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DENNIS ERIKSSON, GERARD FREIXAS I MONTPLET, AND CHRISTOPHE MOUROUGANE

ABSTRACT. Calabi-Yau manifolds have risen to prominence in algebraic geometry, in part because
of mirror symmetry and enumerative geometry. After Bershadsky—Cecotti-Ooguri-Vafa (BCOV),
it is expected that genus 1 curve counting on a Calabi-Yau manifold is related to a conjectured
invariant, only depending on the complex structure of the mirror, and built from Ray-Singer
holomorphic analytic torsions. To this end, extending work of Fang-Lu—Yoshikawa in dimension 3,
we introduce and study the BCOV invariant of Calabi-Yau manifolds of arbitrary dimension. To
determine it, knowledge of its behaviour at the boundary of moduli spaces is imperative. To address
this problem, we prove general results on degenerations of L? metrics on Hodge bundles and their
determinants, refining the work of Schmid. We express the singularities of these metrics in terms of
limiting Hodge structures, and derive consequences for the dominant and subdominant singular
terms of the BCOV invariant.
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1. INTRODUCTION

In this article we introduce and study a real valued invariant for Calabi-Yau manifolds, depend-
ing only on the complex structure, expected to be birationally invariant and to encode genus 1
curve counting on a mirror Calabi-Yau manifold. The invariant has as its origin the remarkable
theoretical physics article of Bershadsky—Cecotti-Ooguri-Vafa [BCOV94]. It is a genus 1 coun-
terpart of the Yukawa coupling studied by Candelas—de la Ossa—Green—Parkes [CdIOGP91] in
their work on mirror symmetry and genus 0 Gromov-Witten invariants. The physics theory of
[BCOV94] received a mathematical treatment by Fang-Lu-Yoshikawa [FLY08], where they defined
what is nowadays called the BCOV invariant for three dimensional Calabi-Yau manifolds, in the
strict sense. They confirmed the predictions in [BCOV94] for the mirror of the quintic Calabi-Yau
3-fold. An important and open question, already raised in [BCOV94, Sec. 5.8], is to extend these
constructions and results to general dimensions, and this is the purpose of our study.

1.1. The BCOV invariant of a Calabi-Yau manifold. Let Z be a Calabi-—Yau manifold of dimen-
sion n, meaning a compact Kdhler manifold with trivial canonical bundle. Given a choice of
Ricci flat Kdhler metric w on Z, the invariant T'(Z, w) proposed by [BCOV94] is a combination of
Ray-Singer holomorphic torsions, that can be written as follows:

n
(1.1) T(Z,w)= [] (detal®)ch"pa
p,q=1

where detA”? refers to the zeta regularized determinant of the d-Laplacian acting on (p, q)-

forms on Z. This depends on the Kihler form, as opposed to the mirror symmetry principle
that it should be an invariant of the complex structure in the B-model. An intrinsic definition in
dimension 3, when h%! = h%2 = 0, was provided by [FLY08], and was accomplished by multiplying
by normalizing factors. A similar renormalization was noted in [PW05]. The correction term
seems to be specific to dimension 3 and does not offer an obvious extension to higher dimensions.
To our surprise, a general normalization was suggested by Kato’s formalism of heights of motives
[Katl14].

In our approach, the BCOV invariant is in fact realized as the quotient of two natural metrics on
the so-called BCOV complex line. This can be thought of as a weighted product of determinants
of Hodge summands, defined for a compact complex manifold Z as

Ascov(2) = @det HI(Z,Q5) D",
p.q
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On the one hand, Agcov(Z) can be equipped with the Quillen-BCOV metric hg gcov introduced
in [FLY08], and independent of any choice of Kdhler structure. On the other hand, in the current
article we exhibit a renormalized L? metric on the BCOV complex line, that we call the L[2-BCOV
metric. Precisely, for a Calabi-Yau manifold Z with Kahler form w, we define the L2-BCOV norm
of an element o of the BCOV line by

2n
hiz geoy(0,0) = hi2(0,0) [ vol 2 (H*(Z,2), ) V72,

k=1
Here h; is the product of L? metrics on the BCOV line provided by Hodge theory (harmonic
representatives with respect to w) and vol;2 (H k(z 7),w) is the square of the covolume of the lat-
tice H*(Z, Z)nptc H k(z R) with respect to the L2 scalar product, where H kz, Z)nt is the maximal
torsion free quotient of H*(Z,Z). We adopt the convention that the volume equals 1 for those
factors with H*(Z,R) = 0. In Proposition|5.6/we show that the L>-BCOV metric thus defined is also
independent of the choice of Kdhler metric. The BCOV invariant of the Calabi—Yau manifold Z is
then defined as the proportionality factor comparing the Quillen-BCOV and L2-BCOV metrics.

Definition. Let Z be a Calabi-Yau manifold. Then we let

Tgcov(Z) := hg cov/hiz pcov € Ro.
We refer to tgcov (Z) as the BCOV invariant of Z.

Note that since the two metrics are independent of the choice of Kdhler structure, the invariant
only depends on the complex structure of Z. It generalizes the construction for strict Calabi-Yau
3-folds in [FLYOS]E] to general Calabi-Yau manifolds of arbitrary dimension.

The writing of the invariant as a quotient of metrics lends itself to computing the second
variation of Tgcoyv (Z) as the complex structure is deformed. If f: X — S is a Kdhler morphism of
connected complex manifolds whose fibers are Calabi-Yau n-folds, we prove in Proposition|5.10
that the function s — log T pcov (X;) satisfies the differential equation

2n
(1.2) ddclogTBCOV: Z(—l)kak—lwwp.
=0 12

Here, y is the topological Euler characteristic of a general fiber, and wy p and w ;« are the Weil-
Petersson and Hodge type forms for the family f: X — S. The equation is a higher di-
mensional version of the holomorphic anomaly equation at genus 1 in the mirror symmetry
literature.

In general, the BCOV invariant is a non-trivial function. In some cases, such as abelian
varieties of dimension at least two or hyperkéhler varieties, it is constant in complex moduli (cf.
Proposition[5.12). In the case of moduli of polarized Calabi-Yau manifolds, it is equal to the BCOV
torsion in (L.I), up to a constant which depends on the polarization.

1.2. Asymptotic behaviour of the BCOV invariant. The only known strategy to approach the
BCOV predictions in mirror symmetry consists in seeing the BCOV invariant as a function on a
moduli space of Calabi-Yau varieties, then exploiting the holomorphic anomaly equation (1.2).
We refer the reader to e.g. [HKQO9] for a discussion in the mathematical physics literature.

Since moduli spaces are in general non-compact, the differential equation determines log T gcov
at most up to a generally non-constant pluriharmonic function. To fix this indeterminacy, known

10ur definition differs by an explicit power of 2 due to different normalizations.
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as the holomorphic ambiguity, it is essential to know the limiting behaviour of the BCOV in-
variant as one approaches the boundary of the moduli space. We provide a general answer to
this question, by identifying an explicit topological expression for such boundary conditions for
one-parameter normal crossings degenerations (see Theorems A} [B|below).

Denote by D the complex unit disc. Suppose f: X — D is a projective morphism of complex
manifolds, with Calabi-Yau n-fold fibers outside the originE] In Theoremand Proposition
we prove that the BCOV invariant behaves as

(1.3) logTpcov(Xy) =« rlog(| tlz) +prlog(log| tl_l) + continuous,

for constants x ¢, 0 € Q, as £ — 0. The rationality of x r was established in the three-dimensional
case by Yoshikawa [Yos15]. Under further assumptions on the degeneration, we obtain general
expressions for k r and g, in terms of the geometry of the special fiber and the limiting mixed
Hodge structures. In this introduction, we focus on some relevant situations, when x r and g ¢
take a particularly pleasant form.

To state the first such result, let f: X — D be a projective morphism of complex manifolds with
Calabi-Yau n-fold fibers outside the origin, and such that the special fiber Xy =)_; D; is a simple
normal crossings divisor. Introduce the notation D(k) =|_|;N;e; D; where the union is over index
subsets I of cardinality k. Denote by y(D(k)) the topological Euler characteristic of D(k).

Theorem A. In the above situation, suppose also that f is Kulikov,i.e. Kx = Ox. Then

n+l k(k _ 1)
Kp= Y (-DF——y (D).

=1 24
In the case of strict Calabi-Yau 3-folds (i.e. h®' = h%? = 0), this expression can be further simplified
to

= x(D(2)) -6Q
- 12

where Q = #D(4) is the number of quadruple points.

The case of dimension three in the theorem confirms a conjecture of Liu—Xia [LX19, Conj. 0.5]
and is found in Corollary The theorem, which follows from Proposition can thus be seen
as a far-reaching generalization thereof.

Another important example of generic singularities for several Calabi-Yau families is the case
of ordinary double points, often called conifold singularities. For these singularities we prove in
Theorem [7.3}

Theorem B. Let f: X — D be a projective morphism of complex manifolds, with smooth Calabi-
Yau n-fold fibers outside the origin. If the special fiber Xy has at most ordinary double point
singularities, then

e ifnisodd,

1
Kf= n-l;l #sing(Xo) and @y =#sing(Xo).

e ifniseven,

n
K=

#sing(Xo) and pf=0.

Here #sing(Xy) denotes the number of singular points in the fiber Xj.

2Actually a slightly stronger technical condition is required, that f extends to a projective morphism X — S of
compact complex manifolds. See
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For « ¢, the case n = 3 of the statement was already established by Fang-Lu-Yoshikawa [FLY08],
and it was a key point to their proof of the BCOV conjecture for the mirror quintic family. For
n = 4 the theorem corroborates an expectation suggested by work of Klemm-Pandharipande
in [KP08, Sec. 4 & 6]. The case of general n confirms a conjecture of Fang-Lu-Yoshikawa from
2004 (private communication). In the theoretical physics literature this is usually referred to
as the conifold gap condition at conifold points. The refined information for g had not been
considered before, and is one of the applications of our approach.

In dimensions three and four we have more general formulas for x r only assuming a smooth
total space (cf. Theorem[7.6|and Theorem[7.13). These rely on a careful study of Serre duality
on Kéhler extensions due to T. Saito [Sai04]. In these cases « ¢ involves in particular the total
dimension of the vanishing cycles of the family.

In Section[7.4)we derive some consequences concerning the number of singular fibers for
families admitting at most ordinary double point singularities over a complete curve. It would be
interesting to investigate the same type of global-local interaction more generally, following e.g.
the approaches in [GGKO09] or [LX19].

1.3. Asymptotic behaviour of 1> metrics and monodromy eigenvalues. In order to generally
study the asymptotics of the BCOV invariant (cf. (I.3)) one needs a precise control on the
asymptotics of Quillen and L? metrics. The singularities of the Quillen-BCOV metric were already
dealt with in our previous paper [EFIMM18], itself relying on results of Yoshikawa [Yos07]. As for
L2 metrics on Hodge bundles, we elaborate on the work of Schmid [Sch73|] and Peters [Pet84],
and obtain explicit asymptotics in terms of limiting Hodge structures.

The framework of our analysis is a projective morphism f: X — D of complex manifolds, with
normal crossings special fiber. Denote by Q; p0g) the sheaf of relative differential p-forms
with (not necessarily reduced) logarithmic poles along the special fiber. Then the higher direct

image sheaves RY f, QZ ,plog) are locally free. Given a choice of rational Kéhler structure, the

vector bundles RY f, Qf( ,pl0g) carry corresponding L? metrics, possibly singular at the origin. In
Theoremwe determine the singularities of the induced metrics on det RY f, Qf( p0g). The
statement involves the limiting Hodge structure on H”*9(X,), the cohomology of a general fiber.
Recall that this is a mixed Hodge structure with a Hodge type filtration FS_ and a weight filtration
W.. The semi-simple part of the monodromy, denoted T, acts upon the whole mixed Hodge
structure and admits a logarithm ¢ log T with eigenvalues in 27 - {@n(-1,01}.

Theorem C. Let o be a holomorphic trivialization of det RY f, Qf( p(10g). Then we have a real
analytic asymptotic expansion for its L? norm

loghyz(0,0) = aP7log|t” + f79loglog|t|™' +C+O @) ’
with a 1 , -
a” = ——tr(‘log ;| Gr}_H*(X)) (k=p+q)
and
P9 = r_zk:krdimGrl’ioo Grkw+r H*(Xo0)

and a constant C € R.

This result refines [Pet84, Prop. 2.2.1]. Notice that he could only show that a” is a rational
number extracted from the monodromy in a non-precise manner, and similarly for 9. Our

5
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contribution thus clarifies the exact relationship to the limiting mixed Hodge structure. This
result refines [Pet84, Prop. 2.2.1] in that it gives the values of the coefficients a”9 and 79 in
terms of the limiting Hodge structure, without flatness assumption on the filtered piece of the
Hodge filtration.

In the semi-stable case (hence unipotent monodromies) the coefficient a”¥ is known to be
zero. The determination of the coefficient a” 9 thus reduces to the following purely algebraic
geometric consideration. To compare to the semi-stable case we exhibit a diagram

Y — X

glplf

D——D,

where p(t) = t! is some ramified covering and Y — D is semi-stable. The diagram is Cartesian
over D*. There is a natural inclusion of locally free sheaves

p*RIf.QF . (log) = R7g, QY  (log).

The quotient is a torsion sheaf supported on the origin, and can hence be written as

p.q
@ oo
t% @)[D,O ’

j=1

for some integers a; = 0. The rational numbers a;.j = % € [0,1) are independent of the choice of

semi-stable reduction, and we call them the elementary exponents of the (p, g) Hodge bundle.
Their sum is equal to the sought for a”7 in Theorem [C| We prove the following fundamental
theorem in the theory of degenerations of Hodge structures, of independent interest:
Theorem D. Theelementary exponents a;} 1 of the (p, q) Hodge bundle are such that exp(—2mi a? T
constitute the eigenvalues of T, the semi-simple part of the monodromy acting on Grllioo HP*(Xoo)
(with multiplicities).

In fact our arguments provide more general results for Deligne extensions for degenerations
of Hodge structures. These results constitute the content of Section (see in particular The-
orem and Corollary. Theorem [C|and Theorem @] generalize Theorem A of [EFIMM18]
and analogous results by Halle-Nicaise [HN12] and Boucksom-Jonsson [BJ17] which consider
constructions coming from canonical bundles. With respect to these references, we stress that
the theorems of this section do not assume any Calabi-Yau hypothesis, and apply to general
graded pieces of the Hodge filtration. As an anonymous referee pointed out, Theorem D] could
also be formulated within the general framework of mixed Hodge modules.

1.4. Relations with mirror symmetry. In this section we return to the initial motivation for
the introduction of the BCOV invariant, discussed at the beginning of the text. More compu-
tational endeavours and applications of the invariant are the topic of a sequel to the present
article [EFIMM19], where we prove a mirror symmetry conjecture, at genus 1, for Calabi-Yau
hypersurfaces in projective space and their mirror family.

Consider f: X — D to be a maximally unipotent projective degeneration of Calabi-Yau n-
foldﬂ meaning that for the monodromy operator T on the local system corresponding to H",

3This is also known as a large complex structure limit of Calabi-Yau manifolds.

6
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we have (T —1)" # 0 and (T — 1)"*! = 0. Denote by X, a general fiber. In this setting, mirror
symmetry predicts the existence of a Calabi-Yau mirror X} and an ample class [H] such that,

(_1)n+1
" 12

See for instance the introduction in Yoshikawa’s [Yos17] and the discussion by Klemm-Pandhari-
pande [KP08, Sec. 4].

Generally, even when potential mirrors are known, such as in Batyrev’s framework using toric
Fano varieties [Bat94], this seems to be out of reach. However, in the special case when X, is
an abelian variety of dimension n = 2 or a hyperkéhler variety, we can confirm that both sides
of are zero. The right hand side vanishes, because X is also an abelian or hyperkdhler
variety and so ¢,,—1 (X)) = 0. The vanishing of the left hand side is due to the constancy of the
BCOV invariant for such families, cf. Proposition[5.12] Besides, in the direction of the conjecture
we can prove the following corollary, which is a consequence of the general form of Theorem|[A|

(Theorem[6.5) infra) :

Corollary. Suppose that f: X — D is a projective degeneration of Calabi-Yau varieties, with
unipotent monodromies. Then

(1.4) Ky

f cn-1(X5,) N [HI.
XV

00

12Kf€Z.

Consider momentarily a Calabi-Yau 3-fold Z and [H] an ample cohomology class in H?(Z).
Then by the known semi-stability of T, and the Bogomolov-Gieseker inequality, with ¢; =0, we
have

f c(Z)N[H]=0.
Z
Taking into account (1.4), this leads us to make the following conjecture:

Conjecture A. If f: X — D is a projective degeneration of 3-dimensional Calabi-Yau varieties
with maximally unipotent monodromy, thenx ¢ = 0.

We remark that the conjecture is true for abelian 3-folds, since in this case our BCOV invariant is
constant so that x ¢ is 0. Most importantly, it is also known to hold for the mirror quintic family, as
in this case the BCOV predictions were confirmed by Fang-Lu-Yoshikawa [FLY08]. In the general
case, we expect that the explicit formulas we exhibit for x s will provide a useful tool towards
the proof of the conjecture. For instance, in the semi-stable and Kulikov case, a combination
of Theorem[A]and the classification of the possible special fibers lead to the following positive
answer (cf. Proposition|7.11):

Proposition. The Conjecture[A is true for semi-stable and Kulikov degenerations of strict Calabi-
Yau threefolds.

More ambitiously, we could ask about the sign of the coefficient x 7 for an arbitrary degenera-
tion, not necessarily have maximal unipotent monodromy. This question, for which we don’t
have a conjectural answer, is closely related to the problem of determining the birational type
of the moduli space of polarized Calabi—Yau 3-folds. We thank K.-I. Yoshikawa for bringing our
attention to this fact.

In another direction, it is expected (cf. [Kon95, p. 137]) that birational Calabi-Yau mani-
folds have the same B-models. Since the BCOV invariant should only depend thereupon, this
expectation should afford the following realization:

Conjecture B. If X and X' are birational Calabi-Yau manifolds, then tgcov (X) = Tpcov (X').
7
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The conjecture extends the corresponding conjecture in [FLY08] in dimension 3, which in
this generality remains open. In these lines, Maillot-Réssler [MR12] proved that if X and X' are
defined over Q, then a power of the quotient 7gcoy (X)/Tpcov (X') is a rational number.

After a preliminary version of this work was circulated, Y. Zhang was lead to extend our
construction and produce a BCOV type invariant for Calabi-Yau pairs (X, Y) (cf. [Zha]). These
pairs consist of a compact Kdhler manifold X together with a smooth divisor Y in some linear
series |mKx]|. It can be expected that this construction be a useful auxiliary tool in the proof of
Conjecture

As a final consideration, we remark that the current known constructions of mirror Calabi-Yau
varieties, e.g. Batyrev’s [Bat94], do not always produce Calabi-Yau manifolds, but rather orbifolds.
It would thus be desirable to extend these constructions to this context, possibly replacing
Dolbeault cohomology with Chen-Ruan cohomology. In this direction we quote the extensive
work of Yoshikawa [Yos04, Yos09, Yos12, [Yos13al Yos13b) [Yos17], who considered equivariant
analytic torsion of K3 surfaces with involution. A running theme is the relationship between
equivariant torsions and Borcherds products. This is remarkable since the non-equivariant BCOV
torsion is trivial for K3 surfaces.

1.5. Notations and conventions. For the convenience of the reader, we introduce the various
notations and conventions that are being used in this work.

A Calabi-Yau variety is, for the purposes of this article, a compact connected complex Kédh-
ler manifold X with trivial canonical bundle Kx =~ &x. We say that a Calabi-Yau variety X of
dimension 7 is a strict Calabi-Yau variety if moreover H'(X,Gx) = 0 for 0 < i < n. Hence, except
for K3 surfaces, neither hyperkdhler varieties are strict Calabi-Yau varieties, nor are abelian
varieties of dimension at least 2. Smooth hypersurfaces of degree n+ 1 in P” are strict Calabi-Yau
varieties. By the Bogomolov-Beauville decomposition theorem [Bog74}, Bea83], in the algebraic
category these can be realized as finite étale quotients of varieties of the form T x V x H, where T
is a complex torus, V is a product of strict Calabi-Yau varieties and H a product of hyperkdhler
varieties.

A degeneration f: X — Sis aflat morphism of reduced and irreducible complex analytic spaces,
with connected fibers and smooth general fibers. Often we will take S =D, a disc centered at 0,
and then we suppose that the morphism is smooth outside of the origin. In that case we denote
by X a general fiber, and by X the fiber above the origin. The differentiable type of X is
independent of the choice of a general fiber. A degeneration f: X — D is said to have normal
crossings if X is non-singular and X is a not necessarily reduced simple normal crossings divisor
in X. If Xj is furthermore reduced, then we say that f is semi-stable. We may equivalently talk
about normal crossings (resp. semi-stable) degenerations.

A projective morphism f: X — § is a proper morphism of analytic spaces such that, locally
with respect to the base, f factors through a closed immersion P” x S followed by the projection
on the second variable. A projective degeneration is a morphism which is both a degeneration
and projective. A rational Kdhler structure on a complex manifold is a Kdhler form such that the
associated cohomology class is rational. A Kdhler morphism f: X — S is a proper submersion of
complex manifolds, admitting a Kéhler form w on X

A germ of any of the above types T (e.g. projective) of morphisms is the localization of a
morphism of compact complex manifolds, of type T.

4It would be enough to assume the existence of a smooth closed real (1,1) form on X, inducing a Kdhler form on
fibers.
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2. LOGARITHMIC EXTENSIONS OF HODGE BUNDLES

In this section we recall Deligne’s extension of a local system over the punctured unit disc
D*. We also review Steenbrink’s construction of the lower extension of the local system of de
Rham cohomology of a normal crossings degeneration, together with its Hodge filtration. For
these questions we follow closely the presentation expounded in [PS08, Chap. 11], [Ste76)} Sec. 2]
and [Ste77, Sec. 2]. Finally, we study the behaviour of the relative Hodge filtration with respect
to semi-stable reduction. The comparison of Hodge filtrations before and after semi-stable
reduction produces some elementary divisors, and we show that they exactly correspond to the
eigenvalues of the semi-simple part of the monodromy operator acting on the limiting Hodge
filtration.

2.1. Deligne’s extensions. Let (7,V) be a finite rank flat holomorphic vector bundle on D*. Let
q: H — D™ be the universal covering map q(7) = exp(27it), where H is the upper half-plane. The
C-vector space of multi-valued flat sections of 7 is, by definition

Voo :=T(H,q* 19V =ker (q"V:TH,q* V) = TMH, q*V ® Q).

This vector space is finite dimensional. The monodromy transformation is the automorphism
T € End¢ (V) induced by 7 — 7+ 1. We assume that T is quasi-unipotent. We may then introduce
the Chevalley decomposition T = T T, = T, T of T into a semi-simple automorphism 75 and
a unipotent automorphism 7. The logarithm of T, is well-defined. We denote N = ﬁ logT,.
To define a logarithm of T, one chooses a branch of the logarithm on C*. For a fixed choice of
branch (still denoted log) we denote S = ﬁ log Ts. We can thus define ﬁ logT:=S+N.

The vector bundle 7 on D* can be uniquely extended to a vector bundle %}, on D, referred to
as the Deligne extension, in such a way that:

(i) there is an identification #og |p~ — ¥, depending only on the choice of branch of logarithm.
(ii) the connection V extends to a connection with regular singular poles

V: Hog — Hog ® Qp(log[0]).

Here we denote by Qp(log[0]) the sheaf of meromorphic differentials on D with at most a
simple pole at 0.
(iii) the eigenvalues of —2miResyV belong to (27iQ) nlogC™, for the given branch of log.
(iv) the operator T induces a vector bundle endomorphism of %,,, whose fiber Tj is related to
Res( V by
To = exp(—2miResy V).
Two frequent choices in (iii) are the upper and lower branches. The upper branch takes values in
R+2mi[0,1), and will be denoted “log. The lower branch takes values in R+ 27i(—1,0], and will
be denoted ¢ log. In later geometric constructions we will mostly encounter the lower branch.
Whenever the monodromy is unipotent, the extension ¥ is called the canonical extension of
Y/E] Notice that, when it exists, the canonical extension “commutes” with any finite base change
q—q".
An explicit description of ¥, will be necessary. The regular sections of #,¢ are obtained from
twisted flat multivalued sections as follows. Let e € V. Since e(7 + 1) = Te(7), the twisted section

2.1) e(1) :=exp(-tlogT)e(r)

SIn the literature one often refers to the lower extension as the canonical extension, e.g. [PS08| Def. 11.4]. In the
present article, this terminology is reserved to the unipotent case.

9



BCOV INVARIANTS ERIKSSON, FREIXAS I MONTPLET, AND MOUROUGANE

is invariant under 7 — 7 + 1 and descends to a global holomorphic section of 7 on D*, denoted
€(gq). From the flatness of e(7) and the relation 2widt = dq/ g, it is straightforward to check the
equality on D*

G = — 5 __ b —cl
Ve(qg) =—(logTe(g)dr = 2m,(logT)e(q) p .

The procedure e(7) — €(q) describes a C-linear injective morphism
¢: Voo — T(D*,7)
and induces an isomorphism, depending only on the choice of branch of logarithm
Voo ® Opx — V.

Then, one defines
7/log = (Vo) ®c Op.
In other words, we declare that € as above is holomorphic at g = 0. It is straightforward to check
that %, satisfies the properties ({)—(iv) stated above.
A formal consequence of the construction is the isomorphism described as “first twisting and
then evaluating at 0":

V: Vo — 7/log(o)

2.2
@2 e— ¢e(0).

By definition, this isomorphism is equivariant with respect to the monodromy transformations,
namely T acting on V,, and Ty acting on #j,g(0).

A final reminder concerns unipotent reduction. By assumption, the semi-simple endomor-
phism T; has finite order. We choose ¢ = 1 with T =id. Let p: D — D be the finite ramified cover
p(t) = t!. The space of multi-valued flat sections of the pull-back (p*7, p*V), say U, is actually
isomorphic to V:

Vi Voo —T(MH, q*p* N7 PV = Uy

(2.3)
e(r) — e(lT1).

The monodromy transformation on Uy, is unipotent and identifies to T* = T¢, with logarithm
¢ N. The flat vector bundle (p*7/, p* V) thus affords a canonical extension, that we denote by % =
(0™ )10g- The procedure of twisting and evaluating at 0 for %,g and % provides a commutative
diagram of isomorphisms

(2.4) e(1) Voo = Hiog (0) &(0)
[
- +
e(/T) Uso p—w>  (0) Pe(0).

The action of T on V, induces an action of T on Uy, and %/ (0) through the isomorphisms above.
On Uy, this automorphism is induced by the translation 7 — 7+ 1/¢.

With these notations, it is clear that given linearly independent elements of the form €, (0), ..., €, (0),
the corresponding &, (0),..., €,(0) in % (0) are linearly independent as well, and reciprocally.
For future usage we record the following lemma. For simplicity of exposition we restrict ourselves
to lower extensions, but a similar statement holds for other extensions. Notice that for the lower
extension, it follows from the construction that there is a natural inclusion p*#og S (0*¥)10g = % .

10
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Lemma 2.1. Let ¥g be the lower extension of (V,V), and let g € T'(D, ¥og) be such that a(0) # 0.

Define k = 0 as the largest integer such thatPo =t *p*oc € %. Thenk < ¢ -1 and o (0) € %(0) is
an eigenvector of Ts of eigenvalue exp(—2mik/?).

Proof. We choose ej,...,e, € V, a basis of eigenvectors of T, whose eigenvalues we write
exp(—2miki/¢),...,exp(-2mik,/¢), where 0 < k; < ¢ — 1. By construction, it follows that P&;(0) €
% (0) is an eigenvector of T of eigenvalue exp(-2mik;/¢). We write

o=) fil@&(q),
j

where the f;(g) are holomorphic functions on D. Because 0 (0) # 0, at least one of the functions
fj does not vanish at 0. Observe that

(p*e))(1) =&;(1") =&;(¢1)
=exp(—27i(S+ N){lT1)e;(l1)
=exp(—27i(—k;j/0)lT)exp(-2niNlT)e;({T)
= ki exp(—2niN/lT)e;({T)
where exp(-27i¢ N1)e;(¢71) =:F &;(t) belongs to %. Hence, the pull-back p* o can be written

p*o =Y trif;(0)P&;(t)+Ot").
J
Define k as the smallest k; such that f;(0) # 0. In particular k < £ —1. Then

t*p* o =Y fi0Pe;0)+ Y tY7Ff0)Pe;(0)+ 0 )

ki=k kj>k
and thus
(t*p*0)(0) = Y [i(0)Pe;(0) #0,
Jikj=k
which is an eigenvector of T of eigenvalue exp(—2nik/¢). This concludes the proof. U

Definition 2.2. With notations as in Lemmal2.1, we define the elementary exponent of o to be
the rational number x(0) = k/¢ € QN [0,1). Hence, Po(0) is an eigenvector of T of eigenvalue
exp(—2nix(0)).

2.2. Steenbrink’s construction. Let X be a complex manifold of dimension m with a normal
crossings divisor D, such that D,q is locally given by an equation z; ... z; = 0 in suitable holo-
morphic coordinates z,..., z;,. Recall that the sheaf of logarithmic differentials Q x (log D) is the
Ox-module locally generated by =+ dzl . Zk k dzist,...,dzm.

Let f: X — D be a projective normal crossings degeneration, with fibres of dimension n. We
denote its restriction to D* by f*. Locally, the special fiber is given by an equation z;" .. .z;cnk =0.
Pull-back of differential forms induces an injection f*Qp(log[0]) — Qx(log Xp). The sheaf of
relative logarithmic forms is then defined by

Qx/p(log) = Qx(log Xo)/ f*Qp (log[0]).
This is a locally free sheaf, and we define Qf( pd0g) = APQx p(log). The exterior differential
makes Q% (log) a complex, named the logarithmic de Rham complex of f. After Steenbrink
[Ste76, Sec. 2], its k-th hypercohomology sheaf R¥ f, QY% ,p(log) defines an extension of the flat
bundle 7 := R¥ fXC ® Gp~, for which the Gauss-Manin connection has logarithmic singularities,

11
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whose residue has eigenvalues in [0,1) N Q. It is hence the lower Deligne extension #og of 7. With
notations as in the previous subsection, we let V, be the space of multi-valued flat sections of 7
on D*. By parallel transport, the space V,, is canonically isomorphic to the k-th cohomology of a
general fiber of f, also denoted H*(X,,C) or simply H*(X,,). In this setting, the isomorphism
gives an isomorphism

(2.5) v H*(Xoo) = RF £.Q%,p (10g) (0).

It is the composition of the isomorphisms stated in [Ste76, Prop. 2.16 and Thm. 2.18]. Notice that
this isomorphism depends on the fixed choice of holomorphic parameter on D.

One defines the Hodge filtration bundles & ?¥yg of ¥og = REf, Q5% p(og), or simply 3712 " by
considering the sections of the Hodge filtration on the smooth part 77 that extend to #g. It is
equivalently the filtration induced by the béte filtration Q" (log) of the complex Q5 . (log). If

g - ) ) ) X/D X/D
j: D* — D is the inclusion, we may thus write

(2.6) 91§g = j (FPV) N Hog S ju V.

In [Ste77, Thm 2.11] Steenbrink shows that the sheaves R f, Q; ,p0g) are locally free. From the
E; degeneration of the Hodge-de Rham spectral sequence in the smooth case, it then follows that
for R f, Q% p(log) we have

2.7 T 1 Fe! = RNP £.O8 1 (log).

These are called (p, k — p) Hodge bundles, or sometimes referred to as simply Hodge bundles.
Let us now consider a semi-stable reduction diagram

(2.8) y X

glplf

D——D,

where p(f) = t¢ and r is generically finite. The previous discussion applied to R¥gXC ® Gp~
produces the canonical extension % = R*g,Qy,p(log) with its Hodge filtration by vector sub-
bundles that we may denote *.%”. Hence on R*g,Qy/p(log) we have

PEPIPFPT =R P Qb (log).
Observe that the k-th cohomology of a general fiber of g, H*(Y,,), is naturally identified with
H*(X,.) (see the isomorphism (2.3)). Hence we now have an isomorphism (cf. (2.4))
Py HY(Xoo) = HY (Yoo) = % (0) = R*g.Q3,  (log) (0).

The isomorphisms ¥ and Py are to be compared with [Ste77, (2.12)]. Taking the fiber at 0 of the
Hodge filtration . * and transporting it to H*(X,,) through P, we obtain Steenbrink’s limiting
Hodge filtration on H*(X,.), that we denote by FP H*(X,.) or simply F4. To sum up, we have

(2.9) U (0) 2 PFP(0)
~pr ~pr
H*(Xo) ) FE.

The limiting Hodge filtration depends on the choice of holomorphic parameter on D. The
canonical object is the “nilpotent orbit” {exp(AN)F;,, A € C} in a suitable Grassmannian.

12
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Remark 2.3. In [Ste77] Steenbrink allows Y in to be the V-manifold, and g to be semi-
stable in the sense of V-manifolds. Such a situation naturally arises as follows. We write
f L) = ;:1 m;D;, where the divisors D; are smooth, intersect transversally, and the m; are
their multiplicities in the schematic fiber f ~10). Let ¢ =lcm(my, ..., m,), p(t) = ¢ and perform
the base change X x, D, of f by p. Then define Y as the normalization of X x, D. Steenbrink
shows that Y is a V-manifold and the structure morphism g: Y — D is semi-stable in the sense

of V-manifolds. Our discussion equally applies to this setting.

To conclude this subsection, we compare Hodge filtrations and Hodge bundles before and
after semi-stable reduction. Notice that there are inclusions, induced by pull-back of differential
forms from Xto Y,

p*R* £,Q% plog) € R¥g. Q% (log),
p*?lzgg PP, p*RIf.QL (o) < RIg.QY  (og).

The respective quotients of these inclusions are torsion sheaves supported at the point 0. We may

thus write
PP h Gpo

~

)

x P TN P
p eg.log Jj=1 Ifa]@uj),o

for some integers af > 0, and similarly for the Hodge bundles

ng*Qg/D(log) el @ID,O

~

pq ’

p*qu*QZ/D(IOg) j=1 tbf, Op,o
for some integers b? ! > 0. We indicated by h” the rank of glz g and k"9 the rank of RY f, Q§ p108).

Lemma 2.4. The integers af and b? satisfy
Osafsé—l, 0<bPT<e-1,

where ¢ = degp. Moreover, the rational numbers af 10 and b??1¢ are independent of the choice of
semi-stable reduction.

Proof. The first statement is a direct consequence of Lemma(2.1] The second assertion easily
follows from two facts: first, in the unipotent case, formation of canonical extensions commutes
with pull-back by ¢ — t™ on D; second, any two semi-stable reduction diagrams are dominated
by a third one. This is combined with (2.6)—(2.7), applied in the unipotent case. 0

The second claim of the lemma can be reformulated by saying that the rational numbers
a‘; /¢ and b‘; "7/ ¢ only depend on the local system R¥ £*C and its associated variation of Hodge
structures. We give them a name:

Definition 2.5 (Elementary exponents of Hodge bundles). The rational numbers a? = af 1¢ are

called the elementary exponents of p-th level of the Hodge filtration for R* f*C. The rational
numbers a? b= bf "11¢ are called the elementary exponents of the (p, q) Hodge bundle for R* fC

p.q

(k= p+ q). We also denote by a”9 = Z?Z’f a;, i.e. the sum of all the elementary exponents of the

(p, q) Hodge bundle.

In the rest of this section we relate the elementary exponents to the eigenvalues of T acting on
the limiting Hodge filtration.

13
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2.3. Elementary exponents and eigenvalues of monodromy. We maintain the setting and nota-
tions of the previous subsections. Hence f: X — D is a normal crossings projective degeneration
over the unit disc. Also, g: Y — D is a semi-stable reduction of f as in (2.8), existing after some fi-

nite base change p(¢) = t¢. We compared the Hodge filtrations glz)g on ¥og := RF£.Q %/p(log) and

PF* on := R¥g, Q},p(log), producing the elementary exponents of Deﬁnition The limiting
Hodge filtration F2, on H¥(X,,) = H*(Y,,) was obtained after identifying the latter with % (0) via
the isomorphism Py, and then transporting the filtration % * (0) through this identification (cf.
(2.9)). Recall that the semi-simple part of the monodromy operator T acts on % (0).

Theorem 2.6. Let 04,...,0) be a basis of the Op-module glz g Then there exists another basis
01,...,05 with the following properties:
(a) foreverym=1,..., h, we have

m m
@@DOJ’ = @@Dej.
j=1 j=1

(b) there exist integers0 < a; < ¢ — 1 such that the elements 0 := t~% p*0; define a Op-basis of
PFP,

(c) the elementary exponent«x(0;) equals aj/¢. Hence the fiber at 0 element 7] j(0)€%(0) is an
eigenvector of T; of eigenvalue exp(—2mia;/?).

In particular, the operator T preserves the limiting Hodge filtration FS, and the rational numbers

ajl ¢ are, modulo reordering, the elementary exponents of p-th level of the Hodge filtration for

R¥frC.

Proof. Fix a basis of V, say ey, ..., e,, made of eigenvectors of T;. We write their eigenvalues as
exp(—2miki/¥¢),..., exp(—2mik,/¢), with 0 < k; < £ — 1 ordered increasingly. Recall the notations
€; and &; for the associated Op-module bases of ¥, and %. We construct the basis 01,...,0;
inductively.

We start by applying Lemma[2.1]to 0. Hence there exists an integer a;, with0 < a; < ¢ -1,
such thatPo; := " p*0; € % and P01 (0) is an eigenvector of T (in particular non-zero). Hence
(a) is satisfied for k = 1 with the choice 67 = o;. Also (c) is satisfied.

Suppose we already constructed 0;,...,08,, as in the statement, for some m < h. More precisely,
this means:

e condition (a) holds restricted to the range 1,..., m;
» for every j < m there exists an integer 0 < a; < ¢ — 1 such that P0; = 1% p*0; belongs to
PFP, and the vectors 6, (0),..., P0,,(0) are linearly independent;
* x(0;) = aj/¢ and P0;(0) is an eigenvector of T of eigenvalue exp(—2nia;/f).
In particular, the vector o0 ,,+1(0) is linearly independent with 6, (0),...,0,,(0). We apply Lemma
With 0 = 0 m+1. We write the Ts-eigenvalue of o (0) as exp(—2mia/¢), forsomeO0<a< ¢ —1.
Two cases can occur. In the first case, o (0) is already linearly independent with £, (0),..., 8,,(0).
Then we take 6,1 = 0 and a,,+1 = a. In the second case, there is a non-trivial linear relation:
m
(2.10) Pa(0) =) u;r6;(0).
j=1
We infer for the coefficients y; that, either u; = 0, or u; # 0 and then 6;(0) has eigenvalue
exp(—2nial/f). Hence, if u; # 0 then a; = aand P0; = t~%p*0;. We denote by /(o) the non-empty

14
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subset of {1,..., m} for which a; = a. Define now the sections

oi=0- ) pubje F(D,glﬁg)
JjeJo)
and
6'=t"%"0' =Po- Z pjP0;eT (D, PFP).
Jjej(o)
Due to (2.10), this section is necessarily of the form

6'=t"7 Y yiPejn+ Y KTy Pej(n) + 1R,
kab kj>b

for some constants y j, some minimal b > a and R(t%) = p*R(s), where R(s) a regular section of
Jog vanishing at s = 0. Notice the first sum is non-trivial. Otherwise, by the minimality of b, it
would necessarily be ¢’ = R(s), which vanishes at 0 and hence entails

a(0) =) u;0;(0),
J

contradicting the linear independence of o(0) = 0,41 (0) with 8,(0),...,0,,(0) observed before.
Now
=09 = 7 Pp*g’ = Po’

is a regular section of ». %7 and its value at 0 is
> 7 "&;(0),
ki=b

which is non-zero and an eigenvector of T of eigenvalue exp(—2nib/¢). Hence x(c') = b/¥.
Furthermore, o’ is independent with the sections 0 j with j € J(0). Indeed, the eigenvalue of
Po’(0) is exp(—27ib/¢) and for j € (o) the eigenvalue of °0(0) is exp(-2nia/¢), and b > a. Still,
it could be that #¢”(0) is linearly dependent with the #6;(0), with j ¢ J(0). If such is the case, then
we repeat the argument, starting with a non-trivial linear relation
Po’ =} 1;70;0.

Jell,...mi\J(o)
In particular, this produces a new subset of indices J(¢') < {1,..., m} disjoint with J(o). This
procedure clearly comes to an end after a finite number of steps, since J(¢') n J(0) = @ and
x(0') = b/l > al ¢ =«x(0). The outcome is a section 6,1 with the expected properties. Namely,
the sections 64,...,0,,+1 are independent and satisfy

m+1 m+1

@@DGjZ EB@’DBj.
j=1 j=1

Furthermore, for some 0 < a,,11 <€ —1,°0,,,41 =t~ %1 p*0,,41 is a regular section of P %7, and
its value at 0 is an eigenvector of T of eigenvalue exp(—2mia;,+1/¢). U

Remark 2.7. (i) Recall that the limiting Hodge structure F;, depends on the choice of holomor-
phic coordinate on D. However, the nilpotent orbit {exp(AN)F;,, A € C} is canonical. The
operators Ts and exp(NA) commute, and therefore T preserves exp(AN)F%, as well. Also,
the eigenvalues of T on F2 and exp(AN)FL, are the same, and hence they only depend on
the nilpotent orbit. This is consistent with the fact that the elementary exponents do not
depend on the choice of coordinate on D. It follows that, for the purpose of comparing the
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elementary exponents with the monodromy eigenvalues, D can be taken to have any radius,
as opposed to the radius 1 assumption we made so far.

(ii) For one-variable variations of polarized Hodge structures, the invariance of the limiting
Hodge filtration under the action of T is already observed by Schmid [Sch73, (4.9)]. A
different argument for the invariance in the geometric case is provided by Steenbrink [Ste77,
Thm. 2.13].

(iii) Theorem 2.6)can be stated in the more general context of variations of Hodge structures. We
restricted to the geometric case for the sake of conciseness.

As a consequence, we derive the corresponding statement for the elementary exponents of the
Hodge bundles:

Corollary 2.8. The elementary exponents a? "1 of the (p, q) Hodge bundle for R fXC (k=p+q)

are such that the exp(—2mi a? "Ny constitute the eigenvalues of Ts acting on Gr?oo H*(Xy) (with
multiplicities). In particular, we have

1
pa_ _ 14 P pgpr+q
a 2m,‘[r( log T | Grp H (XOO)).

Proof. Recall that the graded quotients 91’; g/ 91’; ;l are locally free and isomorphic to R* f, Qf( p08).
Similarly after semi-stable reduction. The result easily follows from Theorem 2.6} by choosing a
basis o4,...,0} of glzgl and completing it into a basis g1,...,0, of 9£g, in such a way that the

Oph+1,--.,0 project onto a basis of Rk_pf*Qf(,D(log). O

Remark2.9. (i) Steenbrink’s construction of the limiting Hodge filtration via V-manifolds,
recalled in Remark[2.3} shows that we may take ¢ =lcm(my, ..., m,) , where the m; are the
multiplicities of the irreducible components of the schematic fiber f~1(0).

(ii) Inthe polarized setting and for primitive cohomology groups, one has analogous statements
to Theorem[2.6/and Corollary[2.8} formally with the same proof. The formulation and details
are left to the reader.

For other extensions, the same argument gives an analogous result of Theorem 2.6 However,
it is not clear that the successive quotients of the (extended) Hodge filtration are locally free.
Nonetheless, for the upper extension, the situation is much better. Precisely, let 7 be the
upper extension of the local system 7 = R* f*C ® Gp~ (see , and extend the Hodge filtration
analogously to (2.6). Then, by [Kol86, Prop. 2.9 & Lemma 2.11]ﬂ the extended Hodge filtration
“g* has locally free successive quotients “.#P /“ %P+ By loc. cit., if k = n+ i the last piece of the
filtration has the form

“F"=R'f.oxmp,
where 7 is as usual the fiber dimension of the family. We thus have a counterpart of Corollary
Which generalizes our previous [EFIMM18, Theorem A] for the direct image of the relative
canonical sheaf of a degenerating family of Calabi-Yau varieties:

Proposition 2.10. Let f : X — D be a projective degeneration between complex manifolds. If
g:Y — D denotes a semi-stable reduction as in diagram (2.8), there is a natural inclusion of locally
free sheaves

R'g.oyp— p*R frwxp.

6The discussion in loc. cit. and the references used therein are valid over a one-dimensional disc.
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The quotient is of the form @] 1 t(?uéo

independent of the choice of semi- stable reduction, and exp(2nia;/ degp) are the eigenvalues of
Ts acting on FL H" (Xoo).

. Then the rational numbers aj/degp € [0,1) N Q are

3. KAHLER EXTENSIONS OF DETERMINANTS OF HODGE BUNDLES

In the theory of the BCOV line bundle, it is frequent to work with the Kdhler extensions of the
sheaves of differentials, rather than their logarithmic counterparts (see e.g. [FLY08, EFiMM18]).
In this section we compare the determinant of cohomology of these two kinds of extensions.
While in the comparison properties addressed in the previous section we found eigenvalues of the
monodromy operator, in this section we encounter other invariants such as the total dimension
of vanishing cycles.

3.1. Kéhler extensions. Let f: X — S be a projective degeneration between complex manifolds,
of relative dimension n. We assume that S is a connected complex curve Let S* < S be the
(non-empty and Zariski open) locus of regular values of f. Write X* = f~1(S*). Then QF, /g7 1

a locally free sheaf and its determinant of cohomology A(QF., ,g) =detRf «”, /g<) 18 deﬁned
(cf. [KM76] for the notion of determinants of perfect complexes. It generalizes the concept of
maximal exterior powers of vector bundles).

Definition 3.1. For each0 < p < n, consider the complex of locally free sheaves
* -1 * -1
OF 50 (FFQs) = (£ Q)™ @Qx — - = (f"Qs) 00} —0F,

quasi-isomorphic on X* to QF We define the Kihler extension of A(Q", /5%), AS

X*/18*"
p—k)-DF
(3.1 MG ,S)—(Xm(f Qs)* el )

Remark 3.2. In [Sai04, Example 4.2], the complex QF /s is referred to as the derived exterior power
complex LAYK, applying a functor LAY to K = [f*Qg — Qx]. We refer the reader to loc. cit. for
further discussions of this notion.

3.2. Compatibility with Serre duality. We study the compatibility of the formation of A(Q %18
with Serre duality. For simplicity, we restrict to the local case S = D and f isa submersiononD*. As
X is smooth, the relative dualizing sheaf wx/p of f: X — D is isomorphic to detQx,p = Kx ® K 1
Then there is a canonical pairing

5P 571-p
Qyip*Qyp — QX/[D — WX/D.

The pairing is described in [Sai04, p. 420]' and extends the natural pairing on relative Kdhler
differentials. In particular, on the smooth locus, it is a perfect pairing. We conclude there is a
morphism of complexes

pp:Q X/ID - RHom(Q?dug’wX/D)'
The cone of p), is acyclic on the smooth locus and its homology is supported on the singular
locus. By Grothendieck-Serre duality, we have a quasi-isomorphism

Rf*RHom(Q |D,oox/[[p[n]) ~RHom(Rf* P 6p).

X/ID’

"To be strictly conform with loc. cit., we should work with the projective morphism of regular schemes over
SpecC{t} induced by f. The reader will get easily convinced that this abuse of notation is justified, for the results of
this section can be checked after localization at the origin.
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Taking determinants we obtain an isomorphism

det(RHom (Q%,), wx/p)) = detRf. ((2;1(75)(—1)"“_

We conclude that there is an isomorphism, where we write the tensor products of line bundles
additively for lighter notations,

AMQE ) = (-1D)"AQY D) - 6,60

where §), € Z. Outside of the origin, it extends the (canonical) Serre duality isomorphism. By
dévissage we find that

8p=Y (-D¥g,, (ka* cone(pp)) .
Here ¢ denotes the length of an R-module. It follows from [Sai04, Cor. 4.9],
8p=(=1)""Pdegc.’, (Qx/p)-
Since we suppose that the total space X is smooth, we have the formula (cf. [Ful98, Ex. 14.1.5])

(3.2) degc™ (Qxp) = (=1)" (¥ Xoo) — ¥ (X0))

where y(Xoo) (resp. y(Xp)) denotes the topological Euler characteristic of a general (resp. special)
fiberof f: X — D.
We summarize the above observations in the following proposition:

Proposition 3.3. Outside the origin, Serre duality induces an isomorphism

)= (=)™ ).

p
A’(Q X X*/DX*

/D>

It extends to an isomorphism of Kéihler extensions

AQE o) = D"AQY, D) + (D" Pe-o (o).

Here ¢ = deg Cf?_l (Qx/p) is the degree of the localized top Chern class, which is computed by (3.2).
Corollary 3.4. In even relative dimension n = 2m, there is an isomorphism
2MQF,p) = (1) c-o([0).

The above results adapt to a general one dimensional base S and the case of several singular
fibers, and integrating over a compact Riemann surface we obtain the following corollary:

Corollary 3.5. Suppose that S is a compact Riemann surface and f: X — S is a degeneration
with at most ordinary double point singularities, of even relative dimension. Then the number of
singularities is even.

Proof. For ordinary double point singularities, it follows from that the localized Chern
classes compute the number of singular points in the fibers (cf. [Ful98, Ex. 14.1.5 (d)]). We
conclude by Corollary[3.4] O

Remark 3.6. In the special case of a Lefschetz pencil of degree d hypersurfaces in P?"*!, the
above corollary indicates that there are an even number of singular fibers. This is compatible
with the fact that the degree of the discriminant variety is (2m + 2)(d — 1)2”*! by Boole’s formula
[GKZ08, Chap. 1].
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3.3. Comparison with the logarithmic extensions. Let f: X — D be as before. If the special
fiber X, has not-necessarily reduced normal crossings, then 1(Q%., /) affords two natural ex-
tensions: the Kdhler extension A(ﬁi ,p) and the logarithmic extension /I(Qf( ,p108)). Both can be
compared:

(3.3) AQE ) = AQ%,;(0g) + - O ([0]),

for some integer ;. We now describe general expressions for u, in terms of the geometry of
Xo. More generally, without any assumption on the special fiber, we can reduce to the normal
crossings case by an embedded resolution of singularities. One then needs to keep track of
the change of the determinant of cohomology of the Kdhler differentials under the blowing-up
process. This setting will be partially treated in a second step, after the easier normal crossings
case.

Suppose that the special fiber of f: X — D is a normal crossings divisor of the form X =

;:1 m;D;, with smooth D;. Define for I < {1,...,r}, D; = ;e D;. For k = 0 an integer, also
define the codimension k stratum in X

D)= || D;
I<{1,..,r}
[I|=k

and denote by ay : D(k) — Xy the natural map. Finally, given a cohomological complex €, denote
by €°=F the béte truncation of the complex up to degree k, namely ... — €%~ — ¢*~1 — ¢k,
This notation will be applied below for holomorphic de Rham complexes.

Proposition 3.7. Assume that f: X — D is a projective normal crossings degeneration, and write
Xo =);m;D;, where the D; are the reduced irreducible components, assumed to be smooth. Then

p

pp = 0P @ T = Y 0P,
k=1

In particular,
= x(0x,,) =) x@p)).

If moreover f is semi-stable, i.e. Xy is in addition reduced, then

==Y (D @pwy).
k=2

Proof. Applying the projection formula to the definition we find

~ p —
AQ% ) = Y (—D¥det @Sk @ REQLTH).
k=0

Here R, Qf(_k is the whole right derived image of Qf(_k, which is a perfect complex on D. We now
want to use that for a product of two perfect complexes A, B, we have det(A® B) = (rk B)(det A) +

(rk A)(det B). The rank of R f. Qé’{k can be computed on the generic fiber X, and hence equals

to X(Qf(_kl x.,)- From the cotangent sequence of f, one can derive the relation

@5 M1k = x @5 5+ p@h h,
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with the convention )((Q;(io) = 0. We find that the determinant Kéhler extension can be written

(3.4)

P & k p—k p—k-1 & k p-k
AQyp) =) (=) k(X(ono )+ X (Qy ))QD+ Y EDRAQE™
k=0 k=0
p-1 i k p k p—k e<p-1 P K p—k
=) CDPTRRQE ) + ) (DAUQE ) = CDP Y@ T + ) (CDFAQET).
k=0 k=0 k=0
On the other hand, the sheaf Qx,p(log) is already locally free, so in fact the p-th derived exterior

power is a resolution of Q?( ,p108). Then in a similar way we find

p
(3.5) AQY 1 (log) = (-1)P (@5 Qp(loglol) + Y (-1)FAQ} “(log Xo)).
k=0

Comparing (3.4) and (3.5), we find

-~ o<p— p —_ _
(3.6) MQ,,og) - M@ ) = (-DPy@ " Hoon + Y. (-n* (A(Q§ “log Xo)) - 1(Q% ’“)).
k=0

For the second term on the right hand side of (3.6), we introduce the filtration by the order of
poles on Qlf((log):

WOk (log Xp) = Q5 A QU logXp), m=<k with Gr¥¥ Q% (ogXe) = (am). Q5.
We find
A(Qéc((logXo))—ﬂt(Q;C() = i A((am)*Q’B_(”%) = i X(QE—UZL))@([OD,
and then " m=l

p p
(3.7) Y (-DF (A% Flog Xo) - Q5 ) = Y- 1Py e o,
k=0 k=1

To sum up, equations (3.6)—(3.7) combine to

p

D" @ =2 e on,

D(k
=l (k)

QY l0g) ~ AU ) = ((—1)"7((93(2”_1) +

hence
P
_ o<p— — o<p-—k
wp =D @ h - Y CnP R @ ™,
k=1

as was to be shown. This completes the proof of the first part of the statement. The first claimed
expression for y; is readily checked. In the semi-stable case, we consider the natural exact
sequence

(3.8) 0—0x,— Opa)— Opp) — Opz)— ...~ Opm — 0.

Taking Euler characteristics, we derive

n

XOx) ==Y (~D*x@pw).
k=1

By flatness of f: X — D we have y(Ox_ ) = x(Ox,). The second claimed expression for u; follows.
O
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We now discuss a variant of Proposition[3.7/for morphisms which are not necessarily in normal
crossings form. Before the statement, we need a preliminary observation. If f: X — D is a
projective normal crossings degeneration, with Xy =) m;D; as above, we have a commutative
diagram of exact sequences

3.9) 0
0 0 P

0 — f*Qp — f*Qp(logl0]) —— O, 0

0 Qx Qx (log Xg) —— Gpqy —— 0

0 —— P —— Qx/p —— Qx/p(log) Q 0
0 0 0

We derive the existence of a quasi-isomorphism of complexes
cone[QX/D d QX/[D(IOg)] —i-> cone[@’xo and @D(l)]-

Proposition 3.8. Suppose f: X — D is a projective degeneration between complex manifolds.
Write Xy, red = > D, and D; for a desingularization of the irreducible components D;. Denote by
n: X — X a simple normal crossings model. Then there is a canonical isomorphism

AQxm) — AQg,p008) + (¥(Ox,) - ¥ x(@5)) 010D
which induces the identity on the smooth locus.

Proof. The bundle A(Q 3/, (log)) is independent of the specific normal crossings model X, since
it is built up from lower extensions of Hodge bundles. We construct one model by applying
embedded resolution of singularities to X, — X. This means that X is obtained by a sequence of
blow ups in the special fibers, of X; — D say, along regular centers Z;. Denote by v: X;,1 — X;
the blowup. In that case Z; is necessarily regularly embedded in X; and the exceptional divisor
E; is a projective bundle over Z;. We moreover have the exact sequence

(310) 0—>V*QX1‘/[D—>QX1‘+1/|D_’QEZ'/ZI' — 0,

where the exactness on the left can be justified by a direct computation.
Recalling that Rv.Ox, , = Ox,, and taking the determinant of the cohomology, we find that

AQx;, /) — AQx,/p) + X (QE,/z) -G ([0]).

We notice that y(Qg,;/z) = —x(O,). Indeed, the Euler exact sequence for the cotangent sheaf of a
projective bundle readily implies R”v.0Og, = RP*'v, Q.7 for all p. Hence, for corresponding
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Leray spectral sequences we have

HY(Z;, RPv,0f) =———> H9*P(E;,0F,)

Hq(Zi)Rp+1V*QEi/Zl‘) = Hq+p+l(EirQEi/Zl‘)y

and we conclude by taking Euler characteristics. At the end of the sequence of blow ups, we thus
find

AQz,p) — AMQxip) - (X x(@5))-O([0)).
On the other hand, from there is a quasi-isomorphism
(3.11) cone[Qz,p — Qgplog)] -~ conelOx, — POy e POy,

where the D;. (resp. E;) are the strict transforms of the D; (res. E;). Recall that the Euler character-
istics of the form y (Op) are birational invariants of complex manifolds, so that x (Op/) = ¥ (O)
and y(Og) = x(Og,). We derive

AQg,5(108) = AQg,p) + (L1 @p) + Y ¥(@r) - 1(Ox,) - (0D

Since the family X — D is flat, we have X(Ox,) =x(0x )= x(Ox,). The result follows by compos-
ing the isomorphisms deduced from (3.10) and (3.11). U

Corollary 3.9. Under the hypothesis of Proposition|3.8, if Xy has at most rational singularities,
then

AQx/p) — MQ5z,p10g).

This in particular holds whenever n = 2 and X, admits at most ordinary double point singularities.

Proof. Since Xj is connected with at most rational singularities, it is in particular normal ir-
reducible. Hence, with notations as in Proposition we have Xy, = D. We then observe
X (@) = x(Ox,) by the rational singularities assumption and y (O,) = y(Ox_,) by flatness. 0

3.4. Families with at most ordinary double point singularities. In this subsection we study
the Hodge bundles of morphisms whose singular fibers have at most ordinary double point
singularities.

Let f: X — D be a projective degeneration between complex manifolds, with fibers of dimen-
sion n . We assume that the special fiber X, has at most ordinary double point singularities.
Hence, on a neighborhood (in X) of a singular point of f~!(0), there exist holomorphic coor-
dinates (zy,...,2n, s) such that X is locally given by s = zg +...+ 22 and f is the projection to s.
Let p1,..., pr be the set of singular points. Let v: X — X be the blow-up in X of py,..., p, and
g: X — D the natural morphism. Then the special fiber of g has normal crossings of the form
Xo=Z+ 22;:1 E;, where the E; = v7! (pi) = IPE are disjoint and Z is the strict transform of Xj.
Moreover, the intersection W; := Z N E; c E; is isomorphic to a smooth quadric in Pg. As an
application of Corollary[2.8, we compare the Hodge bundles of such families before and after
semi-stable reduction.

Proposition 3.10. Letp:D — D, p(t) = t!, denote a base change realizing a semi-stable reduction
h: Y —-Doff: X — D. Then there is a natural morphism

p"R7g.Qf (log)—R7h.Qf ;(og).
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Ifnisoddor(p,q) # (n/2,n/2), this is an isomorphism. In the case (p, q) = (n/2,n/2), the cokernel
is isomorphic to

@[D) 0 ®#sing(Xop)
( t@’um,o)

Proof. The statement can be derived from Corollary[2.8} by studying the monodromy operator on
the limiting mixed Hodge structure on H"(X,). It is described by the Picard-Lefschetz theorem.
For simplicity, assume that there is a single ordinary double point. If the relative dimension 7 is
odd, then the monodromy acting on any H*(X,,) is unipotent, and hence T is trivial on it. We
now focus on the case when 7 is even. Since the monodromy is non-trivial at most on H"(X,,),
we only need to consider p + g = n. We have to show that T acts trivially on Grém H"(X) for

k # n. We use the fact that T is an endomorphism of mixed Hodge structures on H" (X,). We
have

Gr) H"(X) =0, k#n
(cf. forinstance [Wan97, Sec. 3]). Hence, it is enough to analyze the action of T on Gry, Gr!V H"(Xoo).

But F2, induces a pure Hodge structure of weight n on Gr}V H"(X,.). If T acts non-trivially on
Glrﬁoo Gr!V H"(X,.,), then it acts non-trivially on Grz GrY H"(X.,), p + q = n. Since the only non-
trivial eigenvalue of Ts on H" (X)) is —1, with multiplicity one, then necessarily p = g = n/2. This
concludes the proof. 0

4. L% METRICS

This section revolves around the L? metrics and their asymptotics for one-parameter degener-
ations of projective varieties. We provide precise expressions for the dominant and subdominant
terms of the asymptotics of the L? metrics on determinants of Hodge bundles. For this, we rely
on the general statements in Section[2]and Schmid’s metric characterisation of the limiting mon-
odromy weight filtration [Sch73]. Throughout, we will freely exploit the compatibility of Schmid’s
limiting mixed Hodge structures with Steenbrink’s geometric approach [Ste76, Ste77,(GNA90].

4.1. Generalities on L2 metrics. We recall known facts about L2 metrics, mainly to fix notations
and normalizations.

Let X be a compact Kidhler manifold of dimension n. Let hx be a Kdhler metric on the
holomorphic vector bundle T, and w the associated Kdhler form. The expression for w in local
holomorphic coordinates is

0 0
4.1) w=i) h (—,—)dz-/\dz.
j;c X GZ]‘ azk J k

Most of the time, we will only refer to the Kdhler form, since it determines iy by the rule (4.1).
On the De Rham cohomology H k(X,C) there is a natural L? metric: given classes a, 8 and
harmonic representatives @, 3, we put

4.2) <a,,6)Lz:f a/\*ﬁ:f <d,5>‘”—'.
X X n.

Here * denotes the Hodge star operator and the inner product in the second integral is the
induced pairing on differential forms, coming from the Kdhler metric x. On Dolbeault coho-
mology HP9(X) = HY(X, Qf() we may similarly define an L? metric. The Hodge decomposition

H'X,0= @ H"X)
p+q=k
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is then an orthogonal sum decomposition for the L? metrics.
Recall that, for any integer k < n, we define the primitive cohomology subspace of H kx,0) by

(X,C) = ker (L”‘k+1 - H*(X,0) — B2 k2 (X, C)),

pr1m
where L = w A« is the Lefschetz operator. Then, for any k = 0 we have the Lefschetz decomposition
k _ k-2
H*(X,C) = &b L"Hy (X, ©).
max{0,2(k—n)}<2r<k
This decomposition is orthogonal for the L? metric. On each piece of the decomposition, the
Hodge star operator is given by the rule
r!

(n—k+r)!
where C is the Weil operator acting as multiplication by i”~9 on H”9(X). Therefore, the L? metric
on L" H*-27(X,C) reads

prim

(4.3) x L a = (—1)*-2nk=2r+1/2 L kg,

r! —
(4.4) <Lr6¥,Lrﬁ>L2 = (_1)(k—2r)(k—2r+1)/2 f an Cﬁ Awn—k+2r.

(n—-k+nr'Jx

One also defines H”’ an(X) H” Jrfl (X,C)n HP9(X). Primitive cohomology groups can be put in
families, in the settlng ofa Kahler morphism f: X — S. The construction produces holomorphic
vector bundles for which we employ similar notations, for instance ( (R¥ J+C)prim Or (R1£.Q X /s)prim-
The analogue of the Lefschetz decomposition holds in this generality, as a decomposition of
holomorphic vector bundles. For this we notice that the Lefschetz operator induced by the Kdhler
structure is horizontal with respect to the Gauss—Manin connection, and hence holomorphic.
At a later point we will exploit the integral structure of the cohomology groups. For a Z-module

of finite type A, we denote by Ay the maximal torsion free quotient of A.

Definition 4.1. Let X be a compact Kéiihler manifold, with Kihler form w. We definevol;»(H* (X, Z), w)
as the square of the covolume of the lattice H*(X,Z), ¢ H*(X,R), with respect to the Euclidean
structure induced by the L> metric. We adopt the conventionvol;»(H*(X,Z),w) =1 if bi.(X) =

Proposition 4.2. The following statements hold:

(1) Let X be a compact Kéhler manifold, and w a Kdéhler form on X.
(@) vol;2(H*(X,Z),w) is independent of the complex structure and only depends on the
cohomology class [w].
(b) vol,2(H*(X,Z),w) is a rational number, if [w] is rational.
(2) Let f : X — S bea Kéhler morphism, and w a Kéihler form on X. Then s — vol;2 (H*(X;, 7),wy,)
is locally constant on S.

Proof. The L? metric is determined by the Hodge star operator, which is computed for images
under the Lefschetz operator of primitive classes by (4.3). Since the Lefschetz decomposition
is orthogonal for the L% metric, we can restrict to these cases. Except for the Weil operator, all
operators are independent of the complex structure. Passing to determinants, the Weil operator
disappears. Indeed,

(4.5) detC = [Ti7~hoim = 1,
P.q
since h”? = h®P  This proves (Ta). It implies the statement for Kihler morphisms, since such a

prim prim*
family is a locally trivial 6> fibration, and the Kihler form defines a flat section of R? f,R.

24



ERIKSSON, FREIXAS I MONTPLET, AND MOUROUGANE BCOV INVARIANTS

To prove that the volume is a rational number, it is enough to prove that for a given basis
el,...,ep of H k(x, Q), the expression det(e;, e;) 2 is rational. To this end, notice that the Lefschetz
decomposition can be defined over Q, since the Kédhler form is rational:

HE (X, Q) = @L Hial (X,Q), oy (X, @) =ker (L"51: HY O, @) = B 920X, Q).
-

As remarked before, this decomposition is orthogonal for the L? metric and we can hence restrict

ourselves to considering det(v;, v;) 2 for a basis vy,..., v4 of Lngnﬁlr (X, Q). Recalling now (4.3),

we see that xL" acting on anﬁf (X,Q) can be decomposed as

—k+r
(4.6) Hk 2r(X C) Hk ZT(X C) _ H2n—k+r(X’q:) i) H2n—k+r(X,C)’

prim prim

where g is multiplication by a rational number. Furthermore, the determinant of the Weil
operator C is 1 as remarked in (4.5). Hence, since the other operators in (4.6) preserve the rational
structure, we have in fact

detxL" H*2" (X, Q) = det L " H* 22" (X, Q).

prim prim

The pairing det(v;, v;);2 hence reduces to the determinant of a matrix of integrals of top degree
rational cohomology classes, i.e. the determinant of a matrix with rational entries. It is therefore
a rational number. O

4.2. The singularities of L? metrics. Let f: X — D be a projective normal crossings degener-
ation, with n-dimensional fibers. We fix a Kdhler form on X* which is rational on fibers, e.g.
induced by a projective embedding. The Hodge bundles RY f, Q %p(log) are then endowed with
singular L? metrics, smooth over D*. The determinant bundle detR7 f,Q /D(log) inherits a
singular L2 metric. In [Zuc82, [Pet84, (CKS86], building on the work of Schmid [Sch73], the asymp-
totic expansion of the L? metric is considered, including first and second order derivatives. The
coefficients of the asymptotic expressions provided therein are not neatly formulated in terms
of the limiting mixed Hodge structure. Our aim is to address this point for the dominant and
subdominant terms.

To formulate our results, consider the limiting mixed Hodge structure (F5,, W.) on H k(Xoo)
(k= p+ q), where FS_ is the limiting Hodge structure and W, is the monodromy weight filtration
(cf. Schmid [Sch73]). We introduce the following invariants:

1
pqg_ __— k
4.7) aPd = Zm_tr( log T, |Gt H (Xoo))
and
k
(4.8) pP7="3Y rdimGry_Gr} H*(X).
r=—k

In the course of the proof of Theorem[4.4]below, we need the following lemma.

Lemma 4.3. The invariants BP9 satisfy the following two identities:

(1) ﬁp'q:_ﬁ%l’_
(2) ﬁpvq = ﬁn_qrn_p.
In particular, P9 = -~ P"74,
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Proof. Since Gr‘,é‘ir H*(X,.) is a pure Hodge structure of weight k + r we have
dimGr,_Gr}!;, H*(Xoo) = dimGry P Gr}l, | HF (Xo0).

Moreover, the limiting mixed Hodge structure is equipped with a nilpotent operator N on H*(X,o)
which induces an isomorphism

N": Gry_Gr H*(Xoo) = Grh " Gr}l H* (Xo0).

A direct combination of these observations proves the first point.
The second point follows from the Lefschetz isomorphism, which induces isomorphisms (cf.
Schmid [Sch73, Theorem 6.16])

L"*: Gry Gr,, H(Xeo) = Grp " Grl,, H2 R (X,

O

The statement of the following theorem refers to Mumford good hermitian metrics on holo-
morphic vector bundles [Mum77]. In rank one, this notion can be formally extended to Q-line
bundles. For instance, if a Q-line bundle is represented by a couple (L, m) formed by a line bundle
L together with an integer m, then a good hermitian metric on (L, m) will just be a good hermitian
metric on L.

Theorem 4.4. (1) Let o be a holomorphic trivialization of det R7 f, Q’;( /D (log). Then there is
an asymptotic expansion

1
loghy2(o(8),0 (1) = a”7log|t]* + B77loglog|t| ™ + C+ O (1 m)
0g
for some real constant C.
(2) On the Q-line bundle det RY f, Q?(/D(log) ® G (aP9(0]), the L? metric induces a good hermit-
ian metric, in the sense of Mumford.

Proof of Theorem[4.4, First of all, we reduce both (I) and @) to the semi-stable case: by Corollary
the change of the L2 metric under semi-stable reduction is accounted for by the term IIIZ“W.
For the rest of the argument, we can hence assume that f: X — D is semi-stable.

In the semi-stable case, the proof of (2) was first outlined by Zucker [Zuc82, Sec. 1]. Further
details were later worked out by Peters [Pet84, Sec. 2 & 3]. A complete argument is provided by
Cattani-Kaplan-Schmid [CKS86, Thm. 5.21 & Prop. 5.22]. These authors deal with degenerations
of Hodge structures in several variables. In the particular case of one-parameter degenerations,
their results imply the Mumford goodness of the L? metric on det RY f, Qg p108).

For the proof of (I) in the semi-stable case, Schmid’s nilpotent orbit theorem [Sch73] implies a
general expansion of the form

_ -1 1 )
(4.9) logh;2(0(t),0(t)) = Bloglog|¢| +C+O(log|t| ,

for some integer § and some constant C. This is a weak form of [Pet84} Sec. 2.2], whose proof
follows the same lines. The rest of the argument will be devoted to showing that g = 9.
We claim it is enough to establish the weaker inequality g < 79, namely

(4.10) hyz(0(8),0(8) = O((logle)?"™").
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Indeed, suppose this estimate is satisfied for all p,q. Let ¢’ be a trivializing section of
detR"*"1f, Q;Z[g (log). Then we have the estimate
(4.11) hiz(0'(8),0'(1)) = O(dogle)?" """} = O( dogle) #""),

where we applied Lemma These norms can be compared, since Serre duality induces an L?
isometry

(4.12) detR? £, Q% o (log) =~detR"7f.QF I'log)".

Here we implicitly used that detQx,p(log) = wx/p, since we are in the semi-stable setting. Com-
bining (@.11) and (4.12) we find the reverse inequality 8, ; < f, and we thus conclude by (4.10).

We now proceed to prove (4.10). For the discussion, we rely on Section First of all, we fix
a subset E = {ey,...,ep} of F&Hk(Xoo) which projects to a basis in Grﬁ Hk(Xoo) and which is
adapted to the weight type filtration -

W, Grl, H¥(Xoo) = We N ER I W, 0 j

In other words, for each ¢, there is a subset E, of E such that the elements of E, are in
W, N E2\ Wy_1 n FZ and project to a basis of Gr}f‘/ Grl'z00 H*(X5).

Secondly, lift the elements E to holomorphic sections {7 j} of glg g They project to a local
holomorphic frame {o ;} of P]’lﬁ g/ g.:lg;l = R, Q§ /D(log), by Nakayama’s lemma. Also, introduce
the twisted sections €;(f) = e 2miNTg j(@), for 7 € H (cf. (2.1)). These can be identified with

holomorphic sections of R f, Q%,pog). Under this identification, we have the equality 7 ;(0) =
€;(0) (cf. 2.2), and (2.9)). Therefore,

G;(1)—@;(t) € t-T(D, R* £,Q%,plog)).
Together with [Gri84, Chap. II, Prop. 25], we derive for the L% norm
15(1)~&; (112, = O(I1Gog £?),

for some integer b. By Schmid’s theorem [Sch73, Thm. 6.6], adapted to the present setting by
Zucker [Zuc?9, Prop. 3.9], we derive

(4.13) 155 (0112, = 0doglen’~*),

where £ is such that e; € E,. Since the L? norm on glﬁ g/ 91’3 ;1 is the quotient norm of the I

norm on 91’; o e have:

(4.14) lor A Aopl3 (0 < TTlloj 12,0 <TI0, ().
J J

Combining @.13) and (@.14), together with Gr)” Gr?oo HF (X)) = Gr?oo Gr) H k(X,.), we conclude
the claimed estimate (4.10) O

Remark 4.5. (1) Under a flatness assumption, Peters gives an expression for the leading term
of the asymtotics of logh;2 on detgzlg g [Pet84, Prop. 2.2.1]. This is compatible with our
result, up to a sign mistake in loc. cit., due to a confusion between lower and upper
extensions.
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(2) As for Theorem and Corollary 2.8} there is a counterpart of Theorem for more
general degenerations of Hodge structures, and in particular for the upper extension “%*
(and their graded quotients) in the geometric case. In this situation, only the exponent
a9 needs to be changed to the corresponding elementary exponent for the upper exten-
sions. The rest of the asymptotic expansion remains the same, as it is determined after
semi-stable reduction.

5. BCOV METRICS AND INVARIANT FOR CALABI-YAU VARIETIES

In this section we recall the construction of the BCOV bundle following Fang-Lu-Yoshikawa
[FLYO08]. It is named after Bershadsky—Cecotti-Ooguri—Vafa [BCOV94], who developed a mostly
conjectural technique for computing “higher loop string amplitudes”. For a Kdhler family of
Calabi-Yau manifolds, the bundle can be endowed with a Quillen type metric, independent of
the particular choice of Kdhler structure. In relative dimension 3, Fang-Lu-Yoshikawa could
extract from this Quillen metric an important invariant of Calabi—Yau 3-folds, called the BCOV
invariant. This is a suitable normalization of a combination of holomorphic analytic torsions. It is
actually this invariant, rather than the original quantity in [BCOV94], that is expected to fulfill the
predictions in loc. cit. in connection with mirror symmetry. The case of the mirror quintic family
was successfully solved in [FLY08]. The analogous of this conjectural program in dimension 4
has been proposed by Klemm-Pandharipande [KP08], and further studied in dimension 5 by
Pandharipande-Zinger [PZ10]. However a right counterpart of the BCOV invariant in arbitrary
dimension, independent of the Kdhler structure, was still missing. Filling this gap is the ultimate
purpose of this section.

In this section, we wish to distinguish the dualizing (or canonical) sheaf, from Kéhler forms.
We herein adopt the notation Kx for the canonical sheaf of a complex manifold X, and similarly
for the relative setting.

5.1. Backround on Quillen metrics. We summarize the work of Bismut-Gillet-Soulé on Quillen
metrics on holomorphic determinant bundles, and notably the curvature formula. This is the
basis for the later construction of the Quillen-BCOV metric. The discussion is mostly based on
[BGS88(], for which [BGS88a, BGS88b] develop necessary foundations.

Let f: X — S be a Kdhler morphism of complex manifolds of relative dimension n. Let hx be a
Kéhler metric on Ty, with Kdhler form w. Let (E, hg) be a hermitian holomorphic vector bundle
on X. The determinant line bundle A(E) is a holomorphic line bundle on S with fibers

AME)s = ®detHg(Xs,E|Xs)(_Dq, seS.
q

Here ng (X5, Ejy,) is the g-th Dolbeault cohomology group of the holomorphic vector bundle
E,.. The construction is compatible with the Knudsen-Mumford determinant of cohomology
[KM76] (see [BGS88c, Sec. 2 & Sec. 3] for two different proofs). The €*° complex line bundle
underlying A(E) is a particular instance of the general construction of Bismut-Freed |[BF86a,
BF86b], generalizing ideas of Quillen [Kvi85]. Their method simultaneously produces a hermitian
metric (and a unitary connection), the so-called Quillen metric, that we now explain.
Introduce L* hermitian inner products on the constituents of the Dolbeault complex A%7(Xj, Ej )

of (0, g)-forms with values in Ej, . Givenu,ve A%a (X, E,,), we put

n

1 w
(51) (u, U>L2'S_W_/;(S<u’ U>W
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On the right hand side, (-, -) is the pointwise hermitian inner product on E X ® Q;?S’q), depending
on the metrics hr on E and hx on Tx. Next, we take the formal adjoint 8" of the Dolbeault
operator 5, characterized by the equation (5* u, V)2 s = (u,av) 12,s- The Dolbeault Laplacian is
then defined as A%(?;q) =(@+0 )2 Thisisa positive elliptic partial differential operator of second
order acting on A%9(Xj, E| x,)- It has a discrete spectrum with finite multiplicites. The kernel
of Af D i by definition the space of harmonic forms in A%9(Xj, E| x,)- Hodge theory provides a

,S
canonical isomorphism

HI(X;, Eyy) — kerA2'” < A%9(X,, By ).
S

Through this isomorphism, the restriction of the L2 metric to harmonic forms induces a hermitian
product on ng (Xs, Ejy,)- By taking exterior products and duals, the determinant of cohomology
A(E); inherits a metric, denoted k2 ¢ and called L? metric. We remark that the pointwise L?
metric on A(E) thus defined is in general not smooth in s € S. It is nevertheless smooth when all
the higher direct images RY . E are locally free, which is for instance the case of Hodge bundles.
In any event, the possible lack of smoothness can be corrected by taking into account the rest of
the spectrum of A( D as follows. Let {1} k=1 be the strictly positive eigenvalues of A; D ordered

increasingly and repeated according to multiplicities. Introduce the spectral zeta function

1
2w =Y = Re(w)>0.
k=1 Ak

This is absolutely convergent and holomorphic for Re(u) > 0, and meromorphically continues to
the whole complex plane C. It is holomorphic at # = 0, and one defines the determinant of the
Laplacian (with the zero eigenvalue removed) by

d 9
e (u)) |

The holomorphic analytic torsion of (E|x,, hg), computed with resepct to w, is the real number

detAY? = exp (— .
0,s u=0

N 1\] ©0,9)
T(s)—Xq:( 1) qlogdetAas :

Sometimes it is convenient to spell out the hermitian data involved, and we may then write
T(E)y,, hg,w) or other self-explanatory variants of this notation. We notice that the function
s— T(s) is in general not smooth. Finally, the Quillen metric on A(E); is

hq,s = exp(T(s) - hyz .

The Quillen metric is a smooth hermitian metric on A(E) [BGS88c, Thm. 1.6]. In particular, when
the L? metric is smooth, the function s — T'(s) is smooth as well. For the purpose of this article,
a relevant such example to bear in mind is MQ X/8) where Q; /S is endowed with the metric
deduced from hyx.

The curvature theorem of Bismut-Gillet-Soulé [BGS88c, Thm. 1.27] computes the first Chern—
Weil form of (A(E), hq). Thatis, if V(g p, is the Chern connection of hq, then

— I 2 1,1
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The curvature formula lifts the codimension one part of the Grothendieck-Riemann-Roch rela-
tionship to an equality of differential forms on S:

(5.2) c1(AME), h) = fx (ch(E, hp)td(Tx, hx) V.

Here ch(E, hg) and td(Tx, hx) are the Chern-Weil representatives of ch(E) and td(T), and f. is
the fiber integral operation on differential forms.

An important property of Quillen metrics, central to the proof of the curvature formula, is the
anomaly equation [BGS88c, Thm. 1.23]. This describes the dependence of the Quillen metric
on the metrics hg and hy. Since we don’t explicitly apply the anomaly formula in this paper, we
refer the interested reader to loc. cit. for details.

5.2. The BCOV line bundle and its Quillen-BCOV metric. Let f: X — S be a Kdhler morphism
whose fibers are Calabi-Yau manifolds of dimension n. Let w be a Kdhler form on X. We
endow the relative cotangent bundle Qk ;s and its exterior powers Qg ;¢ With the induced smooth
hermitian metrics.

Definition 5.1. The BCOV bundle of the family f: X — S is the line bundle on S

Apcov(X/S) = ®A(Q§/S)(—1)pp'
p
From the choice of Kédhler structure and the induced metrics on the Q;}a{ ., the line bundle

Apcoy carries a L? and a Quillen type metric, that we denote h;» and hq, respectively. Let
us momentarily assume that S is reduced to a point. Hence we deal with a single Calabi—Yau
manifold X. Following [FLYO08, Sec. 4] we put

Tl —
i"nAn n!

Inl?,

1
A(X,w):exp(—ﬁfx(log(p)cn(TX,w) , with ¢ =

Here 7 is a holomorphic trivialization of Q§ and ¢, (Tx,w) is the Chern-Weil representative of
cn(Tx) associated to the Kdhler metric. For a Ricci-flat Kdhler metric, the factor A(X, w) simplifies
to

wn

m" Jx nt’
In the general family setting f: X — S, the function s — A(Xjs, w| ) is clearly smooth, and will be
denoted A(X/S,w).

1X)
AX,w) =vol(X,w) 2, where vol(X,w)=

Definition 5.2. The Quillen-BCOV metric on Agcoy is the smooth hermitian metric
hQ,BCOV = A(X/S,a)) . hQ.
We refer to the pair (Agcov, hg,scov) as the BCOV hermitian line bundle.

Recall the characterization of the Weil-Petersson form wwp = ¢;(f« Kx/s, hy2) (cf. [Tia87]). The
curvature of the BCOV hermitian line bundle was computed in [FLY08, Thm. 4.9], building on

the curvature formula of Bismut-Gillet-Soulé (5.2):
Proposition 5.3. The curvature of (Agcov, hq,scov) is given by X (f(z"") wwp. In particular the BCOV
hermitian line bundle is independent of the choice of Kdhler structure.

30




ERIKSSON, FREIXAS I MONTPLET, AND MOUROUGANE BCOV INVARIANTS

5.3. The L2-BCOV metric. In this subsection, we work with general compact Kdhler manifolds,
not necessarily of Calabi-Yau type. We define a renormalized L? norm on the BCOV bundle. It
has the feature that it is independent of the choice of Kdhler form (cf. Proposition|5.6).

Definition 5.4. (1) Let X be a compact Kéhler manifold of dimension n, with Kéhler form w.
We define
2 k+1
(53) B(X,a)) = Hvole(Hk(X’Z)’w)(—l) k/2.
k=1

(2) Let f: X — S be a Kéiihler morphism with Kéhler structure form w, whose fibers are compact
complex manifolds of dimension n. We define a function B(X/S,w)(s) := B(Xs,w|, ). It
follows from Proposition[4.2 that B(X /S, w) is in fact locally constant.

(3) The L?>-BCOV metric, or rescaled L? metric, on Agcov is the € metric

hLZ,BCOV = B(X/S,UJ) . hLZ.

Remark5.5. (i) The definition drives some inspiration from Kato’s formalism of heights of
motives [Katl4], see specially paragraph 1.3 in loc. cit.
(ii) Since Poincaré duality is a unimodular pairing, it is not difficult to prove that

vol2 (H*(X, 2),w)vol2 (H?" *(X,2),w) = 1.
Hence the product in the definition of B(X,w) can be written more succinctly as
n-1 k
B(X,w) = [] vol2 (H*(X,2), )"V 1=R),
k=0
In particular for a (simply connected) Calabi-Yau 3-fold X with a Kdhler form w, we find that
(5.4) B(X,w) =vol;2(H*(X,2),w)3vol 2 (H*(X,Z), w).
Proposition 5.6. The L?>-BCOV metric h 12,gcov 1S independent of the Kéihler structure.

Proof. We can check the statement pointwise, and hence we may work with a single compact
Kahler manifold (X, w). For each k, inspired by an identity from [Kat14, 1.3] we define

LHY= Y pdetHI(X,Q}),
p+a=k
where as usual we adopt additive notations for tensor products. Consider also the complex
conjugate line

L(HM = Y pdetHIX,Q%) = Y (k-p)detH!(X,QF).
p+qg=k p+qg=k
The L? metric induces a metric on L(H*), as well as L(H¥). Since complex conjugation
L(H*) — L(H¥) is an isometry (as real vector spaces), we have an L? isometry
2L(HY = L(HY + L(HY) = Y kdet HP(X,Q1) = kdet H* (X, C).
p+q=k

Up to sign, the line det H*(X,C) has a natural element determined by the integral structure,
namely e; A... A ey, forabasis ey,...,ep, of HYX, Z) 1. Dividing by the norm of this section we
find that the right hand side, and hence the left hand side, don’t depend on the Kéhler structure.
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More precisely the L2 metric on L(HF) multiplied by vol;2 (H k(x,7),w)k?

choice of Kdhler form. Since the BCOV bundle is clearly given by
Y. DFLHY,
0<k=2n
the proposition follows. 0

is independent of the

5.4. The BCOV invariant for Calabi-Yau n-folds. Let now X be a compact Calabi-Yau n-fold,
with Kdhler form w. The vector bundles Qé’( inherit smooth hermitian metrics. The “virtual”
vector bundle

D-D"pay
p

has a well-defined holomorphic analytic torsion depending on w and written Ipcov (X, w). It
also carries the metrics hq gcov and hy2 ooy

Definition 5.7. Let X be a Calabi-Yau n-fold. The BCOV invariant of X is the real number given
by
Tacov(X) = hg,scov/hiz pcov
In other words, for any auxiliary Kéhler form w,
AX,w)
B(X,w)
where A(X,w) and B(X,w) are as in definitons[5.2 and[5.4,

Tpcov(X) = TIscov (X,w),

The terminology invariant is justified by the following proposition.
Proposition 5.8. The BCOV invariant T gcov depends only on the complex structure of X.
Proof. This is the combination of Proposition[5.3]and Proposition 5.6 O

Remark 5.9. By Remark[5.5] (i), it is easily seen that our BCOV invariant generalizes the BCOV
invariant defined by Fang-Lu-Yoshikawa for Calabi-Yau 3-folds [FLY08, Definition 4.13], up to an
explicit power of 27 due to different normalizations.

Let us now discuss the differential equation satisfied by the BCOV invariant for families. Let
f: X — S be a Kdhler morphism between complex connected manifolds, whose fibers are n-
dimensional Calabi-Yau varieties. Then s — log 7 gcov (X;) yields a smooth function on the space
of parameters. Let now w be an auxiliary choice of Kdhler form on X. Endow the Hodge bundles
of f with the associated L? metrics. After Fang-Lu [FL05], we define the k-th Hodge form on S as
the following combination of Chern-Weil forms:

k
(5.5) k=Y. 1 (FPRFF.Q5 5 hp2).
p=0
By Griffiths’ computation of the curvature of Hodge bundles, this is known to be a semi-positive
(1,1) form on S, cf. loc. cit.. It can equivalently be written

k
(5.6) wge= Y per(RFP£,QF  hp2) € oy (LIHY)).
p=0
Since B(X/S,w) is constant, from the curvature formula for the Quillen-BCOV metric [FLY0S,
Thm. 4.9], recalled in Proposition[5.3} and the very definition of 7 gcov, we obtain the following
proposition:
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Proposition 5.10. Let f: X — S be a Kdhler morphism between connected complex manifolds,
whose fibers are Calabi-Yau manifolds of dimension n. Then there is an equality of differential
formson S

2n

(5.7) ddclogTBCOV: Z(—l)kak—lwwp
=0 12

where y is the topological Euler characteristic of any fiber of f.

Remark5.11. (i) Proposition actually holds for the slightly more general Kihler fibrations
considered by Bismut-Gillet-Soulé [BGS88b].

(ii) In the physics literature, equation is referred to as the holomorphic anomaly equation
of F1, see [BCOV94, Eq. (3.10)]. In relative dimension 3, it is part of an infinite system of
differential equations relating some partition functions Fg, where g = 0 runs over all the
possible genera of compact Riemann surfaces.

5.5. Triviality of the BCOV invariant for special geometries. Recall the Beauville-Bomogolov
classification, that any Calabi-Yau variety is an étale quotient of a product T x V x H, where T is
an complex torus, V is a product of strict Calabi-Yau varieties, and H is a product of hyperkédhler
varieties. Recall that a hyperkihler variety is a Kdhler manifold whose H?? is spanned by a
holomorphic symplectic form. The facts we need regarding hyperkdhler manifolds can be found
in [Hit92].

We are grateful to Ken-Ichi Yoshikawa for sharing with us his argument for the triviality of the
BCOV torsion for hyperkihler variety equipped with a Ricci flat metric.

Proposition 5.12. If f: X — S is a projective morphism of complex analytic spaces, whose fibers
are either abelian varities of dimension at least 2 or hyperkdihler varieties, then the function
s— Tpcov(Xs) is locally constant on S.

Proof. Since the statement is local over the base and only depends on S,¢4, we can first desingular-
ize S and further assume that S is a polydisc. By Proposition[4.2]it suffices to show that the BCOV
torsion s — Jpcov (X5, Wy ) is constant if we compute it with respect to a Ricci flat metric w in
the Kahler class providing a projective embedding. Even more, we claim that Jpcov (Xs, 0, ) = 1.
We may thus assume that S is reduced to a point, and work with a single variety X. The case of
abelian varieties is actually well-known, and we refer for instance to the remark in [Ber03, p. 154].

Now for the hyperkdhler case. Let n be the dimension of X. Recall that 7 is necessarily even.
The BCOV torsion decomposes as a product,

n
Tscov(X,0) = [[ T@QF,0) V"7,
p=1

where T(QF, ) is the holomorphic analytic torsion of Q§ endowed with the hermitian metric
induced by w, and computed with respect to the Kéhler structure w. The holomorphic analytic
torsion of a hermitian vector bundle E satisfies (see for instance [GS91, Thm. 1.4])

(5.8) T(E,w) = T(E" ® Kx,w)"V"",

where Kx is equipped with the metric coming from the Ricci flat metric on Tx. For the Ricci-
flat metric, there is an isometry Kx = Oy, where the latter is equipped with the trivial metric.
Indeed, if 1 is a holomorphic symplectic 2 form, then n’/? is a holomorphic trivialization of
Kx. Furthermore, Ricci flatness implies that the pointwise norm of "2 is constant. A suitable
rescaling of 7 thus provides the claimed isometry. From we then infer T(E,w) = T(EY,w)™ L.
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Therefore, to conclude, it will be enough to prove that the symplectic holomorphic form induces a
holomorphic isometry QF = AP Tx = (Q%)V. This is the content of the following lemma, probably
well-known to the specialists, which we state separately. 0

Lemma 5.13. Let X be a hyperkdhler manifold, with non-degenerate holomorphic symplectic
formn. Then the induced isomorphism AP Tx = Qf( is, up to a constant, an isometry.

Proof. Since X is hyperkédhler, the Ricci flat metric defines a Kéhler form with respect to three
orthogonal parallel complex structures, I, J, K, satisfying 1> = J> = K? = IJK = —1. After renor-
malization by a scalar, it is possible to write

gUe,¢) +ig(Ke,e)

5 .
We prove that contracting n by a holomorphic tangent vector provides an isometry Tx = Qy,
where the holomorphic tangent and cotangent bundles are given by the complex structure 1.
The general statement follows. If v € Tx, then Iv = iv, and so v = ¢ — iI¢ where { = Rev. A
direct computation shows that || v|? = 2||€]|%. On the other hand, by one can conclude
n(v,#) = g(Jé +iKE, ). By definition, [ g(x, )2 = (g(x, ), g(x,+)) = {x, %), and hence

In)I? = (JE+iKE, JE —iKE) = (J&, JE) + (K& KE) = 21€N1% = llvl>.

Here we have used that J and K preserve the metric. This concludes the proof. 0

(5.9) n(e,®) =

6. GENERAL ASYMPTOTICS OF THE BCOV INVARIANT

In this section we investigate the singular behaviour of the BCOV invariant along one-parameter
degenerations of Calabi-Yau manifolds.

After initially comparing, in the first subsection, the various extensions of the BCOV bundle,
we go on to establish the logarithmic behavior of the BCOV invariant along one-parameter
degenerations. There we provide a closed formula for general normal crossings projective
degenerations of Calabi-Yau varieties (cf. Theorem|[6.5). This can be recast as providing the
boundary conditions of the holomorphic anomaly equation (cf. Proposition[5.10), and it has
proven to be key to the proof of the known cases of the BCOV conjecture, cf. [FLY08]. We then
proceed to determine the subdominant term of the BCOV invariant in terms of limiting mixed
Hodge structures (cf. Proposition[6.8). These statements will be the point of departure for the
computations for special geometries in Section 7}

6.1. Kihler and logarithmic extensions of the BCOV bundle. Let f: X — D be a projective
degeneration between complex manifolds. The BCOV line bundle Agcoy (X /D) affords a
natural extension to D, the so-called Kédhler extension:

Definition 6.1. The Kdhler extension of the BCOV bundle A(X™ /D*) is defined as

Ascov =@AQE )VP,
p

where we recall that Mﬁi /p) IS the Kiihler extension ofxl(Qf(x o) of Deﬁnition

If the singular fiber X, has normal crossings, then there is another natural extension: the
logarithmic extension.
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Definition 6.2. Let f: X — D be a projective normal crossings degeneration. The logarithmic
extension of the BCOV bundle is defined as

Agcov(log) = QAQF, , (log) V7.
P

In our previous work [EFIMM18], the singularities of the Quillen-BCOV metric were formulated
in terms of the Kdhler extension of the BCOV bundle. In contrast, the degeneration of the L[2-BCOV
metric is well understood for the logarithmic extension, thanks to Theorem A comparison of
both extensions is needed in order to extract the singularities of the BCOV invariant. We define
Uscov as the integer realizing this comparison, assuming that f: X — D is a normal crossings
projective degeneration:

Ascov = Apcov(10g) + rcov@([0]).

Hence, recalling the definition (3.3) of the integers u,, we have

n
tecov =Y, p(=1)Ppp.
p=0
We now exploit the explicit computation of u;, provided by Proposition 3.7} in order to give an
expression for ppcov. We make use of the notation introduced in section

Proposition 6.3. Let f: X — D be a projective normal crossings degeneration, and write
Xo = Y m;D;. Assume that the smooth fibers are Calabi-Yau n-folds. Let d(k) = dim D(k) =
n—k+1. Then

9n+5 In+3k+2)d(k
MBcov=—ux(Xoo)—Z( 1)k( n Jd( ))((D(k))
=1 24
_ " if 1 Q) En—k Qi)
12 = Jpw 1 D(k))tn—k\R2D(k)/)-

Proof. Recall the expression we obtained for p, in Proposition[3.7}

14
pp=DP @ - Y CnP @,

k=1 p®
Therefore
UBCOV = — ZP (Q P 1)—2 Z( D px (QD(Z) )
(6 1) p= p=1lk=1

o< l
:_r;”’“gxof Z( D Z PYQE

For an integer d = 0, define S; =0+...+d. Then

Zp (¥ s 1)—2( 1)/ (S, — S @ ):Snx(Xoo)—Z(—l)fS,-x(Qﬁfm)
6.2) p=1 j=0 j=0
+
_ "X(Xoo)—Z( 1)11 1@ ).
j=0
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There are formulas for such sums. We will invoke them below. Let’s first tackle the remaining
terms in (6.1). They have a similar structure:

kZI(—D’CZP @) Z( Ol Z(p+k)X(QD(k))
= p:

pO

6.3) 1k Z PAQp )+ Z( "k Z Q50

d(k)
1k ZpX(QD(k )+Z( 1* (k- I)ZX(QD(IC)

k=1
=Y 1
n
Z (-
where we used that d(k) = dim D(k) = n— k + 1. The first term in is computed as in (6.2):

d(k) d(k 2 dk d(k)
(6.4) Z( 1) pr(QD(,’Z)l Z( DF M%(D(k))—z( l)ff
j=0

For the second term in (6.3), we observe Z” ’g)((QD(k)) =d(k)y(D(k)) — Zd(k)( Dpr(QD(k))’
hence

n n-k n
Y EDFKk-1 Yy k)= Z ~D*k-1)(n-k+Dy(DK)
k=1 p=0 k=1

(6.5 d(k)

—Z( 1)*(k - 1)2( NP pr@?h ).
p=

To simplify (6.2)-(6.5), we infer from [EFIMM18, Lemma 4.6]:

d(k) dk
(6.6) > =1/ JX(QD(k)) = (_l)d(k)gf Cd(k)(QD(k))—L)((D(k))’
=1 2 b
ah) d(k)Bd(k) +7
67 ) (- 1)” Lrahy = TP Doy
j=1
(=140

f ¢1(Q2py) Ca)-1(2pky)-
12 D(k)

A similar expression holds for X, instead of D(k). Taking into account that ¢; (Qx_) =0, it reads

L 3 7
(6.8) Y (- 1)” vl =820 x ),
j=1

24

Also, thanks to (6.6), equation (6.4) simplifies to

n d(k) n k—1 —k+1
6.9) > -0 Y priag h= 3 D k)
k=1 k=1

To conclude, it suffices to plug (6.6)—(6.9) into (6.2)—(6.5) and then add up. O
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6.2. Logarithmic behaviour of the BCOV invariant. Recall from the introduction that there
is a strong motivation for finding the asymptotic behaviour of the invariant. For the sake of
motivation, consider the special case of a projective degeneration of Calabi-Yau 3-folds f : X — D
admitting a single ordinary double point over the origin, Fang—Lu-Yoshikawa [FLY08, Theorem
8.2] proved that

1
logTrcov (X;) = g1og|t|2 + O(loglog|f|™1).

This was used in loc. cit. in order to prove an instance of genus 1 mirror symmetry for the quintic
3-folds.

More recently, in [LX19], Liu and Xia study systematically the logarithmic behavior of the BCOV
invariant of [FLY08]. More precisely they study the limits

. logTpcov(Xy)
Kpi=lm————r——
—0 log| 1]
where f is a local parameter around 0 € D for a projective degeneration X — D of Calabi-Yau
3-folds. It follows from [FLY08, Theorem 9.1] that the limit exists and is a real number. In [Yos15,
Thm. 0.1], Yoshikawa proved it is a rational number. In [LX19] formulas are obtained for sums
of local contributions, for a compact one-dimensional base S of a generically smooth family of
Calabi-Yau 3-folds X — S. They conjecture that these formulas localize in a precise sense under
some specific conditions. In this subsection we address the corresponding matters in arbitrary
dimension.
Before we proceed with the statement of the first theorem, we need to recall a definition from
[EFIMM18]. Given a projective degeneration f: X — D between complex manifolds, whose
smooth fibers are Calabi-Yau manifolds, we have an injective morphism of line bundles

ev: f* fiKx/p — Kx/p-

We may equivalently see ev as a global section of Kx,p ® (f* fx Kx/p) ™"
Definition 6.4. We denote B = div ev. We say that f: X — D is a Kulikov family if B = 0.

The divisor B is effective. Because the smooth fibers have trivial canonical bundle, B is
supported on the special fiber X;. To sum up, we have

Kxip=f"f«Kxp®0O(B), |B|< Xp.

Theorem 6.5. Let f: X — D be a germ of a projective degeneration between complex algebraic
varieties, whose smooth fibers are Calabi—Yau manifolds. Then the limit

1 X
(6.10) x p = lim 287 B0V (X1)
i—0  log|t|?

exists and is a rational number. Moreover, if X is non-singular and the special fiber Xo =Y. m;D;
has normal crossings, then

3n+1 ntl k-1)@k+6n+2
p = L )~ o + Y ()F RO D)
12 = 22
Sl n(-D"
6.11 _ B
( ) 12 j];cn(QX) k;l 12 L(k) Cl(‘Q‘D(k))Cn—k(QD(k))

(04
~ A (Koo = Y. (=)PTapaPi,
0<p,q<n
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where a = 2%” tr (”log Ts | Grgoo H”(Xoo)).

Remark 6.6. (i) The restriction to germs of projective morphisms of algebraic varieties stems
from the application of our previous work [EFIMM18]. In turn loc. cit. relies on Yoshikawa’s
theorem on the singularities of Quillen metrics [Yos07], where the compactness of the
base of the fibration is needed. The germ assumption is a technical one, satisfied in most
applications. It should be possible to remove this assumption from a functorial lifting of the
Grothendieck-Riemann—-Roch theorem to the level of line bundles. An example of this in the
case of curves is provided by [Eril3], where the first author applies Deligne’s Riemann-Roch
isomorphism to obtain the singularities of the Quillen metric.

(ii) The limit x r depends only on the restriction of f to D>, although the existence of a model
over D is needed.

(iii) Notice that the first sum in the expression of x y runs from k = 1 to n + 1, in contrast to the
first sum in the expression for ugcov (Proposition|[6.3), which runs from k = 1 to n. Observe
that D(n +1) is zero dimensional, and that y(D(n + 1)) =#D(n + 1) could be non-trivial.

(iv) The integral [ c,(Qx) can be worked out explicitly in terms of the geometry/topology of
the components of the special fiber Xj, and their incidence relations. Instead of giving a
cumbersome general expression, we refer the reader to the proof of Theorem for an
example of use.

Proof of Theorem[6.5, Because k y only depends on the restriction of f to D*, it is enough to
prove the second assertion. By resolution of singularities we can suppose that X is smooth and
Xo =Y n;D; is a divisor with normal crossings. Also we may take an auxiliary integral Kdhler
structure w induced by a projective embedding.

Let A scov be the Kdhler extension of the BCOV bundle. Let o be a trivializing holomorphic
section. In [EFIMM18|, Cor. 4.9] we showed that

(6.12)
In®+11n+2 a (- )
loghg,scov(0,0) = {—(x(Xoo) —¥(Xo)) — —=xXoo) + f Cn (Qx)}logltl
24 12 B
+ o(log|t|).

Notice that in loc. cit. the last term in the asymptotics was written as |’ 5 ¢n(Qx/p), which equals

/; g cn(Qy) as stated above. Recall now the relation XBCOV = Apcov (log) + upcovO([0]). This
means that if we are given trivializing sections ¢ as above, and ¢’ of Aoy (log), then the relation
between the respective Quillen-BCOV square norms is

log ho,scov (0,0) =loghg scov (0”,0") — upcovlog|t|* + continuous.

We can take ¢’ of the form
o' = @ P,
p.q
where 0”9 trivializes det RY f, QZ ;p108). Then, by Theorem and because the L? volumes
vol 2 (HX (X}, Z), w, x,) stay constant by Proposition we find

(6.13) loghyz gcoy(0',0") = (Z(—l)”“f pap"’) log|t> + O(loglog|t| ™).
p.q
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ButlogTcov(X;) =loghg cov(o',0")-logh;z gcoy (0, 0'). Therefore the conclusion is achieved
by combining equations (6.12)—(6.13) with Proposition together with the relation

n+l1

(6.14) X(Xo) == Y. (D x (D) == ¥ (- (D) + (=) "y (D(n +1)).
k=1 k=1

O

Corollary 6.7. Let f: X — D be a germ of a normal crossings projective degeneration of algebraic
varieties, whose smooth fibers are Calabi-Yau manifolds. Write Xo = Y.'_, m; D; and define M =
Iem(my,...,m;). Then

12Mx f e”Z.

If all the monodromies are unipotent, then 12x ¢ € Z.

Proof. The first statement follows from the following observations. First, lcm(m,..., m;) kills the
semi-simple part of the monodromy endomorphisms acting on the cohomology groups H*(X,.),
and hence all the Ma and MaP? 9 are integers. Second, the numerators (k—1)(3k + 6n +2) in the
second sum in are always even integers. The second claim follows analogously, using that
the a and a” 7 vanish. O

6.3. The subdominant term in the asymptotics of the BCOV invariant. Let f: X — D be a germ
of a projective degeneration between complex algebraic varieties, whose smooth fibers are Calabi-
Yau manifolds. In the previous subsection, we provided a general expression for the leading
term of the asymptotic behaviour of the function ¢ — logTpcov (X;). The following statement
describes the subdominant term.

Proposition 6.8. The assumptions being as above, we have an asymptotic expansion
logTcov(Xy) =« rlogl| t? + prloglog| t|™! + continuous,
where o7 is given in terms of the limiting Hodge structures by

= Mﬁ"ﬁ =Y (-1PrippPa.
P.dq

er="1s

Proof. Tt is enough to combine the definition of the BCOV invariant (Definition[5.7), together
with [EFIMM18, Prop. 4.2], Theorem|[6.5/and Theorem[4.4] O

An immediate consequence of the proposition is the existence of the following limit:

. Tpcov (Xy)
(6.15) TBCov, lim = lim
0 1257 (log £ 71
This limit actually depends on the choice of coordinate f on D. Under a change of coordinate
t — A(t), the limit changes to |1'(0) |%%r .1 Bcov, lim- This can be restated by saying that Tgcov, lim
defines a hermitian metric on the Q-complex line (wp ) ®*/. By construction, this metric only
depends on the restriction of f: X — D to D™, but not on the special fiber Xj.

>0-

Remark 6.9. (1) As an application of Lemma the expression for p ¢ can equivalently be
written as

Xoo n n
:%ﬁ 012 Y VPG -pBPI+ D" Y (g-p)pPe.
ptqg<n p+q=n

q<p q<p
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(2) For maximally unipotent degenerations of Calabi—Yau varieties as above, the mirror
map provides a (quasi-)canonical coordinate on D. This choice of coordinate induces a
trivialization of wp,g, so that Tgcov, 1im becomes an unambigously defined quantity.

(3) For open Calabi-Yau manifolds with cylindrical ends, Conlon-Mazzeo-Rochon [CMR15]
have defined an avatar of the Quillen-BCOV metric. It would be interesting to explore the
connection between their work and our limiting invariant 7 gcov, lim-

6.4. Extensions of the holomorphic anomaly equation. Let f: X — S be a flat projective mor-
phism of compact connected complex manifolds, with dimS = 1. We let S* < S be the locus
of regular values of f, which is necessarily Zariski open and non-empty. Write {P,..., P,} for
the complement S\ S*. If the smooth fibers of f are Calabi-Yau manifolds, then they have a
well-defined BCOV invariant. By Theorem the smooth function s — logTgcoyv (X;) on S*

extends to a locally integrable function on S. For every point P;, the singularity of log 7t gcov (Xs)
is of logarithmic type, with an attached coefficient x ;(P;) defined as in (6.10). In general, for a
locally integrable differential form 6 on S, we denote by [0] the current of integration against 0.

Lemma 6.10. The differential form dd“logtgcoy on S is locally integrable on the whole of S.
Moreover, we have the equality of currents

(6.16) dd‘llogtpcov] —[dd‘logTpcov] = .

4

,
Kf(Pi)-Op,.

=1

Proof. For the proof one needs a complement to the analysis of the subdominant term in Propo-
sition[6.8} in order to include its d and dd® derivatives. On the one hand, we need a control
on the remainder of the asymptotics of the Quillen-BCOV metrics (6.12). This was addressed
in [EFIMM18, Prop. 4.2]: the remainder, together with its d and dd°® derivatives, is modeled on
loglog|t|! and its d and dd® derivatives. On the other hand, we have a similar property for the
L? metrics on Hodge bundles for a choice of fiberwise rational Kzhler structure, by Theorem [4.4]
([2). One easily concludes from these facts that dd‘logt gcoy has at worst Poincaré growth, and is
in particular locally integrable. Also follows from the indicated behaviour of the remainder
term and by Theorem by a standard evaluation of the current dd°[logTpcov]—[dd‘logTpcov]
on test functions. 0

Let us now choose a Kidhler structure on f, fiberwise rational on the smooth locus. We let
w g be the corresponding Hodge forms, defined on S by (5.5)-(5.6). Denote as before wwp
the Weil-Petersson form on S$*. By Theorem[4.4 the differential forms w ;;x and wy p are locally
integrable and have at most Poincaré growth singularities on S. Hence they define currents
[wx] and [wwp] by integration. These are all closed semi-positive currents of type (1,1), and in
particular they have well-defined (current) cohomology classes on S, denoted {w ;;«} and {wwp}.
The cohomology classes of 6 p, are identified to the cycle cohomology classes of the points P;,
denoted {P;}.

Proposition 6.11. We have an equality in H"'(S)

2n

X twwpt = Y DX 0t = Yk (PP,
12 k=1 i

where y is the topological Euler characteristic of a general smooth fiber of f. Consequently, there is
a relation

X 2n ‘ r
L - -1 = P;).
D Swwp 1;( ) S(UHk i=Z1Kf( )
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Proof. From we infer that the extension from S* to the level of currents by integration of
dd‘logtpcoy is cohomologous to the sum of cycle cohomology classes {P;}. The first equality
then follows from the differential equation in Proposition[5.10} applied over $* and extended to
the level of currents by integration. The second claim is obtained by integration over S. UJ

7. ASYMPTOTICS FOR SPECIAL GEOMETRIES

The general discussion in the previous section can be bolstered if further assumptions on the
degeneration : X — S are imposed. We initially treat the cases of semi-stable minimal (or Kulikov)
degenerations (cf. Proposition[7.1) as well as for ordinary double point singularities (cf. Theorem
[7.3). For the small dimensions 3 and 4, we can give refined statements for general degenerations
(cf. Theorem[7.6/and Theorem|[7.13). As a corollary we will then deduce the conjecture of Liu-Xia
of [LX19, Conj. 0.5]. We conclude the article with some algebraic geometric applications of our
results, summarized here as constraints to the existence of particular degenerations of Calabi-Yau
varieties.

7.1. Kulikov degenerations. In this subsection we consider a semi-stable germ of a projective
degeneration f: X — D of smooth algebraic varieties. Furthermore, we suppose that f is Kulikov,
i.e. B=0. Wewrite Xy =); D;.

Proposition 7.1. With the above assumptions and notations, we have

n+1 k(k _ 1)
(7.1) Kp= Y (D —x(DW&)).
k=1
Proof. First, from Theorem|6.5|easily follows the intermediate expression
n+1 k(k—l) n (_1)n
(7.2) kp= Y (-DF——y(Dk)- Y f ¢1(Qp k) n-k(Qpeky)-
k=1 8 =1 12 Jpw

Indeed, in the semi-stable case, the monodromy is unipotent, and therefore a = a”% = 0 for all
p,q. A standard computation, see e.g. [Sai04, Lemma 1.4], shows that if D} = D; \Uj#; D;j, then

n+1

(7.3) X(Xe) =Y x (D) =Y (D ey (D(K)).
k=1
Combining with equation (6.14), we derive
n+l1
X (Xoo) = x(Xo) = Y (D (k- Dy (D(K)).
k=1

Now it is enough to plug this relation in the general expression for x s (6.11), together with the
vanishing of B and a, a”9, to conclude with (7.2).

We next proceed to simplify the contribution of the integrals in (7.2). For this, we establish a
recursion relating the integral over D(k) to the integral over D(k + 1). Enumerate the components
of Xy as Dy,...,D,. Let I < {1,...,r} be a multi-index subset of order k. Accordingly, define
Di=njerDi and By = Dy N (UjgrD;). The Kulikov assumption, together with the triviality (as a
Cartier divisor) of Xy =Y ; D; and the adjunction formula guarantee that the pairs (Dy, Bj) are
log-Calabi-Yau, i.e. Kp,+ B; = 0. Combining this with the conormal exact sequence for the
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inclusions D3 — Dy (j € I), we obtain the equalities

f ¢1(Qpk)) Cn-k (Qp(x)) - Zf [Br] N €n—k(Qp(k))
D(k) =k Dy

—(k+1) Cn—k(Qpk+1) + ) [Diliy, - Cnk-1(QDy )
D(k+1) =k Druij) Doy 104}

je1

(D" (ke + Dy (D(k+1)) +f 1 (Q2pk+1)) Cn—k-1(2Dk+1))-
D(k+1)

In the last equality we used that fD, cn-k(Qp,) = (=1)"*y(Dp) and Kp, = —B; = ¥ j¢;[D;lIp,. The
result follows by applying this recursion to (7.2). OJ

Remark 7.2. In the case of K3 surfaces, an application of adjunction shows that the right hand
side of (7.1) vanishes. This is in agreement with the constancy of the BCOV invariant established
in Proposition[5.12} which also implies the vanishing of x .

7.2. Ordinary double point singularities. In this subsection, let f: X — D be a germ of a projec-
tive degeneration between smooth algebraic varieties, with general Calabi-Yau fibers of dimen-
sion n. Suppose that X, admits at most ordinary double point singularities.

Theorem 7.3. With the above assumptions and notations, we have

1
Kp= n-; #sing(Xo) and pr=#sing(Xo) ifnisodd,

or

— n_
KT T

where #sing(Xy) denotes the number of singular points in the fiber X.

#sing(Xo) and of=0 ifniseven,

For later use we record the following lemma, which follows from the conormal exact sequence
for the cotangent bundle, and the Euler sequence on Pg restricted to W:

Lemma 7.4. Let W be an irreducible degree d smooth hypersurface inP¢. Then

(-n"-! n(n+1)
W)+ (-1)"——.
g X W)+ (=1 2
For the following lemma, the reader is advised to review the description of the blow up of X
along the ordinary double point singularities Also, we notice that for the morphism f, the

divisor of the evaluation map ev is trivial, hence Ky = O is trivial as well: f is a Kulikov family.

f a1 Ow1)cp-2Qw) =
w

Lemma 7.5. Letv: X — X be the blow up of the ordinary double points in Xy. Let Z be the strict
transform of Xo in X. Then

13(n—2 (n—-2)n(n+1)

fzcl(QZ)Cn—l(QZ): (- )x(Q)+(—1)”f #sing(Xo),

where Q is any smooth quadric inP, and hence y(Q) = n+ (1+ (-"h/2.

Proof. Let E = E; +...+ E; be the exceptional divisor, where r is the number of ordinary double
point singularities. Each E; is isomorphic to P{. Since the canonical bundle K is trivial, we have

Kz =0(nB).
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Hence, because )~(0 =2E + Z, we find by the adjunction formula
Kz=0z((n-2)E)=0z(n-2)W),

where W =} E;n Z, and each E; N Z is an irreducible smooth quadric in PZ. Hence

(7.4) f 1 Qz)ep-1Qz) =(n— 2)[ Cn-1Qz lw).
z w

From the conormal exact sequence of the immersion W — Z, we derive

f Cn—l(QZ|W):f Cn—l(QW)_f c1(Nwz)en—2(Qw)
(7.5) w w w
=-D" 1y w) _fw c1(Nwiz)en—2Qw).

To compute the last integral in (7.5), we notice that Ny, = Nw,z ® N, because Z and E
intersect transversally. It becomes
c1(Nwyz) = ai(Kw) — c1(Kx lw) — c1 (Nw/E)-
Together with the adjunction formula for W — E, we infer
c1(Nwyz) = a(Kg lw) — c1(Kx lw).

Now recall that Kg = Og(-n—1) and K5 |w= Og(nE) l[w= Og(-n) |lw. Therefore c¢;(Nw,z) =
¢1(Or(-1) lw) and

(7.6) fw c1(Nwyz)en—2Qw) = _fw c1(@w (1)) cp—2(Qw).
To conclude, we apply Lemma(7.4/and add up (7.4)-(76). O

Proof of Theorem[7.3, The computation of the subdominant term is a consequence of the de-
scription of the limiting Hodge structure of ordinary double points [Ste77, Example 2.15].

For the dominant term, we let X — X be the blow up of the ordinary double e point singularities,
and we apply Theorem. 5[to the projection f X — D. The special fiber X, = 2E + Z is as in
the previous lemma: Z is the strict transform of Xy, E =Y E; is a disjoint union of P?, and the
intersections W; = Z n E; are irreducible smooth quadrics in these projective spaces. We put
W = Y W; in Z. Finally, the divisor of the evaluation map ev for f is nE. We evaluate all the
contributions to ¥ 7

For the Euler characteristic of the general fiber X,, we have
X (Xoo) = 21 (E) + x(2) = 3y (W).

To verify this, we first notice that the degree of ¢, (Q 5, (log)) on fibers is constant. On a general
fiber this is (—1)" y( oo) On the special fiber, we find it is equal to the degree of 2¢,,(Qr(log W)) +
cn(Qz(logW)). This can be computed through the residue exact sequence (see e.g. (3.9)), and
the result follows. Also,
x(Xo) = X (E) + x(Z) — x(W).
Using that y(E) = (n+ 1)#sing(Xp) and y(W) =[n+ (1 + (—1)”+1)/2]#sing(X0), we obtain
3n+1 - ~ @Bn+1)(—n+(-1"
D (¥ (Xoo) — ¥ (Xo)) = T

The next term in (6.11) equals

3n+4 (W)_3n+4
12 X 12

(7.7)

#sing(Xp).

(7.8)

1+(=D"h
(n + T) #sing(Xo).
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By the conormal exact sequence of E — X, and taking into account that c¢(Qp) = (1-¢; (@)™
and O (E) |g= Or(—1), we have

_1\n 2
(7.9) _&b fEcn(Q;():{n (n+1)—n(n+l)}#sing(Xo).
n

12 24 12

For the following terms, we apply lemmasand Using again ¢(Qg) = (1 - ¢; (@(1)))**! and
Kw =0y (—n+1), we find

Y
(=D {LCl(QE)Cn—l(QE)+LC1(QZ)Cn—1(QZ)+fW61(QW)Cn_2(QW)} -

12
{ n(n+1) 2n—5( 1+(—1)"+1)} _
— + n+ #sing(Xo).
24 24 2

Finally, by Proposition we know: i) if 7 is odd, then a”7 = 0 for all p, g; ii) if n is even, then
a9 =0for (p,q) # (n/2,n/2) and

(7.10)

1
aEni? = E#Sing(Xo).

Since moreover a = 0, we therefore conclude

a if nis odd
7.11 - —xXeo) = Y ()P paP i =
(711 o XKoo r;i( P {—%#sing(Xo) if n is even.
To complete the proof, one just needs to evaluate the sum (7.7)+...+(7.11). O

7.3. Strict Calabi-Yau varieties: dimensions 3 and 4. In the case of degenerating families of
strict Calabi-Yau 3-folds and 4-folds we can give general results on the asymptotic behaviour of
the BCOV invariant, not supposing that the central fiber is a normal crossings divisor.

We suppose first that f: X — D is a germ of a projective degeneration between smooth
algebraic varieties, whose smooth fibers are strict Calabi-Yau 3-folds and with special fiber
Xo =) m;D;, not necessarily of normal crossings.

Theorem 7.6. With the above assumptions and notations,

(1) we have
1 X (Xoo) L1 12 1
Kf= —E(X(XOO) —x(Xp)) — (—12 +3) atat—at =) y(Op)+ EfBCs;(QX)
where D; denotes a desingularization of each D; and a = 2%1; (”log Ts | Gr*;‘Doo H3(Xoo)).

) If f: X — D has unipotent monodromies,

1 1
Ky = =5 (N (Xoo) = Y (X0) + ()((@’XOO) _ZX(@E)) + EfB c3(Qx)

The proof is given below. We first deduce an immediate corollary.

Corollary 7.7. Suppose furthermore that Xy has at most rational singularities.

(1) Then
1 L1_ 1,2
Kf= _E(X(Xoo) - xXo)+a —a”.
(2) If the singularities are moreover isolated, we have

1
Kp=chp-a’

where p ¢ denotes the Milnor number of the special fiber.
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Proof. Since Xy is normal, f : X — D is automatically Kulikov, i.e. B = 0. If X, has rational
singularities one finds that y (Ox) = x(Ox,) = ¥(Ox,,) = 0 where we used the flatness of f and the
strict Calabi-Yau condition on smooth fibers. Finally, for isolated singularities the monodromy
acts trivially on H? so a'! = 0, and since rational and canonical singularities are equivalent
for Gorenstein complex varieties (see e.g. [Kol97, Corollary 11.13]) it follows from [EFIMM18,
Proposition 2.8] that a = 0. For isolated singularities in X, the total dimension of the vanishing
cycles — (¥ (Xoo) — ¥ (Xo)) is the Milnor number p . O

Proof of Theorem|[7.6. By the definition of the BCOV invariant, it suffices to study the asymptotic
behavior of the L?- and Quillen-BCOV metrics on the Kihler extension of the BCOV bundle. We
fix a Kdhler metric on the total space X, whose Kdhler form is fiberwise integral on the smooth
locus. The asymptotic behavior of the Quillen-BCOV metric was established in [EFIMM18, Cor
4.9] (see (6.12)) and states that for a local trivialization of Azcov

(7.12)  logllollg seoy = 22 (X — X X)) — L 4 (Xo) + = f Cs(QX))10g|t|2 +o(log|tl).
’ 6 12 12 Jp
In fact this also holds without the assumption of having normal crossings in the special fiber.
To control the asymptotic behaviour of the L2-BCOV metric, we first notice that the renormal-
izing factors are constant by Proposition[4.2} so we only need to consider the non-renormalized
L? metric on the BCOV bundle. We can then apply Serre duality (cf. Proposition and find that
there is an isometry

Ascov.iz = —3M@x) + MQx/p) +5¢- G ([0])

where @' ([0]) is equipped with the trivial singular metric and ¢ = — (¥ (X,) — ¥(Xp)) is a localized
Chern class. We first compare with the logarithmic extension, whose L? norm is easier to handle.

By Propositionwe have A(Qx/p) = A (Qx/plog)) + (X(@’Xm) — ZX(@E))) ©'([0]) hence, as X, is
a strict Calabi-Yau threefold, we find the isometry

(7.13) Apcoviz = —3A0x) + MQxp(log) + (5c - ZX(@’ﬁ,.))) -6([0)).

We study individually the asymptotic behaviour of the various L? metrics. First of all, notice
that all the R .Gy are locally free and commute with restriction to the fibers. To see this, if
X — X is a birational morphism of complex manifolds such that f: X — D is a projective normal
crossings degeneration, then R f,0x = R' f, O, and the latter is locally free as it is a higher direct
image of a logarithmic sheaf. It easily follows, by connectedness of the fibers, that f.0x = Op. By
Grothendieck-Serre duality, there is then an isomorphism

(7.14)

A(@x) = Op — detR' f,Ox + det R? f,Ox — R® f.Ox = Op — detR' f,Ox + det R* f.Ox + f.wxp.

This is an isometry for the L? norms. The squared L? norm of 1 in the first factor is a constant
multiple of the volume of the fixed Kdhler form on the fiber, and hence constant. For the
next two terms, by Theorem for a local trivialization o, 4 of detRYf, Qf( plog) we have
logllo,l,,qlli2 = a/”'qloglz‘l2 + o(log|t]). Also, for a local trivialization 7 of f.wx/p, by [EFIMM18,
Theorem A] we have log||17||%2 = —alog|t|?> + o(log|t|) so that a local trivialization o of A(Ox)
satisfies

2

2= (—ao'l +a% - a) loglz‘l2 + o(log|tl).
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For the L? metric on A(Qyx,p(og))), expanding the determinant and performing the same
analysis as in (7.14), we find that the norm of a local trivialization o of A(Qx,p(log)) is

2 _
2~
All in all, combining (7.12), and the subsequent computations we find a general expression
for x . The assumption that a general fiber is strict Calabi-Yau assures the vanishing of several
terms (a®! = a®? = a''? = a!® = 0), giving the first part of the theorem. The case of unipotent
monodromies is a simplification of the main result under this assumption. 0

1,0

log|lo| (a” - alt +ab? - a'?)log|tl* + o(log|t]).

For the purposes of the statements below, we use the notation D;;, D; j, etc. for D; n Dj,
D;nDjn Dy etc. We also abuse notation and write e.g. [D?Dj] for the class ¢, (G (D;)) N [D;;]
and identify top degree intersection products with their degrees. We call quadruple points those
points lying on four components on a normal crossings union of three dimensional varieties.
With this understood, we can then record the following lemma.

Lemma 7.8. Let f: X — D be a semi-stable projective degeneration, with strict Calabi-Yau 3-fold
smooth fibers, and write Xy = )_ D;. Denote by Q the number of quadruple points on Xy. Then we
have
Y a@Dp)*nID;jl=-4Q.
k#i,k#j,i<j
If f is furthermore assumed to be Kulikov, then
Y c1(Kp,)* N [D;j]1 = 8Q.
i<j
Proof. First note the relation 0 = ¢;(0(Xo)) = X c1(G(D;). Then it follows that, since [D; ] =
c1(@ (D)) n[D;jl,
0= c1(@(D) N [D;jkl = [D:D;Di] + [DiD?Dk] +[D;D;D{1+ Y. [Dijl.
¢ 1¢i,j,k}
The last sum is the number of quadruple points on D; jx. As any quadruple point appears on four
different components, taking sums over all possible combinations we find the first identity. If
[ is Kulikov, then all the components D;; are log-Calabi-Yau so that Kp,; = =3 12 ¢1(@ (D).
Then,
? 4
Y aKp,)*nDil =3 ( > cl(@’(Dm) N[D;j] = —4Q+2( )Q =8Q.
i<j i<j \I#i,1#] 2

OJ

Corollary 7.9. Suppose that f : X — D is a semi-stable, Kulikov germ of a projective degeneration

between smooth algebraic varieties, with strict Calabi-Yau 3-fold generic fibers. Then, if Q denotes
the number of quadruple points, we have
12x ¢ = x(D(2)) — 60Q
=12x(D(1),0pq)) —2Q.
—Q

Notice that in particularx y = = mod 1.

Proof. According to Proposition[7.1)we have
(7.15) 12x ¢ = x(D(2)) —3x(D(3)) + 6 (D(4)).
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Since Kp, ;. + Bi ji is trivial (see the proof of the same Proposition, we have
x(D; jx) = #{quadruple points on D; j}

so that y(D(3)) = 4Q, which provides the first equality. Using the same argument and the se-
quence we find as y(Ox,) = x(Ox_) =0

X(@pa)) = x(Opp) — x(Opi) +Q=x@pw) - Q.

This expression together with an application of the Noether formula, for the surfaces D;;, and
Lemma(7.8furnishes the second formula in the corollary. U

Remark 7.10. The corollary implies the conjecture of Liu—Xia [LX19} Conj. 0.5], simplified with
the computations as in the previous lemma,

Y a@D))a@D))NID;j1—| Y c1(@(D))e1 (@D j))) n (Z [D; jl) =-2Q.
i<j i<j i<j

Proposition 7.11. Let f: X — D be a germ of a projective degeneration of 3-dimensional strict

Calabi-Yau varieties, which is moreover semi-stable and Kulikov, of maximal unipotent mon-

odromy. Thenx ¢ = 0. In other words, Conjecture@ in the introduction is true under these assump-

tions.

Proof. First of all, since a quadruple point lies on 6 different double surfaces, we find that the
expression for « ¢ in Corollary takes the form
(7.16) 12 = ) (X(Dijia) = Nijia)

ij;a
where the sum is over the irreducible components D;j;, of all double surfaces D;; and n;j;,
denotes the number of quadruple points on each such component.

Second, the hypotheses on the morphism impose the following restrictions on the geometry
of the special fiber: after [CL16, Lemma 4.1], the components D; j,, are rational surfaces, and
the triple curves draw a cycle C; j;, of rational curves on each of them. As in the proof of Propo-
sition Cij;a is an anti-canonical divisor of D;j,q. On D j,4, the number n;j;, of quadruple
points equals the number of triple curves, and the dual graph of C;;;, is homeomorphic to a
circle. Together with (7.16), we see that the proposition follows from the lemma below. 0

Lemma 7.12. Suppose S is a rational surface and D € |Kg 1|, Then one of the following holds:

e D has a dual graph homeomorphic to a star.
e The number d of irreducible components of D is bounded above by x(S).

Proof. By the birational classification of surfaces, S is a succession of r blowups p: S — Spin of a
minimal rational surface Spyjn. These are either P? or the Hirzebruch surfaces
Fe =P(Op1 ® Op1(—e)). We first provide an argument reducing to these cases.

The anti-canonical bundles of S and Sy, are related by

(7.17) Kg'=p*(Kg! Y®O(-E),

where E = Z;Zl Ey is the exceptional divisor. Notice that the relationship (7.17) implies that
D+E€| p*K§;1n| = | Ks_riin |. In other words, there exists a global section s € H° (Ks‘riin) such that
D+ E =divp*s. Let d’ be the number of irreducible components of divs. Then the number of

irreducible components of div p* s is bounded by d’ + r. It follows that d < d’ + r. If we can show
that d’ < y(Smin) we conclude that d < y(Spin) + 1 = x(S).
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If S = P?, then K. S 1= @(3) and ¥(S) = 3 from which the statement in the lemma easily follows.

If S =F,, then y(S) =4 and K¢ 1=2Cy + (e +2) f, where Cj is the unique irreducible curve such
that C3 = —e and f is any fiber of the natural map 7: S — P'. Write

b
D=aCy+ ) fr+D'
k=1

where f; denote fibers of 7 and D' contains neither any fiber nor Cy. Since D'.f =2—-a >0, we
proceed according to the possibilities of a.

If a =2, then D’ is empty. Since Cy is a section of 7, this means that the dual graph of D is a
star. Notice that this topological type does not change under blowup.

If a=1, then D'.f =1 and hence D’ is irreducible. On the one hand, D.Cy = —e + 2. On the
other hand, D.Cy = —e+ b+ D'.Cy = —e + b from which we infer that b < 2. Hence the number of
components is bounded by 4 = y(S). The case a = 0 is similar to the case a = 1. U

In the case that f : X — D is a projective degeneration of Calabi-Yau 4-folds, a similar proof
as in Theorem [7.6]yields the below theorem. As in the 3-dimensional case, for simplicity, we
state it only for strict Calabi—Yau 4-folds. It is a refinement of the case of normal crossings in
Theorem[6.5

Theorem 7.13. Suppose that f: X — D is a germ of a projective degeneration between smooth
algebraic varieties, whose smooth fibers are strict Calabi-Yau 4-folds and with special fiber Xy =
Y m;D;, not necessarily of normal crossings. Then

X (Xoo)
2

1 1
K = = (O (Xoo) =y (X)) + +4) a+2“1’1—2a1'2+2“1’3+2(Z—ZX(@E))—EL&L(QX)

where D; denotes a desingularization of D;. Here a = 2%; (ulog Ts | Gr‘};oo H* (Xoo)).

The following is a straightforward corollary following the lines of Corollary[7.7

Corollary 7.14. Suppose moreover that X, has at most rational singularities.
(1) Thenx s =—75(x(Xoo) — ¥(Xo)) +2a! —2a'? +2a'3.
(2) Ifthe singularities are moreover isolated, we have
Hr
12
where ¢ denotes the Milnor number of the special fiber.

1,3

Kf=-— +2a

Proof. We just comment on the vanishing of a''! and a? implicit in the second claim: since the
singularities are isolated, the monodromy action is trivial on H?(Xs,) and H(Xy). O

Remark 7.15. For ordinary double point singularities, the corollaries|7.7|and are compatible
with Theorem[7.3] Indeed, for ordinary double points the Milnor number equals the number of
singular points, and we know the monodromy from the Picard-Lefschetz theorem.

7.4. Bounds on ordinary double point singularities. In [FL0O5], Fang-Lu used the differential
equation satisfied by the BCOV invariant to prove the non-existence of complete curves in some
moduli spaces of polarized Calabi-Yau varieties. In this section, we apply Theorem[7.3]to improve
on their work. We also remark, in Proposition [7.19} a consequence for abelian varieties and
hyperkédhler varieties.

We first place ourselves in the setting of and Propostion Hence, f: X — Sis a flat
projective morphism of compact connected complex manifolds, with dim S = 1. We let S* < S be
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the locus of regular values of f, and we write {Py, ..., P;} for the complement S\ S*. We suppose
that the smooth fibers have trivial canonical bundle, with topological Euler characteristic y. We
choose a Kéhler structure on f, fiberwise rational on the smooth locus, and we denote by w «
the corresponding Hodge forms, and wwp the Weil-Petersson form. Recall these are smooth
semi-positive (1,1) forms on S*, with at worst Poincaré growth along S\ S*. Following Fang-Lu,
we will say that the family f: X — S is primitive if the Hodge forms w ;« vanish for all k # nﬁ
They establish in loc. cit., Corollary 2.10, the following inequality:

(7.18) wyn = 20wp.

While the authors work with strict Calabi—Yau manifolds, an examination of their proof shows the
validity of this inequality for Calabi-Yau varieties in the broad sense. Combining (7.18) together
with Proposition|6.11, we readily infer:

Proposition 7.16. If f: X — S is a primitive family of Calabi-Yau varieties as above, then
r
(1" Y k(P = <2+ (-1)"5 Jvol@w),
i=1

wherevol(wwp) = [sowp.

It follows from the proposition that if (~1)"*!y > —24 and f is non-isotrivial, then f has at

least one singular fiber. This observation was already made by Fang-Lu [FLO05, Cor. 1.3]. We now
prove variants of their result.

Corollary 7.17. In odd relative dimension n, assume that y > —24 and f: X — S as above is a
non-isotrivial primitive degeneration of Calabi-Yau manifolds. Suppose furthermore that f has at
most ordinary double points. Let #sing(X/S) be the total number of singular points in the fibers of
f. Then
48 +2y

+1
Proof. The inequality results as an application of Proposition and Theorem[7.3] We need
to observe that wywp = ¢1(f«Kx/s, hj2) and that the L? metric is Mumford good on f,Kx/s by
[EFIMM18, Thm. A & Prop. 2.8]. Alternatively, in this case f. Kx/s is a lower extension and we can
apply Theorem and the fact that a™° = 0. In any event, this entails

#sing(X/S) =

vol(wwp) = deg fxKx/s =1,
the later inequality being due to the non-isotriviality assumption [Pet84, Thm. 5.3.1]. O

Corollary 7.18. In even relative dimension n = 4, assume that y <24 and f: X — S as above is a
non-isotrivial primitive degeneration of Calabi-Yau manifolds, admitting at most ordinary double
point singularities. Then

48 _ 2 even
#sing(X/S) = [ X-‘ )

where for x € R, [x]°V" denotes the smallest even integer n with n = x.

Proof. For the inequality #sing(X/S) = (48 —2y)/(n — 2), the proof goes as in Corollary[7.17, and
is left as an exercise to the reader. To conclude we apply Corollary(3.5 0

8Actually Fang-Lu define the primitive Calabi-Yau manifolds as those strict Calabi-Yau manifolds whose Kuranishi
deformations have this vanishing property for the Hodge forms. Also they define primitivity by vanishing for k < n.
In the integrally polarized case, our notion coincides with theirs as follows from Serre duality.

49



BCOV INVARIANTS ERIKSSON, FREIXAS I MONTPLET, AND MOUROUGANE

For particular geometries we have a stronger non-existence result, which can be proven by
other means. We include it as an illustration of our techniques:

Proposition 7.19. If f : X — S is a projective degeneration of abelian varieties of dimension at
least 2 or hyperkdhler varieties of dimension at least 4, then no fibers of f have only ordinary
double point singularities.

Proof. This follows from the constancy of the BCOV invariant for such families (cf. Proposition
5.12) and Theorem|[7.3} which expresses the logarithmic term of the BCOV invariant in terms of

the number of ordinary double point singularities. U
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