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Spectral Theory

CC2, Correction

Question. Let (Dom(𝑇 ), 𝑇 ) be a densely defined operator on the Hilbert space H.

a) What is the definition of Dom(𝑇 *) ?

Dom(𝑇 *) =
{︀
𝑥 ∈ H ; Φ𝑥 : Dom(𝑇 ) ∋ 𝑦 ↦−→ ⟨𝑇𝑦, 𝑥⟩ is continuous for the norm of H

}︀
.

b) Given 𝑥 ∈ Dom(𝑇 *), explain how is constructed 𝑇 *𝑥.

By the Riesz representation theorem, the continuous linear map Φ𝑥 can be represented in
the form Φ𝑥(𝑦) = ⟨𝑦, 𝑧⟩ for some 𝑧 = 𝑇 *𝑥 ∈ H.

Exercise 1. Given an operator (Dom(𝑇 ), 𝑇 ), consider the two following assertions :

(i) The set Γ(𝑇 ) is the graph of an operator.

(ii) For all (𝑢𝑛) ∈ Dom(𝑇 )N such that 𝑢𝑛 → 0 and 𝑇𝑢𝑛 → 𝑣, we have 𝑣 = 0.

1.1. Prove that (i) implies (ii).

Assume (i), that is Γ(𝑇 ) = Γ(𝑅) for some operator (Dom(𝑅), 𝑅). Since (0, 𝑣) ∈ Γ(𝑇 ), we
must have 𝑣 = 𝑅0 = 0.

1.2. Prove that (ii) implies (i).

Assume (ii), and work by contradiction. The set Γ(𝑇 ) is not the graph of an operator if
we can find 𝑥, 𝑦 and 𝑧 with 𝑦 ̸= 𝑧 such that (𝑥, 𝑦) ∈ Γ(𝑇 ) and (𝑥, 𝑧) ∈ Γ(𝑇 ). It follows
that we can find two sequences

(︀
(𝑥𝑛, 𝑦𝑛 = 𝑇𝑥𝑛)

)︀
𝑛

and
(︀
(𝑥̃𝑛, 𝑦𝑛 = 𝑇 𝑥̃𝑛)

)︀
𝑛

such that

lim
𝑛→+∞

𝑥𝑛 = 𝑥, lim
𝑛→+∞

𝑥̃𝑛 = 𝑥, lim
𝑛→+∞

𝑦𝑛 = 𝑦, lim
𝑛→+∞

𝑦𝑛 = 𝑧.

Define 𝑢𝑛 = 𝑥̃𝑛 − 𝑥𝑛 and 𝑣𝑛 = 𝑦𝑛 − 𝑦𝑛 = 𝑇 (𝑥̃𝑛 − 𝑥𝑛), so that

lim
𝑛→+∞

𝑢𝑛 = 0, lim
𝑛→+∞

𝑣𝑛 = lim
𝑛→+∞

𝑇𝑢𝑛 = 𝑧 − 𝑦.

Thus, we must have 𝑧 − 𝑦 = 0 which is the expected contradiction.

1.3. Assume moreover that (Dom(𝑇 ), 𝑇 ) is densely defined. Show that 𝑇 * is closed.

See Exercice 2.21 in the course.

Exercise 2. Take H = ℓ2(N;C). Consider the linear subspace

Dom(𝑇 ) :=
{︀
𝑢 = (𝑢𝑛)𝑛 ∈ ℓ2(N;C) ; sup

𝑛∈N
𝑛3|𝑢𝑛| < +∞

}︀
.



Given 𝑢 = (𝑢𝑛)𝑛 ∈ ℓ2(N;C), define 𝑇𝑢 = 𝑣 = (𝑣𝑛)𝑛 according to

𝑣0 =
+∞∑︁
𝑛=0

𝑛𝑢𝑛 , 𝑣𝑗 = 0, ∀𝑗 ∈ N*.

2.1 Is this operator (Dom(𝑇 ), 𝑇 ) closable ? Justify the answer.

No. It suffices to apply the criterion (iii) of Proposition 1.20. For all 𝑛 ∈ N*, define
𝑢𝑛 := (𝑛−1𝛿𝑛𝑗)𝑗. The sequence (𝑢𝑛)𝑛 is going to 0 whereas 𝑇𝑢𝑛 = (𝛿0𝑗)𝑗 is constant (and
not zero).

2.2 Compute the domain of 𝑇 *. Conclusion ?

An element 𝑣 ∈ H is in the domain of 𝑇 * if and only if the application

Dom(𝑇 ) ∋ 𝑢 ↦→ ⟨𝑇𝑢, 𝑣⟩ =
+∞∑︁
𝑛=0

𝑛𝑢𝑛𝑣0

is continuous on ℓ2-norm. But that is never the case except if 𝑣0 = 0. Thus, we have

Dom(𝑇 *) = {𝑣 = (𝑣𝑛)𝑛 ∈ ℓ2(N;C) ; 𝑣0 = 0}.

The distance from (𝛿0𝑗)𝑗 to Dom(𝑇 *) is 1, or the codimension of Dom(𝑇 *) is 1. It
follows that Dom(𝑇 *) is not dense, and the operator (Dom(𝑇 ), 𝑇 ) cannot be closable.
This confirms the result of 2.1.

Exercise 3. We work here with an operator (Dom(𝑇 ), 𝑇 ) whose spectrum Sp(𝑇 ) is
strictly contained in C. We fix some 𝑧 in the resolvent set of 𝑇 .

3.1 Let (𝑥, 𝑦) be such that (𝑇 − 𝑧)−1(𝑦 − 𝑧𝑥) = 𝑥. What can we say about (𝑥, 𝑦) ?

We must have (𝑥, 𝑦) ∈ Γ(𝑇 ).

3.2 Show that 𝑇 is closed.

Let
(︀
(𝑥𝑛, 𝑦𝑛)

)︀
𝑛

∈ Γ(𝑇 )N be such that 𝑥𝑛 → 𝑥 and 𝑦𝑛 = 𝑇𝑥𝑛 → 𝑦. We have

(𝑇 − 𝑧)−1(𝑦𝑛 − 𝑧𝑥𝑛) = 𝑥𝑛.

Since (𝑇 − 𝑧)−1 : H → Dom(𝑇 ) is continuous, we can pass to the limit in order to obtain

(𝑇 − 𝑧)−1(𝑦 − 𝑧𝑥) = 𝑥.

From 3.1, we can conclude that (𝑥, 𝑦) ∈ Γ(𝑇 ).


