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Question. Define what is a Fredholm operator 7' € L(E, ).

Exercise 1. Let E = R2. Given \ € C, define T € L(E) and Py € L(E) by
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where I'y is the circle of center A and radius 1. Determine Py by a direct computation.

Let n € N. Recall that
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It follows that
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Exercise 2. Let E be the Banach space C°([0, 1]; R) equipped with the sup norm. Select
a strictly increasing function ¢ € E, and consider the operator T': X — X which is
given by the multiplication T'(f) = ¢ f. Determine the spectrum sp (7') of 7. What is the
essential spectrum sp,,, (T') of T' 7 And what is the discrete spectrum spy,, (T') of T' ?

Fiz XA € C. Since f is continuous, we have
ker (T —A) ={f € X;(p—Nf =0} ={f € X; filr\»; =0} = {0}.
Introduce [a,b] = ¢([0,1]) with p(0) = a < p(1) =b. If A & [a,b], the function (o —\)~Lf
is well-defined on [0,1], in E, and such that
VfeB, (T-N(e-N"f=/,
which means that T — X is surjective, and therefore bijective with bounded inverse.
On the contrary, when X € [a,b], we can find u € [0, 1] such that X = ¢(u), we find that

ran (T — \) C F:={f € E; f(u) =0}.

The functions cos (n(z —u)) with n € N are linearly independent and not in F. Therefore,
we have codimran (T — \) = +oo, and T — X is not Fredholm. Finally, we have

SPdis (T) =0, SPess (T) = [av b] ) sp (T) = [a’ b] :



