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Abstract

We establish a Poincaré-Dulac theorem for sequences (G, )nez of holomor-
phic contractions whose differentials doG,, split regularly. The resonant relations
determining the normal forms hold on the moduli of the exponential rates of
contraction. Our results are actually stated in the framework of bundle maps.

Such sequences of holomorphic contractions appear naturally as iterated in-
verse branches of endomorphisms of CP¥. In this context, our normalization
result allows to estimate precisely the distortions of ellipsoids along typical or-
bits. As an application, we show how the Lyapunov exponents of the equilibrium
measure are approximated in terms of the multipliers of the repulsive cycles.!

1 Introduction and results

As it is well known, any holomorphic function F' which is invertible and contracting at
the origin of C is conjugated to its linear part A := F’(0). Moreover, the conjugation is
realized by a function N obtained by a renormalization procedure : N = lim, A™"F™.
Remarkably, the proof only relies on the fact that, by analyticity, F' is tangent to A at
the order 2. It turns out that these arguments may be adapted to the case of holomor-
phic mappings and yield to the Poincaré-Dulac theorem. We show in this paper that
this strategy also works in a non-autonomous setting, that is for families of holomor-
phic contractions.

Our results will be expressed in the framework of bundle maps which we now briefly
describe (see the subsection 2.1 for more details). Let X be a set and X := X x CF.
For any function  on X, the tube E(r) C X is defined by

E(r) = U {(z,v) € X, |v] < r(x)},
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where | .| is the euclidean norm on C*. A bundle map over a bijective map 7: X — X
is a map of the form

E(r) — X

(z,0) +— (7(2), Ku(v))

where K, is holomorphic and K,(0) = 0. A bundle map K is tame when the coefficients
of the Taylor expansion of K;n(,) grow exponentially slowly when n tends to infinity.
A function ¢, : X —]0,1] is e-slow if ¢ (75 (z)) > e pc(x). We note T the identity
map of X over Idx.

K:

Let us now present our results. To this purpose we will describe the autonomous
case (Poincaré-Dulac theorem) and, step by step, precise the corresponding statements
for bundle maps. Let F': C*¥ — C* be an holomorphic map whose linear part A satisfies
mlv| < |A(v)] < M|v|. Tf M9 < m, the sequence (A~"F™), converges as soon as
F and A are tangent at the order ¢ + 1. This means that a sufficently high tangency
between F and A allows to overcome the fact that ||A]] # ||A7!|~! and implies the
conjugation (when k = 1, then m = M and one sees again that the tangency at
the order 2 suffices). Moreover, the linear map A may actually be replaced by any
automorphism N which is tangent to F' at the order ¢ + 1. The same phenomenon
actually occurs in a non-autonomous setting, the precise statement is the following :

Theorem 1.1 Let F and N be two tame bundle maps over T which are tangent at the
order q+1, with g > 1. Assume that their linear part A satisfies m|v| < |Az(v)| < M|v|
for any x € X, where 0 <m < M < 1 and M9 < m. Then F is conjugated to N .
More precisely, there exists a e-slow function p. such that F, N contract the tubes
E(pe), E(2p.) and a bundle map T := lim,,_ oo N " F™ which is k-tangent to T at the
order q + 1 such that the following diagram commutes :

E(pe) —Z— E(p.)

7| |7

E(2p.) =2~ E(2p,) .
Moreover, for any M /m < 6 < 1, the following estimate
Vn>1, Y€ Eulpe) , [(N] oTp = F7)(v)] < @e(x)(m)"|v]**
occurs for some e-fast function p..

Let us return to the autonomous case. To obtain a conjugation between F' and
A it thus would suffice to perform local changes of coordinates cancelling the non-
linear terms of order at most ¢ in the Taylor expansion of F'. The determination of
these changes of coordinates is a purely algebraic problem which yields to the so-called
Poincaré’s homological equations. As one easily sees, these equations have solutions
when there are no resonance relations among the eigenvalues of A. In that case F' is



thus linearizable. When resonances do occur, a finite number of monomials in the Tay-
lor expansion of F' can not be cancelled. However, as it turns out, these terms added to
A define a triangular automorphism N. Then, the sequence (N~"F"), converges and
the map F'is conjugated to N. This is the Poincaré-Dulac theorem for an holomorphic
contraction.

This procedure may be used for a bundle map whose linear part is regular and
contracting, a property which we state here formally :

Definition 1.2 A linear bundle map A over T is regqular contracting if there exist
- an teger 1 <[ < k and a decomposition k = ki + ...+ ki,
- real numbers A; < ... <Ay <0 and € < |Ay| such that :

AL = L7 and M v| < AL ()] < M| for any (z,0) € L7 and 1 < j <,
where £1:= X x [{0} x ... x CF x ... x {0}] sothat X =L'®...® L.

We say that a bundle map is regular contracting if its linear part is. In this set-
ting, the resonances hold on the moduli of the contraction rates of A, that is the
A;. These are relations of the form a -\ = A; where a := (ay,...,a;) € N¥ and
A= (Ao Ay A A AL ) (see the subsection 2.3 for more de-
tails). As in the autonomous case, the monomials 27" - - - 27* in the j-th component of
the maps F,, may be cancelled by suitable changes of coordinates if o - A # A;. This is
the meaning of the proposition 3.2 which, combined with the above theorem 1.1 gives
the following version of Poincaré-Dulac theorem for bundle maps :

Theorem 1.3 A tame and reqular contracting bundle map G over T is conjugated to a
resonant bundle map R. More precisely there exist a bundle map V which is k-tangent
to I and a e-slow function r. such that the following diagram commutes :

E(r.) —2— B(r.)

v] |

E(2r) %= B(2r.)
and G, R contract the tubes E(r.), E(2r.).

The above theorem is a linearization statement (R = .A) when there are no res-
onances among the A;. Let us however stress that even in the resonant case, the
“stability” properties of resonant bundle maps (see propositions 2.7 and 5.1) imply
that the iterated bundle maps R"™ and A"™ behave similarly, a fact which is of great
importance for our applications.

Similar results were proved by Guysinsky-Katok-Spatzier (|[KS|, [GK]| theorem 1.2)
for smooth bundle maps and by Jonsson-Varolin (|[JV] theorem 2) in the holomorphic
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case. In this article, Jonsson and Varolin proved the Bedford’s conjecture on the com-
plex structure of stable manifolds of holomorphic automorphisms in the non-uniform
setting. The articles of Fornaess-Stensgnes [F'S| and Peters |P| are also dedicated to
this conjecture.

The originality of our approach is the use of a renormalization technique. It has
the advantage of being simpler and also provides an answer to a question asked by
Jonsson and Varolin ([JV] final remarks). To our knowledge, this approach also gives
the simplest proof of Poincaré-Dulac theorem for an holomorphic contraction (see the
survey |B] for a precise exposition). Other simple proofs are due to Sternberg [St| and
Rosay-Rudin [RR].

The Oseledec-Pesin reduction theorem (see theorem 4.2) opens a large field of ap-

plications for the theorem 1.3 in the setting of smooth ergodic dynamical systems. We
will here investigate the case of holomorphic endomorphisms of the complex projec-
tive space CP*. Our aim is to precisely describe the asymptotic behaviour of typical
iterated inverse branches for such endomorphisms. Let us recall that the works of
Fornaess-Sibony [S| and Briend-Duval [BD| show that any holomorphic endomorphism
f: PF — P* of algebraic degree d > 2 induces an ergodic dynamical system (P*, f, 1)
where p is the unique maximal entropy measure of f. This measure is mixing and its
Lyapunov exponents 1 < ... < yx are bounded from below by log v/d.
We aim to apply the Oseledec-Pesin reduction theorem and the normalization theorem
1.3 to a bundle map generated by the inverse branches of f. For that purpose we work
in the set of orbits O := {Z := (2y)nez , Tny1 = f(z,)}. The right shift 7 acts on O and
leaves invariant a probability measure v related to pu by v(7=1(A)) = u(A), © being the
time zero projection 7(&) = xo. A typical orbit & does not intersect the critical locus
of f for all n and we may therefore define the inverse branch f,™ of f" that sends x
to x_,. Our result compares f, " with its linear tangent map :

Theorem 1.4 Let f be an holomorphic endomorphism of algebraic degree d on P*. Let
Y be the sum of the s largest Lyapounov exponents of the mazximal entropy measure f.
Let v be the measure induced by j on the natural extension O of (P*, f, i) and T the right
shift on O. There exist a full measure subset X of O, e-slow functions re,t. : X —]0,1],
a resonant bundle map R over T and an injective bundle map S over Idx such that the
following diagram commutes for alln > 1 (we note RZ = Ronzyo...0R;) :

"

By (re(#)) £ [ By (re(2))]
S@l lST%)
i o Bt ()

There exist also constants a, M > 0 and e-fast functions e, L., T, : X — [1,+o00[ such
that for alln >0 :

L[5 [Buo(re(2))] € B, (M),




2. V(p,q) € £ "[Buo(re())], ad(p, q) < |Sen(ay(p) — Senay(9)] < Be(7(2)) d(p. q),
3. Lip f;" < L (&)e ™4 on By (r.(%)),

4. for allp € f"[By(re(2))], [2log|| A*dpf™ || = 55| < Llog To(2) + €.

The above result is useful for studying the properties of the maximal entropy mea-
sure u. A weak version of it, corresponding to the case where all Lyapunov exponents
are equal, has been used in [BDu| for characterizing the endomorphisms f for which
i is absolutely continuous with respect to the Lebesgue measure. In this article, we
will use the theorem 1.4 for proving the following approximation formula for Lyapunov
exponents :

Theorem 1.5 We use the same notations than in the previous theorem, recall that

Y = Xt—st1+ ..+ xk- Let R, (resp. R?) be the set of repulsive periodic points whose

period divides n (resp. equals n). Then : By = limy oo 7 > Llog | AN dpfm | =
t

lim, ., é ZpER;; % log || /\5 d, f" I|.

Bedford-Lyubich-Smillie [BLS| proved a similar result for the positive Lyapunov
exponent of a Hénon map f : C* — C2?, with R, replaced by the n-periodic saddle
points. The theorem 1.5 was proved by Szpiro-Tucker for rational maps (k = 1) whose
coefficients are in a number field ([ST], corollary 6.1). Observe also that for s = k, the
exterior product /\k d,f™ is the jacobian of f™ at p, which satisfies the multiplicative
property A" d, fmt" = A" dpnpy [ A d,f". We thus also have :

Corollary 1.6 lim,_, din > per, loglJacd, fl=x1+ ... + Xk

These approximation formulas have some importance in the study of bifurcations
of holomorphic families of endomorphisms of P¥. In particular the theorem 2.2 of
Bassanelli-Berteloot [BB| is a consequence of the above corollary.

We may extend the theorems 1.4 and 1.5 to polynomial-like mappings i.e. holomor-
phic and proper maps F': U — V between two open sets U @ V C C*. The dynamical
properties of these maps have been studied by Dinh-Sibony [DS|. They proved in
particular the existence of an equilibrium measure p when d; > 2. This measure is
mixing and its Lyapunov exponents are positive if 4 is PLB (i.e. the plurisubharmonic
functions are in L'(1)). The theorem 1.5 remains valid if the cardinal of the n-periodic
points is asymptotically bounded from above by d} (|DS] subsection 3.5). These con-
ditions are fullfilled e.g. for perturbations of polynomial lifts of endomorphisms of
P-.

2 Generalities

2.1 Slow and fast functions, tube and bundle maps

We introduce in this subsection several notations and definitions. We consider a set
X and a fixed bijective map 7 : X — X. A function ¢. : X —]0,1] is e-slow if
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P (T (x)) > e~ pc(x). A function ¢ : X —]0, 1] is slow if ¢ is bounded from below by
a e-slow function for all € < 1. A function ¢ : X — [1, +o0[ is e-fast if 1/, is e-slow
and a function ¢ : X — [1, 400 is fast if 1/1 is slow.

Lemma 2.1 Assume that X is endowed with a T-invariant probability measure v. Let
€ >0 and v : X —|0,1] satisfying logu € L*(v). Then there exists a e-slow function
ue such that u. < u for v-almost every x € X.

Similarly, if v : X — [1,+o00]| satisfies logv € L'(v) then there exists a e-fast
function v, such that v < v, for v-almost every x € X.

PROOF : By Birkhoff ergodic theorem, we have lim, ..o +logu(r"(x)) = 0 for v-
almost every = € X. So there exists V : X —]0, 1] such that u(7"(z)) > e~V (x) for
all n € Z. Let u.(r) := inf,cz{u(r"(x))e™l}. We have V(z) < u.(z) < u(z) and

u (7(x)) = infuez{u(r(z))em}
e “inf,ez{. .., u(t71(x))e>*, u(x)e®, u(r(zx))e, u(r?(z))e*, .. .}
e “inf,ez{. .., u(t7(x))e, u(z), u(r(x))es, u(r?(x))e*, ...}

e uc(z).

v

We prove similarly u.(77(z)) > e “u.(z) : the function u. is therefore e-slow. The
analogous property for v is obtained by considering u := 1/v. O

We set X = X x C*. Let E, = {(x,v) € X , v € C*} and E,(t) := {(z,v) €
X , |v| < t}. For any function r : X — [0,4o00[, we note E,(r) := E,(r(z)) and
E(r) = U,ex Ee(r(z)). The subset E(r) C X' is the tube of radius r. We say that E(r)
is slow (resp. e-slow) if r is slow (resp. e-slow). Idem with the “fast” terminology.

Let 0 € {Idx,7}. A holomorphic bundle map K : E(r) — X over ¢ is a map
satisfying K(z,v) = (o(x), Ky(v)), where K, : Ey(r) — FE,q) is holomorphic and
K,(0) = 0. We say that K is tame if there exists ¢y > 0 such that for all € < ¢ there
exist a e-slow function r. and a e-fast function s, with I : E(r.) — E(s,).

A stable bundle map, that is a map of the form K : E(r) — E(r), may be iterated.
The n-th iterate K™ is defined by K} := Kgn-1(3)0 -0 K,.

When it makes sense, we consider X~! the inverse bundle map of K. We note
K= (z,v) = (67 (z), K;'(v)) where K;' := (K,-1(3)) " : E; — E,-1(,) (this map is

defined in a neighboorhood of 0 € E,).

We note Lip (K) := sup,cx Lip (K,) and say that K contracts E(r) if Lip (K) < 1
on E(r). The tube E(r) is stable if IK(E(r)) C E(r). Let Z be the identity map of X
over Idy and O the zero bundle map over 7, which sends X to X x {0}. We say that
a bundle map IC over Idx is k-tangent to Z if Lip (K —Z) < k.

Let m > 1. A bundle map K is homogeneous of degree m (or m-homogeneous) if
the map K, is homogeneous of degree m for all z € X. Let Zm21 K™ be the Taylor



expansion of IC, where (™ is m-homogeneous. The linear part of KCis K. A bundle
map K is polynomial if there exists mo > 1 such that £ =", KK,

Let K; and Ky be two bundle maps over o € {Idx,7}. We say that K; is tangent
to Ko at the order m+ 1 if Ky and Ky share the same Taylor expansion up to the order
m. We then note 1 = Ko+ O(m+1). When m = 1, we just say that Ky is tangent to
Ko. If K1 and Ky are bundle maps over 7, we say that K; is conjugated to Ko if there
exist a bundle map W tangent to Z and positive functions r, s such that the following

diagram is commutative :
K1

B(s) =~ E(s)
We say that Ky is conjugated to Ko at the order m + 1 if Ky is conjugated to a bundle
map Xy which is tangent to ICy at the order m + 1.

Let |K™|(2) := max,o | K™ (0)]/|v]|™ (also denoted | KS™|). Forany o = (v, . .., az) €
Nk we note |a| := ay+...4+ay and P21, ..., 2) = 28" ... 2%, Then [K™)|(x) is equal
(up to a constant) to the maximum of the coefficients of K™ with respect to the basis
{P.e;, |a] = m, 1 <i <k}, (e)1<i<k being the canonical basis of C*. The notation
| .| will also be used for the standard hermitian norm on the spaces (/A°C¥);<,<x and
for the norm of operators : A\*CF — A°C*.

2.2 Two simple lemmas on bundle maps

Lemma 2.2 Let 0 € {ldx,7} and K : E(r) — E(s) be a bundle map over . For all
m>1, |KM™| <sooa/r™. In particular |K™)| is a fast function when K is tame.

PROOF : Let K, : E,(r) — Ey(y)(s). For all v # 0 and p < r(x), we have :

m 1 27 ) )
p_K;ﬂ) (U) — Kém) pi — _/ Ka: piezﬁ e—sz do.
lu|m |v] 27 J, ]

The lemma follows by taking the norm and the limits when p tends to r(x). 0

—~

Lemma 2.3 Let 0 € {Idx,7} and K be a tame bundle map over o. Let D be the
linear part of K. Assume that there exist 0 < a < b such that alv| < |D,(v)| < blv|.
Let v,k > 0. Then for e < 1 there exists a e-slow function ¢. such that :

1. Y(u,v) € Ey(¢e),aeu—v| < |K,(u) — K.(v)] < be¥|u—v].
In particular if be? < e ¢ then the tube E(¢.) is stable by K.

2. Lip(K —D) < k on E(¢.).



8. IfD=1T, |\ Idex — N°(diK,)F| < 35 for allt € Ey(de) and 1 < s < k.

PROOF : Let ¢ = ¢/3 with € < 1. As K is tame, there exist a €’-slow function r and a
¢-fast function s¢ such that K : E(re) — E(se). Let x € X. The Cauchy’s estimates
on E,(rs/2) bound the second derivatives of K, by csu(o(z))/r«(x)?, where ¢ is a
constant depending only on the dimension k. We deduce that for all 0 < p < rg(x)/2 :

cse(o(x))

re(x)?

Vt € Ey(p) , |du(Ds — K,)| = |doKy — dyE,| < . (1)

Let n < 1 be such that for any 1 < s < k and any linear map L : C* — CF,
[Ider — L| < i implies | A*Ider — A® L*!| < 55. Define the e-slow function ¢, by:

TZI

¢ = ——min{(e” — 1)b, (1 —e a, k,n}.

CSe 00

2
As ¢ < —— and ro < 1 < su, we may assume that ¢, < re/2 by taking ¢ > 2.

CS.100

Making p = ¢, in (1) we get the following estimates on E, (o) :

|Ko(u) = Ko(v)] < [Dy(u) = Do(v)| + [(De — Ki)(u) = (Dy — Ky) ()]
< bu—v| + 228D g () u — vl
< bel|u — . 6

We have similarly |K,(u) — K,(v)] > ae ™ V|u —v|. If be? < e, then |K,(u)] <
be'p(z) < e pc(x) < Pe(o(x)) on E(¢pe), and the tube E(¢.) is stable by K. The
points 2 and 3 are also a consequences of (1) with p = ¢, using respectively the esti-
mates ¢, < k72 /css 00 and ¢ < nr?/cse oo,

2.3 Resonances

In this subsection, we will consider a linear bundle map A over 7 which is regular
contracting. Our aim is to discuss the resonances associated to such a bundle map.
According to definition 1.2, there exist k = k1 +...+k;, Ay < ... < A; <0and e < |A4]
such that

VI<j<l, L :=Xx[{0}x...xCHx. . x{0}],

A(L) = L7 and V(z,v) € L7, M| < |AL(v)] < M.
Observe that the matrix of A, in the canonical basis is block diagonal.
Let us now consider a bundle map K : E(r) — X whose linear part is equal to
A. Let m;(K) : E(r) — L7 be the j-th component of I with respect to the splitting

X = ®1j< 7. If o € N¥, we note 7§(K) : X — £7 the homogeneous part of degree o
in m;(K).



We set (Ar,..., k) == (Aq, ..o Ao Ay o Ay - Ay, 0 Ay), where A; ap-
pears k; times. If o = (ay,...,a;) € N¥ we note a - A\ := agA; + ... + ap\p. We shall
denote by ¢ > 1 the entire part of A;/A;.

Definition 2.4 Let A be the above linear bundle map. For any 1 < j <1, the set R;
of j-resonant degrees is defined by :

Ry i={aeN  |a|>2 and a-\= A}

The set B; of j-subresonant degrees is defined similarly with o - A < A; and the set
B, of j-superresonant degrees with oo - A > A;. We set B = Ué-:l%j, R = Ué-:li)%j
and P = U5_P;.

It should be observed that the sets R, B and P are unchanged if A is replaced by
A" As A < ... < Ay < 0one sees that {|a| > §+1} C B and RUP C {2 < |a| < ¢}
In particular, R and P are finite sets. Observe also that the set fR; is empty, and that
a;=0fora € R and i > k1 + ...+ k;_1 + 1. In particular for any j > 2 and o € Rj,
the bundle map 7§ (k) may be viewed as a bundle map from £' @ ... @& £/~ to L

m(K): E(r)n[L'e... e L7 — L. (2)

The following lemma will be used in subsection 3.2, the proof is left to the reader. We
recall that e < |A4].

Lemma 2.5 There exists ( > 0 such that for all 1 < j < :
1 ifaeBj thena-A—Aj+ (Jof +2)e < —C.
2. ifae P, then a- X —A; — (Ja] +2)e > (.

The disjoint sets R, B, P lead to the following decomposition for K : E(r) — & :

K=KW+ > 2K+ Y =K+ > w3k

1<5<l, aeR; 1<5<l, 0eB; 1<5<l, aeP;

These three sums are respectively denoted R(K), B(K), P(K) and called the resonant
part and the sub/superresonant parts of K.

Definition 2.6 A bundle map K over 7 is resonant if B(K) = P(K) = O (the zero
bundle map over 7). In other words, K is resonant if K = A+ R(K) = KO + R(K).

The following classical result will be crucial. It asserts that resonant bundle maps
enjoy strong stability properties under iteration (see section 5 for a proof).

Proposition 2.7 Let K be a resonant bundle map. For anyn > 1, we have B(K") =
PB(K") = O. In particular K" = A" + R(K™) and the degree of K™ is bounded by q.



Remark 2.8 Let K be a resonant bundle map. It follows from (2) and the proposition
2.7 that for any v € X, w € E, and n > 1, the matriz of the differential d,, K} is
“block lower triangular”, with a block diagonal part equal to AZ.

The following result compares | A\* d,, K"| and | \* A”| (see section 5).

Proposition 2.9 Let K : E(p.) — E(pe) be a resonant bundle map where p. is a €-
slow function. There exists n > 0 (depending only on ¢,k and not on K) and a ne-fast
function H,e : X — [1,4o00[ such that for allw € E,(p.), s€ {1,....k} andn>1:

1 A . 1
)Elog]/\dwfgy — (Mt A)| € S log Hy () + e

3 Normalization of contracting bundle maps

This section is devoted to the proof of theorem 1.3. We essentially proceed in two
steps. We first prove that sufficently tangent bundle maps are conjugated. We then
show that any bundle map satisfying the assumptions of theorem 1.3 is tangent to a
resonant bundle map.

3.1 High tangency implies conjugation
The aim of this subsection is to prove the theorem 1.1 stated in the introduction.
PROOF : Let M%'/m < 6 < 1 and kK > 0. We set 0 := > .0/ and 3 :=
ela+2)e M1 /m where € is so small that Me® < e~ and Be€ < 6.

To establish the theorem, we will show that there exist a e-slow function r. and a

e-fast function D, such that the map T, := N;’EI)F; is well defined on E,(r.) and
the following estimates hold on E,(r.) :

max {[F(v)] , [Nae(v)[} < Mefo], (3)

T ni1(v) = Ton(v)| < ﬂnDe(Tn(x))’U‘lHl' (4)

Let us note that for any e-slow function p. < % the inequality Me® < e and (3)
implies that E(p.) and E(2p.) are stable by F and N.

We start by showing how the theorem 1.1 follows from (3) and (4). We check the
convergence of T}, ,, on E(r.) and define the functions ¢, and p. < r.. The estimate (4)
implies for all v € E,(r) :

Toni1(0) = Ty (v)| < B"De(x)e™ 0| < 0" De()|v]T (5)
Therefore T, := lim, 4o Ty, exists on E,(r.) and satisfies T, = N;(i)Tf(x)Fx- We
define ¢, := 0D, and p. := min{%, k/@.}. Observe that (5) implies on E,(pc) :

[ Te(v) =] < Y 0" Dela) o] = pela) o]

n>0
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Thus, by the very definition of p., the commutative diagram holds and 7 is k-tangent
to Z. The commutative relation T, = N ’1)TT($)FI implies for all v € E,(p.) :

T(z
INZTo(v) = 7 ()| = [Trno Fy (v) = Fy (0)] < (7" (2)) | F7 (0) 7.

By the e-fast property of ¢, (3) and the stability of E(p), the right hand side is lower
than :

pe()e™ (M"e™) o] = () (mB)"[u|* < pe(a) (mb)"v] ",
which completes the proof of the theorem 1.1.

We shall now define the functions r., D, and establish the estimates (3) and (4).

Let ¢ := 5. By the lemma 2.3(1), there exists a €-slow function ¢ such that (3)

and the following property hold on E(¢.) :
V(u,v) € Ex(¢er) , me lu—v| <|Ny(u) — Ny(v)] < Me|u—v|. (6)

Define C, :=4/¢%", D, := C./me~¢ and

. d)e’ meied)e’ meieqbe’
re ;= min , , .
2 oC, Mes

The functions C,, D, are gi—;e—fast and r. is e-slow. Since r. < ¢, the estimate (3) is

satisfied on E(r.). In particular, as Me® < e~¢, E(r.) is stable by F and N. Also it
follows from (6) that N, is invertible on E. ) (me ‘¢« (x)) and satisfies :

V(u',v) € Erey(me™“a(2)) , [N (u) = Ny ()] <

T(z T(z —

|u" — | (7)

me—¢

In order to establish (4) we need the following lemma. The last point relies on the
tangency of F and N at the order q + 1.

Lemma 3.1 Forallv € E,(r.) andn >0 :
11270 Ce(r ()37 Ju] < me™¢e ().
2. max {|F,(v)| , |Nz(v)|} < me oo (x).
3. |Fp(v) — Np(v)| < C(z)|v]rt.

PROOF : By the e-fast property of C, the left hand side in the point 1 is lower than

n

Y (BeYCela)|v] < 0C(2)ro(z) < 0C.(x)

Jj=0

me ¢ ()

2Cu(2) =me “pu(x).
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The point 2 is a consequence of (3) :

me ¢ ()

max {|F,(v)] , |N.(v)[]} < Mer (z) < Me* e

= meied)e’ ([L‘) :

We now come to the last point. By lemma 2.2 and the stability of E(r.) by F and N,
we have for all j > 1 and v € E,(r,) :

As F and N are tangent at the order ¢ + 1, we deduce that :

q+1 q
|F,(v) — Ny(v)] < 2( [ ) : Zi —4 “ﬂlﬂ = C(z)|olett. O
¢€/(x) mzo 2m QSZ/ ('CE)

To end the proof of the theorem, we establish (4) by induction. Let us rewrite (4)
explicitely :

max {|F(v)| , IND(v)|} <

(pa) © Yo € Ey(r.) , NSO Erl(v) — Nt F2(v)] < B D7 () |v] 7

The proof of (p,) = (Pny1) Will use the following auxiliary inequality :

ZCe(Tj(I))ﬁj] ol

The assertion (pg) is a consequence of (7) and the two last points of lemma 3.1 :

(Qn) : Yo e Egg(T) | Tn+1($ Fn+1 )| <

IN oy (Fi(v)) = Ny (Na(v))

T(z T(x

2 (v) = No(v)| < De()|v] "+
The assertion (go) follows from (3) and the observation Me® <1 < C..
Assume now that (p,) and (g,) are satisfied. Let v' € E,(r.), v := Fu(v') and

x := 7(2'). Observe that v € E,(r.) because the tube E(r.) is stable by F. Using
D. = C./me ¢ and (3), the assertion (p,) yields :

n —-n n n ( n+1
NS FE2 () = N o EEH ()| < pr el | B ()]
n+1
< ﬂnce(mete( ))(Me )q+1’U,’q+l>
which, by the definition of 3, leads to :
INZGSD FE2() = Nolha o FE @) < e i @t ()

We now deduce (g,11) from (g,) and (8). For all v € E,/(r.) we have :
N FER)] € A @) + [0, e @)@ ] v
|3 G @) 8] o)

IN
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It follows from (¢, ), (n1) and the lemma 3.1-(1) that | N ,LTQLI?)F;‘“( N and [N o P ()]
are lower than me ¢ (z'). We may thus compose (8) by N »y and, using (7), get :
n+2 n —(n+1 n n C n+1
INLEE) B2 () — NSO Rt ()| < grrt S g e
< ﬂn-l—lD( n-l—l( ))’U/’q—f—l’
which is the assertion (p,1). U

3.2 Normalization at a finite order

We prove here that a bundle map which satisfies the assumptions of theorem 1.3 is, for
any prescribed order, tangent to some resonant bundle map :

Proposition 3.2 Let G be a tame and regular contracting bundle map over T. For any
p > 1, there exists a resonant bundle map R such that G is tangent to R at the order
p+ 1. More precisely, for any € > 0 and 0 < k < 1, there exist a e-slow function o, a
bundle map U which is k-tangent to T and a bundle map F = R+ O(p+ 1) such that
the following diagram commutes :

E(o.) ——~E(o,)

u| Ju

E(20.) = E(20,)
and the tubes E (o), E(20.) are contracted.

Following Jonsson-Varolin ([JV], lemma 5.2), we first solve the Poincaré’s homolog-
ical equation in a non-autonomous setting.

Proposition 3.3 Let A be a linear reqular contracting bundle map (see definition 1.2).
Let H = H™ be a m-homogeneous bundle map over T and R(H) be its resonant part.
Assume that |H| is a fast function. Then there exists a m-homogeneous bundle map Q

over Idx such that |Q| is a fast function and H + (Qo A — Ao Q) = R(H).

PROOF : It suffices to consider a bundle map M := 7§ (H), where |a| = m and
1 < j < k. We treat the three cases a € R;,B; and ‘B, separately. If a € R;, we let
Q=0 Ifae’B;, weset Q:= ano A FOMA" e,

Ve € X, Qp= Al My+ D0 (AL ATk Moy Ay A (9)
n>1

A formal computation shows that Q is m-homogeneous and satisfies M, + (Qr(z) 0 Az —
Ay 0Q,) =0=R(M,) for all z € X. We now check the convergence of the series (9),
which we denote Q, == - Qnz- Let ¥ > [H| > | M| be a e-fast function. Observe

13



that each of the k; coordinates of M : X — £’ is a multiple of the monomial P,. We
have therefore by the e-fast property of ¢, and the regular contracting property of A :

Vn >1 , ’Qn,x(v)’ e_(n-l-l)(/\j—e) [we(x)ene] en()\~a+|a\e) ‘,U’m

enPa=it(lal+2)d g=Aytey () |y[m
e~ ditey, (z)|v|™,

VAVANIVAN

where ¢ > 0 is defined in the lemma 2.5. Besides the convergence of (9) this shows
that [Q < [e™™T< Y] S e " Ji(x), so that [Q] is fast.
Finally, if o € B, we set Q1= -3 A" MA-(H) e

Q. = —MT—I(:B)A;1 _ Z |:AT—1($) .. .ATfn(gC) MTf(n+l)(:L,) AT_,I”($) .. ,A;l] .

n>1

We obtain in that case :

‘Qn x(U)‘ < 6n(A]-+6) [we(x)e(m—l)e} e(n+1)(—)\.a+|a\e) ’,U‘m
S 6(n+1)[—)\~a+Aj+(|a\+2)e}e—(Aj—f—e)we(x) ’v‘m
< 6—(n+1)<6—(A]’+6)w6(x)‘,U’m7
and we conclude as before. L]

Corollary 3.4 Let K : E(s.) — E(sc) be a reqular contracting bundle map, where s, is
e-slow. Suppose that Lip (K) < ¢ <1 on E(s.). Let m > 2 and vy > 0 small (depending
on c,€). There exist a e-slow function 7. < s., a bundle map S, tangent to I and a
bundle map K tangent to A+ K@ + ...+ Km=D 4+ R(K™) at the order m + 1, such
that the following diagram commutes for any e-slow function r. < 7, :

E(e7r.) L~ E(er,)

s i s

E(re) E(re) .

Moreover Lip (K) < ce?.

PROOF : Let v > 0 such that ce?” < e~¢. The bundle map K is tame, so the function
|K™)| is fast (see lemma 2.2) and we may apply the proposition 3.3 : there exists a
m-homogeneous bundle map Q over Idx such that |Q| is fast and

KO 1 (Qriey 0 Ar — Ay 0 Q,) = R(K). (10)

xT

We let S := 7 + Q, this bundle map is tame. As S is tangent to Z, one may decrease
7 to obtain (see lemma 2.3(1)) :

V(u,v) € Ey(e'7) , e u—v| < |Sp(u) — Sy(v)] < €u—v|.

14



In particular, S~! exists on E(r.). Thus, for any e-slow function r. < 7, the bundle
map K := S oK o8t is well defined on F (re) and is ce*’-Lipschitz. Furthermore,
E(r.) is stable by K since ce? < e~ It remains to prove that K is tangent to
A+K® 4 4+ KD 4 R](KM™) at the order m + 1. Let us write U, ~ V, when
U,—V, = O(m+1). Observe first that S; ! ~ Idck —Q,.. Moreover, as Q is homogeneous
of degree m > 2, we have :

K.So1 =~ [(Ax T KD 4 K 4 Kim)} o (Idex — Qu)
~ (A + KPP+ A KM KM — 4,00,

and then :
Som KoST! ~ (Idex + Qriay) © [(Ax +EP 4 KM 4 KM 4,0Q,
~ A+ KP4+ A KN4 K™ 4 Q0 Ar — Ay 0 Q
~ (A + KP4+ . 4+ KMy £ Rj(M),
where the last line follows from (10). 0

PROOF OF THE PROPOSITION 3.2 : If p = 1, we just take R = A, so let p > 2. By
the lemma 2.3(1), there exists a e-slow function s, such that G : F(s.) — F(sc) and
LipG < eMiteec < 1 (take b = eMT€ and v = ¢). Let ¢ := ¢ %2 and 7 small enough
such that 1/2 < e=®"17 and /P17 < 1. We apply successively the corollary 3.4
with (m, c) = (2,), (3,ce?), ..., (p,de2P=27). We obtain bundle maps Sy, Ss, ..., S,
tangent to Z and a e-slow function r, such that the following diagram is commutative,
where U :=S,0...08;5:

E(ef(pfl)yre) —g>- E(ef(pfl)’%’ﬂe)

u Ju

E(re) z E(r.)

The bundle map F is tangent to R at the order p+1 and satisfies Lip (F) < /2?7 <
1 on E(r.). We have U : E(r./2) — E(r.) because 1/2 < e~®=17, We set o, := r./2.
The bundle map U is k-tangent to Z on E(o.) (decrease o, if necessary, see lemma

2.3(2)). 0

3.3 Proof of theorem 1.3

Let G be a tame and regular contracting bundle map over 7, let m 1= e®=¢, M = M1 Fe
and ¢ be the entire part of A;/A; (so that M7 < m). We apply successively the
proposition 3.2 and the theorem 1.1 with p = ¢ = ¢. There exists bundle maps 7,U
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tangent to Z, a resonant bundle map R and a e-slow function o, such that the following
diagram commutes :

E(fe) E(fe)
u u
E(20.) R+0(G+1) B(20.)

E(40) — > E(40.)

We let V :=7 ol and p. < 0. be a e-slow function such that V is k-tangent to Z on
E(pe) (see lemma 2.3). We obtain V : E(p.) — E(2p.) by choosing x < 1. 0

4 Application to holomorphic dynamics

We prove in this section the theorems 1.4 and 1.5, let us first recall the setting in which
we will work. We consider an holomorphic endomorphism f : P* — P* of algebraic
degree d > 2. The topological degree of f is d; := d*. The equilibrium measure y of f
is given by p = lim,, é f™*wk, where w is the Fubini-Study (1,1) form on P*. This
measure is mixing, satisfies p(f(B)) = dyu(B) whenever f is injective on the borel set
B, and does not charge any analytic subset of P*. As Briend-Duval [BD| proved, the
Lyapunov exponents x1 < ... < xx of u are bounded from below by logv/d. We are
interested in the following quantities :

Y 1= Xk—st1 + oo X

Let O := {& := (¥n)nez, Tnt1 = f(x,)} be the set of orbits. We note f the left
shift sending (..., z_1,20,21,...) to (..., @g,21,22,...) and 7 := f~1. Let m be the
projection T +— xy and v be the unique probability measure on O invariant by 7 and
satisfying v(m~(B)) = u(B) on the borel sets B C P*. The measure v is mixing. We
will work with the subset X := {# € O, z,, ¢ Cf , Vn € Z} where C; is the critical
set of f. This subset has full v-mesure, because p(Cy) = 0. For all # € X, the inverse
branch of f" that sends z¢ to x_,, is denoted f.".

We note d(.,.) the distance on P* induced by the Fubini-Study metric, B,(r) C P*
the ball centered at x of radius r for this metric and B(r) the ball {|z| < r} C C* for
the standard metric.

4.1 Normalization along orbits of endomorphisms of P*

Our aim here is to prove the theorem 1.4. To this purpose we will first construct
the bundle map F~! of the inverse branches of an endomorphism f : P¥ — PF. We
will then apply to F~! the Oseledec-Pesin reduction theorem and our theorem 1.3.
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For defining this bundle map we shall use a family of charts (,),cpr satisfying the
following properties, where 0 < M, < 1 is a constant independant of z € P* :

(P1) 1, : C* — P* is a biholomorphism onto its image and 1,(0) = .

(PQ) for all (Zl, 22) c ]E(Mo), %|Zl - ZQ‘ S d(¢$(21),¢$(22)) S 2‘21 — 22|.
We also require the following condition where | . |, , is the norm on the spaces (A\* C¥);<s<x
inherited by the strictly positive (1,1) form (¢fw)(u) :
(P3) for all u € B(My), 15| .| <|.|ow < 10].|and |. |50 =].|

For # € X, we identify E; = {(%,v) , v € C*} with C* and let ¢; : E; — P* be
the map 13 1= 1, : C*¥ — P*. We define

g N

This map satisfies F;(0) = 0. By the uniform continuity of f, there exists 0 < M; < M,
such that the following bundle map is well defined :

E(M) — E(Mp)

T e — (feLRe)

Recall that X = {(2n)nez, Tns1 = f(xn), xn ¢ Cr}. So for any & € X the map
F(3) is invertible in a neighbourhood of the origin. As the next lemma shows, the
bundle map F~! is actually tame.

Lemma 4.1 There exists a slow function a : X —]0,1] and a (tame) bundle map

Ela) — E(M,)
(2,2) — (7(2),F;'(2)),

where Fy "= (Fr3)) "' = (¢¥; 0 fo wr(:ﬁ)>_1'

F.

PROOF : Let t(z) := H (dy ,f)7! H72. There exists a constant ¢ > 0 depending only
on the first and second derivatives of f such that the map F ! exists on Fj(ct). We
use here a quantitative version of the inverse local theorem (see e.g. [BD], lemma 2).
We let o := min{ct, 1}. As loga is v-integrable (see [S], subsection 3.7), there exists
a e-slow function a, : X —]0,1] such that o, < « (see lemma 2.1). The function « is
therefore slow. [

Let D be the linear part of F~!. The Oseledec-Pesin theorem asserts that D is
regular contracting after conjugation by a “tempered” family C of linear maps :

Theorem 4.2 (Oseledec-Pesin e-reduction [KH]|) There ezist a linear bundle map
C over Idx and a function he : X — [1,400[ such that :

1. A:==CoDoC ! is reqular contracting.
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2. Vi € X, |v] < |Cs(v)] < he()|v] and e=“he(@) < he(r(2)) < ehe(@).

The contraction rates A; < ... < A; <0 of A are in our context the distinct opposite
Lyapunov exponents of (P*, f, i) (i.e. the distinct —y;) and are negative. The integers
k; are the multiplicities of these exponents.

As the reader may easily check, the following proposition is a version of the theorem
1.4. We stress that the points 2 and 3 are consequences of the algebraic properties of
the resonant maps (see proposition 2.9). We recall that e < |A4].

Proposition 4.3 With the preceding notations, there exist e-slow functions ne,t.
X —]0, My, a resonant bundle map R over T and an injective bundle map W over
Idx (tangent to C) such that the following diagram commutes for alln > 1 :

E(ne) i:f*"E(m)

w| P

E(t) —> E(t.)

We have F~"E(n.) C E(My). There exist o/ > 0 and e-fast functions B, L., T : X —
[1,400[ such that :

1.¥(y,y") € Fy"(Ea(ne)), o |y = y'| < Wana)(y) = Wenay (y)| < Be(7" (@) |y — o]
2. Lip F, " < Ll(z)e ™" on E;(n.),

3. for all z € F;"(E;z(ne)), |+ log| A° dF Ty — 5] < Llog T!(&) + €.

PROOF : Let ¢ = ¢/2(k + n) (the constant n is defined in the proposition 2.9 and
depends only on ¢, k). By the lemma 4.1 and the theorem 4.2, there exist a €-slow
function a < a and a €-fast function h. such that the bundle map G := CoF1toC™!
is well defined E(ae) — E(Mihes) and is regular contracting (observe that E(p) C
C(E(p)) C E(p.ho)). In particular G is tame. By the theorem 1.3, there exists a
¢’-slow function &, a bundle map V 1/2-tangent to Z and a resonant bundle map R
such the following diagram commutes :

E(ne) T F"E(n.)

| le

E(fe/) i E(fe/)

.| |

E(260) —— E(2)

1 < 1/10 for any

We may assume that & < My/2 and that | A’ Ider — A°(diVz)
= 2¢.. These functions

t € E;(&) and 2 € X (lemma 2.3(3)). Let 7. = & /he and ¢, :
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are e-slow and satisfy 7., t. < My. Moreover F "E(n.) C C'E({s) C E(&v) C E(My).
We let W :=VoC. Observe that :

. 1 3.
Y(y,y') € F;"(Ez(ne)) §\y — | < Winay(y) = Wenay (y)] < §he/(7 @)y —y'l

The point 1 follows with o/ = 1/2 and . = 3 . Now we prove the points 2 and 3.
Let y € Ez(n.) and t = Cz(y). We obtain by the theorem 4.2(2) and the commutative
diagram above :

| N\ dE < 1C G 1T N\ dGEICsl* < | N\ diGilhe (),

NG < Cono I A F G < (@)™ \ dy 57,
We deduce the estimate :

1 . 1 A

—1 d, B — —1 d,G?%|

~tog| A\ d, ;| =~ log | \ diG
Now let w := V;(t), G" := G%, R" := R}, V :=V;, V,, := Vin(z) and write :

NdiG" = N V)™ NdwR® N diV = (/\1der + ) \ duwR™(/\ Tder + Q2),

where Q; : \°CF — A" CF satisfy |€;| < 1/10. This implies that

The proposition 2.9 gives a ne’-fast function H, such that for all s € {1,...,k} :

1loghk( )+ ke (11)

1 S
|~ tog| A duR2 = i+ + )
We deduce with (11), (12) and \; = —y; :

1
< —log Hye () + e
n

1 S 1
)ﬁ log | /\dij_”\ +(x1+.. x| < - log[2H o hE](x) + (k 4+ n)€. (13)

The function L, := 2H,.hY is (k+n)e-fast (therefore e-fast). The point 2 follows from
(13) with s = 1. For the point 3, observe that | A" d.F.. ;)| = | N d, oM N dyFm !
where z = F, "(y). We obtain by using (13) twice :

T" (:B

1 \ 1
)Elog\ /\ dyF3 |+ O+ xas) | < - log Le(2) + (K +1)e’

k
1 1
)#og | /\dng“| + (1 +-.. +Xk:)‘ < ElogL;(x) + (k+n)€.

These estimates imply :

1
’ log]/\d @ = (Xr—st1 + +Xk)’ gﬁlogL’f(x)—l—Q(kjLn)e’.
We finally let 7! := L?, which is a e-slow function. 0
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4.2 An approximation formula for sums of Lyapunov exponents

This subsection is devoted to the proof of theorem 1.5. Let R,, (resp. R}) be the set
of repulsive periodic points whose period divides n (resp. equals n). Let us consider
the function ¢,, defined on P* by

N\ d-f

Then, the theorem 1.5 may be stated as follows:

1
n = —1
2 (z) 0 og

lim L Z on(z) = lim L Z on(2) = Xs. (14)

n—-+oo d? n—-+oo d?
peER, peR

Let F,, := {z € P*, f"(2) = z}. Since the number of fixed points of f™ counted with
multiplicity is, by Bezout’s theorem, equal to 1+ d" +. ..+ d"™ (see [S], subsection 1.3)
we have Card(F,,) < (k+1)d}. This implies that for any n > 1, Card(R,,) —Card(R}) <
>, Card(F,,) < n(k+1)d?/2, where the sum runs over the integers 1 < m < n/2 which
divide n. The first equality in (14) is then a consequence of the following lemma.

Lemma 4.4 There ezists I' > 0 such that for allp € R, andn >1,0 < ¢,(p) <T.

PrROOF : Let p € R, and (po,p1,.--,Pn_1) be the repulsive cycle generated by
po = p. Let T := k. max,cpr log™ || d.f ||. The observations || A°d,f™ || < || dpf™ ||* <
[T 1y f || and 0 < @, (p) = 2log™ || A* d,f™ || imply the inequalities : 0 <, (p) <
kg Yisg log" [y f | < T O

The proof of the theorem 1.5 basically consists in producing repulsive cycles by
Briend-Duval’s method taking into account the information on inverse branches given
by our theorem 1.4.

Let 0 < € < 1. We introduce :
R, :={peRn, [pon(p) — X < 2¢}
and write é > per, Pn(p) — X5 = %(un + v, + wy,), where
e =Y (ea(@) = 5s) . va= Y (alp) = %) . w, = (Card(R,) — d})5,.
PER;, PERL\RS,

We show that for n sufficiently large the sequences u,, v, and w, are essentially
bounded by ed}. The key estimate is given by the following lemma whose proof is
postponed to the end of the subsection.

Lemma 4.5 There exists ny > 1 such that :

Vn >ny , Card(RS) > d (1 —e).
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Let us now give the expected bounds on wu,, v,, w,. As R,, C F,, and Card(F,,) <
(drd™ — 1)(d™ — 1)7! (recall that d; = d¥), there exists ny > 1 such that :

Vn > ny , Card(R,) < di'(1+e€). (15)
Using (15) and the lemma 4.5 we see that for any n > max{ny,ns} :
lu,| < Card(Ry))2e < 2¢(1 + €)dy < 4ded) and |w,| < 45 - ed}.
The lemmas 4.4, 4.5 and the estimate (15) finally give :
v, < (T + %) (Card(R,,) — Card(RE)) < (T + Z)[(1+€) — (1 —€)*]d},
which is bounded by 5(T" + %) - ed}.

We now end the proof of the theorem 1.5 by establishing the lemma 4.5.

The functions r., T, and L. have been introduced in the theorem 1.4. We note them
shortly ;7 and L. In the sequel, we will not use their e-slow/fast properties. For any
& € X, let n(z) be the smallest integer satisfying log L(#) < ne and logT'(z) < ne. Let
ny > 1 large enough and ry > 0 small enough such that the set

H:={teX, r@)>r, n(&)<m}

satisfies v(H) > 1 — ¢/2. We have in particular for all & € H and n > ny (sce the
theorem 1.4) :

(a1) Lip f;" < e ™a%2% on B, (ro),
(ag) for all z € f"(By,(r0)), ]% log || A*d..f™ ]| — Zs| < 2e.

We consider two concentric families of balls (B;)i<i<m C (B} )i<icm C PF whose
radii are respectively equal to r and r + v < r9/2 (with 0 < v < r) and satisfy the
following properties :

(by) the balls B] are disjoint,
(b2) (UL Bi) 21— €/2,
(bs) n(Bi) = (1 —e)u(B7).
We may increase n; such that for allmn > n; and 1 <7< m:

(c1) e ™MT2e(p o) < 4 (in particular e "M F2ne < 1)

—~ —~ ~ —

(c2) if B; := 7~ \(B;), then v (f—n@ nH)N 732-) > (1 - (B, N H)v(B).
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The last assertion is a consequence of the mixing property of v.

Let us temporarily fix ¢ € {1,...,m} and note B := B;, BY := B, and B =
7w~ 1(B7). Observe that if # € H N B7, then the set f;"(B7) is well defined since
z € H C {r(z) > ro} and the radius of B? satisfies r + v < ry/2.

Let us consider the collection C,(B) of sets of the form f,"(BY) which do intersect

B, where = € I N BY. Note that the elements of Cn(B) are disjoint open subsets of
P¥. We will establish the following estimates for n > n; :

Card(RS, N BY) > Card(C,.(B)) > d}(1 — €)?v(H N B). (16)

Let £ be an element of C,(B) : £ = f,"(B") intersects B and & € HnB. By (ay)
and (c1), f;" contracts on BY C By, (r9). Moreover £ is contained in B, because &£
intersects B and its diameter is less than v by (¢;). We thus obtain a point p € £ which
is fixed by f," : BY — B?. This point is n-periodic and repulsive for f, so p € R,,.
We have also p € f."(B") C f;"(Bs,(ro)) which leads to p € R, by (az). This gives
the first inequality in (16).

Let us now justify the second inequality. According to (cz) and the relation p = m,v
we obtain :

(L= w(Biu(B) < p|x (F (0 B)) nB| < u(Usrm87).

where the union runs over the elements of C,(B). By the jacobian property we have
pu(f;"(BY)) = p(B")/d} and the right hand side is thus equal to Card(C,(B))u(B")/dy.
We then get the desired inequality by (b3).

The estimates (16) imply finally :
Card(RS) > > Card(Ri N B]) > Y Card(Cu(By)) > d(1 — €)*v(H NUP, By). (17)
=1 =1

As v(H) > 1 —¢/2 and V(U;LE) = (U™, B;) > 1—¢/2 (see (by)) we have v(H N

—

U™, B;) > 1—c¢. So, by (17), Card(R%) > d?*(1 — ¢€)3, and the lemma 4.5 is proved.

5 Appendix : properties of resonant maps

We prove here the proposition 2.7 and 2.9 we stated in the subsection 2.3. A result
similar to the proposition 2.7 may be found in the article [GK], lemma 1.1.

5.1 Proof of the proposition 2.7

We want to prove that for all 2 < j < k, the component

75 (Ko (Ko) = 75 (Kr@)) (M (K)o 151 (BG))
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is made of j-resonant monomials (the dependance of the j — 1 first components in the
right hand side is a consequence of (2), subsection 2.3). For simplicity, we may assume
that k; = 1 for all 1 < 5 < k, therefore \; = A;. As we are concerned with a degree
property, we do not compute the coefficients of polynomials (we set them equal to 1).
Recall that P, = 27" - - - 2.*. By ertmg i (Kr(z)) = >_pem, P, it suffices to consider
the following polynomial, Where B €R;

Py(mi(Ky), w1 (Ky)) = (m (K)o (o (KL)% (18)
Foralll <[ < j—1, we write m(K,) = Ziczagd(ml) Po5), where o(1,0) = (0,...,1,...,0)

(so that P,q0) = ) and {«a(l,i), 1 < i < Card(PR;)} = 9;. Observe that we have for
any 1 <[ <j—1and 0<1i< Card(R)) :

7j—1 l
D (LA, =) eyl A, = Ay (19)
p=1 p=1

We now expand (18) and prove that we get a sum of j-resonant monomials. By the
Newton’s formula, the monomials that appear in the expansion of (18) have the form :

Card(31) Card(R;—1)
B1(4) Bj—1(%)
H PR 11 P (20)
i=0

where anrd(% Gi(i) = G for all 1 <1 < j—1. We have to prove that v € RR;, that

: Zp 17w\, = Aj. First observe that |y| > || > 2 and that P, = 2" ... 2"
(mdeed there are no zj, ..., 2z in the right hand side of (18)). By (20) we have for all
I1<p<j-—1:

Card(R1) Card(%] 1) j—1 Card(R;)
W= > op(Li)Bi(i) +... + Z 1)B3j-1(1) > (1))
=0 =1 =0

Thus the sum Z “1 A, is equal to :

j—1 j—1 Card(R;) j—1 [ Card(9%R;) j—1
MDY D el i)s) > Bi) (Zap(l,i)Ap> . (21)
p=1

p=1 =1 =0 =1 =0

By using successively (19), Zf:a[)d(%) Bi(i) = B and § € R;, the right hand of (21) is

equal to
j —1 Card (9{1

j—1
Z Bili) A | =) B = A
=1

=1 =0

We have therefore v € R;, which completes the proof of the proposition.
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5.2 Proof of the proposition 2.9

Let R be a resonant bundle map. By the proposition 2.7, the degree of the iterates
of R is bounded by §. We define the function | R || := max{|RW|,...,|R@|} : for
all z € X, || R]| (z) is the maximum of the coefficients of the polynomial map R, (see
subsection 2.1 for the definition of [RU)|). We show in the next proposition that for
all 1 <j <, ||m;(R")| is close to || m;j(.A™)||. This fact will be useful for proving the
proposition 2.9.

Proposition 5.1 Let R : E(p.) — E(pc) be a resonant bundle map where pe is a
e-slow function. There exist @ > 1 (depending only on ¢) and a Oe-fast function My, -
X — [1,400[ such that

Vie{l.. 0}, =1, ") < m(RY) || < Mpee" ),

PROOF : The estimate from below follows from || 7;(R™) || > |m;(A")| > e"Xi=9). We
prove the estimate from above. We may assume that k; = 1 and \; = A, for all
1 <j <k Letalso A:= Card(fR) + 1. Let 1 < s < k and define the assertion (i) :
there exists a (¢+ ...+ ¢°')e-fast function M, : X — [1, +oo[ such that

VJ S {]-7 . -,S} ; vn Z ]_ , ||7TJ(R7Z> || S Msen(A]._i_[ste)‘

Let 1z be a Ge-fast function such that ¢z > || R|| (cf lemma 2.2). We proceed by
induction on s. The assertion (i) is satisfied with M; := 1. Indeed, 7 (R™) = m(A")
because MR, is empty (see subsection 2.3). Assume that (i5_1) is satisfied for 1 < s—1 <
k — 1. We define )

wquf_lA‘Hle*As
Tl e @D

Observe that M, is (¢+ ...+ ¢* 'e-fast. As M, > M, 4, the assertion (iy) is proved
if we establish the following assertions for all n > 1 :

M, -

(i) : | (R || < Me ¥,
The assertion (ii1) is fulfilled because :

q d+1,G%%¢
M] AT e
1 — e (@ 1)

[7s(R) | < [[ R < ¥ge < ge = MSeAS’Lq?Se.

Let us assume that (ii,,) is true and establish (7i,1). We have
To(RET) = my(Ryn(a)) (w1 (RY), . .., ms(RE)). (22)

By (2) (subsection 2.3), the polynomial 7,(Rn () has the form

Ts(Rn(a)) (21, ... 25) = o(T"(0))2s + Z 0o (T"(x)) Pa(21, - - -, 25-1),

Olems
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where o(7"()), 0,(7"(x)) € C. So by (22), ms(R™**1) is the sum of I,, and J, :
I, == o(7"(2))ms (1),

Jo =Y 0a(r"(x))Pa(m(RY), ..., w1 (R])). (23)

aERs

To simplify the exposition, we note in the sequel u := eMstae and M, for M (), Vg
for ¢z (), etc. We obtain by (ii,) and |o(7"(x))| < ebste

I < M = [Mem@ ] b,
The end of the proof consists in verifying the following estimate, by using (i5_1) :

Indeed the two preceding lines imply (ii,.1) by the very definition of M, :

~2s_1

R < Ul < [ Mo @04 AT MT e | = M,
We now prove (24). By the proposition 2.7, J, is a linear combination of reso-
nant monomials. Recall also that || J, | is the maximum of the coefficients of .J,
in the basis (Ps)gem,. Fix a resonant degree § € R,. Let o € R, and expand
P,(m(RY),...,ms—1(RY)). Observe that for all 1 < j < s —1, 7;(R?) is a sum
of at most A = Card(R) + 1 monomials, because R is resonant. So the degree
B € R, appears in the preceding expansion at most A®'*-+%-1 times. It implies
that the Pg-coefficient og(cv) of oo(7"(x)) Pa(m1(RY), ..., ms—1(RY)) satisfies by (i5-1)
and [0 (7"(2))] < thae(x)e™ :

Qs—1

o5(@)] < oo (T (@) | A% FFet [y (RE) |7 (| msma (BE)
< ¢q€(x)e"€[AMS_le”q2(571)e]a1+"'+°‘S*1e”(a1A1+"'+°‘S*1A5*1).

Observe that a € R, implies a; + ...+ a1 < gand ag Ay + ...+ a5 1A = As. We
deduce (use 1+ G2 <@gtV = ) ;

\ag(a)] < [wququ_le’AS]e(”“)q%ee(”“)As _ [wququ_le’As]u”“.

We now use (23) to obtain || J, || < > cx. |os(a)| < A[hge ATMT e~ D]+ this com-
pletes the proof of (24). We let finally = max{q + ... + ¢, ¢*} to get the two
assertions : the function Mp. := My is fe-fast and || m;(R") || < My ePitoe), [

We now prove the proposition 2.9. Recall that
(Ayee s Ae) = (Mg, oo A A A AL A,

where A; appears k; times. We note (e;); the canonical orthonormal basis of C*. If
A : C* — CF is linear, we define A* A : A*CF — A°CF as the linear extension of the

map L satisfying L(e;, A---Ne;, )= Ale,) N+ -Ale;,) forany 1 < iy <--- <y < k.
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Proposition 2.9 Let R : E(p.) — E(pc) be a resonant bundle map where p. is a
e-slow function. Let n := kO (0 depends on §, see proposition 5.1). There ezists a
ne-fast function Hy,. : X — [1,400[ such that for all w € E (p.), s € {1,...,k} and

n>1:|+tlog| A\ duRi — (M +...+ /\S)) < Llog Hye(x) + ne.
PROOF : We first give the proof in the case k; = 1 for all 1 < j < k (it implies

Aj =A;). Let z € X and w € E,(p.). By the remark 2.8 (subsection 2.3), the matrix
of d,, R} in the canonical basis (e;)1<i<k is lower triangular, so we have :

k
dpRy(e:) = Gu(i)ei + Y wali,f)e; and dy Ry (er) = Cu(k)e.

J=i+1
We fix 1 <i<Ekandi+1<j<k Wegive bounds for ¢,(i) and w,(i,j). We have
"M <G ()] < et (25)

because the diagonal part of d,, R} is equal to A? (see remark 2.8). Recall that m;(R})
is a sum of at most Card(fR;) resonant monomials with degree o lower than ¢ (see the
proposition 2.7). We deduce by the proposition 5.1 and p. < 1 that :

jwn(i, D<) (R Il alpe(2)! " < Card(9R;) Mye(w)e" ™49, (26)
OtE%j

Let Mj. (x) := Card(R)§My.(x) > 1. In the sequel, we will multiply My by constants
depending only on k and s without mentionning it. By (25), (26) and the inequality
A; < A, we get :

du B (e0)] < M (w)em 7). (27)

Now we focus on the coefficients of the matrix A°d,R? in the orthonormal basis
ey N. . Neg,, with 1 <y < ... < i, < k. We begin with the vector A®*d, R (e1A...Aey)
which is equal to :

G Gl)er A Nes+ Y Wi e A A, (28)
(#150s8)#(L,.,8)

Observe now the following estimates for (iy,...,i5) # (1,...,s) and n > 1. The first
inequality is a consequence of (26) :

jwr (i, i) < My (w) et thists09 < DG ()oenifurtethathla o (99)
We obtain with the lines (25), (28) and (29) that for any n > 1 :
S
6n(A1+...+Asfse) < \/\dwRZ(el ALA 65)’ < Méﬁ(a:)ke"(AlJr"'JrAS*kee). (30)
€ now focus on w e, N...Ne;, ). ¢ Hadamard’s inequality implies wi
W fi *dy, R (e, .). The Had d’s i lity impli ith (27

‘ /\S dng(eil VAN 62'3)

|du Ry (ei)| - - - [dw Ry (€5,)
Mée (x)sen(AilJr...JrAierkGe)
Mée (x)ken(AlJr...JrAerkGe).
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We finally obtain the following estimates for any n > 1, where n = k6 and H, is equal
to the ne-fast function (M) )* :

1 A . 1
lglog]/\dwRaH\ — M )| < - log Hye (@) + e

We sketch the proof in the general case, i.e. when k = Zizl k; and k; > 1. We may
assume that the block diagonal matrix A” is a lower (block) triangular matrix. Indeed,
for all 1 < j <, there exists a matrix V; € Uy, (C) such that T} := I/j[ﬂj(AQ)]Vj_l is
lower triangular. The metric property :

V(a,0) € £, "N o| < |my(A7)(v)] < "o
implies that the modulus of the coefficients of T}" are < e™%i*9) and that the diagonal
coefficients (Cy(zj)(l.))lgigk of T} satisfy :

en(Ajfe) < |CT(L])(7/)’ < 6TL(A‘7‘+€).

We thus obtain estimates analogous to (25). Let V' be the block diagonal matrix
(Vi,...,V}). The matrix T := V[A?|V ! is therefore block diagonal, with lower trian-
gular blocks (T7',...,T*). The matrix S? := V[d,, R?]V ! is also lower triangular (see
remark 2.8) and its coefficients outside the block diagonal matrix 7} satisfy estimates
analogous to (26) (the (V})1<j< are unitary transformations). We deduce as before
that for any n > 1:

1 ; 1
‘Elog|/\5;l| — M+ )< 5loan6(x)+ne.

The conclusion follows from | A*S?| = | A°V [N duR2] NV = | N dw R 0
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