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Question. Give an example of a Hilbert separable complex space which is of infinite
dimension. Write down the corresponding inner product.

Exercise 1. Let (-,-) be some inner product on C”, where n € N*. Fix some complex
unitary matrix A of size n x n, which means that A* =tA = A%

1.1. Give an example of a non diagonal unitary matrix A which is of size 2 x 2.
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1.2. Let A be an eigenvalue of A. Prove that |A| = 1.

1.3. Show that the eigenvectors corresponding to distinct eigenvalues are orthogonal.

1.4. Prove that there is an orthogonal basis of the whole space, consisting of eigenvectors.
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Exercise 2. We denote by (-,-) the inner product on L?(R), with associated norm || u ||.
By a spectral argument coming from the course, prove that

Yu € S(R), | u|’< (=87, +2%)u, u),

where S(R) is the Schwartz space.

Exercise 3. On S(R), consider the operators Lt := —9, +x and L™ := 9, +x. Compute
the commutator [LT; L™].



