.

Keywords: point counting algorithm, canonical lift, theta function, p-
adic method, CM construction.

1 Introduction

The study of the properties of non-singular projective algebraic curves over
finite fields is a subject of central importance in algorithmic number theory and
cryptography. It is well established that the Jacobian varieties of such curves
constitute a suitable family of groups to be used in cryptographic protocols
which are based upon the difficulty of solving the discrete logarithm problem.
In order to avoid 'weak’ Jacobians, i.e. Jacobian varieties which give a trivial



instance of the general discrete logarithm problem, it is necessary to precompute
the number of rational points on a given Jacobian. This issue has prompted a
lot of research, focused on the design of efficient point counting algorithms.

Next we briefly recall how one can count points by computing the eigenvalues
of the absolute Frobenius endomorphism on a Jacobian variety. We denote by
F, a finite field with ¢ elements. Let ¥ be the g-th power Frobenius morphism
acting on the algebraic closure F, of F,. Let C' be a smooth projective curve
of genus g over F,, and let J(C) be its Jacobian. For a prime number ¢ not
dividing ¢ we denote by Ty the f-adic Tate module of J(C'). The latter is a free
Ze-module of rank 2g. Here Z, stands for the ¢-adic integers. Let End(J(C))
be the ring of endomorphisms of J(C) and put End’(J(C)) = End(J(C)) ® Q.
There exists a canonical injective morphism p; : End®(J(C)) — Endg, (T; ® Q)
which is called the ¢-adic representation of End®(J(C)). Let F be the purely
inseparable endomorphism of degree ¢9 of J(C) given by the action of ¥ on
geometric point coordinates (x1,...,x,) +— (z{,...,2%). One would like to
compute, in an efficient way, the characteristic polynomial xr of pe(F). One
recovers the number of rational points of the Jacobian J(C) as xr(1).

Broadly speaking, there exists two classes of point counting algorithms. On
one hand, there are the so-called ¢-adic algorithms initiated by the work of R.
Schoof [Sch85]. These algorithms compute the action of the Frobenius mor-
phism on the group of ¢-torsion points for different primes ¢, where the latter
{ are chosen coprime to the characteristic of the finite field. If the product
over all £ is sufficiently big, then one can recover xr by the Chinese remainder
theorem. Schoof’s algorithm for elliptic curves behaves very well, due to the
improvements by O. Atkin and N. Elkies [Sch95] [E1k98]. Cryptographic sizes
still seem to be difficult to reach in genus 2 [GS04] and higher. A generalization
of the method of R. Schoof, the complexity of which is polynomial in the genus,
has been proposed by B. Edixhoven [Edi06]. On the other hand, there are the
so-called p-adic methods, introduced by the work of T. Satoh [Sat00]. These
algorithms rely on the computation of the action of the Frobenius morphism
on p-adic canonical lifts of certain arithmetic invariants, where p > 0 is the
characteristic of the finite base field. They have in common a bad behavior
with respect to the characteristic p. It is convenient to assess their complexity
in terms of log(g), where ¢ is the number of elements of the finite field Fy and
where the characteristic p of the finite field is assumed as fixed.

In the following we recall existing work about p-adic point counting al-
gorithms. First, a series of algorithmic improvements upon the algorithm of
Satoh [Gau02, Har02b, Har02a, KPC*t02, LL03, VPVO01] led to a quasi-quadratic
time point counting algorithm for ordinary elliptic curves over finite fields. The
special case of characteristic 2 was then interpreted by J.-F. Mestre in terms of
a 2-adic analogue of Gauss’ algebraic geometric mean. He gave a very elegant
and simple quasi-cubic time point counting algorithm for ordinary elliptic curves
over finite fields of characteristic 2 [Mes01]. The previously cited algorithmic
improvements upon the algorithm of Satoh can also be applied to Mestre’s algo-
rithm, which results in a quasi-quadratic time point counting algorithm. Mestre
has extended the scope of his algorithm by showing that the algebraic geometric



mean formulas can be considered as a particular case of the Riemann duplica-
tion formulas for complex analytic theta functions [Mes02]. His ideas led to a
quasi-quadratic time point counting algorithm for ordinary hyperelliptic curves
defined over a finite field of characteristic 2 [LD06]. Other p-adic algorithms
were found by K. Kedlaya [Ked01] and A. Lauder [LW02]. Their algorithms
are based on the computation of the action of a formal Frobenius lift on the
Monsky-Washnitzer and the Dwork cohomology groups, respectively.

The aim of this paper is to describe an algorithm for the computation of
the number of points of a generic ordinary hyperelliptic curve over a finite field
F, with g elements of characteristic p > 2 which has quasi-quadratic time and
quadratic space complexity in terms of logp(q). We give two versions of our
algorithm: a proven version of the algorithm, for which we are able to prove
that it is correct and that it has quasi-quadratic time and quadratic space com-
plexity, and a heuristic version of the algorithm, the proof of which relies on
some yet unproven facts.

The reason why we give both algorithms is that, due to the smaller constant
term in the complexity estimate of the heuristic algorithm, it performs much
faster than the proven algorithm for field sizes which are actually used in the
applications. We have strong computational evidence that also the heuristic
version of the algorithm is correct. Our method follows the point counting
strategy of J.-F. Mestre, which relies on the computation of arithmetic invariants
of canonical lifts using the coordinate system provided by the theta null values
associated to an abelian variety with theta structure. In our case, the theta null
point is computed with respect to a theta structure of level 2¥p where v > 1
is an integer and p > 2 is the characteristic of the residue field. The results of
this paper suggest a global positive answer to the question whether there exists
a quasi-quadratic time and quadratic space algorithm for the computation of
the number of rational points of a generic ordinary abelian variety over a finite
field.

Both versions of the algorithm consist of the following two main steps, ac-
cording to the classical lift and norm paradigm. Let C' be an ordinary hyperel-
liptic curve over a finite field of characteristic p > 2 whose Jacobian is absolutely
simple.

1. First, one computes a certain arithmetic invariant associated to the canon-
ical lift of the Jacobian variety of the curve C'. The arithmetic invariant
is given by the theta null point of a Jacobian of C' with respect to a semi-
canonical theta structure of level 2¥p with v > 0 an integer. The lifting
is done using a multivariate Henselian lifting algorithm applied to certain
theta identities of level 2“p and degree p?.

2. Secondly, the norm of a certain quotient of theta null values attached to
the canonical lift is computed. This value coincides with the product of
the invertible eigenvalues of the absolute Frobenius endomorphism on the
reduction. If one computes the canonical lift and the norm with sufficiently
high precision, then it is straight forward to recover the characteristic



polynomial of the Frobenius morphism from the latter approximation of
the norm.

The only difference between the proven and the heuristic version of our algo-
rithm lies in the choice of the parameter v of Step 1. In the heuristic version of
the algorithm the parameter v is chosen to be equal 1. In the case that v = 3
we are able to give a complete proof of correctness of the algorithm.

This paper is organized as follows. In Section 2 we present some new theo-
retical results that form the basis of our algorithm.

e (Section 2.1) An important ingredient of our algorithm is given by theta
relations of level 2p and degree p?, which describe the action of a square
of the unique Frobenius lift on the Serre-Tate formal torus with respect
to the coordinates given by the canonical theta structure [Car07]. We
remark, that the equations, which are described in Section 2.1, can also
be used for CM construction in arbitrary characteristic generalizing the
results of [CKLOS].

e (Section 2.2) We give equations which, together with the relations of Sec-
tion 2.1, define the local deformation space of an ordinary abelian variety
with a (2¥p)-theta structure. Classically, equations in terms of theta con-
stants defining the moduli space of abelian varieties are known if the level
is divisible by 8 (see [Mum67, §6]).

e (Section 2.3) It is well-known that the 4-theta null point of the Jacobian
variety of a hyperelliptic curve can be computed using the Thomae for-
mulas. One can extend the 4-theta null point to a (2¥p)-theta null point
using the equations for level 2”p that are given in Section 2.2.

o (Section 2.4) We give a transformation formula which relates a certain
quotient of theta null values of the canonical lift for level 2¥p with the
product of the invertible eigenvalues of the absolute Frobenius morphism
acting on the reduction.

In Section 3 we give a point counting algorithm for generic ordinary hyperelliptic
curves over a finite field of characteristic p > 2. In Section 4 we provide a
detailed complexity analysis of the latter algorithm. In Section 5, we prove
that a closed variety defined from the equations of Section 2.2 has dimension
0. In Section 6 we give some examples that have been computed using an
experimental implementation of our algorithm.

Notations and complexity hypothesis. We will denote by F, a finite field
of characteristic p > 0 having g elements. Let Z, denote the ring of Witt
vectors with values in F, and by Q, the field of fractions of Z,. There exists
a canonical lift 0 € Aut(Z,) of the p-th power Frobenius morphism of F,. If
a is an element of Z, then we denote by @ its reduction modulo p in F,. We
say that we have computed an element x € Z, to precision m, if we we can
write down a bit-string representing its class in the quotient ring Z,/p™Z,4. In



order to assess the complexity of our algorithm we use the computational model
of a Random Access Machine [Pap94]. We assume that the multiplication of
two n-bit length integers takes O(n*) bit operations. One can take p =1+ ¢
(for n large), u = logy(3) and p = 2 using the FFT multiplication algorithm,
the Karatsuba algorithm and a naive multiplication method, respectively. Let
x,y € ZLq/p™Zy. For the following we assume the sparse modulus representation
which is explained in [CFAT 06, pp.239]. Under this assumption one can compute
the product zy to precision m by performing O(log(q)*m*) bit operations.

2 Theta relations of level 2p

In this section we give some original results that form the basis of our point
counting algorithm. In order to do explicit canonical lifting it is necessary to
find theta identities that describe the arithmetic invariants of canonical lifts.
It is not difficult to make up a theta relation. A hard problem is to make a
‘complete’ set of theta relations that is suitable for canonical lifting. We give
such a complete set of equations in the following sections. Also we give a special
theta relation, deduced from the classical transformation formula, which allows
one to recover the eigenvalues of the Frobenius from the arithmetic invariant of
the canonical lift.

2.1 A local p?-correspondence

Let R be a complete noetherian local ring with finite residue field I, of char-
acteristic p > 0. Suppose that we are given an abelian scheme A over R which
has ordinary reduction. Let £ be an ample symmetric line bundle of degree 1
on A. Assume that there exists a o € Aut(R) lifting the p-th power Frobenius
automorphism of F,. For m > 1 we set Z,,, = (Z/mZ)9 where g is the relative
dimension of A over R.

Now assume that p > 2 and let n > 1 an integer with (n,p) = 1, i.e. n is
coprime to p. Suppose that we are given a symmetric theta structure ©s,, of
type Zay, for £?" and an isomorphism

Zp,R = A[p]eta (1)

where A[p]®® denotes the maximal étale quotient of A[p]. By [Car07, Th.2.2]
there exists a canonical theta structure O, of type Z, for the line bundle .£?
which is uniquely determined by the isomorphism (1). Let ©g,, = O, x O,
be the semi-canonical symmetric product theta structure of type Zsy,, for & 2np
(see [CKLOS, §3.2]).

We denote the theta null point with respect to the theta structure Os,,
by (au)uez,,,- In the following we consider Zy, Z,, and Zs, as embedded
compatibly into Zs,,. Let S be the set of all 4-tuples (x,y,v,w) € Zénp such
that the sets {x + y,z — y} and {v + pw,v — pw} are equal and contained in
Znp-



Theorem 2.1. There exists an w € R* such that for all (z,y,v,w) € S one has

2
§ Oz+420y+z = W § Qo4 pullyy -

zE€Z2 uE Zap
Proof. Assume that we have chosen an isomorphism
Zys g = AP°I (2)

which induces the trivialization (1) if one restricts to Z,. The choice of the iso-
morphism (2) possibly requires a local-étale extension of the base. Nevertheless,
the resulting formulas are defined over the original ring R. By [Car07, Th.2.2]
there exists a canonical theta structure 0,3 of type Zps for the line bundle zr’
depending on the trivialization (2). By [Car, Lem.2.1] the theta structures © s
and ©, are p?-compatible in the sense of [Car, Def.5.5]. By [CKL08, Lem.3.3]
there exists a semi-canonical product theta structure O3 = O3, X O3 of type
Zonps for £ We remark that by [Car07, Th.5.1] and [CKLO0S8, Lem.3.2] the
canonical theta structure ©,s is symmetric. Hence by [CKLO8, Lem.3.4] the
theta structures Oy, O2,p, O,3 and Og,,s form a compatible system. Because
of the symmetry of the theta structure O, there exists a theta structure ©,
of type Z,, for £™ which is 2-compatible with Oz, (see [Mum66, §2,Rem.1]).
By the same reasoning as above there exists a semi-canonical product theta
structure Oy, = ©,, x ©, which is 2-compatible with ©2y,,.

Suppose that we are given a rigidification of the line bundle .. We set
V(Zy) = Hom(Z,, r,ORr) for m > 1. Recall that V(Z,,) is the module of
finite theta functions as defined in [Mum66, §1]. One can choose theta group
equivariant isomorphisms

wi: LS VI(Z),

where i € I = {np,2np, 2np®} and where 7 : A — Sp(R) denotes the structure
morphism. The isomorphisms g; induce finite theta functions qo: € V(Z;)
where 1 € I .

It follows from Corollary 2.5 taking ¢ = j = 1 and m = —n = p that there
exists a A € R* such that

qzne (V4 pw)gens (v —pw) = A Z q2np (U + PU)q gpanps (W + ).
uE Zap

It follows by [CKL08, Th.2.4] and [Car, Th2.3] in conjunction with [Car, Lem?2.2]
and [CKLO8, Lem.3.5] that

2
qapnr (U +pw)gens (V—pw) =X > qere(V+ pu)geem(w+u)” . (3)
uE Zap

Corollary 2.5 implies by means of the choice i = j = p and m = —n = 1 that
there exists a A € R* such that

qzme (@ + Y)qzm (@ —y) =X Y qarnn(z + 2)qzom (Y + 2). (4)
z2€Z>



By the assumption that (z,y,v,w) € S, the left hand sides of the equations (3)
and (4) are equal. As a consequence, there exists an w € R* such that

2
Z qz2np (:E + Z)q‘fi2np (y + Z) = W Z qfonP ('U + pu)q‘fi2np (U} + u)g .
z2E€EZ3 u€ Zap

This completes the proof of the theorem. O

In the following we illustrate Theorem 2.1 by some examples.

Example g=1,n=1,p=3:

aiap + agas = w(alagz + a2a§2 + 2a1a§2 + 2a2a‘172)
asap +ajas = w(2a1a‘172 + a2a82 + alagz + 2a2ag2)
asas + agag = w(2a0ag2 + a3a§2 + 2a3a‘172 + aoaSZ)
apas + asag = w(aoagz + 2a3a52 + a3a5’2 + 2a0a‘1’2)
Example g=1,n=1, p=05:
asap +asas = w 2(13@%2 + 2a3a‘1’2 + a2a82 + 2a2a§1’2 + 2a2ag2 + asa
asas +asay = w 2a2a§2 + agag2 + 2a3ai2 + 2(13@[2’2 + 2a2a‘1’2 + asa

2 2 2 2 2
apas + asag = w(apad +2asa] + 2apai +2asa3 +asag + 2apa

2 2 2 2 2
asap + aras = w(asad +2a1a] +aiaf +2a1a5 + 2a4a] + 2040

2 2 2 2 2
2apa5 + 2asa] +2apa] +asai + 2asa§ + apa

2
5 )
2
o)
2
1)
2
)
2
asas +agap = w o)
0'2)
1

(

(

(

(

(
2 2 2 2 2

arao +asas = w(arad +2asaf +asaf +2a1a] +2a105 + 2a4a

2.1.1 A generalized theta multiplication formula

In the following we give a generalized multiplication formula in the context of
Mumford’s algebraic theta functions. We only sketch a proof. For more details
we refer to [Koi76] and [Kem89).
Let A be an abelian scheme over a local ring R and let £ denote the isogeny
A? — A? given by the matrix
1 m
(%)

where m,n € Z. Let i,5 > 1 and I = {i, j,i+j,im?+ jn?}. Assume that we are
given an ample symmetric line bundle . on A and compatible theta structures
0, for £ of type K; where i € I. We set M, ; = pi.L* @ ps.£7.

Lemma 2.2. Suppose that im + jn = 0. Then one has

*
§EM = M, im2qjn2-



Proof. Let (a,b) € A%2. We define
s1:A— A%z (a,r) and s9: A — A%z (2,b).
One computes
ssMij = s3p1. L0 @ s5ps LT = (pros2) L @ (pros2) LT =2

where py, : A3 — A denotes the projection on the k-th factor. Similarly, we have
stM,; ;= Z7. Also we have

55" My = (proosy) L @ (pyoosy) L’ =T, L @ Ty’

(;) (Tl;kgzm ® gfi(mfl)) ® (T;‘gﬂl ®$7j(n71))
_ Tb*gierjn ® g~ imtim)+(its) — ¢piti

The latter equality follows by our assumption im + jn = 0. The equality (*) is
implied by the Theorem of the Square. Now take a = 04 where 04 denotes the
zero section of A. Then one has

STEM;j = (profos) L @ (paofos) L
=[m|*" L' ® [n]* LI = Lim*+in®,

The latter equality comes from the symmetry of the line bundle .. The propo-
sition now follows by applying the Seesaw Principle. O

Assume now that we are given n,m € Z such that im + jn = 0. There exists
a product theta structure ©;; of type K;; for M;; where K;; = K; x Kj.
On top of Lemma 2.2 one can verify that the theta structure ©,4; ;m24;p2 is
&-compatible with the theta structure ©; ; (compare [Mum66, §3] and [CKLOS,
Lem.3.8]). Hence we can apply the Isogeny Theorem (see [Mum66, §1,Th.4]) in
order to get the following general addition formula.

Proposition 2.3. There exists a A € R* such that for all g € V(K, ;) and

(%,y) € Kitjim2+4jn2 we have

0 , else

Here we denote by V(K; ;) the module of finite theta functions of type K ;.
We define for z € K;y;

Ga: = {y S Kim2+jn2|£(x7y) € Ki,j}'

Here K24 jn2 and K ; are considered as subgroups of A and A? via the theta
structures ©,4; ;24 jn2 and O, ;, respectively. As a corollary of Proposition 2.3
we get the following theorem.



Theorem 2.4 (General Multiplication Formula). There exists a A € R* such
that for all x € Ky, f1 € V(K;) and fo € V(K;) we have

(frxfo)(@) =X D filz +my) fo(® +nY)q gimz+in2 (y).

yEG,

The x-product is defined as in [Mum66, §3]. A proof of Theorem 2.4 in terms of
the classical analytic theory is given in [Koi76]. In [Kem89] the author sketches
a proof of the general multiplication formula over a field of positive charac-
teristic. We remark that for ¢ = j = m = —n = 1 one obtains Mumford’s
2-multiplication formula [Mum66, §3].

Corollary 2.5. There exists a A € R* such that for all (a,b) € K; ; we have

qzi(a)gei(b) = A Z Qzi+i ()G gpim2-4m2 (Y)-
&(z,y)=(a;b)

2.2 Riemann’s equations for level 2"p

We use the notation that has been introduced in Section 2.1. Let R be a noethe-
rian local ring, £ > 0 a prime and v > 1 an integer. Suppose we are given an
abelian scheme A of relative dimension g over R. Assume that we are given
an ample symmetric line bundle .Z of degree 1 on A and a symmetric theta
structure of type Zovy for the line bundle #2"¢ where Zavy is as in Section 2.1.
We denote the theta null point with respect to the theta structure Ggvp by
(aw)ueZow,- By symmetry we have a,, = a_,, for all u € Zavy.

The higher dimensional analogue of Riemann’s equation for the case of a
level-2¥/¢ theta structure is given by the following theorem. We consider quadru-
ples (v;, w;, z;,y;) € Zgug where i = 1,2 as equivalent if there exists a permuta-
tion matrix P € Mat4(Z) such that

(v1 +w1,v1 — w1, 21 + Y1, 21 — Y1) = (V2 + w2, V2 — W2, T2 + Y2, T2 — Y2 ) P.
Let Z be the character group of Zs.

Theorem 2.6. For equivalent quadruples (vi,w1,21,y1), (va, w2, T2,Yy2) € Zau,
and for all x € Zs the following equality holds

Z X()@v, 440w, 41 Z X(8) gz, 50y, +s

teZs SEZo

= Z X () vy +4 0wy 4t Z X(8)@as 450y, +s-

teEZs SEZ>

We refer to [Mum66, §3] for a proof of this theorem.

Example g=1,p=3,v=1:

2 2 2 2
0= ajapas — 2aja; + azapaz

3 2 4 2 2 4 3 2
0= agay+ aiajas — ay — 2aja; — a; + a1az + azapas;



Example g=1,p=5,v=1:

0= —a§a2a4 + a%ai + agai - alagag + a%a% - agalag + a%a% — a2a3a4
0= —a%a0a4 + a2a§a4 — a5OL1a?1 + alagag

0= —asagazas + 2a1a2a3a4 — asaiaszag

0= —aZasap + 2a%a; — asaias

0= a%ao — a%ag + a5a§ + agaoag + a5a§a3 — alagai — agai — a%a2a4

0= —2aja2a3a4 + agalag — a%ag + asajasag + a2a3a4 — a%ai + asapaszay
0= —a§a2a4 + a%ai — asapaszas + a%ag + 2a1a2a3a4 — asaiaag — alagag
0= aZapas — 2a3a3 + asaia?

0= a2a0a§ + a5a§a3 — alagai — a%a2a4

0= —a%a0a4 + aga4 + alag — aoa?1 — a5otl‘13 — a5OL1a?1 + a2a§a4 + alagag
0= agap —ai + asadas + alaz + alazag — 2a%ai — aj

0= aia; — a5+ alas + aZapas — a3 — 2a3a3 + asaial

2.3 Theta null points of level 2"p

Let F, be a finite field of characteristic p > 2. Let A, be an ordinary abelian
variety over IF;,. Suppose that we are given a semi-canonical symmetric product
theta structure Ogv, = O2v x O, as in Section 2.1. We denote the theta null
point with respect to the theta structure ©sv by (ay)ucz,, . We can assume
that there exists a v € Zyv such that a, is a unit in Z,;. Here Zy. is considered
as a subgroup of Z5v, via the map j — pj. Let I be the ideal of the multivariate
polynomial ring Fy[z,|u € Zav,] which is spanned by the relations of Theorem
2.6, taken modulo p, together with the symmetry relations a, = a—_, for all
U € Zovp. Let J be the image of I under the specialization map

fu i w € Zov
Fq[xu|u S Zgup] — Fq[xu|u S ZQ”p7 2Vu 7& O]) Ly { g_:i lelseu ’

The following Theorem is proven in Section 5.

Theorem 2.7. Ifv > 2, then the ideal J defines a 0-dimensional affine algebraic
set.

By the primitive element theorem there exists f(z) € F4[z] such that
Fylzulu € Zovp, 2"u # 0] /rad(J) = Fylz]/(f).

The theta null point (ay)uez,., induces an element z € Fy such that f(z) = 0.
Generically, one can obtain the polynomial f by a Groebner basis computation.
The Theorem 2.7 enables one to calculate the full theta null point (au)uezz,,p
over F, from the knowledge of its 2¥-torsion part. As a consequence, by means of
the well-known Thomae formulas and a Groebner basis computation algorithm,

10



one can produce arbitrary theta null points of level 2”p, which correspond to
ordinary hyperelliptic curves over F,.

We remark that in the case v = 1, we have computationally verified in many
cases that the conclusion of Theorem 2.7 still holds.

2.4 A generalized trace formula

Let A be an abelian scheme over Z,;. We assume that A has ordinary reduction
and that it is the canonical lift of the reduction Ap,. Suppose that ©2.), =
O x ©), is a semi-canonical symmetric product theta structure over Z, of type
Zav,, for L2P Let (@u)uez,v, denote the theta null point with respect to the
theta structure Ogv,.

Let ' € Endr,(Ar,) be the absolute Frobenius endomorphism of Ar_, and
let £ be a prime different from the characteristic p of F,. We denote the /-adic
Tate module of Ap, by Tg(A]Fq). Recall that the f-adic Tate module is a free
Zg-module of rank 2g, where g is the dimension of Ap,. The absolute Frobenius
morphism F' induces a Z;-linear map p¢(F') on Ty(Ar,) which corresponds, once
a basis of Ty(Ar,) is chosen, to a (2g x 2g)-matrix Mp with coefficients in Z,.
Because of the ordinary reduction, we know that Mg has precisely g Eigenvalues
m1,...,Tg, which are units modulo p [Dem?72, Ch.V].

Theorem 2.8. Suppose that ©2v is defined over Zq. Then the product my-. .. mg
is an element of the ring Z, and we have

Luezy B ) . (5)

7T1'...'7Tg:NQ Q
a/Q ZuEZQVP Ay

Here Zs. is considered as a subgroup of Zs., via the map j — pj.

The rest of this section is devoted to the proof of Theorem 2.8. We first
fix some additional notations. If £ is a line bundle on an abelian variety, we
denote by K (&) the kernel of the isogeny A — Pic% induced by .Z. Denote by
4 (Z) the theta group associated to £ (see [Mum66, pp. 289]). For any positive
integer n, we denote the Heisenberg group of type Z,, by H(Z,) [BL04, pp. 161].
Denote by Z,, the dual of Z,, we have by definition H(Z,) = G, X Z,, X Zn
together with the group law defined by

(a,z,0).(/, 2", 1") = (.l (a),x + 2/, L.").

where (a, z,1) and (o', z’,1") are points of H(Z,).

During the course of the proof, as we are working with schemes over dif-
ferent base rings, to avoid ambiguity, we recall the base ring in subscript. In
particular, we let A = Az , £ = %7, and O, = Oz, 2, We recall that
O, induces a decomposition K (.Z) = K(L%P) x Ky(£*P) into isotropic
subgroups K, (.£??) and Ko(.£?'P) for the commutator pairing.

We fix an embedding v : C, — C where C,, is the completion of the algebraic
closure of @, [Rob00, Ch.3]. The base extended abelian variety Ac = Az, xy
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Spec(C) is a complex variety with a polarization féup defined by féup =
fzz:p ®y C. We remark that K (.Z(gup ) comes equipped with a Lagrangian
decomposition which is inherited from the theta structure @5, ¢ = O, ® C.
From the above decomposition we deduce the period matrix (I§2) with I the
g dimensional unity matrix and €2 an element of H, the g dimensional Siegel
upper half space. In the following, for any {2 € H,, we denote by Aq the
lattice Z9 + QZ9. If we let Ay, = C?/Aq, we have an analytic isomorphism
Jan @ Ac — Aan. Let £ : C9 — C9/Aq be the canonical projection.

We can suppose that  is chosen such that the p-torsion points of Agy,,
given by x((1/p).Z9) corresponds via j,.1 to a canonical lift of the maximal
étale quotient of Az, [p], where Az, is identified to Ac via .

For €1,e5 € 79 and | € Z, we define the theta function with rational charac-
teristics as

015) (2, 0) = 3 exp [mit(n+ )+ T+ 2 (n+ D).z + D). (6)

nez9

Recall that (au)uez2l,p denote the theta null point with respect to the theta
structure ©gv,. We have the

Lemma 2.9. There exists a constant factor A € C, x € Zgup a character of
order 2 and § € Zy, such that for all u € Zavy,

(au ®q, C) = x(u)f2p [ ,$5] (0,1/(2"p).Q), (7)
where Zs is considered as a subgroup of Zav, via the map j — j2 " 1p.

Proof. From the theta structure Oz, 2, of type Zav, we deduce immediately

by tensoring with C a theta structure Oc v, of type Zav, for .Z(CQVP. Then
(au ®q, C)uez,v, is the theta null point defined by the theta structure O¢, zvyp.
As .Zgup is by hypothesis a symmetric line bundle, by [BL04, Lem.4.6.2], there
exists a ¢ € Ac[2]N K(fgup) such that 7 (féyp) ~ ZP where 7+ denotes the
translation by ¢ and fozyp is the canonical bundle associate to the decomposition
provided by the matrix period  (see [BL04, Lem.3.1.1]).

The line bundle .,2”02 “P comes with a symmetric theta structure O defined by

the decomposition associated to Q and the element 0 € K (% P (see [BLO4,
Lem.6.6.5]). The theta null point for the theta structure g is

(6205 [21(0,1/(27P).Q))uc 20,

by [BL04, Prop.6.7.1].

Asce K(ﬂéyp), we have an isomorphism of theta groups ( : %(f(gup) —
%(.,2”021/’7) defined by (((y,¢y)) = (y,Ty 72 01h, o 75 *). Note that this isomor-
phism induces the identity on K (%2 *) = K(ZLEP).

The isomorphism ©¢ o ¢ : %(.,2”2 Py — H(Zgu ) is a theta structure for
%(.,2”2 P). Denote by ©¢ the morphism K(,i” PY — Zovp X Zgv, deduced from
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Op. By definition of ¢, the theta null point for the theta structure ©¢ o ( is
deduced from the theta null point for Oy by acting upon it with ©g(c) (for
a definition of this action see [Mum66, pp.297]) so that it can be written as
(a0 [ L5, ] (2,1/(29).9) a2, WhereBo(c) = (01, x1) € Zavp X Zavp.

As Oc2vp and O o ¢ are two symmetric theta structures of ﬂéyp which
induce the same symplectic isomorphism g, they are defined up to a transla-
tion by an element ¢y in Ac[2] by [BLO04, Prop.6.9.4]. Let (d2,%2) = ©o(co),
a theta null point for féup with the theta structure ©c 2+, is given modulo
multiplication by a factor independent of u by

(1 (W)x2(W2vp [yis 45, ] (2, 1/(27P)-0))ue o0, -

We remark that x1,x2 and x are charaters of order 2 of Zs»,,. We conclude the
proof by setting § = §; + d2 and x = x1.Xx2. O

Lemma 2.10. Let I be the Frobenius morphism acting on Ap, and let my, ..., m,
be the Eigenvalues of the £-adic representation pe(F) which are units modulo p.
Letn = logp(q). For all €1,¢e9 € Zs, we have

02[51(0,27.Q)°
o 3 = T ...Tg.
02 [2](0,2vp".Q)

Proof. Let A be the quotient of Az, by K1 (.,2”22:”)[2”] the maximal 2”-torsion
subgroup of K;. As K3 (.,2”22:’))[2”] is an isotropic subgroup of K(XZQ:’)) for the
commutator pairing, the line bundle fzz:p descends to a line bundle XZ on A’Zq
which comes with a Lagrangian decomposition K (D?Z/’; )=K; (XZ ) x Ko (XZ )
and a theta structure @), of type Z,, inherited from Gz, by [Mum66, Prop.2].

We remark that A'Zq being the quotient of Az, by an étale subgroup is a
canonical lift of its special fiber Ay . As before, we can consider Ap = A ®,C
and we have an isomorphism of analytic varieties j' : Ay — Al,, = C9/Ayvq.
Let ' : C9 — A{ be the canonical projection. By the choice we have made
on (2, the p—torsion points of A/, given by «/(1/p.Z?) correspond via j'~! to a
canonical lift of the maximal étale quotient of A7 [p].

We can then consider the analytic variety A’ = C9/A,navq. The inclusion
of lattices Apnovg C Aovg gives an isogeny ¢ : A, — Al . Using exactly the
same proof as in [Rit03, pp.78], one obtains that ¢ is a lift of the Frobenius
morphism acting on A}, that A’ and A/, are two representatives of the same
class element of H,/T'y(p). Moreover, for all €1, €2 € Z> we have

02 [2](0,27.Q)2 = (w1 ... my)02 [£1](0,2"p™.Q)?,

where 7, ..., 74 are the g Eigenvalues of the f-adic representation of the Frobe-
nius morphism acting on A]’Fq which are units modulo p.

The hypothesis that ©g. is defined over Z, implies that K; (X]FQ:I’ )[2¥] is
defined over F,. As a consequence, the two abelian varieties Ap, and Ay are
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F,-isogeneous and, using a theorem of Tate [Tat66], we deduce immediately that
they have the same characteristic polynomial of the Frobenius morphism. O

Lemma 2.11. Let v : Zyv — Zovp, j — pj. For each x € Zgup character of
order 2, there exists € € Zy such that

> XV (W) [0 ] (0,1/(2°p).Q) = 62 [5](0, (2" /p).Q).
u€E Zgv
We have also:

Y Xy [2](0,1/(2p).Q) = 0251 (0,2"p.0).

HGZQVP
Proof. For l € N*, a,b € Z; and §y € H, we put:

fo = 00" (12,1.00)
o = 91[17(}1}(2,171-90)

Then we have the following formula (see [Mum83, pp.124]):

fa=) exp(—27fia7b)gb- 8)

ac€Z;

Let x € Zgup be a character of order 2 and let ¢ € Zs be such that for all
u € Zavp, we have x(u) = exp(—mieu). The lemma is obtained by applying
formula (8) with [ = 2¥, Q¢ = pQ2 and then with | = 2¥p and Qo = Q. O

We are ready to prove Proposition 2.8. Let v/ : Zy — Zavy, j — 2V !pj.
By applying successively Lemma 2.9 and Lemma 2.11, we obtain that for an
element § € Z3 and x € Zav), a character of order 2 we have

. < e G ) ez X020 | 1y Y5y | (0.1/(279).0)
Youe o, B S e gy, X023 [ )| (0,1/27D).0)
D uez, X (W02 [7](0,1/(27p).Q2)
D uez, X (W)b20p [3](0,1/(2vp).02)
02 6] (0, (27/p).Q2)
02 (6] (0, (2p).Q2) 7

where x(u) = x'(u + +/()) and e is chosen such that for all u € Zov, we
have x'(u) = exp(—mieu). The second equality is due to the fact that A €
Ac N K, (.,iﬂ(c)
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On the other side we have

N, /@, (¢_1< ai[](](o(z;/;o)m))) = v (029£[

d (929[2[

= T1...Tg,

6] (0, (2"/p"). ))
61(0,2vp™.Q)

61 (0
(

2vQ) 2
6] (0,2vpn Q)>

by Lemma 2.10.

3 Description of the algorithm

In this section we explain how to use the formulas given in Section 2 in order
to count points on the Jacobian of a generic ordinary hyperelliptic curve over
a finite field of odd characteristic. Assume that we have chosen a prime p > 2
and an integer g > 1.

Theorem 3.1. Let C' be an hyperelliptic curve of genus g with all Weierstrass
points rational over a finite field Iy of characteristic p such that the Jacobian
J(C) is ordinary and absolutely simple. Let v be an integer greater or equal 3,
we suppose that the 2¥-torsion of J(C) is defined over Fq. The algorithm for
the computation of the number of Fq-rational points #C(Fq) of the curve C,
that we give in the following, has asymptotic time complexity O(n?*T°M) and
asymptotic space complexity O(n?) where n = log(#F,).

From Theorem 3.1, we deduce

Corollary 3.2. Let C be an hyperelliptic curve of genus g over a finite field

q Of characteristic p such that the Jacobian J(C) is ordinary and absolutely
simple. There exists an algorithm to compute the number of Fy-rational points
#C(F,) of the curve C' which has asymptotic time complexity O(n>+°M) and
asymptotic space complexity O(n?) where n = log(#F,).

Proof. Let v be an integer greater or equal 3. Let F,» be an extension of Iy
and consider Cy . the curve obtained from C' by doing a base field extension
from [F; to F,r. We suppose that r is chosen such that the 2”-torsion points of
J(Cr,) are defined over Fy-. Using a rational expression of the group law on
J(C), we see that there exists a bound on r which is independent of the choice
of C when g is fixed.

Applying Theorem 3.1 we obtain in time O(n>t°(1)) the characteristic poly-
nomial xps of the ¢"-Frobenius morphism F’. Let of,...,as, be the roots
of xps. On the other side, let a1, ..., s, be the roots of xr the characteristic
polynomial of the g-Frobenius acting on C. We have by [Sti93] Theorem V.1.15,
o'} = a;. By computing the roots o, ..., a, and taking their " root, we ob-
tain a finite set of possible roots for xp up to permutation of the indices. In
order to finish the proof, we just have to remark that all the above computations
for a fixed genus have constant complexity with respect to log(q). Moreover, it
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is possible to check the result of the computations in quasi-quadratic time by
taking a point P of J(C) and computing A\.P where A is the supposed group
order of J(C). O

We remark that the existence of such a quasi-quadratic time algorithm in
the special case p = 2 is proved in [LD06]. In the following we give an algorithm
which is expected to have the desired properties. In the case that we take v = 1
in the statement of Theorem 3.1, we have verified that the correctness of the
algorithm still holds by counting points on many examples of elliptic curves
in characteristic 3 and 5 and on some genus 2 curves in characteristic 3. Our
algorithm follows the so-called lift and norm paradigm which was introduced by
Satoh in [Sat00]. The algorithm is as follows.

We assume that the hyperelliptic curve C' is given by an equation of the form

2942

v’ =[] @-a)

i=1

where @; € IFy.

Initialization phase: Let J(C) be the Jacobian of C. The aim of this first
phase is to compute the theta null point associated to a semi-canonical product
theta structure Og.,, = O x O, for £?'P (compare Section 2.1) where .Z is a
degree 1 symmetric ample line bundle on J(C).

This can be done in the following way. First compute the theta null point
associated to a theta structure ©s of type Z, for .£2. By considering any lift
C of C over W(F,) defined by lifts a; of @; over Z, and a given embedding
¢ : Zg — C one can view the Jacobian J(C) of the lifted curve C as a complex
abelian variety. One can consider a symplectic basis of H1(C,Z) given by A-
cycles and B-cycles as described in [Mum84]. The associated period matrix Q
of J(C) is an element of H,, the g-dimensional Siegel upper half plane. For
€1,€62 € N9 and [ € N*, we denote by 0; [c}] (2, Q) the Riemann theta function
with rational characteristic given by (6).

According to [Mum83, pp.124] a theta null point associated to a well chosen
theta structure of the second power of the degree 1 canonical line bundle defined
by € is given by (ay)uez, with

a, = A2 [9](0,1/29),
where A € C*. This theta null point, which correspond to the case v = 1, can

be computed in two steps.

Step 1. Fori=1...g,let 7; be the vector (7;);eq1,...,g} Such that 7 ; = 0 if
j<tand 7; =1if ¢ > 4. Using the Thomae-Fay formulas [Mum84, pp.121],
we compute

015100, =% | [ (02ite; — @2jie;)(2it1-c; — a2j51-0,),
0<i<j<g
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where eg = 0 and the vector (e;);=1...4 € F§ is given by (e;) = u + Zle v;.Ti,
fori=1,...,g, where v = (v;) € F§. Here we choose the sign of the square root
at random.

Step 2. Case v = 1. We proceed to a reverse duplication step which can be
done according to the Riemann duplication formulas [Fay73] by finding (@, )ve z,
such that

1
02 [g] (07 Q)Q = 2_g Z Ayt Ay -
VE Lo

This algebraic system may be solved by using the Groebner basis algorithm and
by picking up any solution. We check that we obtain a valid theta null point
by computing the associated 4-theta null point and verify that it satisfies the
level-4 Riemann type equations (compare with Section 2.2). If this is not the
case, we go back to Step one and choose different signs for the square roots.

Let Sp(2g,Z) be the group of symplectic matrices acting on H,. Denote by
I’y the subgroup of Sp(2g,Z) consisting of the elements v € Sp(2g, Z) such that
v = Iy mod 2 where Io, is the identity matrix of dimension 2¢g. The resulting
theta null point (ay)uez, has the property that if we raise to the fourth power
the coordinates of its image by the Riemann duplication formula, we recover the
values deduced from the ramification points «; of C by the Thomae formulas.
According to [Mum84, pp.3.131] this means that (a,)yez, is the theta null point
associated to the second power of a degree one symmetric ample line bundle
defined by Q' where Q' = .9 for an element v € I's.

As all the computations described in this paragraph are algebraic, they can
be made directly in Z, using the embedding ¢, and even in F, as C has good
reduction modulo p. This procedure gives the computation of a theta null point
(ay)uez, for a symmetric theta structure O associated to the second power of
a degree 1 ample symmetric line bundle £ on J(C). It should be noted that
we have to assume that ©, is rational over I, in order to have that a, € F, for
u € Zs.

Now, we describe a variation of Step 2 to cover the case v > 1.

Step 2°. Case v > 1. From the knowledge of 61 [] (0, £2), we proceed to two
reverse duplication steps which can be done by finding successively for ¢ = 1, 2,
u,v € Za, 02 [4](0,(1/29)€) such that

1 ty i i
=5 D (=102 [,94] (0,(1/29)9)65 [9] (0, (1/29)9).

teZs

02 (2] (0, (1/2'~H)?

This algebraic system can easily be solved by using the Groebner basis algorithm
and by picking up any suitable solution, we obtain 0[] (0, (1/4).Q). If v € Z3,
denote by ¢ the element of Zy defined by o : Zo — {-1,1} C Z, z = (z;) —
(—]_)Zf=1 ZiVi
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On the other side, we have Zy ~ Z,/Z and let ¢ : Zy ~ Zy/Zy — Z4 be a
section of the canonical projection. Let (b, )yecz, be defined such that

02 (510, (1/4)-92) = Y 8(D)bg(uy+e,

teZs

where Zs is considered as a subgroup of Z; via j — 2j. We can compute
(bu)uez, from the knowledge of 04 [%](0,9Q) by solving a linear system of fixed
size.

We know [Mum66, pp.334], that (by)uez, is the theta null point of J(C')
associated to a symmetric theta structure of type Z;. Now, plugging (by)uez,
into the relations given of the Riemann equations of level 2” (compare with
Section 2.2) together with the symmetric relations, we know by [Mum67, pp.87]
that the so obtained system admits a unique solution (ay)yez,, which may
easily be computed using a Groebner basis algorithm.

Step 3. In the following we explain how to compute a level 2p-theta null
point from the above 2”-theta null point. We use the notation of Section 2.3.
Let I be the ideal of the multivariate polynomial ring F[z,|u € Zov,] which is
spanned by the relations of Theorem 2.6 together with the symmetry relations
ay, = G, for u € Zsv,. We find v € Zy such that a, is a unit. Let J be the
image of I under the evaluation map

QLU € Zow
Folzw|u € Zovy] — Fylzy|u € Zovy,2"u # 0], x, — { a, ! 2

Ty

o else

If we chose an order on the set of the remaining variables x,,, u € Zov, \ Zav, it
defines a well-ordered lexicographic monomial basis on J. One can compute a
reduced Groebner basis for J with respect to this monomial order. By Theorem
2.7, the closed subscheme of Spec(F,[xy|u € Zovy, 2"u # 0]) defined by J is of
dimension 0. The last polynomial of this reduced Groebner basis is a univariate
polynomial f(x) € Fy[z] and by [BMMT94], we generically have

Fylvulu € Zovp, 2%u # 0]/ J ~Fqlz]/(f),

where the degree of f is uniformly bounded by a function of g and p which
is constant with respect to the complexity parameter logp(q). According to
Theorem 2.7, one can pick up a solution (ay)uez,., corresponding to the root
of f with multiplicity p29.

Lift phase Let (au)uez,, With a, € F, the null point obtained from the
initialization phase. Let R be the set of polynomials in Zy[xy, yu|u € Zavp] de-
duced from the relations of Theorem 2.1 and Theorem 2.6, where in the Riemann
type relations a,, is replaced by y,, for all v € Zyv,, and in the Frobenius type
relations, a, and af are replaced by x, and y,, respectively, for all u € Zgv.
We put xg = yo = 1 and use the symmetry relations in order to obtain a set of
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multivariate polynomials depending on 1/2[(2¥p)9 — 2¥9] + 2¥9 — 1 variables x,,
and a subset of the same cardinality of the coordinates ys,.

Pick up any subset 1/2[(2"p)9 —2"9]4-2"9 —1/2[g(g+1)] — 1 of Riemann type
equations and 1/2[g(g + 1)] Frobenius type equations to form an application

o - Z2”971(p9+1)—1 5 22"9*1(p9+1)—1 . 22"9*1(p9+1)—1
" Hq q q :

For a suitable choice of the Riemann and Frobenius equations, if v > 3, the
conditions of [LD06, Th.2] are satisfied and one can use the lifting algorithm
given ibid in order to lift in a canonical way the theta null point (a.)uez.v,
to obtain the canonical theta null point (by)uez,., of the canonical lift with
by € Zy.

Norm phase We use the notation of Section 2.4. By Proposition 2.8, one
computes the product of the Eigenvalues 71, ..., of the absolute g-Frobenius
morphism F', which are units modulo p, as

Zu bu
u€Zov, W

Reconstruction phase The problem here is to be able to recover xr where
from the knowledge of A = 7y ... 7, computed up to a certain precision m. If
the genus g of C' is one, then xr is immediately computed from ;. In the case
that the curve C has genus 2 one can use the formulas described in [Rit03].

From now on, we suppose that g > 2. Following [Rit03, LD06], one can use
the LLL algorithm in order to recover the symmetric polynomial of C' considered
as a curve over Iy, that we denote by Psy,,. By definition, the symmetric
polynomial of C is the unitary degree 29~! polynomial whose roots are x +
¢%/x where x runs over all products of g terms taken successively in the pairs
{m1,q/m}, ..., {ng,q/mq}. It is easy to see that Py, is a polynomial with
coefficients in Z and that there exists a quick algorithm, at least when xp
is irreducible, to compute x7(+X) from the knowledge of Py, (see [Rit03]).
By [Tat66], xr is irreducible when the Jacobian of C is absolutely simple, and
this last condition is generic. A last check on the curve allows us to obtain
xr. We explicitly determine bounds on the precision m needed when the genus
increases.

The computation of Py, from n = A+ ¢9/A, can be done by LLL reducing
the lattice whose basis vectors are given by the columns of the following matrix:
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where

[Mi]izo,....20-1 = [P(Qg_lfl’i)"ni mod 2 | i € {0,...,297" — 1}]

Un?""" mod 2™.

and

[Silizo,...,20-141 = [%2@—2) |ie{0,...,2971 — 1}] U {w + 1]

where T is some arbitrarily large constant. The power of p appearing in the M;
are meant to take into account the valuation of the coefficients of Ps,,, while the
S; offset the difference between the modulus of the coefficients of Psyy,. This
matrix can be used as long as 29 < n.

The coefficients of Py, are components of a vector II of small norm in
L. Asymptotic estimates state that a lattice reduction using the LLL algo-
rithm [LLL82, Cop97] can compute it if its euclidean norm || ||z (or sup-norm
| |]1) satisfy [|TI]|; < ||TI||2 < det(£)Y/ 9™~ Since we can evaluate, on the first
hand, the norm || ||; of IT as a function of n and g using the Riemann hypothesis
for curves and, on the other hand, the determinant of £ as a function of m, g
and the size of T (product of the elements on diagonal), this yields

1
m >n |In(p) g® 239> — n(p) (g —2) 22(9=-1) 1

From the knowledge of the roots of Py, it is possible to recover the set
{m?i=1...g} [Rit03, pp.119] where the 7; are the roots of x r which are units
modulo p. In the case that x g is irreducible, we immediately deduce xp from
the knowledge of its roots. In order to remove the sign ambiguity it remains to
determine whether the order of the Jacobian is x #(1) or x#(—1) by multiplying
points with possible group orders.

4 Complexity analysis

In this section, we give a complexity analysis of the previously described algo-
rithm.

Initialisation phase The dominant complexity for this phase is the Groebner
basis computation of Step 3. Let J be as in Section 2.3.

Let D be the degree of the ideal J. According to [Laz81], the computation
of a Groebner basis with respect to a lexicographic monomial order can be done
by doing a Gaussian elimination on a matrix of dimension given by the number
of monomials of degree D. The theorem of Bezout gives a bound on D which
is the product of the degrees of the polynomials generating the ideal J. As the
number of polynomial relations defined by Theorem 2.6 depends only on g and
p and the degree of these relations is constant, D is fixed as long as g and p
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are. This means that the Groebner basis can be computed by doing a Gaussian
elimination on a matrix of fixed dimension whose coefficients are in IF,. This
requires O(n*) time operations where n and p have been defined at the end of
the introduction.

We remark that [Laz83] gives a much finner bound on the degree of the
Groebner basis if one chooses for the monomial order of J a graded reverse lexi-
cographic order. As a consequence, one should better first compute a Groebner
basis of J for a graded reverse lexicographic order and then use the FGLM al-
gorithm in order to perform the change of order towards a lexicographic order.

Lift phase In the case that the base field admits a Gaussian Normal Basis
one can lift in time O(log(n)m*n*) using the algorithm [LLO3]. In the general
case, one can use the algorithm of Harley which is in O(log(m)m#n*) time
complexity [CFA106, pp.254].

Norm phase In the case that the base field admits a Gaussian Normal Basis
of type t, H. Y. Kim et al. described an algorithm of the type “divide and
conquer” in order to compute such a norm. This algorithm has time complexity
O(log(n)m*n#). For the general case, one can use the algorithm described in
[CFAT06, pp.263] in order to compute the norm in time O(log(n)m#nH).

Reconstruction phase For fixed genus, the LLL step consists in applying
LLL to a lattice of fixed dimension. Its complexity is the size of the coefficients
of the matrix times the cost for one integer multiplication. This yields, with
asymptotically fast algorithms for multiplying integers, a O(m!™#) complexity
in time. The cost of the second step is determined by the computation of roots
of polynomials over C, and requires O(m#*). Finally, checking that the order
of the Jacobian is x p(+1) needs O(m) applications of the group law, that is to
say a complexity in time equal to O(mn*) with Cantor formulas [Can87].

5 A finiteness theorem

This section is devoted to the proof of Theorem 2.7. In Section 2.2, we recall
several equivalent presentations of the Riemann equations which are used in the
course of the proof given in Section 5.2.

We first fix some notations. Let A be an abelian variety over a field & and
£ be an ample symmetric line bundle over A. Let ©; be a theta structure for
£ of type Z;. Let (G?Z)ieze be a basis of the global sections of .Z determined
by the theta structure ©, and let x be a closed point of A. Denote by &4 the
structure sheaf of A and let p : 04, — k' be the evaluation morphism onto the
residual field k' of 2. We can choose an isomorphism &, : £, ~ 04 ,. For all

i € Zy the evaluation of the section #°* in z is

ai@e(xvfm) :pofm(g?f), (9)
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The resulting projective point that we denote by (62 (x))icz, over k does not
depend on the choice of the isomorphism &,.

5.1 Riemann’s equations revisited

Let A be a g dimensional ordinary abelian variety over a finite field [ of char-
acteristic p > 2. Let .Z be an ample symmetric degree 1 line bundle on A. Let
v > 0 be an integer and ¢ be an odd prime number which can be equal to p.
Assume that we are given a symmetric theta structure ©svy of type Zav, for the
line bundle #2"¢. The data of Oy defines a basis of global sections of P
that we denote by (6y)uez,., and as a consequence, a projective embedding of
Ain PE7O7-1

We denote the theta null point with respect to the theta structure ©9vp by
(@u)ueZzyp,- The Riemann’s equations for level 2”¢ are given by the following
theorem

Theorem 5.1. For all z,y,u,v € Zav+1y which are congruent modulo Zave, and
all 1 € Zsy, we have

( Z l(t zty+t X HT y-l—t Z l au-{—v-{—tau v-l—t) =

teZs teZs

=( Z L(t)00 it * Op i) Zl )ayottay—vit), (10)

teZs teZs
where x-product is defined as in [Mum66, §3/.

Proof. By [Mum66|[pp. 339], for all 2,y € Zov+1, such that  +y € Zavy and
for all [ € Zs, we have

Z L) Otyst * Opmytt = ( Z 1) au+t Z It m+t (11)

teZs teZs teZs

In particular, we have,

Z l(t)aw+y+t.ax,y+t = ( Z l( Cl,y+t Z l Cl,a:+t (12)

teEZs teEZs teEZs

Now, using (11) and (12) the left hand side of (10) can be written as

[( Z U(t) au+t Z It m+t [( Z I(¢) au+t Z It CLUH } (13)

teZs teZs teEZo teEZo

In the same manner the right hand side of (10) can be written as

(D 1) aure)-( D 1) Oag) | [( D Ut)-ayge) (D Ut)avse)].  (14)

teZs teEZo teZs teEZo

Obviously, (18) and (19) are equal. O
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In the following, we suppose that k is the field of definition of (ay)uezov,-
In this section, we denote by Ig,., the ideal of k[z,|u € Zvs] generated by
the relations of Theorem 5.1 where the 6, are replaced by z,. It is proved in
[Mum66, §4] that if v > 2 and £ # p, A is isomorphic to the closed projective

sub-variety of P,?Ve)tl defined by the homogeneous ideal Ig,,,.

We recover Theorem 2.6 from Theorem 5.1, by evaluating at the point O of
A the sections of Z2"¢. The relations of Theorem 2.6 can be reformulated, by
considering the matrix

1 1 1 1
1 1 -1 -1

M=1y 4 1 4|
1 -1 -1 1

and (z1,y1,u1,v1), (T2, Y2, U2, v2) € (Zavg)* such that

Z2 Z1
22 =M |2
U2 Uy
() U1

If we suppose moreover that xo + yo € 2750 and us + v € 2751, we have

(D 1) amrray,+1)- (D 1) Gy 4100, +4) = (15)

teZs teEZo
= (D M) azgrttyprt)-( D UE)Quyriosrt), (16)
teEZo teEZo

le ZQ.
By developing and summing up over all the characters of Z, the Equation
(15), we obtain

Z Qg4 tAy4-t Qy4-t Ayt = Z Qg — 74t Ayt 7+t Ayt 4+t Ay4-74t,5 (17)
teZs teZy

for all x,y,u,v € Zovy and 7 € Zovy such that 21 =z —y —u — v.

These relations can also be presented in their classical form. For this, we
keep the notations of the previous paragraph and suppose from here that v >
2. Recall that (ay)uez, , denote the theta null point defined by the theta
structure ©gvp. Let Havy = Zovy X Zyv—1 and for all @ = (2/,2") € Havy,
let b»,- = EteZz,,,l x”(t)amurt. Let H2 = %ZQ X (Zgug)g = {.13 S H2u5|1‘152 —
torsion modulo Z; x {0}}.

Theorem 5.2. Let (z,y,u,v) € Hovy and 7 = (7/,7") € Hovy such that 27 =
T—y—u—uv then

1
bmbybubv = ﬁ z]; A(2t/)bm—T+tby+7-+tbu+‘r+tbv+7'+t7
teHo

where t = (t',t") and A =7"+t".
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Proof. Tt is possible to deduce these relations from (17) following exactly the
same computations as [Mum66, pp. 334]. O

Let (0u)uez,, denote the basis of global sections of .#?" defined by the
theta structure ©qv. Let Hov = Zov X Zgv—1 and Hy = %ZQ X (Zav)a. For all
x=(a',2") € Hyv, set ¥, = Ztezzufl x" (¢)0 4. We have the

Theorem 5.3. Let P,Q be two closed points of A. Denote by Oy the structure
sheaf of A. For X € {P,Q,P+ Q,P — Q,0}, we choose isomorphisms Ex :
LY ~ Onx. Let (v,y,u,v) € Hy and 7 = (7',7") € Hav such that 27 =
r—y—u—uv, we have

ﬁw(P"i_QvaJrQ)ﬁy(P_QvafQ)ﬁu(Oaé-O)ﬁv(vaO):

1
= )\2_5] Z A(Qtl)ﬁm_7—+t(P, fP)ﬂy—i-T-l—t(Pa fP)ﬁu—‘,-T-l—t(Q, gQ)ﬁU""T'i't(Q’ gQ)’
tEH>

where t = (',t"), A = 7" + 1" and X\ € k is independent of the choice of
(z,y,u,v) € Hov.

If k = C, this last formula is exactly [Igu72, pp.141].

5.2 Proof of Theorem 2.7

In this section, we denote by [, a finite field of characteristic p > 2 with ¢
elements. Let A be an ordinary abelian variety over Fy and let . be an ample
symmetric line bundle of degree 1 on A. Let ¢ be an odd prime number and
suppose that we are given a theta structure Oq. for .Z2". We denote the theta
null point with respect to the theta structure Oz by (ay)uez, . We suppose
that (ay)uez,. is defined over Fy.

In the following Zov is considered as a subgroup of Zavy via the map j — £j.
Let I be the ideal of the multivariate polynomial ring Fy[z,|u € Zave] which
is spanned by the relations of Theorem 2.6, taken modulo p, together with the
symmetry relations z, = x_, for all u € Zyvy. Let J be the image of I under
the specialization map

Ay, U E Lov

Fylwulu € Zove] — Fylru|u € Zove, 2"u # 0], x4 — { Ty, else

We want to prove that if v > 2, the ideal J defines a 0-dimensional affine
algebraic set.

Remark 5.4. In the case that v > 3 and ¢ is prime to p, the preceding theorem
can be proved using the general description of the moduli space of abelian vari-
eties with a theta marking given in [Mum67]. But this general description is
not available under the hypothesis that we consider. It should also be remarked
that the variety defined by J when £ is equal to the characteristic of Fq is singu-
lar so that it is not possible to lift to the p-adics to recover the situation where
{ is different from p. In the following we present a proof which is valid both in
the situation where £ is equal to or different from the characteristic of F.
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Denote by J' the ideal of Fy[xy|u € Zavs] generated by J and elements
Ty — aq for all u € Zov. Denote by Vi the closed sub-variety of the affine
space of dimension (2£)9, A®"9 defined by J’. We want to show that Vj is
a 0-dimensional variety.

We recall that the data of O gives a basis (0y)uecz,. of the global sections
of %" on A and as a consequence an embedding of A4 in ]P’IQFVQ_l. If we denote
by VI%V the projective variety defined by the homogeneous ideal Ig,,, A is
isomorphic to Vi, , as an abelian variety [Mum66, §4].

The idea of the proof of the Theorem 2.7 is to interpret the solutions of J’
as closed points in the variety A = Vl@zu and then to show that these points
are (-torsion points of A. This is exactly the content of Lemma 5.5 and Lemma
5.6.

Let m: Zov X Zy — Zowyg and 7' 1 Zgvi1 X Zy — Zyui1y be the isomorphisms
deduced from the Chinese reminder theorem.

Lemma 5.5. Suppose that (C’U)’UEZQVg is a closed point of V. For any i € Z,
let P; be the closed point of]P> L with homogeneous coordinates (Co(hyi) ) k€ Zow -
For alli € Zy, P; is a closed pomt of Vie,, -

Proof. 1t is enough to verify that for all i € Zy, (Cr(r,i))rez,. satisfy the equa-
tions provided by the elements of Ig,,. For ¢ = 0 this is an immediate con-
sequence of the hypothesis that (ax)rez,. is the theta null point associated to
Oy and that by definition of J', ar = cr(,0) for all k € Zov.

Let z,y,u,v € Zyv+1 which are congruent modulo Zs.. For any i € Z, — {0},
we remark that m(x,7),7(y,0),7(u,0),7(v,0) € Zy+1, are congruent modulo
Zayvy. By definition of I and the relations of Theorem 2.6, (Cx(x,i))rez, satisfy
the relation

Z l cw(ery 1) +tCr(x—y,i) +t Z l C7r(u+v 0)+tCr(u—v 0)+t) =

tEZ> teZa
E l c7r (z+u,i)+tCr(z—u z)+t E l c7r (y+0v,0)+tCr(y—v 0)+t)
tEZ> tEZ>

for all [ € Zs.

Taking care of the fact that cr(0) = ay for all k € Zs., we deduce that
the point with homogeneous coordinates (cq(x,i))rez,. satisfy all the relations
of Theorem 5.1 and as a consequence is a closed point of V[ew . O

Lemma 5.6. Let (¢y)vez,, be a closed point of V. Applying Lemma 5.5, for
1 € Zy, we denote by P; the closed point of Vie,, with homogeneous coordinates
(Ca(hyi))kezy - For all i € Zy, the closed point P; is a {-torsion point of A.

Proof. Let i € Zy, for A € {0,...,¢ — 1} we set Qx = Pr;. We are going to
prove inductively on A € {1,...,¢} that on the abelian variety Vie,, the point
A.Q1 is equal to the point Q). Applying this result for A = ¢, we obtain that
Q1 = Q¢ = Qo and Qg is the 0 point of A which means that @1 = P; is a
{-torsion point of A.
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The induction hypothesis is clear for A = 1. Let (0,)uecz, be the ba-
sis of global section of .Z2" defined by Ogv. We suppObe that for all 1 <
< A —1, there exists an isomorphism &, g, : .i” +01 =~ Oa ., such that
(O (11-Q1,€1.91 ) ke zor = (Ca(hopi) ke Zow - We have to prove that there exists
an isomorphism §>\-Q1 : fqul ~ ﬁAJ~Q1 such that (Hk(/\-thA.Ql))kEZQV =
(Cw(k,)\.i))keZzu .

Let Hyw = Zogv X Zow—1. For all z = (2/,2") € Hav, we let

191- = Z x”(t)@mq_t.

t€Z,u—1

Let (x,y,u,v) € Hy and 7 = (7/,7") € Hov such that 2r =2 —y —u — v.
By the induction hypothesis, for X € {(A — 1)Q1,Q1, (A — 2)Q1,0}, we have
already a well defined isomorphisms .2 ~ @ 'A,x . We choose any isomorphism
Qi L, = Oana:

By applying Theorem 5.3, we deduce a relation

Ve (AN-Q1, 809, )0y (A = 2).Q1,§(n—2).0,)Pu(0,£0)04(0,60) =
= >\2ig > ARt (A = 1).Q1,§-1).00 ) Wytr+e (A = 1).Q1, 602 1).0,)

tEHo>

19u+7—+t (le §Q1 )191)+T+t (Ql, le)a
(18)

where t = (¢/,t"), A =7"+t" and X € FZ does not depend on the choice of
(z,y,u,v) € Hov.

On the other side, denote by Hovy = ZavyX Zow—1. In the following we identify
Hsyvp with the Cartesian product Haw X Z;. For all x = (2/,2”) € Havy, we let
de = Y yez, ¥ (t)carye. Set x1 = (2, i), y1 = (y,(A — 2).4),u1 = (u,0),v1 =
(v,0). Let 7 € Hyv be such that 2r =2 —y —wu—v and 71 =7 x {1} € Havy.
We remark that 27, = x1 — y1 — w1 — v1 and by applying Theorem 5.2, we get
a relation deduced from the definition of I

dﬂﬂldyl dul dv1 = 2 Z 7+ t dﬂﬂl*TlthdlllJrTlthdulJrTlthdvl+T1+t' (19)
teHso
where t = (¢/,t") € Ha.
By the recurrence hypothesis and by the construction of the quadruples
(xla Y1, U1, vl)v we have for all ¢ S H2a davlfnth = ﬁa:frth(()\_ 1)~Q1a g(A—l).Ql)a

dy1+7'+t - ﬁer‘rth(()‘_]-)'Qlag(A—l).Ql)a dulJr‘rlth - ﬁqu‘rth(lele)v dv1+7'1+t -
Vyptr+t(@1,€0,). In the same way, on the left hand side of (19), we have

dy1 = ﬂy(( - 2) Qlaf A—2) Ql) du1 = ﬂTL(ngo) and dvl = 191)(0750)-

There exists ug € Hov buch that ¥,,(0,&) # 0. We can take u = v = ug in
Equations (18) and (19) and we deduce immediately that dy, = 9, (A.Q1,6x.0,)-
By taking all possible values of z{ in 21 = (2, z), we obtain that

o for all kK € Zav, cr(k,x.i) is uniquely determined from the knowledge of
Cr(lpi) for p < X—1;
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o for all k € Zov, crpni) = Ok(XQ1,81.q,) modulo multiplication by a
constant factor independent of k that we normalise to 1 by choosing a
certain &, @, -

O

Proof. Let (¢y)vez,, be a geometric point of V.. By the preceding lemma,
for all i € Zy, (Cr(k,i))kez, , being the homogeneous coordinate of a /-torsion
point of A, can only assume a finite number of value up to a multiplication
by a constant factor. In order to finish the proof, we only have to show that
this constant factor belongs to a finite set. Let A such that (ycr(k,i))kezy
can prolongued to a geometric point (¢ )yez,., of Vyr. By applying formula,
(19) we see inductively that for A = 1,...,¢, there exists an integer ¢) such
that we have c;(k’M) = Y™ Crkr4)- Applying this for X = £, we obtain that
ap = C;r(k,O) =" Cr(r0) = 7'*ar. As a consequence, we have that v is a (t;)™"
root of unity and we are done. O

6 Practical implementation and examples

The proved version of the algorithm involves the resolution of a big algebraic
systems which makes it not suitable for practical applications. We have imple-
mented the heuristic version of the algorithm for the case of genus 1 and genus
2 [CLO7]. For the genus 2 implementation, using a special purpose Groebner
basis algorithm it is possible to solve easily the algebraic system of the initiali-
sation phase.

A genus 1 characteristic 5 example. Let Fss be represented by the quo-
tient F5[X]/(P) where P(X) = X%+ X%+ 3X?+4X +2 and let u be the image
of X in Fss via the above isomorphism. Let E be the ordinary elliptic curve
given by the Weierstrass equation

y? =23 4+ 22 4 3z.

After the initialisation phase we obtain the following six theta constants

32552 309244 211588 32552
1,4, u U u U 1.

We consider Zss given as the unramified extension of the 5-adic integers Zs
defined by the integer polynomial X® + X% + 3X?2 + 4X + 2 and denote by z
the image of X in Zgs. After the lift phase we get the following lifted theta
constants to precision 5

(1, —1460z7 — 102% — 78525 + 71524 — 55523 4 42022 — 10352 — 1116,
—144927 — 81920 4 3962% 4 7462% + 110823 + 64822 + 5462 — 1189,
143827 — 149720 4 15482% — 7772% + 35423 — 87622 + 9982 + 1029,

5

6 3

144927 + 81928 — 39625 — 7462% — 11082° — 64822 — 5462 — 868,

—150427 4+ 10129 4+ 7412% + 59124 — 95723 — 49222 — 1109z — 834]

where z is a generator
After the norm phase we obtain 1054 as the number of rational points on E.
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A genus 2 characteristic 3 example Let F32s be represented by the quotient
F5[X]/(P) where

P(X)=x28 poxt 4 x13 4 x12 4 ox11 4 x10 4 x9 4 x8 1 2x0 yox? 4 x3 42

and let w be the image of X in Fys via this isomorphism. Let H be the ordinary
genus 2 hyperelliptic curve given by the affine equation

y2 — x6+(w18+w17+w16+w11 +w10+w9+w8+w7+2w5 +2w2+w)x5

w19 42wl 4 2wl6 13 4ty 10 |08 L 0T L6 Ll gy

0 4201 12017 4205 42wl | 2u!2 4ol 4 2,10 009 4 0T 4 20,0
+w® 4+ 2wt + wd w4+ 12

w19 4 2w 4 2wl0 2013 12 4 10 L0094 B L6 4 02 4 ),2

! 42w 4wl 4 awlB pold L 18 4 12 4 11 5,9 B L 6
+2w® + 20w + wB 4 202 + 2)a

4wl p2wl6 15 1 12 008 4w 4w ot 2w w2 b w
First, we compute the following level 2 theta constants

200 = w4 w® p2rw® w4 wl? 4200 40" 4200 4208 420t 4 wd 4wt 2
vos = w1 420l 42010 42015 {owld o134 12 a1l 40y 10 L0y 4 ay8 LT
w8 4 20w 4wt + w® 4202 420w+ 2
o0 = wl® f2wl® 1 wlT W10 45,15 018 518 12 o1l | 5,10 450
+2u” 4 20% 4 w? 42
cas = 201 4201 £ w17 42015 10wl 4 ou12 4 w10 40w b wB w6 4 oud 4 2wd 4 w? 42w 41,

After the Groebner basis step, we obtain the following list of theta constants

0 = 201+ 0B +w'%+w® 420 4w+ w” 4w 420 Fwtt2
0 = mgst w4 owlT 4 2wl0 oy l5 414 18 4 12 10 10 0
w’ 420 4w 4w + w2 fw2
0 = agot 20t 2008 4 wl7 2wl aw!B 012 Il 4,10 L0 | 5,8
+2w8 4+ 20 + w® 4202 + 2
0 = g 420! 4wl £ wlS oyl 012 4011 0,10 {009 T |5
+ut +w? +2w? 42w+ 2
0 = wyot wl® b 2w!B 4 owl7 4 10 £ o154 14 4,18 12 0,10 0,0 L 8 L
20" 4 208 + wt 4 203 4 202 42w +1
0 = 213+ w8 +w'7 20 20" 4w 4208 4200 +1
0 = mmptwl® fwl® pawlC 15 1 18 12 T 5 10 0, T
+2w8 4w 4wl f w2
0 = woy twl® pwlT w0 WS w012 10 LS LB 2 o
0 = wgp t2w!® 4wl 4 2w16 4oy 15 4 18 L 12 4511 L 5,10
+20° + w® 4207 +20° 4wt +w? Fw
0 = w03+ w20 +w'? 420! £ 2010 4 w8 + WS Fw® 4w twt
0 = 231+ w8+ w7+ w0 4200 42013 42w 4w 4w + W 42w + 208 202 42
0 = mast 20t 42018 42017 £ aul0 4 W15 o, 1h |18 12 10 T 62
0 = w41+ w8 +200 12018 42088 4 w12 4w 4 w0 4 20% 4 w8 + W + 208 + w?t + 2w
0 = 240 +2w0% + 20 + 2w 2010 4w 1 208 + 208 + 20°% 4 20% + W3 + W w2
0 = msy 420t b wlT 4 2wl0 b owlB 4018 4l 4 10 L0 a8 LT g6

2w% + 2w? 4+ 20° + w? 4 2w

0 = a50+2w7 +2w0% + 2010 4w 420! + w0 20 £ 207 + W + WS+ 20t + WP 202 Fw
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After the norm phase, we obtain as a product of the Eigenvalues of the Frobe-
nius morphism which are units modulo 3 the number

202395421016914130938488532

to precision 56. From here, we can recover the polynomial xr which is

xr(X) = X* +19612X> — 4108934426 X2 + 68382815672412X + 12157665459056928801.

Conclusion

We have given an algorithm with quasi-quadratic time and quadratic space
complexity with respect to the size of the base field to compute the number of
points of a hyperelliptic curve whose Jacobian is ordinary and absolutely simple.
We have presented two versions of our algorithm, one with proved complexity
bound and a bad practical behaviour and a heuristic one which behaves very
well in practice.
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