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Abstract

Let f be an endomorphism of CP* and v be an f-invariant measure with pos-
itive Lyapunov exponents (A1, ..., Ax). We prove a lower bound for the pointwise
dimension of v in terms of the degree of f, the exponents of v and the entropy
of v. In particular our result can be applied for the maximal entropy measure
u. When k = 2, it implies that the Hausdorff dimension of y is estimated by
dimy p > l(i\gl dy l(i\i 4 which is half of the conjectured formula. Our method for
proving these results consists in studying the distribution of the v-generic inverse
branches of ™ in CP*. Our tools are a volume growth estimate for the bounded
holomorphic polydiscs in CP¥ and a normalization theorem for the v-generic in-

verse branches of f”.
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1 Introduction

Let f be a smooth map acting on a compact Riemannian manifold M and v be an
f-invariant measure on M. By Young [Y], the pointwise dimension of v is defined by
(provided the limit exists):

() = lim 082(B:(r))
r—0 log r

Y

where B,(r) is the ball in M of center x and radius r (take lim inf and lim sup to define
the lower and upper pointwise dimensions § and §). That function actually describes
the geometrical behaviour of v with respect to the metric of M: if a < § < 6 < b hold
v-a.e., then the Hausdorff dimension of v also satisfies ¢ < dimy v < b [Y]. Recall
that dimy, v is defined as the infimum of the Hausdorff dimension of the full v-measure
borel subsets in M. In particular we have dimy v < dimy supp(v). We refer to the
book of Pesin [P] for an introduction to dimension theory in dynamical systems.



Given a dynamical system (M, f, ), one can expect relations between the dimension
of v, its Lyapunov exponents A\ < ... < A; and its entropy h, (see [Le|, [P]). The
situation has been completely described when f is a smooth diffeomorphism and v
is an f-invariant hyperbolic measure (i.e. with no zero exponents). Young [Y] first
proved in the case of surfaces the formula 6 = h, /A — h, /Ay v-a.e., where Ay < 0 < A;.
In higher dimensions, Ledrappier-Young [LY] established that the unstable pointwise

dimension of v satisfies v-a.e.
u

hy hi — hi—
ot =— R — 1
where hy < ... < h, = h, denote the conditional entropies of v along the unstable

manifolds W! C ... C W* (a similar formula holds for the stable dimension ¢*). Later
Barreira-Pesin-Schmeling [BPS]| proved the formula § = §° + §* v-a.e. by showing a
product property for the invariant hyperbolic measures.

In this article, we focus on the holomorphic endomorphisms f of CP* of degree
d > 2. These mappings define non invertible ramified coverings of topological degree
d*. We refer to the article of Dinh-Sibony |[DS] for a survey of their dynamical proper-
ties. The question of the Hausdorff dimension for the equilibrium measure was raised
by Fornaess-Sibony [FS2| (see subsection 1.1).

When k = 1, f defines a rational map on CP', and Maiié¢ [M] proved the formula
d = h,/\ v-a.e. for any ergodic measure satisfying h, > 0. Here A denotes the single
exponent of v, it has multiplicity 2 for the underlying real system. The proof heavily
relies on the Koebe distortion theorem. The present article deals with the higher
dimensional case, which is not conformal. We obtain the following result:

Theorem A: Let f be a holomorphic endomorphism of CP* of degree d > 2 and v be
an ergodic f-invariant measure with positive Lyapunov exponents \p < ... < Ay. Then
we have:

k—1 _ k—1
S log d n h, —logd ‘
- A Ak

The proof is outlined in section 2, the method consists in studying the distribution
of the v-generic inverse branches of f in CP*. Our main tools are a volume growth
estimate for holomorphic polydiscs in CP* and a normalization theorem for the v-
generic inverse branches of f". That result provides, in some sense, a substitute for
the one-dimensional Koebe distortion theorem.

Vo € CP* v-a.e. , §(x)

1.1 Application to the equilibrium measure p of f

The equilibrium measure is defined as the limit (in the sense of distributions) of the
smooth (k, k) form d=*" f**w* where w” is the standard volume form on CP*. Fornaess-
Sibony |FS1| proved that p is mixing and that log Jac f € L'(u). Briend-Duval estab-
lished that the exponents of p are bounded below by logv/d [BD1] and that s is the
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unique measure of maximal entropy (h, = logd*) [BD2]. Concerning the Hausdorff
dimension of p, Mané’s formula asserts that dimy g = logd/A when k& = 1. Binder-
DeMarco [BDeM| conjectured for k > 2:

Conjecture : For every system (CP*, f, 1), dimg, pn = loAgld +- 4 kj\gkd.

We note that this formula is consistent with (1) if we set h; = logd® for the condi-
tional entropies of y. Binder-DeMarco [BDeM]| proved that dims pu < 2k —2 (35 \; —
klog \/3) /A1 in a polynomial setting by using volume estimates. Dinh-Dupont [DD]
extended that estimate to meromorphic endomorphisms of CP*.

From theorem A we deduce the following bound. It proves half of the conjectured
formula when k = 2.

Corollary A: Let f be an endomorphism of CP* of degree d > 2 and 1 be its equilib-
rium measure. If \p < -+ < \{ denote the Lyapunov exponents of u, then

logd*~1  logd
g i g

dim > .
HH Z )\1 )\k
In particular, dimy p > % + %l for every system (CIP?7 fom).

Now we can establish the conjecture for a class of non conformal systems by com-
bining corollary A with the upper bound stated above:

Corollary B: Let f be an endomorphism of CP* of degree d > 2 and p be its equilib-
rium measure. If A\, = log Vdand \y_1=...= A1, then

logd*' logd
og | log

di = )
AN e

1.2 Application to measures with large entropy

Let f be an endomorphism of CP* of degree d > 2 and v be an f-invariant ergodic
measure. De Thélin [dT| proved that if logJac f € L'(v) and h, > logd*~!, then
the Lyapunov exponents of v satisfy %(hy —logd* 1) < A\ < -+ < A\, In [Du| we
recently constructed ergodic measures satisfying h, > logd* ! and showed that the
preceding estimate holds without assuming the integrability of log Jac f. By theorem
A, we deduce the following bounds for the largest Lyapunov exponent of v.

Corollary C: Let f be an endomorphism of CP* of degree d > 2 and v be an f-
mvariant ergodic measure.

1. Iflogd*" < h,, then \; > (1 — 1/k)log Vd.

2. Iflogd*™' < h, < (14 1/k)logd*™!, then Ay > 1(h, —logd*™') + ¢(h,), where
o(hy,) > 0.



The first point follows from the observation § < 2k. For the second point, the
function ¢ is defined as ¢(h,) = 3[(1 + 1/k)logd*' — h,]. Let us observe that
the latter is false for the equilibrium measure p, its Lyapunov exponents are indeed
M=...=X N =2(h, —logd"!) = log v/d when f is a Lattés example [BeDul.

1.3 Organization of the article

The proof of theorem A relies on theorem B, which is stated in section 2: that result
describes the distribution of the v-generic inverse branches in CP*. Section 3 deals
with notations and the normalization theorem for the inverse branches. The proof of
theorem A is detailed in section 4. We show theorem B in sections 5 and 6. In an
appendix we establish the growth lemma.

Acknowledgements : 1 thank the referee, whose advice and careful reading enabled
me to improve the exposition of the article. Part of this work was written while visiting
IMPA in Rio de Janeiro. I thank J.V. Pereira, M. Viana and the Institut for their kind
hospitality.

2 Statement of theorem B and outline of its proof

Let us fix f a holomorphic endomorphism of CP* with degree d > 2 and v an ergodic
f-invariant measure with positive exponents A\, < ... < A;. The fractional time ¢,
is defined as the entire part of nA./A\;. We denote by f, ™ the inverse branch of f”
mapping y, = f"(y) to y. We set £, as an arbitrary maximal p-separated subset
in CP*. We define £,(q) as the finite set of p € &, satisfying ¢ € B,(p) and denote
BSe(r) := B,(r) N Q..

Theorem B : Let f be an endomorphism of CP* of degree d > 2 and v be an ergodic
f-invariant measure with positive Lyapunov exponents A\ < ... < A\y. For every e > 0,
there exist Q. C CP* and ro = ro(€) > 0 satisfying:

1. v(Q) >1—e.
2. for every x € Q. and n large enough, the collection of inverse branches
Pu(a) = { [, By(sn) , y € BY(spe™ ™) | p e &, (yn) }

is well defined for s, = roe™®" and satisfies Card P,(z) < dk=1n=an)20kne,
Theorem B is used in the proof of theorem A (see section 4). We sketch below the
proof of theorem B. It relies on propositions A and B. For simplicity, we shall work up

to e error terms (for instance we replace e "3%¢ by e~ and s, by 1).

We define a polydisc as any holomorphic map 1 : D*~1(r) — CP*. Let w denote
the Fubini-Study (1,1)-form on CP* and define Vol  := Jor1m n*w*1: this is the
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volume of 1 counted with multiplicity. Let {B;, j € J} be a finite covering of CP*
which consists of open sets bounded in the affine charts. We say that 7 is bounded if
its image is contained in some B;. We shall need the

Growth lemma : If 1) : D*'(2) — CP* is bounded, then Vol f™ o npe—1 < d*=Dm
for every m > 1.

That geometric result does not depend on the measure v: the proof relies on the
existence of a Green current for every endomorphism of CP* (see the appendix). That
lemma allows us to establish the next proposition: let us fix x € ). and denote by L,
the set of polydiscs L,, : D*=t — B, (e7™).

Proposition A : For every L, € L,, we have Vol f* o L, < d*-Dr=a)

This estimate follows from the growth lemma taking m =n — ¢, and n = f9% o L,,.
Indeed, the polydisc f9 o L, is bounded since fo(B,(e ")) C By, (e " - einM) ~
B,,, (1): that comes from the fact that ), is the largest exponent and g,A; >~ nAy.

Our second tool is a normalization theorem for the inverse branches of f" established
by Berteloot-Dupont-Molino [BDM]. That theorem basically asserts that every inverse
branch P, € P,(x) looks like a parallelepiped with characteristic dimensions e™"M <
... < e ™ it plays the role of a distortion theorem. The normalization theorem allows
us to prove:

Proposition B : There exists a finite subset F,, C L, of cardinality less than ke?'

such that for every P, € P,(x), there is L, € F, satisfying Vol f" o Lyjp-1pyy > 1.

We actually show that Vol f™ o Lnp-1p,) = 1 for (almost) every polydisc L,, € L,

transverse to the e ™**-direction of P,. The family F, then practically consists of
hyperplanes parallel to the coordinates.

Finally, the upper bound Card P, (z) < d*~D"~4) follows using the fact that the
inverse branches are pairwise disjoint (see subsection 5.2), that completes the proof of
theorem B.

Let us notice that the estimates of theorems A and B can be sharpened when
A\ has multiplicity p. The same method indeed yields Card P, (z) < d*k—P)(n=an) by
considering the family of polydiscs L, : D*? — B,(e ™). In particular that implies

log dk—P + hy —log dF—P

the lower bound dimy v > == "

3 Generalities

3.1 The dynamical systems (CP*, f,v)

Let f be a holomorphic endomorphism of CP* of degree d > 2. It is defined in homo-
geneous coordinates as [Py : ... : P] where the P;’s are homogeneous polynomials of



degree d without common zero (except the origin). The topological degree of f is dF.
Let C be the critical set of f, this is an hypersurface of degree (d — 1)(k + 1) counted
with multiplicity. Let w be the Fubini-Study (1,1)-form on CP* and dist the induced
distance on CP*. We denote by Jac f the function on CP” satisfying f*w* = Jac f - w".
This is a bounded non-negative C* function which vanishes on the critical set C.

Let v be an f-invariant ergodic measure, h, its entropy and Ay < ... < A; its
Lyapunov exponents. We assume that those exponents are positive. In particular, the
classical formula .. log Jac fdv = 2(A; + ... + A) yields:

Lemma 3.1 If the exponents of v are positive, then logJac f € L'(v) and v(C) = 0.

We shall assume that A\, < ... < A;. In particular that enables us to simplify the
statements concerning the normal forms (see the next subsections). Our method easily
extends when multiplicities occur.

We endow C* with |z| = max;<;<j |2i|. For any polynomial mapping @ : C* — C',
we set || @ || as the maximum of the modulus of its coefficients. We also denote by
(¢i)1<i<k the canonical basis of C* and by (7;)1<;<x the projections to the axis.

3.2 Normal forms associated with the Lyapunov exponents

For every a = (ay,...,a;) € N¥ we set |a] := a; + ...+ a; and Q, = 27" ... 2"
Given 1 < i < k — 1, the set of i-resonant degrees is defined by:

%::{aeN’“, la| >2, oy =...=a; =0 and )\i:ai+1)\i+1+...—l—ak)\k}.

Weset [ :={1<i<k—1,2\ <\}. Observe that fR; is empty if i ¢ I. Note also
that |a| < 0 := A\ /A for every o € R;, hence R := UF'R; has finite cardinality. We
denote A := Card fR.

We say that a polynomial map N : C* — CF is normal if N = (Ny,..., Ny_1,0)
where N; = ) g ¢§Qq for some ¢f € C. A map R : C* — C* is resonant if R =
A+ N, where A = (ay,...,a;) is a linear diagonal map satisfying e 7€ < |a;| < e Aite
and NN is a normal map.

Every resonant map R = A + N is invertible, and R~! = A~! + N’ for some
normal map N’. Moreover, if R; = A; + N; (i = 1,2) are resonant maps, we have
Rio Ry = Ay o Ay + N” for some normal map N”. These are classical stability
properties (see e.g. [GK], section 1.1 and [BDM], section 5).

3.3 Natural extension and normalization theorem

Let O := {& := (Zp)nez, Tns1 = f(x,)} be the set of orbits, # : O — CP* the pro-
jection & +— x, and s : O — O the left shift. We also set 7 := s~!. Note that



7os= formon O. For every n > 0, we denote &, := s"(&). We say that a function
de : O — RT is e-slow (resp. e-fast) if ¢.(O) C]0,1] (resp. [1,+o0]) and satisfies
Oe(T)e ¢ < Pe(s(2)) < Pe()ef for every z € O.

We denote by © the s-invariant measure on O satisfying 7(77'(A)) = v(A) for every
borel set A € CP* (see [CFS], section 10.4). We shall work with the s-invariant set
X ={2 = (zn)nez, Tn ¢ C}. It satisfies #(X) = 1 since v(C) = 0 (see lemma 3.1).
For every € X, we denote by f. " the inverse branch of f" sending zy to z_,. Hence
f: " is the inverse branch of f" sending x, = f"(x) to z.

Definition 3.2 R = (R;)sex @s a resonant cocycle if every R; is a resonant map.

Given a resonant cocycle R, we set R; := (a1(Z), ..., ax(Z))+(N1(2), ..., Ne_1(£),0),
where e 7€ < |a;(#)] < e7*Tc. For every n > 1, we define R? := Ryu-1(30...0R;
and R." := (R?)~'. Using the stability properties, we obtain:

VneZ, R = (a1,(2),...,a50(Z)) + (N1p(2), ..., Nk—1.0(2),0), (2)
where e7mhimInle < g, (2)] < emmAFe and N, (2) =30 e, 62 (2) Qa-

Definition 3.3 Let M, be an e-fast function on X. A resonant cocycle R is M-
adapted if || Nin(2) || = maxaem, |8, (2)] < Mc(&)e " F e for every n € Z.

Definition 3.4 Let r. and (. be respectively an e-slow and an e-fast function on X.
S = (Si)sex is a (re, Bc)-coordinate if for any & € X, Sz : Byy(r(2)) — CF is an
injective holomorphic map satisfying Sz(xo) = 0 and

Y(p,p') € Buo(re(2)) , dist(p,p') < [S:(p) — Sa(p)| < Bc(2) dist(p, p').
The normalization theorem is stated as follows [BDM].

Theorem 3.5 For every € > 0, there exist a (r¢, (.)-coordinate S and an M.-adapted
resonant cocycle R such that the following diagram commutes for U-almost every & € X
and everyn > 1:

By (1)) ——2 = £ (B (re(#))
Sz Srn ()
(Cik i Clk

Note that the existence of r. requires the v-integrability of log || (d.f)~" | (see
[BDM], lemma 4.1). Here this is a consequence of lemma 3.1.



3.4 Some estimates

We denote z := (2, z,) € D*"! x D and 7(2) := 2. We recall that A = Card R and that
la] <0 =\ /\ for every a € fR.

Lemma 3.6 Let R be an M.-adapted resonant cocycle and M! = max{A+1,0,0(0 —
1)}M,. Then for every & € X, r <1 and z € D*(r), we have:

1. DF (M/(z)te ™) C R2 (D*(r)) C DF (M(2)e ™ wtne.p),

2. || #od.Rr || < M(&)emM-rtne,

5. e < (52()| and |5 ()| < max{b(@)e e e,
9%R? AN
4o |G ()| < MU(@)em2wime,

PROOF: Let & € X, r <1 and z € D*(r). Using the M.-adapted property and (2), we
get for every 1 < i < k:

[mi(R2 (2))] < lani(@)|]2] + A | Nin(@) | 2" < (A + 1) Me(@)e ™ 2],

We deduce |R2(z2)| < M!(&)e ™ **+n¢r for every z € DF(r). Similarly, for every w €
D*(r) and 1 < i < k, we have:

[mi(R5"(w))] < (A + 1) Me(@)e™ ™ w| < M(2)e™ ],

Hence |R;"(w)| < r for every w € D* (M/(2)~'e " ~"“r). That proves the point 1.
For the point 2, observe that for every 1 <i < k — 1 and z € D¥(r):

I 0 d. Ry || < max{ Jan(2)], 01| Niw(2) | 771} < M{(2)e" 1w,

The point 3 now follows from the point 2 and the observation (see (2)) :

aR’g n -, —Nn ne
(G0 | = I deF | = o)) = e,
2k

For the point 4, let us distinguish whether or not I = {2\, < \;} is empty. If [ is
2 pn

empty, there are no resonant degree, hence RY is a linear mapping and 88% =0.If I
k
is not empty (0 = A;/Ax > 2 in that case), we have for every 1 <i < max I:

2 pn
Uy (aaR;U (Z)>‘ < (9((9 — 1) H Nl’n(j;) || rf—2 < Mé<£>efn>\i+ne < Mé(j;)ean)\qune’
“k

and Wi(%) =0 for every max [ +1 <i < k. ]



4 Proof of theorem A

In this section we establish theorem A assuming theorem B. Our aim is to prove:

k—1 _ k—1
Vz € CP* v-ae. | liminf log v(B.(r)) > log d n h, —logd .
r—0 log r M A

(3)

Let € > 0 and €, 7o be given by theorem B. We have v({.) > 1 — € , and for every
x € Q. the cardinality of

Pu(z) = {fg_nn(Bp(SN)) Y € Bu?e(pn) ;D€ &, (Yn) }

is less than d(F~D(—am)e20kne  Here we set p, = spe ™3¢ We shall use Brin-
Katok’s theorem. Let B, (z,€) := {z € CP*, dist(f(z), f9(2)) < &, 0 < ¢ < n} be the
n-dynamical ball centered at  with radius &.

Theorem [BK] For v-a.e. x € CP*, we have

1
sup liminf ——logv(B,(z,§)) = h,.
n

£>0 n—4o00

In particular, for v-a.e. z € CP*, there exist £ (x) > 0 and m.(z) > 1 such that:
VE < &lx), Vn = me(x), v(By(,€)) < e,

We may decrease rq and choose mg > 1 large enough so that T'. := {&. > ro, m < mg}
satisfies v(I'c) > 1 —e. We have:

Vo €T, Vn > mg, v(Ba(z,r)) < e o), (4)
We let A, :=T.NQ, (it satisfies v(Ac) > 1 — 2¢) and define:
Qu() = { f;"(By(sn)), ¥ € By (pa) s p € &, (yn) } C Pula).
Lemma 4.1 For every Q € Q,(x) we have v(Q) < e =9,

The proof needs the definition of €2, and is postponed to subsection 5.1. Let AL C A,
be the subset of points satisfying v(B2<(r))/v(B,(r)) — 1 when r — 0. The Borel
density lemma asserts that v(AL) = v(A,).

Lemma 4.2 For every x € A., there exists p(x) > 1 such that:

Vn > p(z) , v (Ba(pn)) <2 Card P, (z) - e =9,



PROOF: Let x € Al and p(x) > 1 so that v(B,(p,)) < 2v(B2<(p,)) for n > p(z). The
fact that Q, () is a covering of B2<(p,) combined with lemma 4.1 implies:

V(B2 (p,)) < Z v(Q) < Card Q,(z) - o—nlh—e).
QEQn ()

We conclude using Card Q,(z) < Card P, (z). ]

Lemma 4.3 For every x € AL, we have:

lim inf

log v(B,(r)) o (log dh1 N h, —logdF=t  21ke e
r—0 logr -

)\1 )\k )\k )\k + 56.
PROOF: Lemma 4.2 yields for n > p(z):
log v(B.(pn)) < logCard P,(z) — n(h, — €) + log 2.
We use theorem B to obtain for n > p(z):
log v(B,(pn)) < (n — gn)logd*™ — n(h, — €) + 20kne + log 2.

—nAp—bne

Using p, = 1€ and ¢, > n\;/A; — 1, we obtain for n large:

log v(B.(pn)) - nAr/A1 - logd*=t + n(h, —log d*~1) — 21kne — log 2
log p,, ~ n\, + 5ne — logr '

The aimed estimate follows letting n — oo. O
Finally, lemma 4.3 yields (3) as follows. Let A" := M,>1Ug>p A} . We have v(A') =1
since v/(A ) > 1—2/q for every ¢ > 1. Now for every x € A’ there exists a subsequence

(¢j(x));j=1 such that x € A}, ). We deduce (3) from lemma 4.3 setting € = 1/¢;(x)
and letting j — oo. That completes the proof of theorem A.

5 Proof of theorem B

5.1 Definition of €2, and ry

Let € > 0 and r,, §., M! be the e-slow and e-fast functions provided by theorem 3.5
and lemma 3.6. Let us choose ry < 1 small and 3y, M > 1 large such that the set
Qci={& € X, rd#) >0, Bu(&) < o, MU(#) < My}

~ ~

satisfies () > 1 —e. We define Q. := 7(€,). Observe that v(Q,) = o(771(Q)) >
v(Q) > 1 —e. We fix once and for all a section of the restriction 7 : Q. — .. That
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is to say that we associate to every x € ). an element of Q. N#a~1{x}, that we denote 7.
We set 7, := roe™ ™, B, := [oe", M] := M/e™. We shall also need:
Sp =T S py = ree T = By (14 280 MY) pn.

In the sequel, the estimates and inclusions will be written for n large only depending
on €, 7o, /80, Mé and ()\i)lgiglv

Lemma 5.1 For every x € €, the maps [, ", Sz, and R satisfy:
1. fi" and Sz, are well defined on By, (ry).
2. dist(p,p') < |8z, (p) — Sa, ()| < B, dist(p,p') for every (p,p') € By, (r2).
3. Dgin(p) (r) C Ss, (By(r)) C ]D)ff}in(p) (Bur) for every B,(r) C By, ().
4. D¥ (]\47’1_16_”\1_(16 1) C RL (DF(r)) C DF (Mem® %9 1) for every r < 1 and

0<qg<n.

PROOF: The fact that & € Q). and the e-slow, e-fast properties of r., B, yield r.(z,) >
re(z)e ™ > r, and B (2,) < B(2)e™ < B,. All the items then follow from theorem

3.5, definition 3.4 and lemma 3.6(1). L]

Now we can give the

PROOF OF LEMMA 4.1: Let y € Ac and p € &, (yn) such that @ = f;"(By(sn)).
Since By(sn) C By, (2sn), it suffices to prove that f;"(By,(2s,)) C Bu(y,r0) (see (4)).
We verify for that purpose that dist(f, *(2), f; *(yn)) < 7o for every z € B,,(2s,) and
0 < ¢ < n. Using the identity f, ? = S;,;,q o R} oS, and lemma 5.1(3,4), we get:

Vz € By, (2s,) , dist(f;,(2), £ (yn)) < 28, B M e~ < 200 M Boe ™" < 1.
That completes the proof of lemma, 4.1. Il
Let us deal with the biholomorphism 1), , := S; o SQ_1 when y is close to z € €.

Lemma 5.2 There exist R < 1 and v > 0 such that for every x € €. and y €
By (ro/2):

1. )y : DP(R) — D*(By) is well defined.
2. ﬂiolz — 2| < ey (2) — Yuy(2)] < Bolz — 2| for every (z,2') € D*(R).

3. N dothey — dothey || < vlz — 2| for every (z,2') € D*(R).
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The point 2 actually implies |dot,,(cr)| > 1/5o. We therefore have B$<(ro/2) =
UF Wi where W := {|m; (dotbuy(c)) | > 1/B0}. We fix for every x € Q. a partition
BS¥(ro/2) = UF_, Y where Y C WE. We complete lemma 5.2 as follows:

Lemma 5.3 |m; (d.,(c)) | > 1/(260) for every y € Y and z € D¥(R).

PROOF OF LEMMAS 5.2 AND 5.3: Let R =10/2, v = (y/R? and R =1/(26y7) < R.
We prove 1, 2 on D*(R') and 3, lemma 5.3 on D*(R). Lemma 5.1(3) yields for every
w € {z,y} (take p = w and n = 0 in that lemma):

Vr <o, DF(r) € Se(By(r)) € D*(Byr). (5)

Y

By(R'). Since By(R') C By(rg), the right inclusion in (5) with w = z gives ¢, ,(2)

S; o Sg_l(z) € D*(roBy) C D*(By). That proves the point 1. The point 2 then
comes from lemma 5.1(2) and the point 3 from Cauchy’s estimates: we indeed have
| Yoy lezprry < Bo/R? = ~ from point 1. Now let us deal with lemma 5.3. For
every z € D¥(R), the point 3 implies || d 1., — dotbsy | < YR = 1/(280). The desired
estimate then follows from |m;(dot, 4 (ck))| > 1/0o. [

Let z € D*(R'). The left inclusion in (5) with w = y and r = R’ yields S;'(z) €

5.2 The upper bound on Card P, (z)

Let x € Q.. Recall that s, = roe=%"¢, p, = s,e ™3¢ and
Pa(@) = { f5.7(By(sn)) s y € Bi(pn) s p € € (yn) }
where &, is a fixed s,-separated set in CP*. We want to prove
Card P, (x) < dh=Dm=an) . 20kne (6)

where ¢, denotes the entire part of nA,/A;. We first verify that P, (z) is well defined,
it therefore induces a covering of B%<(p,):

Lemma 5.4 For everyy € Q. and p € &, (Yn):
1. f;" and Sy, are well defined on By(sy),

2. S5, (Bp(sn)) C D¥(2s,5,).

PROOF: Observe that By(s,) C B,,(2s,) C B, (r,) by definition of &, (y,). The
items then follows from lemma 5.1(1,3). O

Now we localize the collection P, (z). We recall that 7, = Go(1 4 250 M) pp.

Lemma 5.5 For every z € Q. and P, € P,(z), we have P, C S;'(D*(r,)).
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PROOF: Let P, € P,(x): there exist y € B<(p,) and p € &, (y) satisfying P, =
fi(Bp(sy)). Our aim is to prove that Si(P,) C D*(r,). We shall use Si(P,) =
Yy © R 0 Sy, (P), where P := By(s,). This comes from f;" = Sg_l o Ry oSy,
(see theorem 3.5) and ., = Si o S !. Lemmas 5.4(2) and 5.1(4) yield successively
Sy, (P) C D*(25,3,) and R} o S, (P) C D*(2s,8, M e "), which is included in
D*(R). Then lemma 5.2(1,2) implies:

Yuy © Ry, 085, (P) C 1y (0) + DF (288, My, e ™" 57 p). (7)

But 1,,(0) = S:(y) € D*(p,3) from y € B,(p,) and lemma 5.1(3). The right hand
side of (7) is therefore included in D*(p,B + 25, M! B3,e "+ 3y), which is D*(r,).
That proves S;(P,) C D*(7,). U

Now let us restate propositions A and B of section 2. We parametrize the family
L, of polydiscs by (i,a) € {1,...,k} x D(r,). More precisely, let L>* : D*=! — D*(r,)
be defined as L2 (v, ..., vp_1) = (1Tn, ..., Q,. .., Vs 1Tn), Where a stands at the i-th
coordinate. Pulling back L by Sz, we set Li® := S; ' o L"*. By lemma 5.1(3), that
polydisc satisfies L : D*=1 — B,(7,).

Proposition A now take the following form.
Proposition A: For every (i,a) € {1,...,k} x D(r,), Vol "o L < dk—Dmn=an),

Before dealing with proposition B, let us introduce the collection

—{f Sn/2))7y€Bge(pn)apegsn(yn)}'

It satisfies Card P! (x) = Card P,(z) and its sets are pairwise disjoint. Given P, €
P! (x), for simplicity we denote Vol f (L:® N P,) for the volume of fo L% restricted to
(Lu*)~1(P,). Observe that it has multiplicity 1 since f™ is injective on P,. Proposition
B is restated as follows.

Proposition B: There exists a subset A,, C D(7,) satisfying: Card A,, < €2 and for
every P, € Pl (z), there is (i,a)(P,) € {1,...,k} x A, such that:

Vol f (L&) A P,) > (s,)F
Let us see how we deduce (6), thus completing the proof of theorem B. Since the sets
of P! (z) are pairwise disjoint, we have:

k

> Vol (LGP A p) <> Y Vol fmo Ly

P,ePl(x) i=1 a€A,

That implies Card P, () - (s,)* ' < kCard A, - d*~D"=a)  Then (6) follows using
s, = 1oe " and Card A,, < e?07¢,

13



6 Proof of propositions A and B (stated in §5.2)

6.1 Proof of proposition A

We denote by L the extension of Li* to the polydisc DF!(2), it satisfies Li* C
B.(27,). We set o, = fi o L% and 7, = fi o L%*. According to section 2,
proposition A is a consequence of the growth lemma combined with the following
lemma:

Lemma 6.1 The polydisc o, is bounded.

PROOF: We have to show that ,, is included in some B;. With no loss of generality, we
can assume that every ball of radius o in CP* is contained in some B;. For simplicity
we denote ¢ := ¢,. Observe that it suffices to prove

D*(2607) C R}, © S3, (B, (ry))- (8)
Indeed, that inclusion implies using qu oSz, =5z 0 f:;; “and r, <rp:

flo Sgl(Dk(QﬁoTn)) C By, (o).
The conclusion then follows from (see lemma 5.1(3) for the last inclusion):

G, = flo0 L C fUB,(27,)) C f70 S (D*(28s7))-
Thus it remains to show (8). Lemma 5.1(4,3) yields:
DN (M e ™71 ) © RY (D¥(rg)) © RE, (S5, (Br, (1y)):
Using gA; < nAy (which implies ¢ < n), we obtain:
M;_le’q)‘rq6 Ty = 7“01\/[(’)_1e’q)‘1’3‘16 > e MM > 982(1 4 280 M) rge” T

which is equal to 23y7,. O

6.2 Proof of proposition B

We set 1,, 1= s, ™1 /4 and define A, as a maximal 7,-separated set in D(7,e").

We have Card A,, < (7,¢")?/n? < €. Let us fix P, € P! () for the remainder of the
section and show:

(@, a)(Py) € {1,...,k} x A, , Vol f* (LE¥TI A P,) > (s,) 1 (9)

Let also y € By(pn) and p € &, (y) such that P, = f-"(P) = f;"(Bp(sn/2))-
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6.2.1 Definition of (i,«)(FP,)

We define 1 <i(P,) < k to be the unique element satisfying y € y, ) (see subsection
5.1). For simplicity we denote j :=i(P,). We now define a(P,) € A,,. Since S;(P,) =
Sio f"(P) C D*(7,,) (lemma 5.5), then p,, := S; o f3.(p) lies in D*(7,). In particular
we have 7;(p,,) € D(7,) and Dr, ¢ )(7,) C D(7,,€™). In order to find some a(F,) € A,
satisfying (9), we shall prove:

Voo € Do ) (1) , Vol f* (LE* N P,) > (s,)" " (10)

Then we take for a(F,) any element in A, N Dx, )(1,): that set is not empty since
A, is a maximal 7,,-separated set in D(7,e™). That shows theorem B.

We deduce (10) from the following claim. It relies on a precise geometrical descrip-
tion of the inverse branches, due to the normalization theorem. We set () := B,(s,/4),
Qn = f;,"(Q) and identify the polydisc L}* with its source D*~'.

Claim : For every o € Dy, (1),
(a) L~ intersects Qp,
(b) the slice P, N L3 is a domain in D=1 with boundary in OP,.

Let us see how we infer (10). Let a € Q, N Li*. Since f"(a) € Q, we have
Q' = Bn(a)(sn/4) C P = By(s,/2). Hence ¥ := f*(P, N L:*) satisfies ¥ C P
and 0¥ C OP (the map f™ : P, — P is a biholomorphism). Therefore ¥ N @’
is an immersed polydisc containing f"(a) (the center of Q') with boundary in 0Q)'.
The Lelong inequality |L| then implies Vol (XN Q') > (s,)*~! up to a multiplicative
constant. That gives (10) and completes the proof of theorem B.

6.2.2 Proof of the claim

Let us denote ¢ := v,,. For every s < s,, we set n := se " ¢ A= G, (B,(s))
and A, := 9., o R? (A). For simplicity we assume that A = D% (s), where p := Sy, (p)
(see lemma 5.1(3)). For any @ = (uy,...,u;_1) € D" ! we define vz : D — A by
va(t) := p + s(u,t). The claim is a consequence of the next proposition applied with
s = s,/2 (for the item (b)) and s, /4 (for the item (a)).

Proposition 6.2 For every @ € D71,
1. Yy y 0 R (va) is a graph over the j-axis,
2. its mj-projection Wy 1= m; 01y, 0 RY (vg) contains the disc Dy, (1)
We need the following lemma for proving proposition 6.2.

Lemma 6.3 For every i € D1 w2 : D — C satisfies :
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1. w;(0) € ij(pn)(se—mk—ﬁ?)m),

2. VEED, [wl'(t) — w'(0)] < st

3. |val(0)| > Sefn)\kane'
PROOF OF PROPOSITION 6.2: For the point 1, it suffices to verify that w} = w0, ,0
Ry (va) is injective. Let ¢ := (w2 — w?(0)) /w2 (0) — Id. We get from lemma 6.3(2,3):

W@I(?f) o W@/<O)| e—2n>\k+3ne
Vit =) 7 / ] = ‘ U U < — —n)\k+5ne‘
|(10 ( )| |ng(0)| - e*nAk72n5 €

This implies Lip (¢) < 1/2, hence Id + ¢ and w are injective on D. Let us prove the
point 2. Since Lip (¢) < 1/2 and ¢(0) = 0, we have |(Id + ¢)(¢)| > |t| — |o(t)] > |t]/2.
That yields |w2 () — w2(0)| > |[w2'(0)|/2 for every ¢ € S'. Then lemma 6.3(3) implies:

VEE S, Wa(t) — wi(0)] = se

which yields Dyn(g) (se”™*3¢) C wi by Jordan’s theorem. We deduce from lemma
6.3(1) that:

Vi c Dk—l 7 Dﬂ'j(pn) (Se—n)\k—Sne o Se—nkk_l—&—Sne) C ]D)WZ(O) (86—n>\k—3ne) )

Finally, the left hand side contains Dy, 1(1) = Dr,(p, ) (s€™ "), 0

6.2.3 Proof of lemma 6.3

We shall use the algebraic properties of resonant maps (namely lemma 3.6). For every
(@,t) € D*! x D, we denote A(i,t) := vg(t) = p + s(@i,t) and z := A(7,t). We also
denote:

vi(t) == Ry ovg(t) and h"(a):= Ry oA(a,0).

u

We have therefore p,, = ¢ o R (p) =4 0 h"(0). Observe that A C D* (lemma 5.4(2))
implies v C DF(M/ e "M Fn€) C D¥(R) (lemma 5.1(4)). One also obtains from the very
definition of resonant maps (see (2), subsection 3.3):

ORY O%2R"
V() =5 —=2(2) , V2" (t) =s*- 2 (z) and 7 0h" = g, (Gs) - me(p). (11)
8zk 8zk ’

We deduce from the last observation:
|dah™ | = |7 odsh" || = || # o d.R} oduoA| =s|7od.Ry |. (12)
Finally let us recall that wj; = m; o9 o vy.
1- W%(O) S Dﬂj(pn)(sefm‘k*ﬁrsne).
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We have w?(0) € 7; 01 o h"(DF"!) and 7;(p,,) = m; o ¢ o h"(0). Moreover (12) yields
for every @ € DFL:

| da(ms 0 ¢ o ™) || < || dwayd || Ildah™ Il = s || dwecayd || [| 7 o doB5, ||

which is less than sByM/ e "k-11ne < gemnr-143n¢ (Jemmas 3.6(2) and 5.2(2)). That
proves the point 1.

2-VteD, wl(t) —wl(0)] < se2rAetine

Since wi = 7, o ¢ ovZ, it suffices to verify that ¢ := (¢ o vZ)' — (¢ o v2)'(0) satisfies

2| < se2nMt3ne et us write for every t € D :

$5(t) = (dp¥ — dugo¥) (v (1)) + (dvg0)¥) (V' () — v5'(0)) -

u

Using lemma 5.2(2,3), we obtain for every ¢ € D
|05 ()] < yIva (1) = vi(0)]Ivy ()] + Bolvi'(t) — V&' (0)] < VG [ p + Bolvi |oo -
We deduce using (11) and lemma 3.6(3,4):
162(1)] < s? max{ Mg M-1Hne | ommAne2 4 g 2t o=2nkine o go—dnAi+3ne
That proves the point 2.
3 - [wi'(0)] = | (w5 0 dupoy¥) (Vi (0))] = se~Me=2ne,
The line (11) and lemma 3.6(2,3) yield for v?’(0) € C* :
[7(VE'(0))] < sM/e ™ =17m¢ and  |m,(vE)(0)| > se” M
Now lemmas 5.2(2) and 5.3 imply (use y € Y/ for the second inequality):
Vi<i<k—1, |(mjodunov)(c)|<fo and |(m; 0 dnoy)(ck)l = 1/(2060)-

We deduce [w2'(0)] > s ((26y) te ™7 m€ — By M) e "M=11n¢) > gemmAe=2n¢ completing
the proof of lemma 6.3.

7 Appendix

Let f be a holomorphic endomorphism of CP* with degree d > 2. Let w be the Fubini-
Study (1, 1) form on CP*. For every holomorphic polydisc 7 : D!(r) — CP*, we define
Vol f™on = f]D)l(r) n* f™*w!. We recall that {B;, j € J} is a finite covering of CP*
which consists of open sets bounded in the affine charts. We say that n is bounded if
the image of that polydisc is contained in some B;.

Growth lemma : Let 1 <1<k and n: D'(2) — CP* be a bounded polydisc. Then

vm > 1, Vol f™onp < d™.

17



The proof relies on the Green current of f, which is the closed positive (1,1) current
on CP* defined by T = lim, .o din f™*w. That current satisfies f*T" = dT and T =
w —dd for some continuous function ¢ : CP* — R. Tterating that identity, we obtain:

Vm>1, f™w=d"T +dd(po f™). (13)

We refer to the article of Dinh-Sibony (|DS], section 1.2) for more details about the
Green current. In order to prove the lemma, we shall use an induction concerning the
mass of T% A f™*w/. Note that a similar induction was employed by Dinh to estimate
the local entropy outside the support of the current 7% (see [D], theorem 2.1). In the
sequel wy stands for the (1,1) form dd| . |> which induces the standard metric on CF.

PROOF OF THE GROWTH LEMMA: It follows from Cauchy’s estimates that the family
of bounded polydiscs D!(2) — CP* has bounded derivatives on D'(3/2), say by 1. We
deduce that for any such polydisc  and any positive current S on CP* of bidegree
(s,s) (with s <1):

Vps3/2,0§/

n*S AR < / n*S Awh e (14)
D (p)

D (p)

Let us fix n : DY(2) — CP* and denote by || .S I, == fDl(p) n*S A wh™®. We shall prove
forany 1 <¢g<land 0 <r <gq:

(H‘LT) : chﬂ‘ Z 1 ? Elpq,T 6]173/2[ Y vm Z 0 I

‘T‘I—r /\fm*wr Hp ‘ S Caur dmr
The lemma then follows by taking S = f™*w! and s = [, and by using (14) and (H,;).

Let us establish (H,) :=“(H,,) holds for any 0 < r < ¢” by induction on q. Observe
that (H,o) obviously holds for any 1 < ¢ <. Hence it suffices to verify (H;,) to end
the proof of (Hy). Let 1 < p1; < 11 < p1o < 2 and x be a cut-off function with
support in D!(7; 1) such that y =1 on D!(p; ;). We deduce from (13):

177, = I, + [ (o from Nl =" T+ A
P1,1

On one hand || T'[|,, | < ¢1 from (Hpp). On the other hand Stokes’ theorem implies
up to some multiplicative constant:

Amg/ X~ddc(900fm077)/\w61:/ oo fmon-ddx Ak < @l |l X o
DH(2) D!(2)

Hence there exists ¢;; > 1 such that || f™w || =~ < ¢ 1d™, which proves (Hy).

P11 —

Assume now that (H,) holds for 1 < ¢ <1—1, and let us prove (H,4). For that pur-
pose, we show (H,41,) by induction on r. Given 0 < r < ¢, we shall deduce (Hy11,41)
from (H,,) and (Hgy1,). Let us set 1 < pgi1,41 < Tgp1041 < min{p, ., pg+1,-+ and let
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X be a cut-off function with support in D!(7,41,41) such that x = 1 on D'(pg41.,11)-
We obtain using (13):

T N fregrtl =TT A f0" A (d™T + ddS(p o f™) = d™ Sy + Sa, (15)

where Sy := T9™ =" A fm*w" and Sy := T A f™w" Add*(¢p o f™). Now (H,y1,) and
(H,,) respectively imply (use Stokes’ theorem as before for the second line):

d™ || S| <d™ || Sy < g1, d™0TY

Pq+1,r+1 — Pg+1,r — ’

121000 < el I lon |77 A P07 || < 1@l X Dl car ™

Using (15) we get || 791D A frosrit Hp s
q 5T
1. That completes the proof of the growth lemma. 0

< Ci1t1 A™UHY for some cyy1 01 >
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