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C
n

B�C�D"EGFIHKJ8EMLON�P@QRP
SUT
VUWYXZP@[]\RP�^_[][`V]^8T"[]WYaRb!XK^cS]WYadSfecgh[`\dPiejVUWYbjWkalWYa
Ck+1

gmejVn[]\RPioZecp
qkrsaRejt@Wu^8qhqYWkgv[]Swe8gnx.^c[U[`y
SiP:zd^8t@oRqYP"S
{�N)P|S]\deI}A[]\K^c[@[`\RP�XZej~RaRQK^cVUr�e8g�[]\RP
SUP|XZej~RaRQRP"Q
oRS]P"~RQResT
ejaM�jP�z�QRejti^8WYadS3WYS3^���~Re8[`WkP
aM[�e8g�^�T"ejt@oK^8T"[3S]oR\dP
V]WkT�^8qh\�rsoZP
VUS]~RV�g�^8T
Pc��^8aRQ�}OP
QRP
SUT
V]WkX�P�[]\RP�S]WkaRbj~RqY^8V]W�[`WkP
S�[`\K^c[n^8oRoZP�^8V"{���\RP
SUPwQRejti^8WYaRS�^8V]P3S]~RVUoRV]WkS]WYadbR�
XZP
T
^8~RS]P�[]\RP"r
^8V]P@�jP
V�r�T"qYejSUPi[`e�[`\RPiXK^8qYq���^8aRQ�^8QdtiW�[�adeja�WYaI�UP
T"[]Wk�8P�oRVUejo�P"V3\Re8qYejt@ejV]od\RWYTwS]P"qkgup�t�^8odS
{
N�Pf^8qkS]ewP:z�oRqkWYT
W�[�S]e8tiP+x.^c[U[`y
S�P�zR^ctioRqkP
S�WYa2QdWYt@P
aRSUWYeja

2
{

� � 5w*,=�1@$�?!�O*.4:1�5��|521+*�(+*.4:135!#��0*7=�<�#.?2 �*�(+*�#
� a2 G¡M¢c£d�M¤�{8¥�WYaRT¦\�~R§2¨©¥�WkªR^�tiejaM[]V]«0��~RP�qkP
S�^8~�[`ecp¬^8oRoRqkWYT�^_[`WYe8aRS�\dejqYejt@ejVUoR\RP
S�oRV]e8oRV]P"S

QRP
S­QRejti^8WYadP
S�SU[]V]WkT"[`P"tiP"aM[OodS]P
~dQRe�T"ejaM�jP�zdP"S0XZejV]aR«"SOQdP
Ck+1

S]ejaM[­QRP"Sh^8~�[`ejt@ejV]od\RWYSUtiP"S
{
¥�qk~RSnbj«"aR«
V]^8qYP"tiP"a�[
��qu^�S�[`VUWYT"[]P�oRS]P"~RQResT
ejaM�8P:z�Wk[]«iP"SU[+~RaRPwejXdSU[`VU~RT"[]WYeja®^8~lXdV`^8aRT¦\dP
t@P
aM[
QRP
S¯^8oRoRqkWYT
^c[`WkejaRSh\dejqYejt@ejVUoR\RP
S�odV]ejoRVUP
S�P
aM[]V]PfQRejti^8WYaRP"S0XZejV]aR«"S�QRP

C
k+1 ° T:g0¨©±�²�ªu³:{´ q,P�zdWkSU[]P�XRWkP
a�S]µRV�QRP
S�QRejti^8WkaRP
S�oRSUP
~RQde�T"ejaM�jP:z�P"SfoZejSUS]«
QR^8aM[�QRP"S�^8~�[`ecp¬^8oRoRqkWYT�^_[`WYe8aRS

\RejqYe8tiejVUoR\RP"S|oRVUejoRV]P"S�aReja¶WYa_�UP"T"[`W��jP"S
{�·�aRP�g�^8t@WYqkqYPlQ�¸©P:z�P"tioRqkP
S ° T
ejaM[]P
aK^8aM[lqkP�oZejqkrMpQRWYSU�s~dPG³�P
S�[+ejXd[]P
a�~RP�QRP�qY^�t�^caRWYy"V]P3SU~RWk�c^8aM[]P8{,¤sejWk[
F : Ck+1 → Ck+1 ~RaRP�^8odoRqYWkT�^c[]WYejao�ejq�rsaRejt@Wu^8qkP�\Rejt@ejbjy"aRP+aReja�QR«
b8«
aR«"V]«
P ° W�{¹Pc{R�j«
VUWkº»^ca�[ F−1{0} = {0} ³hQdP�QRP"bjV]« d ≥ 2

{
x.PiXK^8SUS]WYa)Q�¸¹^c[][]V`^8T:[`WYe8a)QRPiq¼¸©ejV]WkbjWYadP

ΩF := {z ∈ C
k+1 , limn→+∞ F n(z) = 0} P
S�[�~RaQRejti^8WYaRP¯X�e8V]aR«�P:[�QRWYSU��~R«8{ ´ q�P
S�[�^8~RS]SUW�oRSUP
~RQResT
e8a��8P:z�P8�ZT�^cV0WYqZS
¸©«
T"V]Wk[ {GF < 0} �dej½ GFP
SU[hqu^ngmejaRT:[`WYe8aw¾K¿¦ÀiT
e8a�[]WYa�~RP�S]~RV

Ck+1 \ {0} QR«"ºRaRWYP�oK^8V GF := limn→+∞
1
dn . log ‖F n ‖ {Á P"[][]PngmejaRT"[]WYeja
�d^8odo�P"qY«
P�qu^�gmejadT"[`Wkeja2QRPfÂnV]P"P
a2QRP

F
���8«
V]W�ºKPnq¼¸©WYQdP
aM[`W�[`«

GF ◦ F = d.GF

{
� afoK^8V�[`WkT
~RqkWYP
V"�
q�¸Ã^8odoRqYWkT�^c[]WYeja

F ° P:[.S]P
S�Wk[]«
VU«
P
S`³�S]ejaM[�QRP
S�^8~�[`ecp¬^8oRoRqkWYT�^_[`WYe8aRS
\Re8qYejt@ejV]od\RP
SoRV]ejodV]P
S¯aReja�WYa_�UP"T"[]Wk�jP"S¯QdP
ΩF

{ZÄ�e8[`ejadS¯��~RP
F
WYaRQR~dWk[�~Ra�P
aRQRe8tiejVUoR\RWkS]t@Pn\RejqYe8tiejVUoR\RP

f
S]~dV

Pk
�sWY^�qu^+oRVUe_�UP
T:[`WYe8a�T�^caRejaRWk�s~dP

π : Ck+1 \ {0} → Pk
{sx,P�T
e8~RV`^8aM[OQRPnÂnV]P"P
a

T
QdP

f
P
SU[fQR«:ºKaRWÅoR^8V�qu^�VUP
qY^c[`Wkeja

π∗T = ddcGF
° T:g�¨©²�¤RÆIª¼��¨¹Ç¯¥�ªu³:{ Á ¸¹P"SU[f~RaÈT
ej~dV`^8aM[+oZejS]W�[`WkggmP
V]t@«+S]~RV

P
k �KQRP+XRWYQRP"bjV]« (1, 1)

{
±�^caRSnT
P:[f^8VU[]WYT
qkP8�ZaRej~RSnQd«
T
VUWk�8ejaRSnoRVU«
T
WkS]«"tiP"a�[+qkP�XZejV]QlQR~ÈXK^cS]S]WkalQ�¸¹^c[][]V`^8T:[`WYe8a

ΩFqYejVUS]��~RP
F
V]P"qYy:�jP�~da®ÉÊP�zdP"tiodqYP@QRP2x.^c[][]y
SÊË@QRP

Pk
{�Ä¯e8~RS��8P
V]VUejaRS���~RP�T
P�SUejaM[�QRP"S3QRecp

t�^8WkaRP
SfQRWkS]��~R«
S3QRejaM[�qkP�XZejV]Q)P
SU[�SU[`VUWYT:[`P
t@P
aM[3oRS]P"~RQResT
ejaM�jP�z�P ° P
a�g�^cWk[fS]oR\d«
V]Wk��~RPG³�P"a
Ì�Í�Î_Ï�ÐÒÑmÓ¼Ô:ÕIÎ_Ö�×�Ø_ÕcÔ"Ù"ÓÅÚ�ÛsÜ�Ý8Ô:Ï�Ü¦Ó¼Ô:ÐÃÏ�Ö.ÞIÖ�ß+Ü�Ó�ÎIàUá0Ü�Ó�ÐÒâ
ØIÖUÑ�ã»á0Ð¹äÃÖ�åZÐÃæUÜ�Ï�ÞMç
è�ß+é|Í
ê�é�ë�ì"ì�í:î_ç"è�ÙIÐ¹ï"Ö�Ï�ðÑ�Ð¹Ó�à�åKÜ�ØIädëGÜ�Ý_Ü�Ó�ÐÃÖ�Ï]ç �:� íhé,Ô"ØGÓ�Ö�ÞGÖ�ê�Ü�Ï¼ÝcÔ"ÙIÙIÖ"çIñ � î"ò"ó­ôsÔ"ØIä¹Ô"Ø_Ñ�Ö�Í�Ö]ÞGÖÊõ�ö_÷ÖÊðuá�Ü�ÐÃäKÚ_ÞGØIÕ8Ô:Ù
ÓÊø�ÕIÐÃæUÜ�Ï�ÞM÷ ØIÕ_Ñ�ðkÓ¼äÃÑ�Ö:÷ ùúÏ
ûfü¦ýúþIÿ��0ü�ý������	��
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QRP
\Re8V]S+QRPwqu^i[]V`^8T"PwQ�¸¹~da®P"aRS]P"t�XRqkPw^8qYbj«"XRV]Wk��~RP�oRV]eI�UP
T"[]WkgÊ{���~l�s~)QR~l[]\R«
ejVUy
t@P�QRP@¥�WYa�p
T¦\s~d§Z��T"P
S!QRejti^8WkaRP
S@gmejV]t@P
aM[2~RadP�T
qY^8S]SUPlS]~RVUoRV]P"aK^8aM[`PÈQRPlQRe8t�^8WkaRP
SioRS]P"~RQResT
ejaM�8P:z�P
S
X�ejVUaR«
S�oZejSUS]«
QR^8aM[¯QdP
S�^8~d[]ecpÊ^8odoRqYWkT�^c[]WYejaRS�\Re8qYejt@ejV]od\RP
S0odV]ejoRVUP
S�aRe8a�Wka_�UP
T:[`W��jP
S"{K±�P�[]P
qYS
QRejti^8WYaRP"S�a�¸©P:z�WYS�[`P
aM[¯oK^8S�QK^8adS�qY^�T�^c[]«
bje8V]WYPnQdP
S�QRejti^8WYadP
S�QRP���P
WYad\K^8V]Q�[ ° T"g0¨��OP"ªu³:{·�a�P:z�P
t@oRqkP�QRPnx.^c[U[`y
ShQRP

Pk P"SU[�oK^cVhQR«:ºKaRWk[]WYeja�~Ra2P
aRQdejtie8V]oR\RWkS]t@P¯\dejqYejt@ejVUoR\RP fQRP
Pk �KQRP+QRP
b8V]« d ≥ 2

�Rg�^8WYS]^8aM[�T
e8tit�~�[`P
V�~da�QRWY^8bjV]^8tit@P�Qd~�[¬rsoZP��

A
D //

σ
��

A

σ
��

P
k

f //
P

k

ej½
A
P
S�[+~Ral[`ejVUP�T
ejt@oRqkP:z�P�QRP�QRWktiP"aRS]Wkeja

k
�
D
~RaRPw^8odoRqYWkT�^c[]WYeja|^	�@aRP�P"[

σ
~RaÈVUP"��
�p

[`P
t@P
aM[+bM^cqYejWkS]WYP"a ° W¼{©P8{
~daRPw^8oRoRqkWYT
^c[`Wkeja|QRP�oR^8S]S]^8bjPw^8~È��~Re8[]WYP
aM[noR^8Vn~RalbjVUej~RoZP�ºKaRW GQ�¸Ã^c~d[`ejt@ejVUoR\RWYSUtiP"S0QRP
A
³:{K±�P�[]P
qkS0P
aRQdejtie8V]oR\RWkS]t@P
S0P�z�WYSU[]P
aM[�P
a2[`e8~d[`PnQRWktiP"aRS]Wkeja

k
P:[

o�ej~dVO[`e8~d[0QRP"bjV]«
d ° T:g,V]P"t�^8VU��~RP
��{� I³:{ ´ qkShS]e8a�[0^8~RSUS]W
T"V]W�[`WY��~RP"tiP"aM[OºKadWYS ° T"g.qkP
t@tiP���{ÃÆj³:{x.^3oK^cVU[`WkP¯qkWYaR«
^8WYVUP�QRP�q¼¸¹^8oRodqYWYT
^c[`Wkeja@^	�@aRP

D
P"SU[�ad«
T
P"S]S]^8WYVUP
t@P
aM[�QRP�qY^fgmejVUtiP √

d.U
�

ej½
U
P
SU[0~RaRP�WkS]ejt@«"[]V]WYP�oZej~RVh~daRP�É¬X�ejadaRP:Ë¯aRejVUtiP¯QRP

C
k ° T"g�qYP"tit@P��d{ÃÆj³:{���a�S`^8W�[�^8~dS]S]W�s~dPhqYPÅ[]ejV]P

A
P
S�[�~RadP­�c^8VUWY«"[]«�^8XZ«
qYWkP
aRadP ° T�^8V.qkP
S,ºKXRVUP
S�QRP σ SUejaM[�ºKadWYP
S`³:�GP:[���~RP­qYP�bjVUej~RoZP

G
P
S�[�WkaRQR~RW�[+oK^8Vn~Ra)bjV]e8~Ro�P�QdP@VU«��KP�z�WYeja®QRP

Ck ° T:gn¨ ����ª�� Á ejV
{���{ÒÆ�{ÃÆj³�{,Ä¯e8[]ejaRS+��~�¸©P
aQRWYt@P
aRSUWYeja
2
��qu^+T
qY^8S]SUWkºKT
^c[`Wkeja@QRP
S0T"ej~RoRqkP
S

(A,G)
��T
ejaRS�[`W�[`~R«"S0Q�¸©~Ra�[`e8V]P�T
ejt@oRqYP�z�P

A
P"[

Q�¸¹~da�bjVUej~RoZP@Q
¸Ã^8~�[`ejt@ejV]od\RWYSUtiP
G
[]P
qkSf��~RP

A/G
S]ejW�[fXRWY\Re8qYejt@ejV]od\RP��

P2 P
SU[�T
e8aRa�~RP
° T"gn¨��n���nªu³:{�x,P@[]ejV]P A P
S�[�^8qkejV]Sn~Ra)oRV]esQR~RW�[fQRP@[]ejV]P"S3T"ejtiodqYP:z�P"S�QRP@QRWktiP"aRS]Wkeja

1 ° T"gS]P
T:[`Wkeja��s{k I³�{
¤�WkbjaK^8qkejaRS¯�s~dP@qkP
SnP�zdP"tiodqYP
SnQdPix.^c[U[`y"SnejaM[+«"[`«�T
^8V`^cT"[`«"V]WkS]«
S+QK^caRS@¨��0x�ÆGª�oK^8VnqY^�V]«:p

bj~Rqu^cV]Wk[]«wP"[�qY^�S�[`V]WkT"[]P�oZejS]W�[`Wk�sW�[`«wQRP�qkP
~RVfT
ej~dV`^8aM[�QdP!Â+VUP
P"a ° �8ejWYV�^8~RSUS]W�¨©±�W�ªv³���P:[�QK^8adS¨¹±�~RªdoK^8VÅq�¸Ã^cXRS]ejqk~RP­T
ejaM[`Wka�~RWk[]« ° oZej~RV�qu^�t@P
SU~RV]P0QdP�x,P
XZP
S]b8~RPG³�QRP�qkP
~RV�tiP"S]~RVUP0Q�¸©P
aM[`VUejoRWkPt�^_z�Wkt�^8qkP8{ ´ qYS�^8oRoR^8V`^8WkS]SUP
aM[�aK^c[`~dV]P
qkqYP"tiP"a�[0QK^8aRS�q¼¸©«"[]~RQRPnQRP"S¯P"aRQRejt@ejV]od\RWYSUtiP"S�o�P"V]t�~�p
[¦^8XRqkP
S�QRP

Pk ° T:g0¨©±n¤�ªu³:{
¥�V]«"T
WkS]ejaRS¯��~RP
qk�s~dP
S�ade8[¦^c[]WYejadS�^��c^8aM[�Q
¸¹«"aRejaRT"P
V�ade8[`VUP3V]«"S]~Rq�[¦^c[�oRVUWYaRT"WYoK^cq¼{»¤�e8Wk[

A =
Ck/Γ

~Ra�[`ejVUP�T"ejtiodqYP:z�Pc{���a2aRe8[]P
ẋ
qu^3oRVUe_�UP
T:[`Wkeja2QRP

x ∈ Ck
SU~RV

A
{ O(−1)

QR«
SUWYbjaRP�qYP
ºKXRV]«¯[¦^8~d[]ejqYe8bjWY��~RP�S]~RV

Pk
��P:[

L(H,α)
qYP�ºKXRV]«�P
a2QRVUejWk[]P
ShSU~RV

A
^8S]SUe�T"WY«n^8~i[¬r�oZP

(H,α)° T"g�S]P
T:[`Wkeja�Æ�{��M³�{O·�a ºKXdV]«|P"a QRVUejWk[]P
S
L
oRV]W��j«�QRP�S`^)SUP
T:[`WYe8a a�~RqYqkP!P
SU[�aRe8[]«

L− {���aV`^8oRoZP
qkqYP��s~dP�qu^i�c^8VUWY«:[`« O(−1)−
P
SU[�XRWY\Re8qYejt@ejV]od\RP��

Ck+1 \ {0} ° T"g�SUP
T"[]WYeja®Æs{ÒÆj³�{���aQRWYV]^f��~�¸©~RaRP�\MrsoZP
V]SU~RVUg�^cT
P�VU«
P"qYqYP�Q�¸©~RaRP��c^8V]Wk«"[`«�T"ejtiodqYP:z�P�QRP�QdWYt@P
aRSUWYeja
k
P
SU[OS]od\R«
VUWY��~RP

S]W,P
qkqYPnP"SU[�qYesT�^8qkP
t@P
aM[�XRWk\Rejqkejtie8V]oR\RP ��~Ra�e8~d�jP"VU[¯QRP+qu^�S]od\Ry
VUP�P"~RT
qkWYQRWkP
aRaRPnQR^8aRS
Ck {

!�"�#%$ F'&%(*),+KL-+/.103254
f 687*9;:89=< ¾?> 9�@%9BA1C 4-4ED¦¿ @%9 Pk

2 7?@F6 254.¾ CFG
6%7HGI9=JFK 4 9=<L9=7 4NM C >O0325P¿=2 9=7 σ : A → P
k @%9 M G 0 6 ¾ 9 G Q .103254 T > 9�R 0 6%G;CF7 4 @%9HSTGU9I9=7V@%9 f 9 4 ΩF

> 9XWIC ¿¦¿=2 7
@ZY C 4[4 G;C%R 4[2\0 7]@%9 > Y 0 G 2^MF2 7_9`@ZY 6%7]@%9 ¿ 9 ¿ GU9 > 9=JFa ¿0¾�03>cb 7 0 < 2 CF6F: F Q

Æ



� > 9;: 2Y¿=4 9�6%7���W GUaL9=7 @FG 03254 9 ¿ L(H,α)
¿ 6%G A @%9�� 0 G <L9 À 9=G < 254-2 9=7�7_9 H @%a�� 7 2 9 7_a PM C 4[2 JF9�� 6%7_9 À%b¦¾ 9=G ¿ 6%G���C%RI9 ¿¬¾KÀ a=G 2
	 6 9LR 0 < ¾ C%R 4 9 Σ @ CF7 ¿ L(H,α) 9 4 6%7 GU9=JFK 4 9=<L9=7 4�M C P>O032Y¿=2 9=7 σ̃ : L(H,α)− → C

k+1 \ {0} 2 7?@F6 2Y¿ CF7 4 σ ¿ 68G > 9 ¿ WIC ¿ 9 ¿B4 9 >Ã¿�	 6�9 σ̃(Σ) = ∂ΩF 9 4
σ∗T = −π

2
ddcH Q. 2 > 9 ¿=4 C W 25>c2Y¿ C 4 9=68G K @%9 ẋ0

¿ 0 6 ¿
> Y C%R 4-2\0 7H@%9 G 9 ¿=4 4 G 2 J 2 C > ��C >O0 G ¿
> 9`W 0 G;@ @%9 ΩF 9 ¿=4¿¬¾KÀ a=G 2
	 6�9`CF6XJ 032Y¿=2 7?C M 9`@%9 z0 = σ̃{x0, u0} Q . 2 7 0 7�� 25> C ¾�0 6%G a 	 6 C 4-2\0 7�

{

(y, w) ∈ V × (C, 0) , <(w) −H(Φ−1(y),Φ−1(y)) = 0
}

0��
V 9 ¿=4 687 J 032Y¿=2 7?C M 9�@%9 > Y 0 G 2^MF2 7_9�@ CF7 ¿ Ck 9 4 Φ : Ck/ ~K → Ck 9 ¿=4 6%7 W 2YÀ�03>O0 < 0 G P¾KÀ%2Y¿ <L9B@ 0 7 4N> 9 ¿ R 0 0 G;@ 0 7�7_aI9 ¿ � 0 G <L9=7 4 6%7_9
WIC ¿ 9 @%9 > Y C > M%D W GI9 @%9 ¿­¾�03>cb 7��3<L9 ¿�2 7�J3CFG 2 CF7 4v¿¿ 0 6 ¿�> Y C%R 4-2\0 7H@%9 ~K � > 9 M G 0 6 ¾ 9�@%9 ¿0¾ CFG 4[2 9 ¿
>c2 7_a C 2 GU9 ¿ @%9 K Q
¤�WkbjaK^8qkejaRS���~RP�o�ej~dV

k = 1
�Z·¯P
QR^�¨¹·f 
ª�^��8^cWk[�[`V]^8Wk[]«f~da|T�^cS�oK^8V�[`WkT
~RqkWYP
VOÉE�@qY^@ti^8Wka�Ë¦�

P"[���~RP�ade8[`VUPnQRP
SUT
V]Wkod[`Wkeja�^��8^cWk[�«"[]«+ejXd[`P"a�~RP�QR^8aRSf¨��hx� "ª,oK^8V�Q�¸¹^8~d[]V]P
S�t@«"[]\Re�QdP
S
{
±�e8aRaRejaRS�~Ra�^8oZP
V��
~�QdPhqu^�QR«
t@ejaRS�[`V]^c[`Wkeja�{Ix.^�QR«"S]WYadbj~Rqu^cV]WYS]^c[`Wkeja+S]oR\d«
V]Wk��~RPhS"¸¹ejX�[`WYP"aM[

P
a�V]P
qkP"�c^8aM[�qYPnQRWY^8bjV]^8tit@P�T"ejt@t�~d[¦^_[`Wkg.Qd«"ºKaRWkS]S]^8aM[
f
^8~sz�ºKXRVU«
S�P
a�QRV]e8Wk[`P"S O(−1)− '

C
k+1 \ {0} P:[ σ∗O(−1)− ' L(H,α)−

{ ´ q.S
¸¹^8bjW�[�QRP3T"ejaRSU[]V]~RWkV]Pf~Ra�t@ejV]od\RWYSUtiPnQRPfºKXRVU«
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V]«�S]~RXdSU[`W�[`~RP"Vn^8~�[`\R«"ejV]y"tiP�Q�¸��¯oRoZP
q�p
Ç¯~Rt�XZP
V�[+qYP3g�^cWk[�T"qu^8SUS]Wk�s~dP�S]~RW��8^ca�[
�
QRe8a�[+qY^�oRV]P"~d�jPwP"SU[+oRqk~RSnS]WktioRqkPL��qYP
SnT"e�e8V]QRejadaR«
P"S
QRP
σ : A→ Pk SUejaM[�QRP
S0gme8aRT"[]WYejaRS­[`\ 
:[¦^3adejV]ti^8qYWkS]«"P
ShQdP�t 
"tiP�[¬rso�P (−H,α−1)

{ Á P:[][]P
^8oRoRVUe�T¦\RPfoRVU«
S]P"aM[`Pfq¼¸¹^G�c^8aM[`^8bjPnQ�¸ 
"[]V]P+P:z�oRqkWYT
W�[`Pc�RP"[�QRPngmej~RVUaRWYVhQRWYVUP
T"[]P
t@P
aM[ D {

�
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S�SUoR\R«"V]WY��~RP"S
{
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S­QRP¯ºRXRV]«c{RÄ¯e8~RS
QRejaRaRe8aRS�q¼¸©«
��~K^c[]WYeja�QRP
S�SUWYaRb8~Rqu^8VUWk[]«
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S,QRP

Ai×AiP
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2 −→ P
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f1 : [x : y : z] 7−→ [(−x + y + z)2 : (x− y + z)2 : (x+ y − z)2]
f2 : [x : y : z] 7−→ [(x− y + z)2 : (−x + y + z)2 : (x+ y − z)2]
f3 : [x : y : z] 7−→ [(x+ y − z)2 : (−x + y + z)2 : (x− y + z)2]
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L(H,α)
WYadQR~RWk[]P¯oR^8VhqY^

gmejaRT"[]WYeja
q(x, u) = e−
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S�[+~RaRP3�c^8VUWY«"[]«3T"ejtioR^8T"[]P8�
Wkq�P�z�WYSU[]P�~RaRP�T"ejaRS�[¦^8aM[`P

C
[`P"qYqkP���~RP 1

C
.q 6 ‖ σ̃ ‖ 6 C.q

{
x.P"S¯WkQRP
aM[]Wk[`«"S

σ̃ ◦ Dp = F p ◦ σ̃ �R�c^8qY^8XRqkP
S0oZej~RV0[]ej~d[ p ∈ N
�KWYt@oRqYWk�s~dP
aM[ �

GF ◦ σ̃ = lim
p→+∞

1

dp
. log ‖F p ◦ σ̃ ‖ = lim

p→+∞

1

dp
. log ‖ σ̃ ◦ Dp ‖ = lim

p→+∞

1

dp
. log q ◦ Ddp

x�¸©«
bj^8qYW�[`«
GF ◦ σ̃ = log q

oRVUeG��WkP
aM[�^8qkejV]SOQRP
q ◦Dp = qdp {Rx�¸©P:z�oRV]P"S]SUWYeja!QRP

σ̃
P:[�q¼¸©\Rejt@ecp

bj«
aR«"Wk[]«�QRP
GF

P"aM[`V`^ �uaRP"a�[
GF ◦ θ(x) = log δ − π

2
H(x, x)

{_��a�^@QdejaRT
σ∗T = −π

2
ddcHoK^8V�q¼¸©WYQRP"aM[`Wk[]«

π ◦ θ = σ ◦ Π
{

2

� )%(�HRF�����) ��L � A
Y a M C >c254 a σ∗T = −π
2
ddcH

¾ 9=G <L9 4 @%9 GU9 4 G 0 6%JF9=G > 9�R CFG;C%R 4 D GI9X@%a�� 7 2¾�0G¿=254[2 ��@%9 −H Q 	�7 9�� 9 4 � −H 9 ¿=4�¾�0G¿=254-2 JF9 ¾ 6 2Y¿ 	 6�9 T 9 ¿=4 6%7 R 0 6%G;CF7 4�¾�0G¿=254-2 ��Q . 2 RI9 4-4 9
� 0 G=<L9 a 4 C 254 @%a M a=7_a=GUaI9�� T CF68G;C 254 6%7 ¾�034 9=7 4-2 9 >�>O0 R C > <�C : 2 <�C > 9=7]@%9 À�0 G ¿ @%9 σ(Crit σ) Q
A�C*<L9 ¿ 6%GU9 @%9 ¾ G 0 WIC W 25>c254 a µ = T k

¿ 9=G;C 254 C >O0 G ¿�¾�0 G 4 aI9 ¾ CFG σ(Crit σ) Q���9 7_Y 9 ¿=4�¾ C ¿¾�0G¿¦¿=2 W > 9 R CFG T ¾�0G¿¦¿ D @%9�@%9 ¿i¾�034 9=7 4[2 9 >Ã¿ >O0 R CF6	: W 0 G 7_a ¿
	 6 4-25>c2Y¿ 9=G > Y 2 7_a M C >c254 a @%9�� À 9=G 7 P
AZ9=J 2 7_9 P � 2 GU9=7?W=9=G M �
� .�� ����G 0¦¾ Q �`Q 6.3 �FQ
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� � ��#.�O=�4"�2*.4:135 $!? 9l1f=�$ $!? 9�(f#.#.4"5
Ä�ej~RSwV]P"oRV]P"aRejaRS@qYP"S@ade8[¦^c[]WYejadS�QRP!qu^�S]P"T"[]WYeja�oRV]«"T
«"QRP
aM[`Pc{�¤�e8Wk[ C := {{x, u}, ẋ ∈

Crit(σ)} q¼¸©P
adS]P
t3XRqYP+T
VUWk[]WY��~RP+QRP σ̃ �»P"[ S S]P"S��c^8qkP
~RVUS�T
V]W�[`Wk�s~dP
S
{»x�¸¹^8oRoRqkWYT
^c[`Wkeja
σ̃
WkaRQR~RW�[

P
a|VUP
S�[`V]WkT"[]WYeja!~Ra�V]P"�F
"[]P
t@P
aM[�ºKadW,QRP
L(H,α)− \ C QK^caRS

C
k+1 \ ({0} ∪ S)

{Z±3¸¹^8oRVUy
S¯qu^
oRV]ejoZejSUWk[`Wkeja ��{ �d��qYP�XZejVUQ2QRP

ΩF

P
S�[�S]oR\d«
V]Wk��~RPnP
a!QRP"\RejV]S�QdP S {Rx�¸©ejXs�UP:[�QRP�T"P"[][]PnoK^8V�[`WYPP
SU[¯QRP+QR«"T
V]WkV]PnqkPnX�ejVUQ�QdP
ΩF

P"a�~Ra�oZejWYaM[
z0 := σ̃{x0, u0}

QRP S {
x,P0g�^8W�[Å��~RP

σ
S]ejW�[�~RawoK^8S]S]^8bjP�^8~���~Re8[]WYP"a�[­oK^cVÅ~Ra@bjV]ej~do�P0ºKadW

G
Q�¸¹^8~d[]ejt@ejV]oR\dWYS]t@P
S

QRP
A
P"SU[�WkT
WZT
V]~dT
Wu^cq¼{s¥�ej~dVh[`ej~�[�«
qk«
t@P
aM[

g ∈ G
��e8a2S]P�ºdz�P�~daRP+^8oRoRqkWYT
^c[`Wkeja@^	�@aRP

~g+ κQRP
Ck ��~RWÅWYadQR~RWk[ g S]~RV A {,Ä�ej~RS�T"ejadgmejaRQdV]ejaRS�qYP�oRqk~RS�SUej~d�jP"aM[�T"P
SnQRP"~�zÈ^coRoRqYWkT�^c[]WYejadS
{·¯aRPfoRV]P"~d�jP�^8aK^cqYejbj~dPn^8~�qYP
t@t@P �d{ÃÆ�gme8~RV]aRW�[B�

� )%(,(*) �.L[+ � 0 6%G 4E0 6 4 g ∈ G � (Hg, αg) = (H,α) Qx�¸©«"[`~dQRP�QdP
∂ΩF

P
a
z0 := σ̃{x0, u0}

V]P"o�e8S]P!S]~RV@qYP"S�oRV]e8oRV]Wk«"[`«"Sib8«
ejt@«"[]V]WY��~RP"S�QR~
SU[¦^cXRWYqkWYS`^_[`P
~dViQRP

ẋ0

S]ej~RS�q¼¸¹^8T"[]WYeja QRP
G
{0Ä�e8[`ejadS

K
T
P�S�[¦^8XdWYqYWkS`^c[]P
~RVwP:[ ~K := {~g ∈

GLk(C), g ∈ K} qYP­bjV]ej~do�P0QdP
SÅoK^cVU[`WkP
S�qYWYad«�^8WkV]P
S�QRP"SÅ«
qk«
t@P
aM[`S�QRP K {���~RW�[][]P���P��
P"T"[]~RP
V
~Ra�T¦\K^caRbjP
t@P
aM[hQRP¯T"e�e8V]QRejadaR«
P"SOqkWYaR«
^8WYVUP8�jeja@oZP
~d[OS]~Rodo�ejSUP
VO�s~dP ~K P"SU[O~Ra�SUej~RSÊp¬bjVUej~RoZP
QR~�b8V]ej~RoZP+~RaRW�[¦^8WkV]P

Uk(C)
{ ��a�ade8[`P

B(0, ν)
qu^�X�e8~RqYPnP"~RT
qkWYQRWkP
aRaRPnT"P
aM[`VU«
PfP
a�q¼¸©ejV]WkbjWYadP

P"[�QRP+V`^�rje8a
ν
{

� )%(,(*) �.L 
 A�9 M G 0 6 ¾ 9 ~K 9 ¿=4 687 M G 0 6 ¾ 9 @%9 GUa�� 9;: 2\0 7�� 2 Q-9 Q 25> 9 ¿=4 9=7 M 9=7?@FGUa ¾ CFG @%9 ¿
a > a=<L9=7 4m¿ g 6= Id @%9 GLk(C) �Z: CF7 4,¾�032 7 4�¾ CFG ¾�032 7 4 6%7 À%b¦¾ 9=G ¾?> CF7 @%9 Ck Q
������������� �"!#� $
�%� & ¥�ej~RV

ν
SU~��@S`^8t@tiP"aM[­o�P:[`Wk[
�jq¼¸©P
adS]P
t3XRqYP�^8aR^8qkr�[`Wk��~RP

B(0, ν)/ ~K
P
S�[

WYS]e8tiejVUoR\RP��2~Ra®ej~d�8P
V�[�Qd~®��~Rec[`WYP"aM[
A/G

����~RWÅP"SU[fXRWk\RejqYe8tiejVUoR\RP��
Pk { ´ q�a�¸¹P"SU[fQRejadToK^8SfS]WYadbj~RqYWkP
V"{,·¯a®V]«"S]~Rq�[¦^c[fT
qY^8S]SUWY��~RP@P
a®[`\R«"ejV]WkP�QRP
S�S]WYadbj~Rqu^cV]Wk[]«
S�S�[`WkoR~RqYP@^8qkejV]Sn��~RP ~KP
SU[¯~Ra!bjVUej~RoZPfQdPfVUP��KP�z�WYeja ° T:g�oK^cV�P�z�P
t@oRqYPw¨©¥�V]ª¼� ! � ³�{ 2

Á P�qkP
t@tiP+P"a�[]V`^��YaRP�P"a�oK^8V�[`WYT"~RqYWkP
V���~RP�q¼¸¹^8qkbjy
XRVUP+QRP
SnoZejqkrsa	#8tiP"S¯Wka��c^8VUWu^8aM[]S¯oK^cV ~KP
SU[hP
aRb8P
aRQRVU«
P¯oK^8V
k
oZejq�r�a
#jtiP"S�\Rejt@ejbjy"aRP
S

(P1, ..., Pk)
^cqYbj«"XRV]Wk�s~dP
t@P
aM[­WYaRQR«"o�P"aRQK^8aM[]S

° T"gn¨Ã¤���ª��.��\�{ 5.1 ³:{Z��WYadS]W¼�,Q
¸Ã^8odV]y
S�qYP�[`\d«
ejVUy
t@PiQRP Á ^8V�[¦^8a ° T"gn¨ Á ª�����\
{ 3 ³:��WYq�P:z�WkSU[`P@~Ra�jejWkS]WYaR^8bjPnQRP+q¼¸©ejVUWYbjWkaRP
V
QK^8adS

Ck [`P"q,��~RP�q�¸Ã^coRoRqYWkT�^c[]WYeja �

Φ :
B(0, ν)/ ~K −→ V

t̂ 7−→ y = (P1, ..., Pk)(t̂)

S]ejW�[�~Ra�XdWY\Rejqkejt@ejV]oR\dWYS]t@P ° t̂ Qd«
S]WkbjaRP�q�¸¹Wkt�^cbjP+QRP t QK^8adS B(0, ν)/ ~K
³:{�Ä¯ej~dS�~d[`WkqYWkS]P
VUejaRS

T
P
S�T"e�ejVUQRejaRad«
P
S�SU~RV�q¼¸©P
aRSUP
t�XdqYP�^8aK^cqkr�[`Wk�s~dP0qYWkS]S]P
B(0, ν)/ ~K

oZej~RVÅQR«"T
VUWYV]P�qY^�S]WkaRbj~RqY^8V]W�[`«
QRP

ΩF

P"a
z0
{

� «
V]W�ºKejaRS�[`e8~d[�Q�¸Ã^cX�ejVUQ|��~RP�qYP+X�e8V]Q|QdP
ΩF

S
¸©WYQRP"a�[]WkºKP�^8~��s~de8[`WkP
aM[�QdP {q = 1} oR^8V~Ra�b8V]ej~RoZPnºKaRW,Q�¸¹^8~d[]ejt@ejV]oR\dWYS]t@P
ShQRP
L(H,α)

�

 j 



� )%(,(*) �.L � � > 9;: 2Y¿=4 9�6%7 M G 0 6 ¾ 9 G̃ @ZY CF6 4 0 < 0 G ¾KÀ%2Y¿ <L9 ¿ @%9 L(H,α)
4 9 > 	 6�9 > Y C ¾M¾?>c2 R C P4[2\0 7 θ̃ ¿ Y 2 @%9=7 4-2 �T9 CF6 ¾ C ¿¦¿ C M 9 CF6 	 6 034-2 9=7 4 @%9 L(H,α)

¾ CFG G̃ Q A
Y C ¾M¾?>c2 R C 4[2\0 7 ρ 	 6 2 

g̃ ∈ G̃ C ¿¦¿ 0 R 2 9 > Y CF6 4 0 < 0 G ¾KÀ%2Y¿ <L9 	 6 Y 25>12 7?@F6 254�¿ 6%G A 9 ¿=4 6%7 2Y¿ 0 < 0 G ¾KÀ%2Y¿ <L9 @%9 G̃ ¿ 68G G �
9 4�> Y C%R 4-2\0 7]@%9 G̃ > C 2Y¿¦¿ 9 2 7�J3CFG 2 CF7 4m¿B> 9 ¿ 7 2 JF9 CF6F: @%9 q Q
������������� �"!#� $
�%� & ±3¸¹^8oRVUy
S�qkP+qYP
t@t@P+Æ�{ÃÆ��KWYq�P�z�WYSU[]P�~da|WYSUejt@ejV]oR\dWYS]t@P

η : L(H,α) →
σ∗O(−1)

�j«"V]WkºK^8aM[
θ̃ = σO(−1)◦η

{I¥�^8V�QR«"ºRaRWk[]WYeja��
σO(−1)

P"SU[�q¼¸¹^8oRodqYWYT
^c[`Wkeja�QRP�oK^cS]S`^cbjPh^c~
�s~de8[`WkP
aM[�QRP

σ∗O(−1)
oK^8V�qYPfbjV]e8~Ro�P G := {gσ∗O(−1) : σ∗O(−1) → σ∗O(−1), g ∈ G} {��WYadS]W¼�

θ̃
P"SU[¯T
P"qYqYPnQdP

L(H,α)
oK^8V�qYPnbjVUej~RoZP+T
eja_�U~dbj~R«

G̃ := η−1 ◦ G ◦ η {Kx�¸¹^8oRoRqkWYT�^_[`WYe8a
ρ
P
SU[�T
qu^cWYV]P"tiP"aM[3~Ra�WkS]ejt@ejVUoR\RWYSUtiPc�,P"[

θ̃
P"SU[�WkaM�8^cV]Wu^ca�[]PioR^8V3q�¸Ã^8T:[`Wkeja�QRP

G̃
{�x�¸¹«"bM^8qkWk[`«

eGF ◦Ψ◦θ̃ = q ° T"gÅodV]ejoZejS]W�[`Wkeja �d{��M³htie8a�[]V]P+��~RPfqYP
S�aRW��jP
^8~�z!QRP q SUejaM[�Wka��c^8VUWu^8aM[]S�oK^8V G̃ {
2

�¯WYaRSUW¼��q�¸Ã^cT"[`Wkeja�QRP
G
S]~RV

A
SUP2V]P"qYy"�8P ° oK^8V ρ ³3P
a ~RaRP!^8T:[`Wkeja�Q�¸©~Ra b8V]ej~RoZP

G̃
SU~RV

L(H,α)
{»Ä�e8[`e8aRS

K̃ := ρ−1K
qkPnV]P"qYP"�8«+QRP

K
{

¤�e8Wk[
U := B(x0, ν)

�.^G�8P
T
ν
oZP"[`W�[+o�e8~RV+�s~dP

U
SUejWk[+QRWkSm�UejWkaM[+QRPiSUP
Sf[`V`^caRS]qY^c[`«"SfoR^8V

q¼¸¹^8T"[]WYeja!QR~�V]«"S]P�^c~
Γ
{»x�¸Ã^8odoRqYWkT�^c[]WYeja

λ
P:[�qu^�[`VUWk�sWu^8qkWYS]^c[`Wkeja

ψε

QRP
L(H,α)

^8~�QRP
SUS]~RS¯QRP
Π(U)

S]e8a�[¯^8qkejV]ShXRWYP"a�QR«:ºKaRWkP
S ° T:g�SUP
T"[]WYeja|Æ�{��M³:{x,PlqYP"tit@P � { ��S�[`WYod~RqYP���~�¸©«"[]~RQRWkP
V!qYP�XZejVUQ QdP
ΩF

P"a
z0 := σ̃{x0, u0}

V]P"�sWkP
aM[X�
«"[`~dQRWYP"V�qYPf��~Re8[`WkP
aM[nQRP {q = 1} ^8~lQRP"S]SU~RSnQRP Π(U)

oR^8V
K̃
{�¥�e8~RV�T
P"qu^d�Zeja�P�z�\RWYXZP�QRP"S

[`V]W��sWu^8qkWYS`^_[`WYe8aRS�QRP
L(H,α)

QK^8aRS�qkP
SU�s~dP
qYqkP
S
K̃

WYaRQd~RWk[¯q¼¸©WYQRP"aM[`Wk[]«3QK^caRS�qYP"S�ºKXRVUP
S ° e8a�QRWk[�s~
¸¹P"qYqYP"S�S]ejaM[
K̃
p¬«"�s~dWk�c^8V]WY^8aM[`P"S¦³ �

� )%(,(*) �.L � A1C 4 G 2 J 2 C >c2Y¿ C 4-2\0 7 ψε 9 ¿=4 K̃ P a 	 6 2 J3CFG 2 CF7 4 9 ¿=2 9 4¯¿ 9=6 > 9=<L9=7 4�¿=2 ε 9 ¿=4 @%9 > C
� 0 G=<L9 ε0 ·m � 0�� ε0 9 ¿=4 > C � 0 7_R 4-2\0 7�


ε0 :
U −→ C

x0 + t 7−→ e−πH(x0,t)

9 4 m : t 7→ m(x0 + t) 9 ¿=4�À�03>O0 < 0 G ¾KÀ 9B7 0 7�7�6 >5> 9 ¿ 6%G B(0, ν) 9 4 ~K P 2 7�J3CFG 2 CF7 4 9 Q
������������� �"!#� $
�%�'& ��^8oRoZP
qkejaRS�q¼¸©P:z�oRVUP
SUS]WYe8a�QRP

ψε
° T"g�S]P"T"[`Wkeja|Æ�{ �j³ �

ψε :
p−1 ◦ Π(U) −→ Π(U) × C

{x, u} 7−→
(

ẋ, ε(x+ λ(x)).eλ(x)(x).u
)

Á P"[][]Pf[]V]W���WY^8qYWkS`^c[]WYeja@P
S�[�«
��~RWk�c^8VUWu^8aM[]PnS]W,P"[�SUP
~RqkP
t@P
aM[�S]W �
∀t ∈ B(0, ν), ∀g ∈ K, ψε ◦ g̃{x0 + t, u} = (g(ẋ0 + ṫ), ε(x0 + t).u) ° � {k G³

¥�ej~RVf[`ej~�[
g ∈ K

��qYP@qYP"tit@PiÆ�{Ò¢!QRejaRadP�q¼¸©P:z�oRVUP
SUS]WYe8a�QRP�q�¸Ã^c~d[`ejt@ejVUoR\RWYSUtiP
g̃
QR~�ºKXdV]«

L(H,α)
�KWkaRQR~RWkS`^8aM[

g = ~g + κ
S]~RV�qY^wXR^8S]P �RWkq�P:z�WYS�[`P

ρ(g) ∈ C∗ [`P"q,�s~dP

g̃ :
L(H,α) −→ L(H,α)
{x, u} 7−→

{

g(x), ρ(g).eπH(κ,~gx).u
}

 IÆ



��WYadS]W¼�sq¼¸©«
��~K^_[`WYe8a ° � {� I³��s~dPnq¼¸©eja�QRejW�[O�8«
VUWkºKP"V�QRP"�sWYP"aM[ ° eja2T"ejadgmejadQ g ^G�8P
Tnq�¸Ã^8odoRqYWkT�^c[]WYeja^	�@aRP+QRP
Ck ��~RW,q¼¸©WYadQR~RWk[¦³��

∀g ∈ K, ψε ◦
{

g(x0 + t), ρ(g).eπH(κ,~g(x0+t)).u
}

= (g(ẋ0 + ṫ), ε(x0 + t).u) ° � {ÒÆ8³
¥�ej~RV�[]ej~d[

g ∈ K
�Ko�ejSUejaRS

γg := λ(gx0)
{��na�^ �

∀t ∈ B(0, ν), g(x0 + t) = ~gx0 + ~gt+ κ = x0 + ~gt− γg

P"[�QdejaRT
λ(g(x0 + t)) = λ(gx0) = γg

° T�^cV ~g ∈ Uk(C)
³:{?��WkaRS]W��ZoR^8V¯Qd«"ºKaRW�[`Wkeja|QRP

ψε

�ZqYP
tiP"t�XRV]P+QRP+bM^c~RT¦\RP+QRP ° � {ÃÆj³hP"SU[�«
bM^cq�� �

(

g(ẋ0 + ṫ), eγg
(x0 + ~gt− γg).ε(x0 + ~gt).ρ(g).eπH(κ,~g(x0+t)).u

)

x�^wT
e8aRQRWk[]WYeja2ad«
T
P"S]S]^8WYVUPfP:[�S]~��@S`^ca�[]P3Q�¸©«
��~RW��c^8V]WY^8aRT
P ° � {ÃÆj³hS
¸©«
T"V]Wk[¯^8qkejV]S �

∀t ∈ B(0, ν), ∀g ∈ K,
ε(x0 + t)

ε(x0 + ~gt)
= eγg

(x0 + ~gt− γg).ρ(g).e
πH(κ,~g(x0+t)) ° � { �M³

� «
VUWkºKe8aRS��s~dPfq�¸¹e8a�^ �

∀g ∈ K, eγg
(x0 − γg).ρ(g).e

πH(κ,~gx0) = 1. ° � { � ³
²�W�z�ejaRS

g ∈ K
P:[
γ := γg

{sx�¸¹WkQRP
aM[`W�[`«
θ̃ = θ̃ ◦ g̃ QdejaRaR«"P�oK^8V�qkP�qkP
t@tiP � { �fP
aM[`V]^��uaRP ° ^G�8P
T

eγ

QRPn[¬rso�P
(H,α)

P"[
θ̃
QRPn[¬rso�P

(−H,α−1)
³ �

[θ(x0 + t), u] = [θ(g(x0 + t)), ρ(g).eπH(κ,~g(x0+t)).u]
= [θ(x0 + ~gt− γ), ρ(g).eπH(κ,~g(x0+t)).u]
= [θ(x0 + ~gt), e−1

−γ(x0 + ~gt).ρ(g).eπH(κ,~g(x0+t)).u]

Á ejtit@P
e−γ(x0).eγ(x0 − γ) = e0(x0) = 1

�Åe8a�«"�c^8qY~dP�P
a
t = 0

o�ej~dV�ejXd[]P
aRWkV ° � { � ³�{��WYadS]W¼�dqYPnt@P
t�XRVUPnQRP+QRV]e8Wk[`PnQdP ° � {��M³hS]P+S]WktiodqYWkºRP8{ ´ q,P
SU[�«"bM^8q�� �

eγ(x0 + ~gt− γ).ρ(g).eπH(κ,~g(x0+t))

eγ(x0 − γ).ρ(g).eπH(κ,~gx0)
= eπH(γ,x0+~gt−γ)

eπH(γ,x0−γ) .eπH(κ,~gt)

= eπH(γ+κ,~gt)

= eπH(x0−~gx0,~gt)

= e−πH(~gx0,~gt).eπH(x0,~gt)

= e−πH(x0,t).eπH(x0,~gt)
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bj^8qYW�[`«@oRV]eG�sWYP"a�[�QRP�q¼¸©WYaM�c^8VUWu^8aRT"PiQdP
H

oK^8V ~K ° T"g�qYP"tit@P � {ÒÆ8³:{Z��WYadS]W¼��qu^
[`V]W��sWu^8qkWYS`^_[`WYe8a

ψ
P"SU[�«
��~RW��8^cV]Wu^ca�[]PnS]W,P:[¯SUP
~RqkP
t@P
aM[�S]W �

∀t ∈ B(0, ν), ∀g ∈ K,
ε(x0 + t)

ε(x0 + ~gt)
=

e−πH(x0,t)

e−πH(x0,~gt)
° � { �j³
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¥�ej~RV�T
ejadT
qY~dV]P8�,Wkq�S]~��w[3QRPiVUP
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ε0(x0 + t) = e−πH(x0,t) �j«"V]WkºRPT
P"[U[`Pn«"�s~R^c[`Wkeja2P"[���~RPnqkP�V]^8oRoZejVU[�QdP�QRP
~sz2S]e8qY~d[]WYejaRSOP
S�[�~RaRP�gmejadT"[`Wkeja�\Re8qYejt@ejV]od\RP�aRe8a

as~dqYqYP
m : t→ m(x0 + t)

SU~RV
B(0, ν)

�KWYaM�c^8V]WY^8aM[`P�oK^cV ~K {
2

±�«"S]ejVUt�^cWYS
��aRej~RS0[]V`^��c^8WYqkqYejadS0^��jP"TfqY^�[`VUWk�sWu^cqYWYS]^c[`Wkeja@«
��~RWk�c^8VUWu^8aM[]P
ψε0

P:[�qu^3t@«"[]V]WY��~RP
q
�j«
VUWkº»^ca�[

eGF ◦σ̃ = q ° T:gÅoRVUejo�e8S]Wk[]WYeja ��{ �M³�{Kx,PnT�^8qkT
~Rq,SU~RWk�c^8aM[
�

q
(

x0 + t, ε0(x0 + t)−1.v
)

= δ.e−
π
2
H(x0+t,x0+t).eπ<H(x0,t)|v| = δ.e−

π
2
H(x0,x0).e−

π
2
H(t,t)|v|

tiejaM[]V]Pn��~RP8�K��~RW�[][]P
�wWkQRP
aM[]WkºKP"V
Π(U)

^��jP"T
U
�KP"[�P ��P
T:[`~RP"V�~daRPn[`V`^caRS]qY^c[`Wkeja�QRPn�jP"T"[]P
~RV

x0

�Kq¼¸©P
aRSUP
t�XRqkP {q = 1} ^c~!�8ejWYSUWYaK^cbjPnQRP {x0, u0}
S"¸¹«"T
VUWk[�QK^8aRS�qY^3[`V]W��sWu^8qkWYS`^_[`WYe8a

ψε0

�

{(t, v) ∈ B(0, ν) × (C, v0) , δ0.e
−π

2
H(t,t).|v| = 1}

ej½
δ0 := δ.e−

π
2
H(x0,x0)

P"[
v0 := u0.ε0(x0)

{�¥�~RWkS]��~RP�QK^8adS�T
P"SnT
esejV]QRe8aRaR«
P"S
��q�¸Ã^cT"[`Wkeja|QdP
K̃
S"¸¹WkQRP
aM[`W�ºKP
��T
P"qYqkP�QRP ~K S]~RV

B(0, ν) ° T:g�qkP
t@tiP � { � ³:�dqkP�XZejV]Q!QRP
ΩF

^8~��jejWkS]WkaK^8bjP�QdP
z0
S
¸©«
T"V]W�[
�

∂ΩF = {(t̂, v) ∈ B(0, ν)/ ~K × (C, v0) , δ0.e
−π

2
H(t̂,t̂).|v| = 1}

� a�WYaM[`VUe�QR~dWYS`^ca�[fqkPiXRWk\Rejqkejtie8V]oR\RWkS]t@P
Φ : B(0, ν)/ ~K → V

QR«:ºKaRWO^8~�QR«"XR~d[3QRP�T"P"[][]P
S]P
T:[`Wkeja��Kq¼¸©«
��~K^_[`WYe8a�QdP

∂ΩF

P
a
z0 = σ̃{x0, u0}

QRP"�sWkP
aM[��

∂ΩF = {(y, v) ∈ V × (C, v0) , δ0.e
−π

2
H(Φ−1(y),Φ−1(y)).|v| = 1}

¤�ejWk[
log

~RadPfQd«"[`P"V]t@WYaK^_[`WYe8a�QR~!qYejbj^8V]W�[`\Rt@P�^c~!�8ejWYSUWYaK^cbjP�QRP
δ0.v0

° eja�^ |δ0.v0| = 1
³OP:[

w := 2
π

(log(δ0.v) − log(δ0.v0))
{Kx�¸©«
��~K^c[]WYeja�oRV]«"T
«"T
P
aM[]P3S
¸©«
T"V]W�[�^8qYejVUSB�

∂ΩF = {(y, w) ∈ V × (C, 0) , <(w) −H(Φ−1(y),Φ−1(y)) = 0}
Á P
qu^@^8T¦\Ry:�jPfqu^�QR«"tie8aRSU[]V`^c[]WYeja!QR~![`\R«"ejV]y"tiP� 8{k j{
� )%(�HRF�����) �.L�� � 7 GU9 4 G 0 6%JF9 > C @%9 ¿ R=G 2Ã¾?4[2\0 7 @%9 ���TA � � Q 	�7 9�� 9 4 � 9=7 @ 2 <L9=7 ¿=2\0 7 1 �> 9 ¿=4 C W 25>c2Y¿ C 4 9=6%G @ZY 687 ¾�032 7 4 R=G 254[2
	 6�9 @%9 σ 9 ¿=4 R b R >c2
	 6�9 @ZY 0 G;@FGU9 m = 2, 3, 4

0 6 6 Q
A�Y C ¾M¾?>c2 R C 4-2\0 7 Φ 9 ¿=4 C >O0 G ¿ @ 0 7�7_aI9 ¾ CFG t̂ 7→ y = t̂m 9 4L> Y a 	 6�C 4-2\0 7 @%9 ∂ΩF

¿ Y aIR=G 254
∂ΩF = {(y, v) ∈ (C, 0) × (C, 0), |y|

2

m = <(v)} Q
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�
(A,G)

� �
� ��� � �
A/G ' P2

¤�e8WYP
aM[
(Aj, Gj), j ∈ {1, 2} QRP
~szfT
ej~RodqYP
S.gmejVUti«"S�Q�¸©~Raf[`ejVUP­T"ejt@oRqYP�zdP­P"[�Q�¸©~Ra3b8V]ej~RoZPQ�¸Ã^c~d[`ejt@ejVUoR\RWYSUtiP"S
���j«"V]WkºK^8aM[

Aj/Gj ' P2 {RÄ¯e8~RS�QRWYVUejaRSO�s~dP (A1, G1)
P"[

(A2, G2)
SUejaM[
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WYS]e8tiejVUoR\RP"S­SUWKWYqRP�z�WYSU[]P�~RaiXdWY\Rejqkejt@ejV]oR\dWYS]t@P
h : A1 → A2

[]P
qK��~RP
G1 = h−1G2h

{�x�¸©ejX�p
�UP"[�QRPfT
PfoK^8V`^cbjV`^8od\RP+P
SU[�QRPfV`^coRo�P"qYP"V�qu^�T
qY^8S]SUWkºKT
^c[`Wkeja!QRP+T
P
S¯T
ej~doRqYP"S��wWYSUejt@ejV]oR\dWYS]t@P
oRV]y"S
�.«"[`^8XRqYWkP�QK^8adSi¨ �n����ª�{.¥�ej~dV+[]ej~d[

ω ∈ C
�j«"V]W�º»^8aM[ =(z) > 0

��ejaÈaRec[`P
Aω

qYP�[]ejV]P
C/Z + ωZ

{ ��a�QR«
SUWYbjadPnoK^8V
G(m, p, 2)

qYPnb8V]ej~RoZPnP
adbjP
aRQdV]«foK^8V�qYP"S�V]P��RP:z�WYejadS��
(

0 1
1 0

)

(

0 e
2iπ
m

e−
2iπ
m 0

)

(

e
2ipπ

m 0
0 1

)

P"[�oK^8V S3

qu^�V]P"oRV]«"S]P"a�[`^c[`Wkeja�QR~�b8V]ej~RoZP+QRP+o�P"V]t�~�[¦^c[]WYejaRS
S3

�
(

1 0
0 1

) (

−1 −1
0 1

) (

0 1
1 0

) (

1 0
−1 −1

) (

−1 −1
1 0

) (

0 1
−1 −1

)

x�^�qkWYS�[`PhQdP
S�T
ej~doRqYP"S
(A,G)

[`P"qYSÅ��~RP
A/G ' P2 ° ��WYS]e8tiejVUoR\RWkS]t@POoRVUy
S`³�P
SU[�qY^�S]~dWk�c^8aM[`PB�Ä¯e Á e8~RoRqYP

(A,G)
��V]QdV]P+QRP

G
� ^cqYP
~dV]S�T
VUWk[]WY��~RP
S�QdP

σ : A→ P2 
(Aω × Aω, G(2, 1, 2))

£
4
QRV]ejW�[`P"S�P"[�~RaRP+T
e8aRWY��~RP

Æ
(Aρ × Aρ, G(3, 1, 2))

 G£
3
QRV]ejW�[`P"S�P"[�~RaRP+T
e8aRWY��~RP

�
(Ai × Ai, G(4, 1, 2))

�MÆ WkQRP
t
�

(Aρ × Aρ, G(6, 1, 2))
¢jÆ WkQRP
t

� (

Ai × Ai, 〈G(4, 2, 2), 1+i
2

(

1
1

)

〉
) �MÆ

6
QRV]e8Wk[`P"S

%
(Aω × Aω,S3)

% ~RaRP+T
e8~RV]XZP
C

ej½
C
P
S�[!qu^�T"ej~RVUX�PlQR~R^8qYP�Q
¸¹~RadP®T"~RXRWk�s~dPlaReja�S]WkaRbj~RqkWYy"V]P|P:[

ρ = eiπ/3 { ��a ^�aRe8[]«
〈G(4, 2, 2), 1+i

2

(

1
1

)

〉 qkP�bjV]ej~do�PwQ�¸¹^8~d[]ejtie8V]oR\RWkS]t@P
S�QdP Ai × Ai

P"aRbjP"aRQRV]«@oK^8V
G(4, 2, 2)P"[�qu^�[`V]^8aRSUqu^c[]WYeja�QdP+�8P
T:[`P
~dV 1+i

2

(

1
1

) {»Ä¯e8~RS�q¼¸¹^8oRoZP
qYqkP
VUejaRS0oRqk~RS�S]WktiodqYP
t@P
aM[
T
{
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D = n.

(

−1 0
0 1

)

@%9 Aω × Aω
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√
d.Id @%9 Ai

√
d × Ai

√
d
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x,P
S�P:z�P
t@oRqYP"S�QRP�x�^_[][`y"S�QRe8aRaR«
SnQR^8aRS�qY^iS]P"T"[]WYeja�SU~RWk�c^8aM[]P3S]e8a�[n^8S]SUe�T"WY«
S�^8~�T
e8~RoRqYP
(Ai × Ai, T )

{ � []~RQRWkejaRSnT
P�T"ej~RoRqkP�oRqY~dSnP
aÈQR«"[`^8WYqkS
{
x.P�b8V]ej~RoZP
T
P
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qY«"tiP"aM[`S�S]~RW��c^8aM[`S
�Ke8½
δ ∈ {0, 1} �

(

±1 0
0 ±1

)

+ δ.

( 1+i
2

1+i
2

) (

0 ±1
±1 0

)

+ δ.

( 1+i
2

1+i
2

)

(

±i 0
0 ±i

)

+ δ.

( 1+i
2

1+i
2

) (

0 ±i
±i 0

)

+ δ.

( 1+i
2

1+i
2

)

·¯aRPnP�zdodV]P
SUS]Wkeja!QRP�q¼¸¹^8oRodqYWYT
^c[`WkejawQRPnoK^8SUS`^8b8Pn^8~2��~Re8[]WYP
aM[
σ : Ai ×Ai → P

2 P
SU[�QdejaRaR«"PoK^8V ° T:g0¨ �n���nª¼� !I�M³ �

σ(x, y) =
[

(℘x.℘y + α2)2 : (℘2
x − α2)(℘2

y − α2) : (℘x.℘y − α2)2
]

ej½
℘
P
SU[�qY^�gme8aRT"[]WYeja2QRPnN)P
WkP
V]S�[`V]^8S]S�^8SUS]esT
WY«"Pf^8~!V]«
SUP�^8~

Z + iZ
�KP"[

α = ℘(1/2)
{ Á P:[][`P

^8oRoRqkWYT�^_[`WYe8a�o�P"~d[�«
bM^cqYP
t@P
aM[�S"¸¹P�zdodV]WYt@P
V�P"a�[]P
V]t@PnQRPngmejaRT:[`WkejaRS0[`\�
"[¦^�{Z¤�ejWYP"aM[
θ[a b]

qYP"S
gmejaRT"[]WYejadSO[`\�
"[¦^�QRPB��WYP
ti^8aRa@oZej~RVhqkP¯VU«
SUP�^8~

Z + iZ ° T"gO¨¹±¯P"ª�� Á \K^8o
{ ´U´ � ! 2 ³:{dx,P�QRW���WkS]P"~RVQRP
θ[a b]

P
S�[+«
bM^cq �
[i(a + 1

2
) + (b + 1

2
)]
{.¤sW

θjk

QR«"S]WkbjaRP�qu^�gme8aRT"[]WYeja
θ[ j

2
k
2
]
��ejal�j«"V]WkºRP

�s~dP
θ2
00

P:[
θ2
11

S]ejaM[OQRP
S�gmejaRT:[`WkejaRS�[`\ 
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SU[hT
P"qY~RWZQRP
℘ ° W¼{©P8{ 2[1+i

2
]− 2[0]

³:{��naiP
a
QR«
QR~dWk[

℘ = c.θ2
00.θ

−2
11

° ^��8P
T c ∈ C
³�P:[�q¼¸©P:z�oRVUP
S]SUWYeja�QRP

σ
�

σ(x, y) =
[

(c2.θ2
00(x).θ

2
00(y) + α2.θ2

11(x).θ
2
11(y))

2
: (c2.θ4

00(x) − α2.θ4
11(x)) .

(c2.θ4
00(y) − α2.θ4

11(y)) : (c2.θ2
00(x).θ

2
00(y) − α2.θ2

11(x).θ
2
11(y))

2
]
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aM[�bM^8qkejWYSUWYP"a
σ
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aRSUP
t�XdqYP�P
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T
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aRSUP
t�XdqYP
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S

S]~RW��8^ca�[]S ° eja�aRe8[]P (x, y)
qkP
S�T
esejV]QdejaRaR«"P
S�SU~RV
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eja�gmejaRQ�qkP
S�«
qY«"tiP"aM[`S�QdP
C
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³ �

{y = 0} {y = x} {y = ix}
{y = 1

2
} {y = x + 1+i

2
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2
}
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⋃

n≥1 f
n(Crit(f))

QRPnS]eja�P
adS]P
t3XRqYP+T
VUWk[]WY��~RP
Crit(f)

P
S�[�^cqYbj«"XRV]Wk�s~dP8{Rx,P"S�P�z�P
t@oRqYP"S�QdP
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n ≥ 1
��e8a ^

σ ◦ Dn = fn ◦ σ {­¤sW x ∈ Cf

�
fn ◦ σXRV`^8adT¦\RP�^8~szwo�e8WYaM[`S�QRP

σ−1{x} {�¥�~RWkS]��~RP Dn
P
S�[h~Ra@V]P:��
:[`P
t@P
aM[
�

σ
XRV`^caRT¦\RP�^c~�zwoZejWYaM[`S

QRP
Dn(σ−1{x}) �KP"[ fn(x)

P"SU[�~RaRP+�c^8qYP"~RV�T
VUWk[`Wk��~RP�QRP
σ
{

2Ä�ej~RS­tiejaM[]V]ejaRS­QK^8adShT
P:[][]P�oK^8V�[`WkP���~RP�qYP
S­P
adQRejt@ejV]oR\dWYS]t@P
S�T"V]Wk[]WY��~RP"tiP"a�[­ºKaRWkSO«:[`~�p
QRWY«"S�oR^8V�·¯P"QK^ ° T"g0¨¹·f 
ª¼��¨¹·�Æ_ªv³0SUejaM[¯QdP
S�P:z�P
t@oRqYP"S�QRPfx�^_[][`y"S
{
� F $�� $ D��mE�� $	� ��L�� A�9 ¿ 9=7?@ 0 < 0 G ¾KÀ%2Y¿ <L9 ¿�¿ 6 2 J3CF7 4m¿�¿ 0 7 4 @%9 ¿ 9;:89=< ¾?> 9 ¿ @%9BA1C 4[4 D¦¿ 


P2 −→ P2

f1 : [x : y : z] 7−→ [(−x + y + z)2 : (x− y + z)2 : (x+ y − z)2]
f2 : [x : y : z] 7−→ [(x− y + z)2 : (−x + y + z)2 : (x+ y − z)2]
f3 : [x : y : z] 7−→ [(x+ y − z)2 : (−x + y + z)2 : (x− y + z)2]

� >Ã¿n¿ 0 7 4Å¿ 9=< 25P R 0 7�� 6 M 6�a ¿ CF6	: @ 25> C 4 C 4[2\0 7 ¿ 


D1 =
√

2

(

e
iπ
4 0

0 e
iπ
4

)

, D2 =
√

2

(

1√
2

1√
2

1√
2

−1√
2

)

, D3 =
√

2

(

1√
2

1√
2

i√
2

−i√
2

)

¾ CFG > 9�GU9=JFK 4 9=<L9=7 4 M C >O032Y¿=2 9=7 σ : Ai × Ai → P2 @%9 M G 0 6 ¾ 9 T Q
������������� �"!#� $
�%� & x.^@oRV]P"~d�jP�T"ejaRSUWYSU[]P��@�j«
VUWkºKP"V¯qkP
S¯V]P
qY^c[`WkejaRS

σ ◦Di = fi ◦ σ
�Ze8½

σQR«
SUWYbjaRP�q�¸Ã^coRoRqYWkT�^c[]WYejafQRP�oK^cS]S`^cbjP�^8~���~Re8[`WkP
aM[�QRejadaR«
P �nqu^¯S]P
T:[`Wkeja ��{k 8{jÄ¯e8~RS�~d[`WkqYWkS]P
VUejaRS
qYP
S�WkQRP
aM[`W�[`«"S�S]~RW��8^ca�[]P
S"�ZQd«
t@ejaM[`V]«"P
S�oRqk~RS�XK^8SB�
� )%(,(*) ��L � .103254

℘ 9 ¿=4�> C�� 0 7_R 4[2\0 7 @%9���9 2 9=G ¿=4 G;C ¿¦¿ C ¿¦¿ 0 R 2 aI9 CF6 GUa ¿ 9 CF6 Z + iZ � 9 4
α = ℘(1/2) Q � 7]C C >O0 G ¿ 


� Q ℘x.℘x+ix = − i
2
. (℘2

x − α2)
� Q (℘x − ℘y)

2.℘x+y.℘x−y = (℘x.℘y + α2)
2

� Q (℘x − ℘y)
2. (℘x+y + ℘x−y) = 2. (℘x + ℘y) (℘x.℘y − α2)

�3HRD���)	��
^) � � $ ( $ F � " ��D (*)
f1

�
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x.PhQRWk�sWYSUP
~RV�QRP
S�gme8aRT"[]WYejaRS�[`\ 
:[¦^
c.θ2

00((1+i).x)
P"[
c2.θ4

00(x)−α2.θ4
11(x)

�8^c~d[
2[1

2
]+2[ i

2
]
{

Á P
qY~dWKQRP
θ2
11((1+ i)x)

P:[
c.θ2

00(x).θ
2
11(x)

�c^8~d[
2[0]+2[1+i

2
]
{ ´ q»P:z�WYS�[`P�QRejaRT�QRP"S­gme8aRT"[]WYejaRS

[`\ 
:[¦^waReja�as~dqYqYP
ϕj

[`P"qYqkP
S���~RP��

c.θ2
00((1 + i).x) = ϕ0(x). (c

2.θ4
00(x) − α2.θ4

11(x))
θ2
11((1 + i)x) = ϕ1(x).c.θ

2
00(x).θ

2
11(x)

� a�QRWk�sWkS`^8aM[�T
P"S¯QRP"~�z�P:z�oRVUP
S]SUWYejadS
�ZqYP+qYP"tit@P
��{ � p °  I³hQRejadaRP ϕ0 = − i
2
.ϕ1

{»x.^woRV]P"tiWky
V]P
T
esejV]QRe8aRaR«
P"S ° SUWYbjadP�pÊ³�P:[0qY^fQRP"V]aRWky
VUP¯T"e�ejVUQRejaRad«
P ° S]WkbjaRP��f³�QRP σ ◦D1

S
¸©«
T"V]W��jP
aM[�^cqYejVUS��
(

−1
4
.ϕ1(x).ϕ1(y)

)2
{

(c2.θ4
00(x) − α2.θ4

11(x))(c
2.θ4

00(y) − α2.θ4
11(y))

±4.α2.c2.θ2
00(x).θ

2
11(x).θ

2
00(y).θ

2
11(y)

}2

P"[�T
e��¼aRT
WkQRP
aM[�^��jP"T (−1
4
.ϕ1(x).ϕ1(y)

)2
.(σ2±(σ3−σ1))

2 �
ej½ σk

P"SU[.qY^
k
p¬Wky
t@PÅT
esejVUQRejaRaR«"P

QRP
σ
{»x.^wQdP
~�z�WYy"tiP+T"e�ejVUQRejaRad«
P+QRP

σ ◦D1

P
SU[�«"bM^8qYP
� �
(

−1
4
.ϕ1(x).ϕ1(y)

)2
.
{

(c2.θ4
00(x) − α2.θ4

11(x))
2 + 4.α2. (c.θ2

00(x).θ
2
11(x))

2
}

.
{

(c2.θ4
00(y) − α2.θ4

11(y))
2 + 4.α2. (c.θ2

00(y).θ
2
11(y))

2
}

=
(

−1
4
.ϕ1(x).ϕ1(y)

)2
.
(

(c2.θ4
00(x) + α2.θ4

11(x)) . (c
2.θ4

00(y) + α2.θ4
11(y))

)2

P"[�T
e��¼aRT
WkQRP+^��jP"T (−1
4
.ϕ1(x).ϕ1(y)

)2
.(σ1 − σ2 + σ3)

2
{

�3HRD���)	��
^) � � $ ( $ F � " ��D (*)
f2

�
Ä¯ej~RS@[`V]^G�c^8WkqYqkejaRS�WYT"W�^G�8P
T�q¼¸©P:z�oRV]P"S]SUWYeja QdP

σ
P"a [`P"V]t@P�QdP|qu^lgmejaRT:[`Wkeja

℘
{O±3¸Ã^coRV]y"S�qYP

qYP
t@t@P���{ � p ° Æj³���qYP
SioRV]P"tiWky
VUP
S�P:[�QRP"V]aRWky
VUP
S�T"e�ejVUQRejaRad«
P
S�QRP σ ◦ D2

�­t�~Rqk[]WYoRqkWY«"P
S�oK^8V
(℘(x) − ℘(y))4 �KS
¸©«
T
VUWk�8P
aM[

(℘x − ℘y)
4 (℘x+y.℘x−y ± α2

)2
=
(

(

℘x.℘y + α2
)2 ± α2. (℘x − ℘y)

2
)2

P"[�T
e��¼aRT
WkQRP
aM[|^G�8P
T
(σ1 ± (σ3 − σ2))

2 {�¥�ej~dV�qY^�QRP"~�z�WYy"tiPÈT
esejVUQRejaRaR«"P8��eja ~d[`WkqYWYSUP�qYP
qYP
t@t@P
��{ � p ° Æj³:� ° �M³��

(℘x − ℘y)
4 .(℘x+y − α).(℘x−y − α).(℘x+y + α).(℘x−y + α) =

(℘x − ℘y)
4 .
(

(℘x+y.℘x−y + α2)
2 − α2. (℘x+y + ℘x−y)

2
)

=

((℘x.℘y + α2)2 + α2.(℘x − ℘y)
2)

2 − 4α2. (℘x + ℘y)
2 (℘x.℘y − α2)

2
=

((℘x.℘y − α2)2 − α2.(℘x + ℘y)
2)

2
= (σ3 + (σ2 − σ1))

2

�3HRD���)	��
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x�^��j«"V]W�ºKT�^c[]WYeja2SUP�Qd«
QR~RW�[�QRP+q¼¸©P:z�oRVUP
S]SUWYeja�QRP
f2

P"[�QRP+q�¸¹WkQRP
aM[`W�[`« �

℘(i(x− y)) = −℘(x − y)

x.P"ShoRVUP
t@WYy"V]P�P"[­QRP"V]aRWky
V]P�T
esejVUQRejaRaR«"P
SOQRP
σ ◦D3

SUejaM[hoZP
VUt�~d[`«"P
S"��P:[OqY^fQdP
~�z�WYy"tiP�V]P"SU[]P
WYaRT¦\K^caRbj«
Pc{

2
������������� �"!#� $
�%��������� ����� ��{ � ����ej~d[]P
S@T
P"S@WkQRP
aM[]Wk[`«"SwS
¸©ejXd[`WkP
aRadP
aM[ �lq�¸Ã^8WkQRP2QRP"S
V]P
qY^c[`WkejaRS0T"qu^8SUS]Wk�s~dP
S��

℘′
x
2

= 4.℘x.(℘
2
x − α2) , ℘ix = −℘x , ℘−x = ℘x

P"[�QRP+qu^�gmejVUt�~RqYP�Q�¸Ã^cQRQRWk[]WYeja2QdP+N)P
WkP
VUSU[`V]^8S]S
�

(℘x − ℘y)
2.℘x+y =

1

4
(℘′

x − ℘′
y)

2 − (℘x + ℘y)(℘x − ℘y)
2

x�^woRVUP
t@WYy
VUPnWYQRP"aM[`Wk[]«�P
S�[¯g�^cT
WYqkP8{dx�^�QRP"~�z�WYy"tiP+S]P+QR«"QR~RW�[�QR~�T
^8qYT"~Rq �
(℘x − ℘y)

2.℘x+y.(℘x − ℘y)
2.℘x−y = (℘x − ℘y)

2.℘x+y.(℘x − ℘−y)
2.℘x−y =

(

1
4
(℘′

x − ℘′
y)

2 − (℘x + ℘y)(℘x − ℘y)
2
) (

1
4
(℘′

x − ℘′
−y)

2 − (℘x + ℘−y)(℘x − ℘−y)
2
)

=
(

1
4
(℘′

x
2 + ℘′

y
2) − (℘x + ℘y)(℘x − ℘y)

2
)2 −

(

1
2
.℘′

x.℘
′
y

)2
=

(

℘x.(℘
2
x − α2) + ℘y.(℘

2
y − α2) − (℘x + ℘y)(℘x − ℘y)

2
)2−4℘x.℘y.(℘

2
x−α2)(℘2

y−α2) =
(

℘3
x − α2.℘x + ℘3

y − α2.℘y − (℘x + ℘y)(℘
2
x − 2℘x.℘y + ℘2

y)
)2

−4℘x.℘y.(℘
2
x −α2)(℘2

y −α2) =
(

℘x.(℘
2
y − α2) + ℘y.(℘

2
x − α2)

)2 − 4℘x.℘y.(℘
2
x − α2)(℘2

y − α2) =
(

℘x.(℘
2
y − α2) − ℘y.(℘

2
x − α2)

)2
= (℘x − ℘y)

2 (℘x.℘y + α2)
2

x�^wQRP"V]aRWky
V]PnWkQRP
aM[]Wk[`«nS"¸¹e8Xd[`WkP
aM[�QRP+qu^�t�

t@Pnt�^8adWYy
VUP8{
2

� )%(�HRF�����) ��L�� � 9 ¿ R C > R=6 >Ã¿ CF7?C >O0 M 6�9 ¿�¿ 0 7 4 <L9=7_a ¿ @ CF7 ¿ � 	 � ��¾�0 6%G > Y 9=7?@ 0 < 0 G ¾KÀ%2Y¿ <L9
f1 Q � 034 GU9
C ¾M¾�0 G 4 9 ¿=4 @%9 4 G;C 254 9=G > 9 ¿ 9=7?@ 0 < 0 G ¾KÀ%2Y¿ <L9 ¿ f2 � f3 9 4 @ZY 6 4[25>c2Y¿ 9=G ��
 �
� � C�� 7 @%9
< 0 7 4 GU9=G 	 6 9 f1 � f2 9 4 f3

¿ 0 7 4 @%9 ¿ 9;:89=< ¾?> 9 ¿ @%9BA1C 4[4 D¦¿ Q
����� � � � � ��� � ��������� ������� � � � � � ���
�

f1±�^caRS�T
P+oK^8V]^8bjV`^coR\RP8�Kadej~RS�«"[]~RQRWYe8aRS�q¼¸©P:z�P
t@oRqkPnQRPfx�^_[][`y"S

f1 : [x : y : z] 7−→ [(−x + y + z)2 : (x− y + z)2 : (x+ y − z)2]

´ qdP
S�[�^8SUS]esT
WY«h^8~�VUP"��
:[`P"tiP"a�[�bj^8qYejWkS]WkP
a
σ : Ai×Ai → P2 QRP0bjVUej~RoZP T P"[�Q�¸¹e8V]QRVUP

32
{_¥�^8V

qYP+qYP"tit@P
��{ÃÆ��KaRej~dS�S]^��jejaRS¯��~RP�q�¸¹e8V]XRW�[`P Cf1

QdPfq�¸¹P"aRS]P"t�XRqkPfT"V]W�[`WY��~RPnQdP
f1

P"SU[¯T
ejaM[`P"a�~RP

 G¡



QK^8aRS�q�¸¹P"aRS]P"t�XRqkP�QRP"S��c^8qYP"~RV]S¯T
VUWk[`Wk��~RP
S¯QRP
σ
�ZW¼{©P8{ZqYP"S % QRV]ejW�[`P"S E ° T:g�S]P"T"[`WkejaH��{� I³�{
¥�qY~dSoRV]«"T
WYSU«
t@P
aM[��»qY^�QdrsaK^8t@WY��~RP+QRP+q¼¸©P
aRSUP
t�XdqYPnT
VUWk[]WY��~RPnQRP

f1

P
S�[�qu^�S]~dWk�c^8aM[`P �
{−X + Y + Z = 0} // {X = 0} // {Y = Z} // {Y = Z}

{X − Y + Z = 0} // {Y = 0} // {X = Z} // {X = Z}

{X + Y − Z = 0} // {Z = 0} // {X = Y } // {X = Y }
�nXdS]P
V��jejadS@��~RP

f1

WYadQR~RWk[�~Ra�P�z�P
t@oRqYP�QdP�x.^c[][]y
S�QdP�QRWYt@P
adS]WYe8a  �P"a�V]P
S�[`VUWYT"[]WYeja*�|qu^
QRV]ejW�[`P�WYaM�c^8V]WY^8aM[`P {X = Z} { � alP ��P"[
��qYP�S]ej~dS�[`ejVUP {y = 0} QRP Ai × Ai

P"SU[nWka��c^8VUWu^8aM[
oK^8V

D1

�ZP"[�S]eja�Wkt�^cbjP+oK^8V
σ
P
SU[�qu^@QRV]ejW�[`P {X = Z} ° T:g�S]P"T"[`WkejaH��{� I³�{
Ä�ej~RS�QdWYS]oZejSUejaRSQRejaRT+QR~�QRWu^cbjV`^8t@t@P�T
e8tit�~�[¦^c[]Wkg.S]~dWk�c^8aM[��

{y = 0} D1 //

σ

��

{y = 0}
σ

��
{X = Z} f1 // {X = Z}

� a�VUP
S�[`V]WkT"[]WYeja � {y = 0} � σ ° W�{¹P�q¼¸¹^8T"[]WYeja QR~�bjV]e8~Ro�P
T
³@S
¸©WYQdP
aM[`W�ºKPl^8~ oR^8S]S]^8bjPÈ^8~

�s~de8[`WkP
aM[hoR^8V {±Id,±i.Id} �MP"[ D1

P"SU[Oqu^nt�~Rq�[`WYodqYWYT
^c[`Wkeja3oR^8V √
2.e

iπ
4

{�¤�W»q¼¸©ejawoK^8V`^ctiy:[`V]P
qu^2QRV]e8Wk[`P {X = Z} oK^cV [u : v] 7→ [u : v : u]

��q�¸¹P�zdP"tiodqYP�QRP@x.^c[][]y
S+WYadQR~RWk[�oK^8V
f1

S]~dV
{X = Z} ^!o�e8~RVnP:z�oRVUP
S]SUWYeja [u : v] → [v2 : (2u − v)2]

{Z��aÈ�j«
VUWkºKPwQRP@t�

t@P���~RP
f1WYaRQR~dWk[�QRP"S�P�z�P
t@oRqYP"S�QdP�x.^c[U[`y"S�SU~RV�qYP"S�QRV]ejW�[`P"S�WkaM�8^cV]Wu^ca�[]P
S {Y = Z} P"[ {X = Y } {� zd^8t@WYaRejadS �@oRV]«"S]P
aM[nqkP�XR^8S]SUWYa|Q
¸Ã^c[U[`V]^8T"[]WYeja

ΩF

Q�¸©~Ra�VUP
qYP:�j«�o�ejq�rsaRejt@Wu^8q
F
QRP

f1

{
±3¸Ã^coRV]y"S�qYPi[]\R«
e8V]y
t@P| 8{k j��qYPiX�e8V]Q�QRP

ΩF

P
SU[�S]oR\R«"V]Wk�s~dP�P
a�QRP"\RejVUS�QRP
S % \�rsoZP
VUoRqu^8adS
QR«"ºKadWYSnoK^8V�qYP
S�QRV]ejW�[`P"S�oRVUe_�UP
T:[`Wk�8P
S E {�x�¸©P
aRSUP
t�XRqkP�S]WkaRbj~RqkWYP"V ∂ΩF ∩ E P"SU[+T"ejaRaRP�zdPwoK^cV
^8V]T"S
{ � a|P ��P"[
�KS]ejWkP
aM[

(m,m′) ∈ ∂ΩF ∩ E �dP"[ γ ~Ra�T¦\RP
t@WYa�T
ejaM[]WYa�~�Q
¸¹P�z�[]V]«"tiW�[`«
S m P"[
m′ �Z[]V`^8T"«3SU~RV E \ {0} {Zx,P3T¦\RP"tiWka�T
ejaM[]WYa�~ e−GF ◦γ .γ

P
S�[+^8qYe8V]S�[`V`^cT
«3SU~RV
∂ΩF ∩ E P"[�^

o�ej~dV�P�zs[`V]«"tiW�[`«"S
m
P"[
m′ {��ºKa�Q
¸¹WkqYqY~dSU[`VUP
V�qkP�[`\R«"ejV]y"tiPw j{� j�KQRejadaRejaRS�~RaRP+«
��~K^_[`WYe8a�QRPfqu^�SUWYaRbj~dqu^8VUWk[`«�QR~�XZejVUQ

QRP
ΩF

P
a
z0 = σ̃{0, u0}

{�x,PiS�[¦^8XdWYqYWkS`^c[]P
~RVnQdPiq�¸¹ejVUWYbjWkaRP�QRP
Ai × Ai

�.aRe8[]«
S
�.T"e���aRT"WYQRP

^G�8P
T2qkP�S]e8~RS�p�bjV]ej~do�P�QdP
S�^8odoRqYWkT�^c[]WYejaRS+qkWYaR«
^8WYVUP
SfQRP
T
����~RWhP
SU[�Q�¸¹e8V]QRVUP|  % {�±3¸¹^8oRV]y"S�qYP

[`\R«"ejV]y"tiP
3.13

QRP+¨©²�ª¼�c~RaRP�XK^cS]P�QRP
C[X, Y ]S

T"ejaRS]WkSU[]P�P
awqu^�QdejaRaR«"P�QRP�QRP
~sz�oZejqkrsa	#jt@P
S
\Rejt@ejbjy
adP
S

(P,Q)
QRejaM[3qu^��]^cT
ejXRWkP
aRadP�a�¸©P
S�[�oK^8S�WkQRP
aM[]WY��~RP
t@P
aM[3as~dqYqYPc�.P"[3[]P
qkS3��~RP�qkP

oRV]esQR~RW�[�QRP�qkP
~RV�QdP
bjVU«�SUejWk[�«"bM^8q.^8~�T�^8VUQRWYaR^8q�QR~�bjV]e8~Ro�P
S
{»x,P
S�o�e8qkrsa	#jt@P
S

P (X, Y ) =
(X2 + Y 2)2 P:[

Q(X, Y ) = X2Y 2 �8«
V]W�ºKP
aM[!T"P
S2QRP"~�z�T"ejaRQRW�[`WYe8aRS
{T�na�e8Xd[`WkP
aM[!^8qkejV]S
q¼¸©P:z�oRV]P"S]SUWYeja�S]~RW��c^8aM[`P+o�e8~RV

Φ
�

Φ :
(C2, 0)/S → (C2, 0)
(X, Y ) 7→ (θ1 = (X2 + Y 2)2, θ2 = X2Y 2)
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x.P"S.V]P
qY^c[`WkejaRS�T
esP��@T
WkP
aM[`SÊp¬V`^cT
WYadP
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