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Abstract

Let f be a holomorphic endomorphism of P? of degree d > 2. We estimate the
local directional dimensions of closed positive currents S with respect to ergodic
dilating measures v. We infer several applications. The first one is an upper bound
for the lower pointwise dimension of the equilibrium measure, towards a Binder-
DeMarco’s formula for this dimension. The second one shows that every current .S
containing a measure of entropy h, > logd has a directional dimension > 2, which
answers a question of de Thélin-Vigny in a directional way. The last one estimates
the dimensions of the Green current of Dujardin’s semi-extremal endomorphisms.
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1 Introduction

We study the dimension of ergodic measures for holomorphic endomorphisms of P? and
the dimension of currents containing such measures.

Let us recall dynamical properties of these mappings, see [18] for a detailed expo-
sition. The topological entropy of an endomorphism of P? of degree d > 2 is equal
to 2logd. Its Green current is defined by T := lim, d% f™*w, where w is the Fubini-
Study (1,1)-form of P2. The support of T is the subset of points z € P? such that
{f™,n > 1} is not equicontinuous in any neighbourhood of x. The equilibrium measure
of fis u:=T AT. This is a mixing invariant measure, it equidistributes the repulsive
cycles of f, and its Lyapunov exponents are > %log d. This is also the unique measure
of maximal entropy h, = 2logd.

The ergodic measures v satisfying logd < h, < 2logd are called measures of large
entropy. Their support is contained in the support of p [11, 16] and their exponents are
larger than or equal to 3(h, —logd) [12, 21]. Examples are constructed in [21] by using
coding techniques. The ergodic measures v with positive exponents are called dilating.

1.1 Dimension of dilating measures

An open problem is to find a formula for the dimension of dilating measures, see [23,
Question 2.17] for p. Difficulties are due to the facts that f is not invertible and not



conformal. The dimension of a probability measure v is defined by (see [26, 29]):
dimpy (v) := inf {dimH(A) , A Borel set of P?, v(A) = 1} :
The lower and upper pointwise dimensions of v at x are

dy(z) = hggfw , dy(z) = hr:ljélplog@lfgi(?“)»

These functions are v-almost everywhere constant when v is ergodic. If a < d, < d, <b,
then a < dimg(v) < b. If v is dilating and A; > A2 denote its exponents, then

2 <d, <d, <2 (L.1)

>
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Binder-DeMarco [5] conjectured the following formula for the measure p

) logd logd
dimg(u) = ;orl + )i , (1.2)

which generalizes the one-dimensional Mané’s formula [25]. Let us note that by (1.1),
that formula is true when A\; = Xo. In view of that Conjecture, the following upper
bound was proved in [5] for polynomial mappings

2(A1 + )\2) —log d?

dimpg(p) <4 -— .
A1

(1.3)

which was extended in [17] to meromorphic mappings. Moreover, for every dilating
measure v, the article [20] established:

logd h, —logd
og+ og’

d, > 1.4
dy = = " (1.4)
which yields half of the Conjecture:
logd logd
dimy (1) > dy > =2 + =2 (1.5)

At this stage, by combining (1.3) and (1.4), the Conjecture is true for every endomor-
phism of P? satisfying % logd = A2 < A1, for which we have

logd
dimp(p) = Oi +2. (1.6)

In this article we prove lower and upper estimates for the directional dimensions of
currents containing dilating measures. Our techniques allow to show the following upper
bound for the lower dimension of such measures, towards a Binder-DeMarco’s formula
for d,,. The exponents do not resonate if \; # kMg for every k > 2.



Theorem 1.1. Let f be an endomorphism of P? of degree d > 2. Let v be a dilating
measure of exponents A1 > Ao whose support is contained in the support of u. Then

logd logd Ao
d, < 211 ——|.
-\ * A2 - ( )\1)

Moreover, if the exponents do not resonate, then:

logd logd . Ay A1
d, < 2 12220 1),
- /\1 * )\2 +2min ( /\1 )\2 )

The next sections deal with the dimension of currents. We recall in Section 1.2
properties of the trace measure. The directional dimensions are more precise than the
dimension of the trace measure, we present our estimates in Sections 1.3, 1.4 and 1.5.

1.2 Currents and the dimension of their trace measure

A positive closed current S of bidegree (1,1) on a complex manifold is locally equal
(in the sense of distributions) to i99u where u is a plurisubharmonic function, see [14,
Chapitre 3]. In particular S is locally equal to

Sl,lédz Adz + Sl,gédz A diw + Sg,lédw Adz + Sgg%dw A dw,

where 51,1, 522 are positive measures and Sy = ?271 is a complex measure dominated
by S1,1+522. The trace measure of S on P? is the positive measure S Aw, where w is the
Fubini-Study form on P2. This is a probability measure (up to a multiplicative positive
constant) equivalent to S11 + S22 in every local coordinates as before. It is known that
S Aw(By(r)) < e(z)r? for every x € P2, hence the pointwise dimension of S A w satisfies

Vo € P? | dg(z) := liminf log S A w(Be(r))

> 2.
r—0 log r

This bound can be improved for the Green current of endomorphisms f of P2. Indeed,
if we set
dog := lim I[D ™1™ and ~g := min{1,log d/log des },

then T has local y-Holder potentials u for every v < 7o, see [18, Proposition 1.18]. This
implies that T' A w(By(r)) < cy(z)r*™ for every x € P? and every v < 7o, see [27,
Théoreme 1.7.3]. Hence

Vo € P2 dr(x) > 2+ 0. (1.7)

The geometric structure of the Green current is not well understood. A way to get
informations is to study its dimension with respect to ergodic measures. For positive
closed currents, there are dimensional constraints to contain measures of large entropy.
For instance, any current of integration on an algebraic subset of P? can not contain
any such measure: this comes from Gromov’s iterated graph argument and the relative
variational principle, see [8] and [18, Section 1.7]. Further, de Thélin-Vigny [13] proved



that if a current S contains a measure of large entropy (or even dilating) with exponents
A1 > A9, then for every € > 0 there exists x in the support of v such that
Ao hy, —logd

ds(x) > 2= +

N " €. (1.8)

This inequality quantifies in an ergodic way (with exponents and entropy) the thickness
of currents containing large entropy measures. Our results will in particular improve
(1.7) and (1.8) in a directional way, when the exponents do not resonate.

1.3 Directional dimensions of currents

Let (Z,W) be holomorphic coordinates near  in P2. The lower pointwise directional
dimension of S with respect to Z is defined by

log [S A (%dZ A dZ)(Bg;(r))}
dg z(x) := lim inf -
o4 r—0 logr

We use a similar definition for the upper pointwise dimension by taking a lim sup. Geo-
metrically, the positive measure S A (5dZ AdZ) is the average of the slices of the current
S transversaly to the coordinate Z, see Section A.2. Moreover we have

dg(z) = min {@J(x),m(x)}. (1.9)

In this article we shall work with coordinates (Z, W) coming from a normal form Theorem
for the inverse branches f, " along generic orbits £. We shall call them Oseledec-Poincaré
coordinates. When the exponents A\ > Ay do not resonate, this Theorem provides
coordinates (Z§, W£) near x such that

€ —n ~, ,—NnA1Ene € € —n ~, ,—NA2tne €
fon @) © fjj ~e X Zj 3 Wf*’n ;ﬁ) 9] fﬁ? >~ e X Wi

( (
In the next statements, the functions O(e) are of the form e M (€), where M is a positive
function which depends on the exponents and the entropy of v, and on the degree of
f. Concerning Theorem 1.2 and Corollaries 1.4 and 1.5, the functions dr z, drw, dr z,

drw are v-almost everywhere constant.

1.4 Estimates for directional dimensions of currents

We begin with lower estimates for the directional dimensions of the Green current T" with
respect to dilating measures v contained in p (examples are measures of large entropy).

Theorem 1.2. Let f be an endomorphism of P? of degree d > 2. Let v be a dilating
measure whose exponents A1 > Ao do not resonate and whose support is contained in the
support of . Then for every € > 0 and for v-almost every x, there exist holomorphic
coordinates (Z, W) near x such that

A1 logd

d <2—
T,Z(x) =% + "

+ O(e),



logd
dTy[/(.%') S 2 + °8
o )\2

The proof relies on pluripotential theory (w is the Monge—Ampére mass T'AT) and
on a study of the jacobians of T'A $dZS A dZS and T A 5dWE A dWE with respect to
f. This study is given by Proposition 3.3, which will be also crucial to prove Theorem 1.1.

+ O(e).

The next result concerns upper estimates for currents .S containing dilating measures.

Theorem 1.3. Let f be an endomorphism of P? of degree d > 2. Let S be a (1,1)-closed
positive current on P2. We assume that the support of S contains a measure of large
entropy v whose exponents satisfy A1 > Ao and do not resonate. Then for every e > 0,
there exist x € Supp v and holomorphic coordinates (Z,W') near x such that:

h, —logd

A2

- A h, —logd

dow (z) > 222 + =98 ().

A1 Ao

In particular, S has a local directional dimension > 2 at some x € Supp v.

dsz(x) > 2+ — O(e),

Theorem 1.3 specifies in a directional way Theorem 2 of de Thélin-Vigny [13]. In-
deed, the estimate concerning the Z-coordinate improves (1.8) by replacing i—f by 1,
which answers a question of [13] in a directional way. Our proof follows the strategy of
[13] by taking into account the normal form Theorem. We obtain more precise lower
bounds depending on d, and we deduce Theorem 1.3 from the lower estimate (1.4) on
dy,. We shall begin with a proof for the Green current 7' (Theorem 4.6), in this case
the exposition is simpler because the directional dimensions of T" are constant v-almost
everywhere. The case of general currents S needs a localization at some point in the
support of S (Theorem 4.7).

Theorems 1.2 and 1.3 immediately imply the following result. Let us set

h, —logd logd
Ao Y

"=

Corollary 1.4. Assume that the exponents of u satisfy A1 > Ao and do not resonate.
Then for every € > 0 and for p-almost every x, there exist holomorphic coordinates
(Z,W) near x such that

247 —0(¢) <drz(z) , drw(z) <247+ 0(e).

This shows that, modulo O(e), either the directional dimensions dr. z(z) and drw ()
are distinct and separated by 2 + v, or they are equal to 2 4+ ;. Let us observe that
the first estimate improves (1.7), since \; < logds and Ay > A9 imply 71 > 7.

We note that a bound > 2 for the dimension of the trace measure of the Green
currents T is proved in [10] for invertible and meromorphic mappings of Kéhler surfaces,
the proof relies on the laminar properies of 7% and coding techniques.




1.5 Semi extremal endomorphisms

An endomorphism f is extremal if the exponents of u satisfy Ay = Ao = %log d. The
articles [1, 4, 17] characterize these endomorphisms by several equivalent properties
which are dimg () = 4, p << Lebpz, T is a positive smooth form on some open subset
of P2, and f is a Lattés map. The articles [3, 15] show other characterizations.

An endomorphism f is semi-extremal if the exponents of u satisfy Ay > Ao = %log d.
Formula (1.6) of Section 1.1 implies that these endomorphisms satisfy Conjecture (1.2):

_ logd
=

dim g (p) +2.

Dujardin [19] proved that if © << T'Aw then f is semi-extremal. Examples satisfy-
ing this condition are suspensions of one-dimensional Lattés maps, and more generally
endomorphisms with an invariant pencil of lines on which f induces a one dimensional
Lattes map [22]. One may ask if there exist other examples. In view of a possible char-
acterization, the next result provides necessary conditions about the dimension of those
endomorphisms, it follows from Theorem 1.3 and (1.6).

Corollary 1.5. Assume that up << T Aw, that dTL = di and that the exponents \i > Ao

of 1 do not resonate. For every € > 0 and for p-almost every x € P2, there exist
holomorphic coordinates (Z, W) near x such that

4—-0(e) <drgz(x) and 2+

The first estimate provides a maximal dimension for 7', which could be explained
by the presence of a one dimensional Lattés map inside the dynamics of f. However,
it seems difficult to produce such a Lattés map, as well as an invariant pencil of lines.
Note that Corollary 1.5 provides a situation where the dimensions dr z(x) and drw ()
are not equal. To outline the proof of Corollary 1.5, we shall see that (1.6) implies

min {dT,Z (x), dT’W($)} <2+ 10)\g1d, then we use Theorem 1.3 to verify that the minimum
concerns the W-coordinate.

1.6 Organization of the article

Section 2 is devoted to normal forms and to the geometry of inverse branches. Theorem
1.2 is proved in Section 3. We show Theorem 1.3 and Corollary 1.5 in Section 4, and we
show Theorem 1.1 in Section 5. Technical results are put together in an Appendix.

Acknowledgements: This article is part of the PhD thesis of the second author.
We warmly thank Eric Bedford and Johan Taflin for their numerous comments which
allowed to improve the first version of this work. We also thank the referee for his
careful reading and for numerous remarks. We got the supports of Lambda (ANR-13-
BS01-0002) and Centre Henri Lebesgue (ANR-11-LABX-0020-01).



2 Normal forms and Oseledec-Poincaré coordinates

2.1 Natural extension and normal forms

Let f be an endomorphism of P? of degree d > 2. Let C ¢ be its critical set, this is an
algebraic subset of P2. If v is a dilating measure, then z + log|Jac f(x)| € L(v), which
implies v(Cy) = 0. Let X be the f-invariant Borel set Supp(v) \ Unezf"(Cy) and let

A

X = {& = (@n)ez € X%, wup1 = flan)}.

Let f be the left shift on X and 7 (Z) := xo. There exists a unique f-invariant measure
» on X such that (mp),» = v. We set &, := f*(&) for every n € Z. A function
a: X =0, +00] is e- tempered if a(f(2)) > e “a(&). For every 2 € X we denote
by f;" the inverse branch of f" defined in a neighbourhood of zg with values in a
neighbourhood of x_,,. The articles [2] and [24] provide normal forms for these mappings.
Let d(-,-) be the Fubini-Study distance on P2,

Theorem 2.1. ([2, Prop. 4. 3’/) Let v be a dilating measure with exponents Ay > A
and let € > 0. There exists an f-invariant Borel set F' C X such that v(F ) =1 and
satisfying the followmg properties. There exist e-tempered functions ne, pe : F— 10, 1]
and Be, Le, M. : F— [1,+o0[ and for every & € F there exists a holomorphic mapping

£ © Buo (1e(2)) — D?(pe())
such that the following diagram commutes for every n > ne(&):

Bo (e( ) = By (e(2)

P

D?(pe(d-n) < D(p(@)

and such that

1. ¥(p, q) € Buy(ne(2)), 3d(p,q) < [€5(p) — €5(9)] < Be(@)d(p, q)-
2. Lip(f;") < Le(@)e ™21 on By (1(%)).
3 if M g kA2, k > 2}, Ry a(z,w) = (32, Bnaw),
if A\t = kAo where k > 2, Ry, 3(2,w) = (n,32, Bnsw) + ('yn,i«wk,O), with
(CL) e—n)q—ne < ’an’j’ < e—n)\l—l-ne and h/n,i’ < Mg(a@)e—n)\l—l-ne’
(b) e
Remark 2.2. The diagram commutes for every n € [1,...,n(%)] for the germs of
the mappings, see [2]. The integer ne(Z) is actually the smallest integer such that

Le(2)e ™2 tne < 7€ 50 that Le(2)e ™2 (2) < e ™™ ne(2) < ne(Z_p). Item 2
thus ensures that f; " (Bey(ne(2)) C By_, (ne(Z-n)) as indicated in the diagram.

—nla+ne




We shall need the following Lemma. Let ni(L) be the smallest integer n satisfying
L/4 < e™. The first item uses the upper bound for Lip(f; ™) provided by Theorem 2.1.
The second item comes from [17, Proposition 3.1].

Lemma 2.3. Let & € F' such that ne(Z) >mn and L () < L. If n > ny(L) and r < n,
1. f3"(Bug,(r/4)) C By, (re=m2 23 and f"(Byy(r/4)) C By, (re”mr2tsne),

2. Bmo(refn/\lfzme) C fge—nn(an(%ef%e))'

2.2 Oseledec-Poincaré coordinates

Let v be a dilating measure with exponents A\; > Ay. Let € > 0 and let us apply Theorem
2.1. For every & € F' we denote by (Z5, W) the coordinates of &. If the exponents do
not resonate then the commutative diagram given by Theorem 2.1 implies:

Zi of"=ans x 2y, Wi  ofi"=pnsx W (2.1)

Hence, f,™ multiplies the first coordinate by e "MERe and the second coordinate by
e~ 2Ene The second property in (2.1) also holds in the resonant case A\; € {kXo, k > 2}.
We shall name the collection of local holomorphic coordinates

(Z,W)e := (Z§, W;)feﬁ

Oseledec-Poincaré coordinates for (f,v). If S is (1,1) positive closed current we define

log [ S A (3dZ5 A dZ5)(Bu(r))]
ds z(&) := lim inf
’ r—0 logr

)

with similar definitions for dgw (&), ds z(£), ds,w(&). Using (2.1) and the fact that the
Green current 7' is f-invariant, we obtain the following Proposition.

Proposition 2.4. Let v be a dilating measure of exponents \y > Xo. Let (Z, W),
be Oseledec-Poincaré coordinates for (f,v). Then there exists a f-invariant Borel set
Ap C F of U-measure 1 such that

1. & = drw(Z) and & — drw(Z) are f-invariant on Ar.
2. & dpz(2) and & — dp z(Z) are f—invam’ant on Ap if M & {kXo, k > 2}.

In particular, if the exponents do not resonate, these functions are constant v-almost
everywhere. We shall denote them by

E(’Av de,Z(V% m(y)v dT,W(V)'



Proof. We prove the invariance of drw (Z), the same arguments hold for the other func-
tions. For every z € P2\ C we denote

a(z) == %ll(sz)_lll_1 , 7(2) := min{a(z) || fllz g2 5 1}-
Then [7, Lemme 2] asserts that f is injective on B,(v(z)) and
Vi€ 0.4 Bys) (a(2)r) © F(B(r))

Let & € F. Since z, & Cy for every n € Z, we obtain for every r < y(xzo):

A dW}g(i)> | Bf(ao) (a(zo)r)| < T A (;dW}(i) A dW;@)) [f (B ()] -

i I
T A (def(j)

Since f is injective on By, (1), we can change the variables to get:

* * E EA €
FTAS <2de(@ A dwm> (2.3)

o <;de<z> 4 de‘(@)) I Bunlr)] = /Bwo 4

Now let us recall that

* * E € WeE )| = |e(4 21 <A dWE
f*T =dT and f (2de(:f3) A de(i)) = |e(2)] 2dWI NdWE, (2.4)
where the second equality comes from (2.1) by setting ¢(2) ™! := 8, f(a)» it is valid near
xo according to Remark 2.2. By combining (2.2), (2.3) and (2.4) we deduce:

1 . - . 1 ¢ . e
T A (2dwf(@ Ad f(i)> | B(ao) (alzo)r)] < dle(@)* T A (dein A de%) [Bay ()]
for every r small enough. Taking the logarithm and dividing by log(a(zg)r) < 0, we
get drw (f(£)) > drw(Z) by taking limits. Since © is ergodic, the function drw (%) is

constant on a Borel set Ap of D-measure 1 (see [28, Chapter 1.5]). One can replace it by
Mnez f"(Ar) to obtain an invariant set. O

Similar arguments yield the following Proposition for the trace measure.

Proposition 2.5. If v is an ergodic measure, the functions x — dr(x) and z + dr(x)
are invariant, hence v-almost everywhere constant. We denote them by dp(v) and dr(v).

Proof. The arguments follow the proof of Proposition 2.4. In this case we study the mea-
sure T' A w, and we replace the second equality in (2.4) by f*w < p(xg)w on By, (v(x0)),
where p(zp) > 0 is a large enough positive constant. O
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2.3 Pullback of the Fubini-Study form w

Let v be a dilating measure of exponents A; > Ao. Let (Z, W), be Oseledec-Poincaré
coordinates for (f,v). Let na(8) be the smallest integer n such that e < g1,

Proposition 2.6. Let & € F' such that (&) > n and B (&) < B. Ifn > max{na(B), ne(in)}
and if r <, then we have on fi"(By, (re”")):

1. (f7)*w > e fnet2nh (%dZ; A d?;) if the exponents do not resonate.
2. (f")w > e bnet2nz (LaWe A dIVE).
The proof follows from the next two lemmas. First observe that Theorem 2.1 gives
(f")'w = (&) (Rna,) ") ((Ea) )'w
on fi"(By, (re™")). Let wg 1= 1dz N dzZ + Ldw A dw be the standard (1,1)-form on D2

Lemma 2.7. Let 2 € F such that Ne(®) = n and Be(2) < B. For every n > na(B) and
r <n, we have on & (B, (re™")):

e ey, < ((ﬁgn)_l)*w < 4uwy.
Proof. For every p = (z,w) and p’ = (2/,w') in £§ (B, (re™"°)), we have
e B p — P < d((&,)7 (), (&5,) () < 2lp — 9.
This implies for every n > na(8) and (2, w) € & (B, (re™")):
Vu e € e fu| < | Doy (€5,) 7 (w)] < 21u].

This provides the desired estimates. O
Lemma 2.8. Let 2 € F. If n > n(&,), then

1. (Ruz,) " Y)*wy > 2N Ldz A dZ if the exponents do not resonate.

2. ((Ryz,) Y wp > 22779 L A diw.

Proof. We use the fact that the linear part of R,, ;, is diagonal with coefficients e AL <
|l 2, | < €™M and e A2 < B, 5 | < €2 (see Theorem 2.1) and the fact that
the (1,1)-forms §dz A dz and §dw A dw are positive. O

To end the proof of Proposition 2.6, we observe that for every # € F"
(65)"(5dz A d2) = 5dZ5 A dZg . (&) (5dw A dw) = SdW A dTVg

which follows from the definitions of Z§ and W¥.
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3 Upper bounds for the directional dimensions of T'

Let v be a dilating measure such that Supp(r) C Supp(p) and whose exponents A1 > Ao
do not resonate. Let € > 0 and let (Z, W), be Oseledec-Poincaré coordinates for (f,v).
In this section we establish Theorem 1.2 stated in the introduction, that is

A1 logd

d <2—=
1.2(v) < " + "

logd
A2

+ O(E) and dew(V) <2+

+ O(e).

The proof relies on the Monge-Ampére equation p = T'A T and on a study of the
jacobians of T'A 5dZ§ A dZS and T A 5dWE N dW¢ with respect to f.

3.1 Dimensions of the Green current on the equilibrium measure
The following Proposition is proved in Section 3.3.

Proposition 3.1. Let f be an endomorphism of P? of degree d > 2 and let T be its
Green current. Let x € Supp u and let Z be a local holomorphic coordinate (submersion)
in a neighbourhood V of x. Then T A (5dZ A dZ) is not the zero measure on V.

This implies:

Proposition 3.2. Let v be a dilating measure with exponents A1 > Ao whose support is
contained in the support of pu. Let € > 0 and let (Z, W), be Oseledec-Poincaré coordinates
for (f,v). Then, for every 0 < r < n.(z),

[T A %dZ; A dZ;l (Bu(r)) >0 and [T A %dW;; A de} (By(r)) > 0.

In particular, for every § > 0, there exist mg > 1, Lo > 1 and g9 > 1 such that

(T A 525 ndZE] (Bu(55:)) > &
[T A 5aWENdWE] (Ba(555)) > &

A

. 1 .
Qe := {Ue(l') > Tmo ) L(CU) <Ly,

satisfies D(Qe) > 1 —4.

Proof. The first part immediately follows from Proposition 3.1. To prove the second
part, let mg > 1 and Ly > 1 be such that 19{176 > ﬁ} N{L < Lp} >1—06/2. Then we

A

choose qg large enough so that 2(€.) > 1 —9. O

We define for every n > 1:

N

Q= Q. N F(Q).

€

Since 7 is invariant, we have:
p(Qr) >1—26. (3.1)

The following Proposition is crucial to prove Theorems 1.1 and 1.2. Lg is defined in
Proposition 3.2 and n1(Lg) > 1 is defined before Lemma 2.3.
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Proposition 3.3. Let v be a dilating measure with exponents A1 > Ao and such that
Supp(v) C Supp(i). For every n > nqi(Lg) and & € QF, we have:

€

j _ 1 1 1
[T A Ldzs A dZ;} (Bgc (ew*?’"e)) > e M iy & {kdo,k > 2},
2 mo d qo

7 — 1 1 1
TAZ € € B n)\2+3n€>) > —2ndo—2ne ]
{ A 2dWx A dwx] ( - <Oe > —dne —qo

Proof. Let & € Q" and let
1
4m0

))-

The inverse branch fg” " is well defined on B, (;~) since &, € Q.. Let gn be the

4mo
restriction of f™ on FE,,. By using fﬂ;n” ogn=1Idg, and T = ding:‘LT on F,, we obtain

B, = f;@:ln(B:r:n(

. o . o
TA %ng NAZE = g T A gZ(fﬁ;”)*(%ng A dZ%)
1 * Z € —-n € —n

— o [T A 50250 (57) d(Zg e (727)

on the open subset E,. Now we use (2.1) to write Z§ o (f;") = ang,Zs,. Since
2 > 67211/\172ne

lan. 2, , we get on E:

. o . -
T A %dZ; N dZE > dine_zml_zneg; {T A %dZ_;n A dZ;n] . (3.2)

Now we bound from above the left hand side and we bound from below the right hand
side (applied to E,). Using Lemma 2.3 with r = 1/mo and n > ni(Ly) we obtain
E, C B, (mioe_”)‘ﬁ?’”e), hence

. - 1 . -

T A %ng A dZE (Bm (e_")‘2+3”6>> > T A %dZ; NdZE(E,). (3.3)
mo

For the right hand side, since g, is injective on E,, and g,(E,) = By, (ﬁ), we get

Lys Lt )

] —_— ) —_—
“\T A —(dZS NAZE )| (By) = |T A = (dZ8 7)) | (By, (——
05 [T A 3025, 0 TZ5)| (B) = |T A 5025, A Q25| (Bu( ) = =

where the inequality comes from #, € ). By combining (3.2), (3.3) and (3.4) we obtain

1 — 1 1 1
T A ~dZE 7e B - —n)\2+3n5>> > —2nz\1—2n67.
{ hgdZahd 4( z<m0€ = 40

We use Wgo (f;") = Bn.sWs, and Bna|? > e"212727¢ t0 prove the other estimate. []
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3.2 Proof of Theorem 1.2
We take the notations of Section 3.1. Let

O, := limsup Q. N f7"() = limsup Q7.
neN neN

We have 2(0,) > 1 — 2§ according to (3.1). Let & € O, there exists an increasing
sequence of integers (l,), such that

A

FeQ.nf ) =0k
Proposition 3.3 then asserts for p large enough:

i 77e Lo ota L o —ai,e 1
|:T/\ idZa% VAN dZ§:| (Bx (Tnoe P2 p€ > %e pAL peqio‘

1

If p is also large enough so that elr¢ > =

and q% > ¢~ ¢ we obtain with Tp 1= e~ lp(A2—4e),

|:T A %dZ% A dZ§::| (Bac (,r,p)) > eflp(logd+2)\1+36) _ 7nélogd+2)\1+36)/()\2746).

A

Since (rp), tends to 0 and 2(©,) > 0, we get

logd + 2A1 + 3¢ A1 logd

d < = 2— O(e).
7T7Z(l/) - Aoy — 4de Ao + A9 + (6)
We prove
logd + 22 + 3¢ logd
d < =:2
T,W(V) ~ )\2 e + )\2 + 0(6)

in a similar way.

3.3 Monge-Ampere mass

We prove Proposition 3.1. Let x € Supppu, let V be a neighbourhood of x and let
Z :V — C be a holomorphic coordinate (submersion) on V. We want to prove that the
positive measure T' A %dZ AdZ is not the zero measure on V. With no loss of generality,
we can assume that z = (0,0), V =D(2) x D(2) and Z(z,w) = 2. Let also T' = 2i00G
on V, where G is a continuous psh function, see Section 1.2. We denote o, (u) := (2, u).

Lemma 3.4. If (T A 2dZ N dZ)(D(2) x D(2)) = 0, then G o 0. is harmonic on D for
every z € D.

Proof. Let zgp € D and let » € C§°(D) be a non negative test function. Let 1) € C§°(D?)
non negative such that ¢ o o,, = ¢ on D. According to Proposition A.4, we have

(T A %dZ A dZ) () = /ZED (/we]D)(G 00,)(w) x Ao 0,)(w) dLeb(w)) dLeb(2),
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which is equal to zero by our assumption. Since G is psh, the measurable function

zZ (Goo,)(w) x A(Yoo,)(w) dLeb(w)
weD
is non negative, hence there exists A C I such that Leb(A) = Leb(D) and
Vz e A, (Goo,)(w) x A(Yoo,)(w) dLeb(w) = 0. (3.5)

weD

Let us extend this property to every z € D. Since A is a dense subset of D, there exists
a sequence (z,)n>1 of points in A which converges to z. Using (3.5), we get

V> 1, /wED(G 00, )(w) x Ao o, )(w) dLeb(w) = 0. (3.6)

Since G is continuous on D? and ¢ is smooth on D2, G and 2i9d% are uniformly con-
tinuous on D2. This implies that G o o,, uniformly converges to G o o, on D and that
A(1) o0 0,,) uniformly converges to A(¢) o ;) on D. Taking the limits in (3.6), we get

Vze D, we]D)(G o0,)(w) X A(poo,)(w) dLeb(w) = 0.

In particular, we obtain using 9 o 0., = ¢:

/weD(G 0 0,)(w) x Ap(w) dLeb(w) = 0.

This holds for every non negative ¢ € C§°(ID), hence G o g,, is harmonic on D. O
Now we use the following result, see [6, Lemme IV.1.1] and [27, Section A.10].

Theorem 3.5 (Briend). Let G be a continuous psh function on D(2) x D(2). Let E be
the set of points p € D(3) x D(3) such that there exists a holomorphic disc o, : D —
D(2) x D(2) satisfying

1. the boundary of o, is outside ID)(%) X ]D)(%),
2. G ooy is harmonic D.
Then (200G A 2i00G)(E) = 0.

In our situation, we have D(1) x D(4) = E by taking for o, the discs o, : D —
D x D, u+ (z,u). Indeed, the boundary of o is contained in {z} x 0D and G o o, is
harmonic on D according to Lemma 3.4. Theorem 3.5 then gives:
1 1

(200G A 2i00G)(D(=) x D(3

) xD() =0,

which contradicts z = 0 € Supp i = Supp(2i99G A 2i00G).
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4 Lower bounds for the directional dimensions of 7" and S

We prove Theorem 1.3 and Corollary 1.5. Let v be a dilating measure with exponents
A1 > A2, and let (Z, W), be Oseledec-Poincaré coordinates for (f,r). Theorems 4.6
and 4.7 provide lower bounds for directional dimensions depending on d,, Theorem 1.3
follows from the lower bound (1.4) on d,. We shall use arguments of [13]. Precisely,
we shall substitute the lower bound (f")*w > e?"*2e7"¢w obtained in [13] by slicing
arguments, by the two lower bounds

(f")'w> eQ"AlefﬁneédZ ANdZ and (f")'w > eZ”AQe*G"G%dW A dW

coming from Proposition 2.6. In Sections 4.1 and 4.2 we construct a set Ac © X of

A~

uniformizations satisfying #(A¢) > 1 — /2. Section 4.3 deals with separated sets.

4.1 Dynamical balls

The dynamical distance is defined by d,(z,y) := maxo<x<n d(f*(z), f*(y)). We denote
by B (z,7) the ball centered at = and of radius r for the distance d,,.

Lemma 4.1. Let § > 0 and R > 0. There exist 1 < R, ng > 1 and C C P? such that
v(C) > 1—40/8 and satisfying the following properties. For every x € C and n > ns:

V(Bn(l',’l’ll/8)) > e—n}lu—en‘
Vr <, v(Bn(z,5r) < v(By(z,5m)) < e Mhvten,

Proof. Brin-Katok Theorem [9] ensures that there exists C; C P? of full v-measure such
that for every x € Cy:

-1 -1
liII(l) (lim inf — log V(Bn(x,r))> = lim (lim sup — log V(Bn(x,r))> = h,.
r—

n—+o0o 1 r=0\ nstco N

Hence, for every x € C there exists 71 (x) < R such that r < n;(z) implies

lim inf - log(v(Bp(z,57))) > hy, —€/2 and limsup - log(v(By(z,7/8))) < hy +€/2.

n—+oco N n—+oco N

Let 71 > 0 small enough such that Cy := {x € C1, m < ni(x) < R} satisfies v(Cq) >
1 —§/16. For every x € Cy, there exists ng(x) such that n > ns(z) implies

I/(Bn(:p, 771/8)) > e—nhu—sn.
r <, v(By(,5r)) < v(Ba(z, 5m)) < e M
Let n3 > 1 such that C':= Cy N {z € C1, n3(z) < n3} satisfies v(C) > 1 —6/8. ]

For every L > 0, let my, be the smallest integer m such that Le ™(*2+¢) < 1 and

let ny(L) be the smallest integer n larger than mp such that e="¢ < M~™L  where
M := max{||Df||,, pz, 1} The set I is defined in Theorem 2.1.
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Lemma 4.2. Let & € F such that 1.(2) > n and L (&) < L. For every n > n4(L) and
every r <1,
f3. (B, (re™")) C Bu(o, 7).

n

Proof. Let us observe that for every 0 < k < n, f* is injective on f:. (B, (re=27¢)) and
that fkf;n” = f:;L”+k By setting p = n — k, it suffices to show that

Vpe [0,n] f;P(Ba,(re ")) C Ba,_,(r). (4.1)

To simplify let us set m := mp and ny := ny(L). We immediately have ny > m and also

r

\V/n Z ny, vp € [[07 n]] ) fj_np(Bwn (7'672”6)) C f:i‘_np(Bx”L(Mm

e ). (4.2)

To verify (4.1), we shall consider separately the cases p < m and p > m. We know that
for every p, Lip ;7 < L(&,)e P221P¢ < Le™e P22 on By, (ne(2y)), which contains
B, (ne=™¢). Hence for every n > ng4 > m, p € [m,n] and r < n:

fi_p(an (re™™)) C By, _, (remee"ee*p)‘ﬁpe) =B (rLefp)‘Qere) C By, _, (7).

Tn_p

Since M™ > 1 this implies for every n > ngy > m, p € [m,n] and r < n:

_ T e r
f@f(an(We ) C anfp(w)- (4.3)

Thus, by using (4.2) and M™ > 1:
Vp € [m,n], f;(Ba, (re=2"9)) By, _,(r). (4.4)

We have proved (4.1) for p € [m,n]. Let us show this inclusion for p € [0, m]. For every
p € [0,m], let us set p = m — p’ where p’ € [0, m]. Then

r
Mm

FoP(Ba (e ™)) = 7 (f57 (Bun (e ™)) C f7 (Bay . (

- ),

where the inclusion comes from (4.3) with p = m. Using e™"¢ < 1/M™ for the left hand
side, and HDfp/H o < MP for the right hand side, we get:
0,

—_M")C By, ,(r).  (45)

—-p —2ne
vp € [[07 m]] ) fjjn (an (Te )) C an_m+p/(Mm

We finally obtain (4.1) by combining (4.4) and (4.5). O

4.2 Uniformizations

In this Section we introduce uniformizations for the functions of Theorem 2.1 and for
radius of balls in relation with their v-measure or their directional measures. This will
allow us to consider those quantities as constant on Borel sets of D-measure close to 1.
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1 - Control of the functions n., pe, L¢, 1, B of Theorem 2.1
We recall that F' provided by Theorem 2.1 satisfies (F) = 1. Let ng > 1, pg > 0,
Lo >1,m9 >0, By > 1 such that

AW = {‘% € F? ne(&) < no, pe(£) > po, Le(2) < Lo, ne(2) = 1o, Be(2) < 50}
satisfies o(AM)) > 1 —4§/8.

2 - Uniformization of the directional dimensions
Let S be a positive closed current on P? whose support contains the support of v.
Let r; > 0 such that

. ds,z(&)+e ig7e n J7€ ds z(#)—c
A® = {:TUEF, Vr<r, | > < (SA (5425 NdZE))(Bao(r)) <7 }

(S A (FAWE A dTVE)) (Byy (1)) < 2o

satisfies 7(A?)) > 1 —§/8.

3 - Uniformization of the dimension of the measure
Let r9 > 0 such that

D := {x € P2, Vr <1y, v(B,(r)) < rd—”*e}

A

satisfies v(D) > 1 —6/8. We set A®) := 7 1(D) N F.

4 - Measure of dynamical balls, definition of 7;
We apply Lemma 4.1 with R := min{ng,r1,72}. There exist 7y < R, ng > 1 and
C C P? such that v(C) > 1 — §/8 and for every z € C and n > na:

v(By(x,m/8)) = e ",

Vr <m, v(Bn(z,5r)) < v(Bn(z,5n)) < e Mwten,
We denote AW := 7,1(C) N ol

5 - Definitions of AE and N,
We set
Ac = A AAD AAG) A AW,

We have 0(A¢) > 1 —6/2. We recall that ni(L),na(8) and ng(L) are defined before
Lemma 2.3, Proposition 2.6 and Lemma 4.2. Let ns be the smallest integer n such that
e < 1/2 and 2 "M+9) < 1. We set

Ne :=max{ng, n1(Lo),n2(Bo), n3, na(Lo), ns}.
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6 - Definition of A"
For all n > N, we define

AP = PO fn (2) <n} ={& € F, n(2,) <n}.

Since 7 is f-invariant and AD) C {n.(&) < n} for every n > N., we have D(A") >
p(AM) >1—5/8. Hence

vn> N, , p(A.nA")>1-34.

4.3 Separated sets

A subset {z1,...,zn} C P? is r-separated if d(z;,z;) > r for every i # j. For A C P?,
a subset {z1,...,zn} C A is maximal r-separated with respect to A if it is r-separated
and if for every y € A, there exists i € {1,... N} such that d(y,z;) < r. We use similar
definitions for the distance d,,, in which case the subsets are called (n,r) separated.

~

Lemma 4.3. Let A C mo(Ac) such that v(A) > 0 and let ¢ € ]0,1]. Let n > N, and let
{z1,...2N,} C A be a mazimal (n,cn)-separated with respect to A. Then

1. Ac UM B (xi,¢m) and By(zi,cm1/2) N Bu(xj,¢m/2) = 0 for every i # j.
2. v(Bp(zi,cny)) < e hwtne gnd emnhv—ne < v(Bp(zi,eny)) if ¢ > 1/8.
3. N, > v(A)enhv—ne,

Proof. Ttem 1 comes from the definitions, and Item 2 from §4 of Section 4.2. They imply
v(A) < M u(By(xi, em)) < Npe ™ 47€ which gives Ttem 3. O

The next lemmas give an amout of concentrated separation. We take the arguments
of de Thélin-Vigny [13, Section 7]. By applying Lemma 4.3 with ¢ = 1/4 we obtain
v(Bp(zi,m1/4)) > e "¢ for every x; in a maximal (n,n;/4)-separated subset of A.
Lemma 4.4 allows to select a large number of z; such that v( By, (z;,m1 /4)NA) > e "hw=2ne
and which are (n,n;)-separated, then Lemma 4.5 deals with these x;. Let ns be the
smallest n such that e™"¢ < /2.

A~

Lemma 4.4. Let A C mo(A¢) such that v(A) > 6. For every n > max{Ne,ns}, there
exist a (n,n1/4)-separated subset {x1,...,xnN,,} of A and Ny 3 € [1, Np2] such that

1. fOT’ l 7& ] n [[17 Nn,Q]]; Bn(‘rlanl/S) N Bn(xjanl/S) = @
2. fori € [1,Ny2l, v(Bn(zi,m/4) NA) > e e =2en phere Npa2 > v(A)enhv—2ne,
3. fori € [1,Ny2] and ¢ > 1/8, e ™= < y(B,(zi,cm)).

4. fori#jin[1, Nusl, Bu(zi,m1/2) N By(xj,m/2) =0, where Ny, 3 > v(A)enhv—ine,
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Proof. Let us apply Lemma 4.3 with ¢ = 1/4 and n > max{N,ns}. There exists a
maximal (n,7;/4)-separated subset {z1,...,zn, ,} of A satisfying:

-AC UfV:”an(xi,m/él) and By (z;,m1/8) N By(x,m/8) = 0 for every i # j,

- e—nhl,—ne < V(Bn($ia 771/8))7

- Np1 > v(A)enhv—ne

Let us set [ := {1 <i< Npi, v(Bp(zi,m/4)NA) > e_”h"_zm}. Let Ny 2 be the
cardinality of I, and assume that I consists of the first N,, o elements of [1, N, 1]. We
want to bound N,, o from below. We know that A C Ug\f:"l‘an(wi, 11/4), hence

Nn’Q Nn,l
v(A) < v(Bp(zi,m/4) NA) + Z v(Bp(zi,m/4) N A).
i=1 i=Np,2+1

If i & [1, Nn2], we have v(By,(x;,m/4) N A) < e =2 by definition of I. Otherwise,
v(By(xi,m1/4)) < et gince x; € C. This implies

V(A) < anefnhwren + (le . Nn72)efnhuf2en. (4.6)

Let us give an upper bound for N, ;. Since the balls By, (z;,1:1/8) are pairwise disjoint
and since v(By, (i, 11/8)) > e "= we get " Fm > N, 1 > N,,1 — N, 9. Combining
this and (4.6), we obtain

v(A) < Nnyge_”h”“” +e

Since n > ng, we have e™™ < §/2 < v(A)/2, and hence N, 2 > v(A)e™ /2. We
deduce Np2 > V(A)e”h”*zm because n > N, > ns. Let us verify the last item. Let
E, be a maximal (n,n;)-separated subset of {z1,...,2n,,}. By reordering we can
assume that E, = {z1,...,2n,,}. For every i € [1, Ny 3], let m; be the cardinality of
{j € [1,Nn2],zj € Byp(x;,m)}, and let m;, := maxm;, simply denoted m in the sequel.
We have N, 2 < mN,3. Let us verify that m < e?™¢ which implies Np3 > ]\7,%26*2”E
as desired. For that purpose, let {},...,2},} = Bn(wi,m) N {z1,...,2n,,}. We
obviously have U™, By, (x},11/8) C Bp(xi,,2n1). Since the dynamical balls By, (z},171/8)
are pairwise disjoint, we finally get me =" —n¢ < e~nhwtn¢ by considering the v-measures
and using z}, z;, € C (see §4 of Section 4.2). O

Now for 1 < i < N,, 3 we put in By, (z;,7:1/2) alot of balls centered in By, (z;,1m1/4)NA.
Lemma 4.5. Let A C mo(A.) such that v(A) > 0. Let z € A and let n. > N, such that
v(Bp(z,m1/4) N A) > ¢ nhv=2ne,

Let {y1,...,yn,} be a mazimal 2m e~ "M ~4"_separated subset in By (z,m/4) N A.
1. for every i # j, B(y;,nie "M~ N B(yj;, e MMTAne) — (),

2. Bu(z,m/4) N A C UM B(y;, 21 e —4ne),
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3. B(yi,me_”’\l_‘me) C Bp(z,m/2).

—€

d
—nhy,—2ne [ 1 _nAi+4ne \ %
4. M, >e (—Qme )

Proof. Ttems 1 and 2 come from the definitions. Lemmas 2.3 and 4.2 successively give

B(ys,me ") C f3." (By, , (me™"/4) C Bu(yi,m/4).

Since y; € Bp(z,m1/4), we get Bp(yi,m/4) C Bp(z,m1/2), and Item 3 follows. Item 2
implies
My,

v(Bp(x,m/4)NA) < Z v(B(y;, 2nre” "M Aoy, (4.7)
i=1

By our assumption, the left hand side of (4.7) is larger than e ™ ~27¢ For the right
hand side, since n > N, > ns, we have 21716*")‘1*4”6 < m < 7y by the definition of nj

A~

and 77 (given in §5 and §4 of Section 4.2). Then, by using y; € A C mo(Ae) C D, we get
by the definition of D (given in §3 of Section 4.2):

V(B(yi, 27716—71)\1—4715)) < (2,'716—71)\1—4ne)d71,—e'

We finally deduce from (4.7) that e~ =2n¢ < M, (2n e "M —4n€)de=¢ a5 desired. O

4.4 Lower bounds for the upper dimensions dr 7 and drw

Theorem 4.6. Let v be a dilating measure whose exponents A1 > Ao do not resonate.
Let € > 0 and let (Z,W)e be Oseledec-Poincaré coordinates for (f,v). Then

E— 1
drz(v) 2 2+dy — == = 0(e),
1
1
Trw() > 222 14,1989 _ o).
’ Mo TN

Proof. We recall that dr z(v) := dr z(£) and dr,w (v) = drw (&) for D-almost every &
(see Proposition 2.4). Let us set dr 7z := dr z(v). We are going to show

(M +4e)(dr,z — dy + 2€) + 12¢ > 21 — logd. (4.8)

This yields as desired

_ 2\ logd+ 12
dr.z —d L loedr e oo

> _ —O(e). 4,
D Vi P W A 0(e) (4.9)

Let § > 0. Let /AXg, N, and A? be given by Section 4.2. For every n > N, we set
A, = mo(AcNAP), it satisfies v(A,) > 1 — 6. Lemma 4.4 provides {1, ..., TN, .t C An
satisfying Ny.3 > v(Ap)e™™ =4 v(B,(zi,m/4) N Ay) > e ™M =2% and By, (z4,m1/2) N
By (zj,m/2) = 0 for i # j. Then, for every z;, we set a maximal o e~ AT Ane
separated subset {yi,...,y}; } in Bp(zs,m1/4) N Ay given by Lemma 4.5. Let us note
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that B(y?, ne "M =4ne) © B (x5,1m1/2). Finally, for every i we choose #; € A, N A" such
that mo(&;) = x;, and for every j we choose gj; € Ac N A” such that Wo(gj;-) = y;
Now we use d"” = [p2(f")«T A w provided by Proposition A.3 to get

N3 Mn Nn3 My,
dn> ZZ/ fn 1By 77167""\1 4715 /\W—ZZ/ o T/\(fn)*w
=1 J= 1 i=1 j= 1 ygﬂhe nAq ne)
Lemma 2.3 with g}; € A, implies
By, me ™) € £ (By) 0, e ")), (4.10)
J.mn

Since Q; € A?, we can apply Proposition 2.6 to bound (f")*w from below:

Nn 3 M, .
2nA1 —6ne ? € € . —nA1—4ne
e2nh (T A 5dZ5 A ng;-_> (By; (me "Mt (4.11)

i=1 j=1

<.

Now @; € [\6 c A®@ and n > N, hence

Nn,3 M,
Z Z 2nA1— 6ne 7n)\174ne)a+6'

Finally, we use the lower bounds for N, 3 (Lemma 4.4) and for M,, (Lemma 4.5), and
v(A,) > 1— 0. We obtain for every n > max{N,ni_s}:

dy—e _
" Z (1 o 6)enh,,—4ne . e—nhu—Qne (21 en/\1+4ne) . ezn)\l_&%(7716_”>\1_4n6)dT’Z+6.
m

Let us note that the entropy h, disappear for the benefit of d,, and we get

dy—dr,7—2¢
S Ce—l2ne ( n)\1+4n6> €2n)\1, (412)

where ¢ := (1 — §)n, dr.z 27/ (2,)%2 ¢ We obtain (4.8) by looking at the exponential
growth rates. S1m1laurly7 we can prove

(A1 + 4€)(dpw — dy + 2€) + 12¢ > 2X — logd

by using again Proposition 2.6 to bound (f™)*w from below. O

4.5 Lower bounds for the upper dimensions dg 7 and dg

Let S be a (1,1) closed positive current of P2. If S does not satisfy f*S = dS, the
directional dimensions may be not P-almost everywhere constant (see Proposition 2.4).
In this case, in the manner of de Thélin-Vigny [13], we take on an adapted definition
and obtain the following result. It implies Theorem 1.3 by using the lower bound (1.4).
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Theorem 4.7. Let S be a (1,1) closed positive current of P2. Let v be a dilating measure
whose exponents \y > Ao do not resonate. We assume that Supp(v) C Supp S. Lete >0
and let (Z, W), be Oseledec-Poincaré coordinates for (f,v). For every A C F such that
D(A) > 0, we set

dsz(A) :==supds z(2) , dsw(A):=supdsw(2).

&€l &€l
Then log d
dsz(A) >2—{—@— O;:g —O(E),
1
. A log d
dsw(h) > 222 +d, — 222 _ 0(e)
’ AN A

Proof. Let 20 := V(A) We construct A, N, and A” for the current S as in Section 4.2.
We have (A, NA™) > 1—§ for every n > N, thus V(AﬂA NA") > § > 0. We follow the
arguments of Theorem 4.6. Let n > max{N,,ns} and A4, = mo(AN AN A?) Lemma
4.4 provides {z1,...,zn,,} C Ay satisfying Npg > v(Ayp)e™™ =4 v(By(z;,m/4) N
Ay) > e M2 and B, (w4,m1/2) N By(wj,m1/2) = 0 for i # j. Then, for every z;, let
{yi,...,yh, } be a maximal 2n;e~ "M ~4"<-separated subset in By (x,11/4) N Ay, given by
Lemma 4.5. We have the inclusions B (yj, ne~"M =A€Y B (x;,m1/2). Finally, for every
1,7 let ; € AN A? such that mo(#;) = z;, and let gj; cA.n A’g such that Wo(ﬁé) = y;
Using d" = [p2(f™)+S Aw, we deduce as in (4.11):
Nn,s My
d'> 3 Y ePnhaone <S/\ 5025 NdZ, ) (B (me74m)).

=1 j=1

Since gj} € Ae and n > N, we have

Nn,3 M, -
Z Z 2nA1— 6ne —n)\1—4n€)dS,Z(l7;-)+E.

Then we use the inequality dg, Z(gj;) <ds, Z(f\) and conclude as in the proof of Theorem
4.6. The lower bound concerning W is proved in a similar way. O

4.6 Proof of Corollary 1.5

We recall that dr(z) is p-almost everywhere constant and denoted dr (i), see Proposition
2.5. According to Proposition A.1, y << T A w implies

dr(n) < d. (4.13)

Let us analyse these quantities. On the one hand, Proposition A.2 yields dr(p) =
min {dT7 z(x), dT7W(a:)} for p-almost every x € P? and for every holomorphic coordinates
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(Z,W) near x. On the other hand, since d,, = d,,, we have d, = d,, = dimp(p). Observe
also that Ay = 3 logd, since p << T Aw, see [19]. Hence dimp(p) =2+ IOgd by (1.6).
Then one deduces from (4.13) that
logd
AL
Now we use Theorem 4.6. If (Z, W), are Oseledec-Poincaré coordinates for (f, u),
logd
A1
)\ log d
d dy
drw (1) > )\ + N
Let us note that Ao = 1 logd implies d,, — % > 2 by (1.4). We deduce that dr z(p) >
4—0(e) and that dpw(p) > 2+ logd O(e). It remains to show that dpw (1) < 2+ logd.

Let € small enough such that 4 — O(e) > 2+ lo)\gld. This implies dp z (1) > 2+ lo)\gld, thus
the minimum in (4.14) is attained for W.

min {dr 7 (z), drw(z)} <2+ (4.14)

dT,Z(u) ZQ—I—(ZJ— —O(E),

— O(e).

5 Proof of Theorem 1.1

Let v be a dilating measure with exponents A\; > Ao whose support is contained in the
support of p. If Ay = Ao, then d, = d, = 21Ci\g1d by (1.1), and Theorem 1.1 is true.
So we can assume that A\; > A2. The proof of Theorem 1.1 will rely on the estimates
of Proposition 3.3, on the arguments of Theorem 4.6 and on a rescaling of the time n
with respect to the exponents. A crucial point is that Proposition 3.3 provides estimates
for the directional measures of 7' in terms of Aj, A2, d, we shall use them in (5.6). The
dimension d, will appear in (5.3).

Let € > 0. The set_ Q" has been defined in Section 3.1, it satisfies Z/(Q”) >1—26 for
every n > 1. Let A., A" be the sets defined in Section 4.2. We have D(A, N A" N Q7) >
1 -39 for every n > N.. Now let K, be the unique integer in ]ay, o, + 1], where
oy = 3T o5 (= log(mmo) + (A1 + 4e)). It satisfies

nlefn)\174neefz\2+3e S iefKn)\ngBKne < nlefn)qfélne’ (51)
mo

these inequalities will be useful for (5.5). Let us have in mind that K, ~nA;/As > n

Ne. Let {1, ,zn,,} be a (n,n1/4)-separated subset of A, := mo(Ac N AZ N QFn

provided by Lemma 4.4. We have for every n > max{N, ni_ss}:

>
)

Nz > v(Ay)e™ =1 > (1 — 3§)enhw—ine, (5.2)
Then, for every z;, let {yi, ... ,y}un} be a maximal 2ne~ "M 4" separated subset of

By (zi,m/4) N A, provided by Lemma 4.5. The cardinality of this set satisfies:

d,—e€
Mn 2 e—nhV—QnE (27171€n)\1+4ne) ) (53)
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For every j € {1,..., M,}, we set gj; € Agﬁﬁgﬂflg{" such that y; = ﬂo(@;). By following
the proof of Theorem 4.6 until Inequality (4.11), we get:

Nn,3 Mn

" 2nA1—6ne E €. 7E ) —nA1—4ne
T ; ; ‘ {T MGz N dZy;)} (By:(me ))- (5.4)

Now, according to (5.1),

By; (nlefn)\174ne) D) Byi_

J

(e Rmerore ) (5.5)

mo

Since gj; € Qf(", Proposition 3.3 implies for every n satisfying n > N, and K,, > N¢:

] — 1 1
TA (%dZ;U A dZ?Si,j):| (By; (')716an1*4716)> > dTn€72KnA172Kneq70' (5.6)

We infer from (5.4) that for every n satisfying n > N, and K,, > Nk,

1 1
d" > Npjg - My - 20 =00 e e—QKnM—?KnquO. (5.7)

By using the upper bounds for N, 3 and M,, given by (5.2) and (5.3):

dy,—e¢
dn+Kn Z (1 . 35)6nhu—4ne . e—nhy—2ne (21 en)\1+4ne)u . 62n)\1—6nee—2Kn)\1—2Knei'
m do

If C1 () := (1 —368)/qo(2m)%¢, we get:
K, 1 K,
logd + 7 logd > ﬁlogCl(e) —12e + (M +4e)(dy — €) + 20 — 27()\1 +e).

By using the lower and upper bounds defining K, just before (5.1), we obtain

A1+ 4e
Aoy — 3¢

A1+ 4e

log d
oga+ Aoy — 3¢

1
logd > ﬁlogCg(e) —12e + (M +4e)(dy —€) + 2N — 2 (M +e),

where Cy(€) is another constant. Letting n tend to 400 and then € to 0, we get

dy<logd 10gd+2<)\1 )

A
- M * A2

A2

To obtain the other upper bound, we use the analogue of (5.4) for W. Applying Propo-
sition 3.3 with respect to W, we obtain instead of (5.7):

i > NnS . Mn . 62n)\2—6n6d11( 6—2KnA2—2Knel.
’ " 90

Then we get

logd logd ( >\2)
d, < 2(1-22),
- A\ * A2 * A1

which completes the proof of Theorem 1.1.
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A Appendix

A.1 Dimension of measures

Proposition A.1. Let vy and vs be two probability measures on P2 such that v; << vs.
Then for vi-almost every x € P2, we have:

dy, () = dy(z)  and  dy, (2) > dy ().

Proof. Let ¢ € L'(12) such that v1(A) = [, ¢ dvs for every Borel set A of P2. Using the
dominated convergence Theorem,

Mlim+oo - Liy<anypdvy = /]P? pdvy = 1.

For every n > 1, we let M, satisfy [po Lip<mypdre > 1 — % By the Lebesgue density
Theorem, for vi-almost every z in {¢ < M, }, we have

(B (r) N {p < Mn})

li = 1.
0 v1 (B (r))
Then for every r small enough, we have
1
iyl(Bx(T)) < (Bz(r)N{p < M,}) < M, dvs.

By (r)

And thus v1(Bg(r)) < 2M,v2(Bg(r)). Taking limits when r tends to 0, we deduce that
iy (2) > duy () and Ty (2) > Ty ()
for v1-almost every = € {¢ < M,,}. We end with v (Upen {p < M, }) = 1. O

Proposition A.2. Let S be a (1,1)-closed positive current on P%. Let x € P? and let
(Z,W) be holomorphic coordinates near x. Then

ds(x) = min {ds 7(2),dgw(z)},  ds(x) = min {ds 2(z), drw (@)}

Proof. Let us set 057 = S A (3dZ NdZ) and ogw = S A (5dW A dW). There exists
¢ > 0 such that %(0572 +osw) < og < c(0s,7z+0s,w) on a neighbourhood of z, see [14]
Chapter III, §3. We deduce for every r small enough

%max [05,2(Ba(r)), os,w (Be(r))] < 05(Bx(r)) < 2cmax [0g,7(Be(r)), os,w(Ba(r))] -

We finish by observing that the local dimension of the maximum of two measures is equal
to the minimum of the local dimensions, since one divides by log r which is negative. [
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A.2 Cohomology and slices
We refer to Sections 1.2 and A.3 of Dinh-Sibony’s book [18].

Proposition A.3. Let S be a (1,1)-closed positive current of P2 of mass 1. Let w be the
Fubini-Study form on P? and let f : P2 — P2 be an endomorphism of degree d. Then,

/E»Q(fn)*S/\w:/PQS/\(f")*w:d".

Proof. The first equality comes from the definition of duality. We verify the second one.
By using f*w = d-w+2i00u, where u is a smooth function on P2, we obtain by induction

(f")*'w = d"w + 2i00vy,,

where v, := (d" 'u+---+duo f" 2 +uo f*1). Since S is a closed current of mass
1, we have [p2 S A 2i00v, =0 and [p2 S A d"w = d". O

Proposition A.4. Let G be a continuous psh function on D? and let S = 2i00G. Let
(Z,W) be the coordinates on D? =D x D and let ¢ € C§°(D?). Then

SALdz ndZ(¢) — / ( G (w) x Ad,(w) dLeb(w)> dLeb(z)
2 2€D \JweD
= [_(@28)(@)dLeb(z).
z€eD
where o, 1 u— (z,u), G, :=Goo, and ¢, := poo,.
Proof. By definition,
S A %dZ AdZ(d) = 2z’85G(¢>%dZ AdZ) = / 2 G.ziaé(qb%dz NdZ).
D
The computation

826 826

o= 1 _ 7 g _
2i00(65dZ NdZ) = A(5 =) AW A dW A SdZ NdZ = 4(5 =) dLeb(z,w)
allows to write
S A Laz A dZ(s) —/ Glow) x 422 () dLeb(z, w)
2 - (2,w)€D? ’ owow "’ ’

_ / . ( [ Gulw) x Mg (w) dLeb(w)> dLeb(=),

where the second equality comes from Fubini’s Theorem. Finally, the quantity in brack-
ets is equal to (AG,)(¢,) = (055) (). O
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